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Preliminaries

Notes & Units & Bibliography

* All quantities in these lectures are in C.G.S. units.

* The slides are accompanied by the notes. Full article references can be found in the notes. I
refer to the notes for further details.

Lectures on basic plasma physics :

PM. Bellan (2008) Fundamentals of Plasma Physics (Cambridge), F.F. Chen (2016)
Introduction to Plasma Physics and Controlled Fusion (Springer), R.O.Dendy (1993) Plasma
Physics : An Introductory Course (Cambridge) , D.R. Nicholson (1983) Plasma Physics : An
Introductory Course (Wiley).

Several monographs are relevant for these lectures :

S. Ichimaru (1968) Basic Principles of Plasma Physics Benjamin Cummings : linear instabilities
and turbulence.

A. Hasegawa (1975) "Plasma Instabilities and non-linear effects" Springer :
macro/microinstabilites, non-linear effects.

N.A. Krall & A.W. Trivelpiece (1973) "Principles of Plasma physics" McGraw Hill : standard
linear analysis of fluid/kinetic theories, some non-linear and inhomogeneous physics.

D.B. Melrose (1986) "Instabilities in space and laboratory plasmas" Cambridge : more specific
to the school related plasmas, a quite self-contained book.

A.B. Mikhailovskii (1973) "Theory of plasma instabilities" Consultant bureau : two volumes
(homogeneous and inhomogeneous instability study), "the russian school'.
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Preliminaries

How this subject is connected to the other lectures

P. Blasi &
C.Evoli:
CR
transport

E.Zweibel:
CR feed
CR Macro-instabilities back

and ISM dynamics

D.

Caprioli:
CR @
shocks
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Preliminaries

Lecture Plan

@ Preliminaries

© Lecture 1 : Astrophysical plasmas instabilities and Cosmic Rays
o Instabilities in plasma physics
@ Cosmic Rays as source of free energy in Astrophysics
@ Model equations
o Cosmic-Ray-modified Instabilities : main classes and one example
o Cosmic-Ray-driven instabilities : main classes

e Lecture 2 : The Cosmic-Ray streaming instability
o The kinetic theory of the streaming instability

o Environmental effects
@ Thermal effects
@ Ion-neutral collision effects

@ Numerical studies

@ Conclusions
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Lecture 1 : Astrophysical plasmas instabilities and Cosmic Rays

main
main cl.

Outlines

e Lecture 1 : Astrophysical plasmas instabilities and Cosmic Rays
o Instabilities in plasma physics
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Lecture 1 : Astrophysical plasmas instabilities and Cosmic Rays

Instability nomenclature

A kind of definition : generally speaking an instability results from an exponential growth of a
wave in some peculiar modes (with a specific wavenumber range k) of a plasma.

Some taxonomy : (see Mikhailovskii 1974, book I, Cap 1976)
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Lecture 1 : Astrophysical plasmas instabilities and Cosmic Rays

Instability nomenclature

A kind of definition : generally speaking an instability results from an exponential growth of a
wave in some peculiar modes (with a specific wavenumber range k) in a plasma.

Some taxonomy : (see Mikhailovskii 1974, book I, Cap 1976)

Macroinstabilities : Macroinstabilities involved a change of the medium in the configuration
space.

Well known macroinstabilities are the Kelvin-Helmoltz or the Rayleigh-Taylor instabilities part
of the (magneto)hydrodynamic (MHD) instabilities, with the magneto-rotational instability, the
thermal instability. In these lectures we discuss the Parker-Jeans instability and how it is
modified by the presence of CRs.
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Instabilities in plasma physics

nic fre

Lecture 1 : Astrophysical plasmas instabilities and Cosmic Rays

Instability nomenclature

A kind of definition : generally speaking an instability results from an exponential growth of a
wave in some peculiar modes (with a specific wavenumber range k) of a plasma.

Some taxonomy : (see Mikhailovskii 1974, book I, Cap 1976)

Macroinstabilities : Macroinstabilities involved a change of the medium in the configuration
space.

Well known macroinstabilities are the Kelvin-Helmoltz or the Rayleigh-Taylor instabilities part
of the (magneto)hydrodynamic (MHD) instabilities, with the magneto-rotational instability, the
thermal instability. In these lectures we discuss the Parker-Jeans instability and how it is
modified by the presence of CRs.

Microinstabilities : Microinstabilities usually involved a change of the medium in the velocity
space.

If we account for CRs almost all instabilities addressed are microinstabilities because connected
to anisotropy in the velocity distribution. One well-known example is the beam-driven
instability in unmagnetised ! plasmas (Tonks & Langmuir 1929, Bohm & Gross 1949). We will
study using a kinetic theory in some details an important microinstability, i.e. the streaming
instability.

1. an unmagnetised plasma has its cyclotron frquencies €2, /;; = |q\B/me/,»c —0
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Lecture 1 : Astrophysical plasmas instabilities and Cosmic Rays

Instability analysis : an historical example, the beam-driven instability

A plasma is linearly unstable when its dispersion relation D(w, k) = 0 has a solution w with a
positive imaginary part for any real value of k.

