Sharp bound for the Chebyshev function
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Abstract

Under the assumption that the Riemann Hypothesis is true, von Koch deduced the asymptotic
formula 6(x) = x + O(v/x x log? x). A precise version of this was given by Schoenfeld. He found
under the assumption that the Riemann Hypothesis is true that |0(x) — x| < @ X y/x x log? x for
every x > 599. We prove that if the Riemann Hypothesis is true, then

8 XX \x

) 4+y—-logdxn
— |-
8 x 7 x Vx—log® x \/x_&x Vx x log? x

log 6(x) > log x — log

for every x > piaose9, Where y ~ 0.57721 is the Euler-Mascheroni constant and pjse9 1S
120569th prime number.
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1. Introduction

The Riemann Hypothesis is a conjecture that the Riemann zeta function has its zeros only at
the negative even integers and complex numbers with real part % In mathematics, the Chebyshev
function 6(x) is given by

0(x) = Z log p

psx

with the sum extending over all prime numbers p that are less than or equal to x, where log is the
natural logarithm. Say Nicolas(p,) holds provided

[

q<pn

A > e’ x log 6(py).
q-1

The constant y =~ 0.57721 is the Euler-Mascheroni constant and p,, is the nth prime number. The

importance of this property is:

Theorem 1.1. [1]. Nicolas(p,) holds for all prime numbers p, > 2 if and only if the Riemann
Hypothesis is true.
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We know the following properties for the Chebyshev function:

Theorem 1.2. [2]. If the Riemann Hypothesis is true, then
6(x) = x + O(Vx x log?® x).

Theorem 1.3. [3]. If the Riemann Hypothesis is true, then

[6(x) — x| < X Vx X log2 X

ExXm

for every x > 599.

Let’s define H = y — B such that B ~ 0.2614972128 is the Meissel-Mertens constant [4]. We
have the following formula:

Theorem 1.4. [5].
Z(log(i)— 1) =y-B=H.
g-1" q

q

For x > 2, the function u(x) is defined as follows
q 1
u(x) = Z log(—=—)~ .
ox q- q

Let’s define:

o(x) = [Z 611 —loglogx—B].

q<x

Definition 1.5. We define another function:

@(x) = [Z é — loglog O(x) — B].

q<x

Theorem 1.6. [6]. The Riemann Hypothesis is also true if and only if the inequality

eyx(4+y—1og4><n))
vlogn

is true for all logn > 6(p120sey) where @(n) is Euler’s totient function and pirose9 is 120569th
prime number.

L e’ loglogn +
p(n)

Putting all together yields the proof that the inequality @w(x) > u(x) is satisfied for a number
x > 3 if and only if Nicolas(p) holds, where p is the greatest prime number such that 2 < p < x.
In this way, we use this well-known criterion and deduce some of its consequences.



2. Results

Theorem 2.1. The Riemann Hypothesis is true if and only if the inequality w(x) > u(x) is
satisfied for all numbers x > 3.
Proof. In the Nicolas paper is defined the function [1]:
-1
f@) = ¢ x (ogb) x [ | -
g<x q

We know that f(x) is lesser than 1 when Nicolas(p) holds, where p is the greatest prime number
such that 2 < p < x. In the same paper, we found that

log f(x) = U(x) + u(x)

where U(x) = —w(x) [1]. When f(x) is lesser than 1, then log f(x) < 0. Consequently, we obtain
that
—w(x) +u(x) <0

which is the same as @w(x) > u(x). Therefore, this is a consequence of the theorem 1.1. O

Theorem 2.2. If the Riemann Hypothesis is true, then

log(l — —— x log” x)
1_[ 45 (" xlogx)x |1+ B 3
px 47 1 log x
for every x > 599.
Proof. We use the Theorem 1.3 to show that
|6(x) — x| < X Vx % log2 X
8xm

for every x > 599. That is

T * Vx xlog?x < 6(x) — x
which is
1
log (x— —— x Vx x log? x) < log H(x).
8§xrm

Hence,

1
log log (x ~ 5 X Vx x log? x) < loglog 6(x).

X7
We know that

1
—— X lo 2)6
8x X Vx g ))

=log (log x + log(1 —

loglog(x— 1 X \/}xlogzx) = loglog(xx a-
8xm
_t x log? x))
8 XX \x
log(l — =1 = % log? x)
log x ]

= log[logxx a+

log(1 - szr]x\/} x log? x))

=logl + 1 1+
oglog x og( Jog x
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In this way,
log(1 — SXHL\/} x log? x)]

log x

< loglog 8(x).

loglog x + log [1 +

That is equivalent to

log(1 — "1 = X log” x)
—loglog 8(x) + log [1 + leoxgw < —loglog x.
X
That is the same as
log(1 — ﬂl = X log? x)
@(x) + log (1 + leong < 5(x)
X
after adding
q<x q
to the both sides. We can note that
log(1 — ﬁ x log? x)
u(x) + log [1 + 8X10Xg‘f < o(x)
X

since we know from the theorem 2.1 that @(x) > u(x) for every x > 599 under the assumption
that the Riemann Hypothesis is true. Therefore,

log(1 — [ S 10g2 X)
—u(x) > —6(x) + 10g(1 + lef(r)Xg«&
x
and
log(1 - 1 X log2 X)
H —u(x) > H—-6(x) + log [1 + 8><17;Xgﬁ
X

after adding the constant H to the both sides. So,

1
H—u(x)>H+B+loglogx—Z—+10g

qs<x

| log(1 — ani\/} x log? x)
+ )
log x

‘We use the theorem 1.4 to show that

1
Z(log( fl)—5)=H—u<x>

q

and y = H + B. Therefore,

| log(1 - anlxﬁ x log? x)
" log x

1 1
Z(log( q 1)—5)>y+loglogx—za+log

q<x q9- q<x
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Let’s remove the value of

1
_;6_]

from the both sides to obtain that

1 2
[1 . log(1 — TV log x)].

q
Z (IOg(qu)) >y + loglog x + log log x

q<x

We can apply the exponentiation to show that

1_[ q >(e7><logx)><(1+
qg-1

g<x

log(1 — =L 7 X log? x)
log x
and thus, the proof is done. O

Theorem 2.3. If the Riemann Hypothesis is true, then

8 X X x

) 4+y—logdxm
8 x 7 X yx —log® x \/x—#x Vx x log? x

log 8(x) > log x — log (
8xm
for every x > piaose9, Where piaosey is 120569th prime number:

Proof. According to the Theorem 1.6, we obtain that

(e7 X (4+y—10g4><7r))
Vo(x)

is true for all x > pjy0s69 under the assumption that the Riemann Hypothesis is true. We use the
Theorem 2.2 to show that

l_[ 4. ¢’ log O(x) +
qg-—1

q<x

Y% (4 +y —log 4
<e710g9(x)+(e x (4 +y - log X”))

log(1 - —L— x log?
(eyxlogx)x(l+ e B gx)]

log x VO(x)
and | 5
log(1 — g——= X log" x) 4+v—1logdx
(logx) x |1+ scad < logO(x) + (M)
log x Vo(x)
which is )
log” x 4+y—10g4><7r)
logx +log|l - —————| <logb(x) + | ————|.
: g( 8xnxﬁ) - ( VB
Finally, this implies that
&xmx 4 —log4 x
10g9(x)>10gx—10g( X VX 5 )— Ty oeAXT
8 x X yx—log”x \/ — L x Vixlogix
because of /x — ﬁ x x x log? x < V/0(x) due to the Theorem 1.3. O
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