A well-known example is the case of a beam (b) of cold electrons moving at a speed v, in a
stationary (p) plasma, the dispersion relation reads in case losses are weak : 2
2 2
wp _ wph

w2 (w—kvy)?

)

It has two complex roots, which vanish if v; = 0 (the source of instability) then

w? = (wg + w,%b).

Hereafter we will proceed similarly, i.e. deriving the dispersion relation and then looking at
solutions for w with a positive imaginary part.

However, whatever the amplitude of the growth rate a general criterion exist to isolate if a
system has an instability or not.

2. the plasma frequency w), = 4 /4mng? /m, where q,n,m are the particle charge, density and mass.
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Lecture 1 : Astrophysical plasmas instabilities and Cosmic Rays

General condition for a weak instability : the Nyquist theorem

A general argument for a weak instability from the dispersion
relation can be formulated (see the discussion in Hasegawa 1975
§1). Weak means the growth rate to growing mode frequency ratio
L«
For a dispersion relation
D(w, k) =0,

it exists a real frequency w;, for a real k such that

@ Re(D(wy,k)) = 0.

@ |Im(D(wr, k)| < |wru, Re(D(wy, k)]
Then the growth rate (obtained by a Taylor expansion) is given by

Im(D(wy, k))

F=w=- =
O, Re(D(wr, k))
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A general argument for an instability from the dispersion relation
can be formulated (see the discussion in Hasegawa 1975 §1). Weak
means the growth rate to growing mode frequency ratio g < 1.
For a dispersion relation

it exists a real frequency w;, for a real k such that
@ Re(D(w,k)) = 0.
@ |im(D(wr, k)| < |wrdu, Re(D(wr, k)]
Then the growth rate (obtained by a Taylor expansion) is given by

. Im(D(wr, E)) FIGURE — Nyquist diagram for a stable
- 9. Re (D(w E)) case (left), unstable case (right)
Wy ry
An efficient way to test the presence of an instability is to plot the
Nyquist diagram (see Fig.1) obtained using a mapping in the D plane
of the integral I = fD %, so looking for poles of D. The Nyquist
theorem stipulates that an instability occurs when the upper contour
in the Im(D) > 0 part enclose the origin.
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Lecture 1 : Astrophysical plasmas instabilities and Cosmic Rays

Outlines

e Lecture 1 : Astrophysical plasmas instabilities and Cosmic Rays

@ Cosmic Rays as source of free energy in Astrophysics
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Lecture 1 : Astrophysical plasmas instabilities and Cosmic Rays

Dominant sources of energy in the interstellar medium

The interstellar medium (ISM) is a very complex system of gas, dust, magnetic field and
radiation in close interaction. Cosmic Rays are the non-thermal component. They gain energy
from a primary source of energy.

Among processes injecting energy into the ISM let us cite :

o Instabilities linked to gravitation, rotation, magnetic fields (Magneto-rotational instability,
Parker instability, shear motions ...)

@ Processes linked with massive star activities : winds, radiation, HII regions expansion,
supernova explosion.

@ Young stellar objects jets.
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Instabilities in plasma

Lecture 1 : Astrophysical plasmas instabilities and Cosmic Rays Cosmic Rays as source of free energy in Astrophysics

Dominant sources of energy in the interstellar medium

The interstellar medium (ISM) is a very complex system of gas, dust, magnetic field and
radiation in close interaction. Cosmic Rays are the non-thermal component. They gain energy
from a primary source of energy.

Among processes injecting energy into the ISM let us cite :

o Instabilities linked to gravitation, rotation, magnetic fields (Magneto-rotational instability,
Parker instability, shear motions ...)

@ Processes linked with massive star activities : winds, radiation, HII regions expansion,
supernova explosion.

@ Young stellar objects jets.

Among these supernova explosions are expected to deposit the most of energy. A simple
calculation gives

e — OsNTISNEsN | 310-26 '8 (@) ( Esn ) ( OSN ) ( Hy )71 ( Ry )72
NTTRH, em®s \ 0.1 ) \ 105 erg/s ) \ 1SNu/ \ 100 pc 20 kpe
Y]

Egn is the mechanical energy deposited during a SN explosion, nsn is the efficiency of the
energy transfer into ISM gas, osy is the SN rate, with 1 SNu = 1 SN(100 yr—1)

(IOIOLB /Lo)™ !, where Lg is the blue luminosity of the Galaxy in solar luminosity units, Hy
and Ry are the disc height and radius.
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Lecture 1 : Astrophysical plasmas instabilities and Cosmic Rays Cosmic Rays as source of free energy in Astrophysics

ample

Cosmic Ray energetics

* Secondary to primary ratio measurements or radioactive elements abundances — GeV CRs
stay in our Galaxy for about #es >~ 15 Myears.
Imparting a fraction of 10% of the energy injected by supernovae into CRs, the CR energy
density in the Milky way is

eV

Ecr = 0.1 X & X freg > 1— @)
cm

CR are in equipartition with magnetic field and gas energy density in the ISM.

15/203] Cosmic-Ray and astrophysical plasma instabilities



Instabilities in plasma phy
Cosmic Rays as source of free energy in Astrophysics

Lecture 1 : Astrophysical plasmas instabilities and Cosmic Rays uatio
0

Cosmic Ray energetics

* Secondary to primary ratio measurements or radioactive elements abundances — GeV CRs
stay in our Galaxy for about #es >~ 15 Myears.

Imparting a fraction of 10% of the energy injected by supernovae into CRs, the CR energy
density in the Milky way is

. eV
ECR:O.lxextreszl—y 3)
cm

CR are in equipartition with magnetic field and gas energy density in the ISM.

* Supernova explosions with a rate of about 3 events / century are enough to power the CR
luminosity in our Galaxy,

 EcrRVer a1 Vcr
Leg ~ ——— ~ 107 erg/s 1105 o )

Vcr is the galactic volume occupied by CRs.
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Lecture 1 : Astrophysical plasmas instabilities and Cosmic Rays

Cosmic Rays and instabilities : pressure, pressure gradient and current

CRs back react over the background plasma through processes associated to their pressure,
pressure gradient and current density.

o Pressure : CR pressure modifies locally the gas equation of state and the local sound speed
(if CR and gas are well coupled), e.g. see the Parker instability (below). CR pressure
anisotropy drives a series of instability (mirror, firechose).
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Lecture 1 : Astrophysical plasmas instabilities and Cosmic Rays Cosmic Rays as source of free energy in Astrophysics

Cosmic Rays and instabilities : pressure, pressure gradient and current

CRs back react over the background plasma through processes associated to their pressure,
pressure gradient and current density.

@ Pressure : CR pressure modifies locally the gas equation of state and the local sound speed
(if CR and gas are well coupled), e.g. see the Parker instability (below). CR pressure
anisotropy drives a series of instability (mirror, firechose).

@ Pressure gradient : CR pressure gradient is a force which can be transferred to the plasma
momentum (see CR-MHD Egs. below) to produce perturbations (acoustic instability). The
linear growth rate of the streaming instability is proportional to the CR pressure gradient.
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Cosmic Rays and instabilities : pressure, pressure gradient and current

CRs back react over the background plasma through processes associated to their pressure,
pressure gradient and current density.

@ Pressure : CR pressure modifies locally the gas equation of state and the local sound speed
(if CR and gas are well coupled), e.g. see the Parker instability (below). CR pressure
anisotropy drives a series of instability (mirror, firechose).

o Pressure gradient : CR pressure gradient is a force which can be transferred to the plasma
momentum (see CR-MHD Egs. below) to produce perturbations (acoustic instability). The
linear growth rate of the streaming instability is proportional to the CR pressure gradient.

@ Current : CR current is a the origin of the so-called non-resonant streaming instability and
some associated ones (filamentation, oblique modes).
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Lecture 1 : Astrophysical plasmas instabilities and Cosmic Rays Cosmic Rays as source of free energy in Astrophysics

Cosmic Rays and instabilities : pressure, pressure gradient and current

CRs back react over the background plasma through processes associated to their pressure,
pressure gradient and current density.

o Pressure : CR pressure modifies locally the gas equation of state and the local sound speed
(if CR and gas are well coupled), e.g. see the Parker instability (below). CR pressure
anisotropy drives a series of instability (mirror, firechose).

@ Pressure gradient : CR pressure gradient is a force which can be transferred to the plasma
momentum (see CR-MHD Egs. below) to produce perturbations (acoustic instability). The
linear growth rate of the streaming instability is proportional to the CR pressure gradient.

o Current : CR current is a the origin of the so-called non-resonant streaming instability and
some associated ones (filamentation, oblique modes).

@ One should add that MeV CRs ionise and heat ISM matter and are responsible for
gas-magnetic field coupling. (see S. Gabici lectures ( ?)).

Before turning on these topics we have to derive the model equations used to investigate CR
induced or modified instabilities.
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Lecture 1 : Astrophysical plasmas instabilities and Cosmic Rays

main
main cl.

Outlines

e Lecture 1 : Astrophysical plasmas instabilities and Cosmic Rays

@ Model equations
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Lecture 1 : Astrophysical plasmas instabilities and Cosmic Rays

The Boltzmann - Maxwell system

One of the most fundamental equation in plasma physics is the Boltzmann equation. It
describes the phase space (7, p) evolution of the particle distribution function F(7, j, t), namely
the number of particles in the phase space element d°7d> is F(7, p, t)d°7d>p as function of
time. A plasma is composed of different species a, then a Boltzmann equation per species is
necessary to describe their evolution. As charged particles, species a also modify the
electromagnetic fields.
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Lecture 1 : Astrophysical plasmas instabilities and Cosmic Rays

The Boltzmann - Maxwell system

One of the most fundamental equation in plasma physics is the Boltzmann equation. It
describes the phase space (7, ) evolution of the particle distribution function F(7, j, t), namely
the number of particles in the phase space element d37d>j is F(F, p, t)d>7d>p as function of
time. A plasma is composed of different species a, then a Boltzmann equation per species is
necessary to describe their evolution. As charged particles, species a also modify the
electromagnetic fields.

The full system of model equation involve Boltzmann and Maxwell equations :

OF.(F,p,1) + V.VF, + Ga (]_f + Y A E) O5Fq = OiF (7,7, 1)|c [Boltzmann] (5)
c
V.E=4n Z qa /d P Fo(7, P, 1) + 47 pcext [Gauss] (6)
- o 1o 4 47
VAB=-0E+3 g / BFTFa+ LT [Ampere]  (7)
c c “ ¢

- o 1,4

VAE=—--0B [Faraday] )

c
VBE=0 [Thomson]  (9)

OiFa(F, P, 1)]c : collisions. External charge density pc,ext, and current Toxt.
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Lecture 1 : Astrophysical plasmas instabilities and Cosmic Rays

Equations of Magneto-hydrodynamics

Moments of the Boltzmann Eq. lead to : The continuity equation : f [Eq.5]d3ﬁ, the momentum
equation : [[Eq.5]pd>p, the energy equation : [ [Eq.5]E(p)d>p. The fluid equations combined
with the Maxwell equations lead to the equations of magnetohydrodynamics (MHD).

MHD approximation applies under some assumptions : 1) characteristic time much larger than
ion gyroperiod and mean free path time, 2) characteristic scale much larger than ion gyroradius
and mean free path length.
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Equations of Magneto-hydrodynamics

Moments of the Boltzmann Eq. lead to : The continuity equation : [ [Eq.5)d?p, the momentum
equation : [[Eq.5]pd>p, the energy equation : [ [Eq.5]E(p)d>p. The fluid equations combined

with the Maxwell equations lead to the equations of magnetohydrodynamics (MHD).

MHD approximation applies under some assumptions : 1) characteristic time much larger than
ion gyroperiod and mean free path time, 2) characteristic scale much larger than ion gyroradius
and mean free path length. For non-relativistic flows one fluid MHD read :

dip+V.(pid) = 0,[Continuity] (10)
p(a+ﬁ.6)ﬁ = %hé—ﬁp,[Euler} an
i = ﬁﬁ AB, (12)

% B = -VAE, 13)

VE = 0, (14)

o1

I

|

I
>
=
i)
=
=R

15)

The last equation is the ideal Ohm’s law. P is the gas (or plasma) pressure, complemented by an
energy equation or an equation of state P(p).
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Lecture 1 : Astrophysical plasmas instabilities and Cosmic Rays

Cosmic-Ray Magneto-hydrodynamics

A way to account for CR feed back is to treat CR as a fluid. This requires to include CR
pressure and current effects in the momentum equation (Eq.11) and to add another energy
equation from the Boltzmann equation over CRs [Dubois et al 2019, Thomas & Pfrommer
2019, Butsky et al 2020].

@ pro CR feed back effects easily include into fluid dynamics.

@ cons Information is lost over the CR distribution.
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Cosmic-Ray Magneto-hydrodynamics

A way to account for CR feed back is to treat CR as a fluid. This requires to include CR
pressure and current effects in the momentum equation (Eq.11) and to add another energy
equation from the Boltzmann equation over CRs [Dubois et al 2019, Thomas & Pfrommer
2019, Butsky et al 2020].

@ pro CR feed back effects easily include into fluid dynamics.

@ cons Information is lost over the CR distribution.

ap+V(pi) = 0, (16)

I N - BB .
Or(pid) + V. <puu + Piot] — 47r> = pg a7
Oieg + V.(egil) = —PV.ii —L-+H+ Her (18)
deck + V.Fer = —PcgrV.i — Hew (19)

eg and ecr gas and CRs energy densities. L, H, Hcr : gas cooling, gas heating, heating term due

to CR streaming. ﬁCR (see notes, Eq 16) the CR flux depends on the CR diffusion coefficient
parallel to the mean magnetic field. Pyt = Pg + P + Pcr. & : gravitation.
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Lecture 1 : Astrophysical plasmas instabilities and Cosmic Rays

How to calculate a growth rate ?

The process is uneasy (and it is only a linear analysis) and has several steps.

@ Select a model equation. This means that you consider a model to describe a natural
phenomenon. Hence depending on your choice you will have access to a given level of
information and generality.
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ample

How to calculate a growth rate ?

The process is uneasy (and it is only a linear analysis) and has several steps.

@ Select a model equation. This means that you consider a model to describe a natural
phenomenon. Hence depending on your choice you will have access to a given level of
information and generality.

@ Properly define the unperturbed system : geometry, boundary conditions ... Often a
difficult task. It can also have an impact over your result.
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How to calculate a growth rate ?

The process is uneasy (and it is only a linear analysis) and has several steps.

@ Select a model equation. This means that you consider a model to describe a natural
phenomenon. Hence depending on your choice you will have access to a given level of
information and generality.

@ Properly define the unperturbed system : geometry, boundary conditions ... Often a
difficult task. It can also have an impact over your result.

© Write your equations in terms of perturbed quantities. So each variables A entering in your
equations is developed as A = A + A, with A the unperturbed quantity and A < Ag
the perturbed one. The linear analysis allows to drop non-linear terms (because of higher
orders in 0A).

30/203] Cosmic-Ray and astrophysical plasma instabilities



Lecture 1 : Astrophysical plasmas instabilities and Cosmic Rays

How to calculate a growth rate ?

The process is uneasy (and it is only a linear analysis) and has several steps.

@ Select a model equation. This means that you consider a model to describe a natural
phenomenon. Hence depending on your choice you will have access to a given level of
information and generality.

@ Properly define the unperturbed system : geometry, boundary conditions ... Often a
difficult task. It can also have an impact over your result.

© Write your equations in terms of perturbed quantities. So each variables A entering in your
equations is developed as A = A + A, with A the unperturbed quantity and A < Ag
the perturbed one. The linear analysis allows to drop non-linear terms (because of higher
orders in 0A).

@ Write your perturbed quantities in a Fourier form A o< exp(i(kx — wr)).
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How to calculate a growth rate ?

The process is uneasy (and it is only a linear analysis) and has several steps.

@ Select a model equation. This means that you consider a model to describe a natural
phenomenon. Hence depending on your choice you will have access to a given level of
information and generality.

@ Properly define the unperturbed system : geometry, boundary conditions ... Often a
difficult task. It can also have an impact over your result.

© Write your equations in terms of perturbed quantities. So each variables A entering in your
equations is developed as A = A + A, with A the unperturbed quantity and A < Ag
the perturbed one. The linear analysis allows to drop non-linear terms (because of higher
orders in 0A).

@ Write your perturbed quantities in a Fourier form A o< exp(i(kx — wr)).

© It often appears that you end with a system of coupled equations, then a matrix analysis.
The matrix eigenvalue analysis leads to an equation linking w with k : this is the dispersion
relation.
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How to calculate a growth rate ?

The process is uneasy (and it is only a linear analysis) and has several steps.

@ Select a model equation. This means that you consider a model to describe a natural
phenomenon. Hence depending on your choice you will have access to a given level of
information and generality.

@ Properly define the unperturbed system : geometry, boundary conditions ... Often a
difficult task. It can also have an impact over your result.

© Write your equations in terms of perturbed quantities. So each variables A entering in your
equations is developed as A = A( + A, with A the unperturbed quantity and A < Ag
the perturbed one. The linear analysis allows to drop non-linear terms (because of higher
orders in 0A).

@ Write your perturbed quantities in a Fourier form A o< exp(i(kx — wr)).

© It often appears that you end with a system of coupled equations, then a matrix analysis.
The matrix eigenvalue analysis leads to an equation linking w with k : this is the dispersion
relation.

O Solve for the imaginary part of w(k) : wy > 0 leads to an instability, w; < 0 leads to a
decaying mode. The condition w; > 0 is the instability criterion, it fixes a subspace in k
where the system is unstable.
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Lecture 1 : Astrophysical plasmas instabilities and Cosmic Rays

Intermezzi : some vocabulary on waves

We investigate the growth of modes with some wave vector K and frequency w, characterised by
electromagnetic perturbed fields decomposed into an electric £ and a magnetic B = ik NE

component. Usually the plasma is pervaded by a background (large scale) magnetic field By.

o Electrostatic / Electromagnetic, Parallel / Perpendicular modes :
Electrostastic mode : X || E,
Electromagnetic mode : KLE,
Parallel mode : k I By, (we can have forward k| > 0 or backward k| < 0 moving waves).

Perpendicular mode : kL By.
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Lecture 1 : Astrophysical plasmas instabilities and Cosmic Rays

Intermezzi : some vocabulary on waves

We investigate the growth of modes with some wave vector ¥ and frequency w, characterised by
electromagnetic perturbed fields decomposed into an electric £ and a magnetic B = 5k NE
component. Usually the plasma is pervaded by a background (large scale) magnetic field By.
o Electrostatic / Electromagnetic, Parallel / Perpendicular modes :
Electrostastic mode : K || E,
Electromagnetic | mode KLE,
Parallel mode : k I By, (we can have forward k)| > 0 or backward k| < 0 moving waves).
Perpendicular mode : kL By.
@ Mode polarisation : Plasma physics defines a mode polarisation as the sense of rotation of
the electric field [Schlickeiser 2002 Springer]. If we consider the background magnetic
field to lie along the z-axis then the polarisation is given by the ratio ’EX

lEx —

In the case = 41 we have a circularly polarised right-handed (+) or left-handed (-)

mode because of the sense of rotation when an observer looks in the direction of the
background magnetic field.
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Lecture 1 : Astrophysical plasmas instabilities and Cosmic Rays

Intermezzi : some vocabulary on instabilities

Specific to CR-driven instabilities. Resonant / Non-resonant instability.

@ A resonant instability involves wavenumbers which verify the synchrotron resonance
condition linking the wave frequency w and the particle gyro-frequency Q = €./, where

+ is the particle’s Larmor radius.
w — kv = £nQ

Actually the resonance applies for n harmonics of the particle gyro-frequency, k), v are
the parallel component of the wave vector and particle velocity along the magnetic field.
In case of MHD waves, this can be reduced to kH v = FnQasw ~ kV, < kv, we usually

write it in a simplified way : kR;, ~ 1 where R;, = 'quv is the particle Larmor radius.
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Intermezzi : some vocabulary on instabilities

Specific to CR-driven instabilities. Resonant / Non-resonant instability.

@ A resonant instability involves wavenumbers which verify the synchrotron resonance
condition linking the wave frequency w and the particle gyro-frequency Q = €./, where

<y is the particle’s Larmor radius.
w—kyv = +n2 20)

Actually the resonance applies for n harmonics of the particle gyro-frequency, k), v are
the parallel component of the wave vector and particle velocity along the magnetic field.
In case of MHD waves, this can be reduced to kH v = FnQYasw ~ kV, < kv, we usually

write it in a simplified way : kR;, ~ 1 where R;, = % is the particle Larmor radius.

@ A non-resonant instability involves wavenumbers which outside the resonance branch,
either at large or small scales with respect to Rz, for MHD modes, hence kR, < 1
(long-wavelength) or kR; > 1 (short wavelengths).
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Lecture 1 : Astrophysical plasmas instabilities and Cosmic Rays

Outlines

e Lecture 1 : Astrophysical plasmas instabilities and Cosmic Rays

o Cosmic-Ray-modified Instabilities : main classes and one example
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Lecture 1 : Astrophysical plasmas instabilities and Cosmic Rays

How Cosmic Ray can modify a pre-existing instability ?

CR do not contribute to gas inertia (no source terms in Eq. 103). CR feed back uses several
channels :

o (low energy, E < 1 GeV) CRs can ionise (and heat) partially ionised matter and contribute
to gas-magnetic field coupling. CR can ionise matter up to density columns higher than
U.V. or X-rays.

o The term §PCR is a force in the momentum equation. CR pressure gradients can then
induce gas motion.

@ CR can contribute to the Lorentz force J A B through their current.

3. It may happen that non-thermal particles dominate the plasma content in some contexts, like in central jets of compact
objects or black hole magnetospheres.

39/203] Cosmic-Ray and astrophysical plasma instabilities



- Astrophy
Lecture 1 : Astrophysical plasmas instabilities and Cosmic Rays

s and one example

How Cosmic Ray can modify a pre-existing instability ?

CR do not contribute to gas inertia (no source terms in Eq. 104). CR feed back uses several
channels :

o (low energy, E < 1 GeV) CRs can ionise (and heat) partially ionised matter and contribute
to gas-magnetic field coupling. CR can ionise matter up to density columns higher than
U.V. or X-rays.

o The term ﬁPCR is a force in the momentum equation. CR pressure gradients can then
induce gas motion.

@ CR can contribute to the Lorentz force J A B through their current.

‘We will consider CR-driven instabilities later on. CR can first modify mostly because of their
pressure instabilities which independently exist. Let us cite : the Klevin-Helmoltz instability, the
Rayleight-Taylor instability, the thermal instability, the Magneto-rotational instability and the
Parker-Jeans instability (see notes for references).

Below we discuss the Parker-Jeans instability, in memory of E.N. Parker recently deceased
this March at past 94.

4. It may happen that non-thermal particles dominate the plasma content in some contexts, like in central jets of compact
objects or black hole magnetospheres.
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The Parker instability

o Configuration : Uniform disc, magnetic field parallel to
the disc, gravity applies vertically (see Fig. 2).
Unperturbed state : disc in dynamical equilibrium under
the balance of gravity and pressure (thermal and
magnetic). diz (Pg + Pm) + pgext = 0.

Halo

Galactic disk

Bquatorisl plane

FIGURE — Unperturbed configuration (from
Kuwabara et al 2004).
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s and one example

The Parker instability

o Configuration : Uniform disc, magnetic field parallel to
the disc, gravity applies vertically. Unperturbed state : g WBO
disc in dynamical equilibrium under the balance of
gravity and pressure (thermal and magnetic).

@ Perturbation : Magnetic field lines oscillate around the
equilibrium case (see Fig. 4). Because of gravity, the gas
loaded onto the field lines slides off the peaks and sinks
into the valleys — increase of mass loads in the valleys
makes them sink further, while the magnetic pressure
causes the peaks to rise (buoyancy) as their mass load
decreases — instability.

FIGURE — Sketch of the Parker instability :
background unperturbed magnetic is horizontal,
@ In its original form Parker (1966) added CR pressure to  gravity is vertical.

the global pressure balance, but no CR diffusion.
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Cosmic-Ray-modified Instabilities : main classes and one example

main ¢

The Parker instability

@ Configuration : Uniform disc, magnetic field parallel to
the disc, gravity applies vertically. Unperturbed state :
disc in dynamical equilibrium under the balance of
gravity and pressure (thermal and magnetic).

@ Perturbation : Magnetic field lines oscillate around the ¢} buoyancy Bo
equilibrium case (see Fig. 4). Because of gravity, the gas
loaded onto the field lines slides off the peaks and sinks
into the valleys — increase of mass loads in the valleys
makes them sink further, while the magnetic pressure
causes the peaks to rise (buoyancy) as their mass load
decreases — instability.

@ In its original form Parker (1966) added CR pressure to

the global pressure balance, but no CR diffusion. FIGURE — Sketch of the Parker instability :

Instability grows at large scales (L is the system typical size) ~ background unperturbed magnetic is horizontal,

for gravity is vertical.
2. L2<(Pg+Pm+PCR)(Pg+Pm+PCR—7g)_l
crit,P 2PgPCR’Yg 2 .
21
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Cosmic-Ray modified Parker instability

Astrophy

s and one example

Investigation in Kuznetsov & Ptuskin (1983), Ryu et
al (2003), Kuwabara et al (2004), Kuwabara & Ko
(2006, 2020).
o Unperturbed system : vertical pressure balance
d% (Pg + Py + Pcr) + pgext = 0, where gex; is
due to external sources of gravitation like stars.
@ Linear perturbation analysis of Egs. (16-19)
(including Coriolis force), symmetric disk and
appropriate boundary conditions (see Fig. 44)

Aup + V (pid)
- - BB
8,(/)5{’) + V. <pﬁﬁ+ Pt — —
47

Dreg + V. (egil)
Arecr + V. Fer
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s and one example

Cosmic-Ray modified Parker instability

Investigation in Kuznetsov & Ptuskin (1983), Ryu et
al (2003), Kuwabara et al (2004), Kuwabara & Ko
(2006, 2020).

o Unperturbed system : vertical pressure balance
d% (Pg + P + Pcr) + pgext = 0, where gext is
due to external sources of gravitation like stars.

P10 —
B

3
[y p—

@ Linear perturbation analysis of Egs. (16-19)
(including Coriolis force), symmetric disk and

appropriate boundary conditions.
FIGURE — Left : the growth rate parallel to the magnetic field

P
@ The ratio 8 = CR has an effect over kerie fora  as function of the mode wave number for different values of
diffusion coefﬁment fixed (see Fig.6, right, Eq. the parallel diffusion coefficient with Pck = P,. Right : the

21). Hich 1 le k 1 growth rate parallel to the_ {nagnetic field as function of the
) Higher 3 larger unstable k band and larger mode wave number for different values CR to gas pressure

growth rate. ratio with s = 200 (in units of He,, H disk height, ¢, the
sound speed). The other parameters are : P, = P, and no
galactic rotation 2 = 0 (Kuwabara et al 2004).
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s and one example

Cosmic-Ray modified Parker instability

Investigation in Kuznetsov & Ptuskin (1983), Ryu et
al (2003), Kuwabara et al (2004), Kuwabara & Ko
(2006, 2020).

o Unperturbed system : vertical pressure balance
4 (Pg + P + Pcr) + pgext = 0, where gex is
due to external sources of gravitation like stars.

P10 —
B

3
[y p—

o Linear perturbation analysis of Eqs. (16-19)
(including Coriolis force), symmetric disk and
appropriate boundary conditions.

@ The ratio 8 = CR has an effect over k. for a

diffusion coefﬁment fixed (see Fig.6, right, Eq.  pigurg - Left : the growth rate parallel to the magnetic field
21). Higher 3 larger unstable k band and larger  as function of the mode wave number for different values of

growth rate. the parallel diffusion coefficient with Pck = P,. Right : the

growth rate parallel to the magnetic field as function of the

o CR diffusion has no effect over ke, but an mode wave number for different values CR to gas pressure

increase of x produces a larger growth rate. ratio with & = 200 (in units of He,, H disk height, ¢, the
Diffusion reduces any CR gradient which sound speed). The other parameters are : P, = P,, and no
opposes the gas infall into valleys. galactic rotation 2 = 0 (Kuwabara et al 2004).
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s and one example

Including self-gravity : the Parker-Jeans instability

Done in Kuwabara et al (2006) : add a Poisson equation V1) = 47Gp to the CR-MHD
system.

The Jeans instability results from an unbalanced effect of gas supporting pressure to gravitation.
If the gas free-fall time gets lower than the sound crossing time a runaway process is triggered.

o The analysis is more complex (a system of 4 coupled Egs. to be solved, with 4 boundary
conditions).

o Without any magnetic field, the Jeans instability prevails. CR pressure has an effect over
the critical instability wave number ke y = \/47Gp/ 2, as the effective sound speed is

now cs; = /¢ + kg, with c2p = WCRP%. But any diffusion will reduce the CR
pressure impact.
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Including self-gravity : the Parker-Jeans instability

Done in Kuwabara et al (2006) : add a Poisson equation V2t = 47Gp to the CR-MHD
system.

The Jeans instability results from an unbalanced effect of gas supporting pressure to gravitation.
If the gas free-fall time gets lower than the sound crossing time a runaway process is triggered.

o The analysis is more complex (a system of 4 coupled Egs. to be solved, with 4 boundary
conditions).

o Without any magnetic field, the Jeans instability prevails. CR pressure has an effect over
the critical instability wave number kerit,; = /4mGp/c2, as the effective sound speed is
now c¢s; = 4/c% + C%R, with C%R = R P%. But any diffusion will reduce the CR
pressure impact.

Summary : if K = 0 CR and gas are tightly coupled and CR pressure adds up to gas one / asap

K # 0 CR diffuse along the magnetic field lines and reduce the effect of CR gradient as
opponent force to gas infall.

Some implications : Magnetic field and self-gravity produce complex behavior. Depending if
Jeans dominates over Parker or vice versa, the matter collapses either perpendicular or parallel
to the magnetic field line (see Kuwabara & Ko 2006, 2020).
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Cosmic-Ray-driven instabilities : main classes

Outlines

e Lecture 1 : Astrophysical plasmas instabilities and Cosmic Rays

o Cosmic-Ray-driven instabilities : main classes
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Introduction

© CRs are transported in the ISM because of their interaction with collective charges motions,
or "waves". They scatter off waves and hence their pitch-angle o = (¥, E) has a random walk.
If scattering is efficient enough CRs move with waves at typical speed of V, (Alfvén speed).
(See P. Blasi’s lectures, and Skilling 1971).
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Introduction

© CRs are transported in the ISM because of their interaction with collective charges motions,
or "waves". They scatter off waves and hence their pitch-angle o = (¥, E) has a random walk.
If scattering is efficient enough CRs move with waves at typical speed of V, (Alfvén speed).
(See P. Blasi’s lectures, and Skilling 1971).

© CR-driven instabilities can be triggered because of CR drift, and or pressure anisotropies.
Instability cases :

o If in the wave frame there is a residual anisotropy, this results in the background (ISM) gas
frame as a population of CR drifting. This is the streaming instability (Skilling 1975).
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Introduction

¢ CRs are transported in the ISM because of their interaction with collective charges motions,
or "waves". They scatter off waves and hence their pitch-angle o = (¥, E) has a random walk.
If scattering is efficient enough CRs move with waves at typical speed of V, (Alfvén speed).
(See P. Blasi’s lectures, and Skilling 1971).

© CR-driven instabilities can be triggered because of CR drift, and or pressure anisotropies.
Instability cases :

o If in the wave frame there is a residual anisotropy, this results in the background (ISM) gas
frame as a population of CR drifting. This is the streaming instability (Skilling 1975).

o CR distribution may be well isotropic in the wave frame BUT, the CR gas itself is moving
in the background gas, as it is the case for shocks. Here again the streaming instability is
expected to occur (Bell & Lucek 2001, Bell 2004). Non-linear evolution can induce in that
case other classes of instabilities like the filamentation instability (Reville & Bell 2012),
or the oblique mode instability (Bykov et al 2011).
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Introduction

¢ CRs are transported in the ISM because of their interaction with collective charges motions,
or "waves". They scatter off waves and hence their pitch-angle a = (¥, E) has a random walk.
If scattering is efficient enough CRs move with waves at typical speed of V,, (Alfvén speed).
(See P. Blasi’s lectures, and Skilling 1971).

© CR-driven instabilities can be triggered because of CR drift, and or pressure anisotropies.
Instability cases :

o If in the wave frame there is a residual anisotropy, this results in the background (ISM) gas
frame as a population of CR drifting. This is the streaming instability (Skilling 1975).

o CR distribution may be well isotropic in the wave frame BUT, the CR gas itself is moving
in the background gas, as it is the case for shocks. Here again the streaming instability is
expected to occur (Bell & Lucek 2001, Bell 2004). Non-linear evolution can induce in that
case other classes of instabilities like the filamentation instability (Reville & Bell 2012),
or the oblique mode instability (Bykov et al 2011).

o A strong CR gradient can also drives (compressional) sound waves this is the acoustic or
Drury instability, (Drury 1984).
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Introduction

¢ CRs are transported in the ISM because of their interaction with collective charges motions,
or "waves". They scatter off waves and hence their pitch-angle o = (¥, E) has a random walk.
If scattering is efficient enough CRs move with waves at typical speed of V, (Alfvén speed).
(See P. Blasi’s lectures, and Skilling 1971).

© CR-driven instabilities can be triggered because of CR drift, and or pressure anisotropies.
Instability cases :

o If in the wave frame there is a residual anisotropy, this results in the background (ISM) gas
frame as a population of CR drifting. This is the streaming instability (Skilling 1975).

o CR distribution may be well isotropic in the wave frame BUT, the CR gas itself is moving
in the background gas, as it is the case for shocks. Here again the streaming instability is
expected to occur (Bell & Lucek 2001, Bell 2004). Non-linear evolution can induce in that
case other classes of instabilities like the filamentation instability (Reville & Bell 2012),
or the oblique mode instability (Bykov et al 2011).

@ A strong CR gradient can also drives (compressional) sound waves this is the acoustic or
Drury instability, (Drury 1984).

o If pressure anisotropy is strong enough, pressure-driven mirror/firehose instabilities can
be triggered (Osipov et al 2017).
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Cosmic-Ray-driven instabilities

Instability survey in this lecture

We will examine successively :
o The general formalism to investigate CR-driven instabilities (we will apply it in Lecture 2).
o Three pressure-related instabilities : mirror/firehose/acoustic.

o Anisotropy / Current-related instabilities : a rapid introduction to the streaming instability,
description of the filamentation, oblique-mode instability in the context of shocks.

o In Lecture 2 we will have a detailed derivation of the streaming instability growth rate and
the environemental effects over its growth.
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Cosmic-Ray-driven instabilities : main classes

The linear instability analysis

‘We describe in short the procedure to be adopted to investigate kinetic instabilities — instabilities
which require to solve the perturbed Vlasov equation. The process has several steps (see Krall
& Trivelpiece 1973 for all details).

o Starting from the Vlasov-Maxwell system (Eqs. 5-9) we decompose the particle
distribution into an unperturbed state F,, and a perturbed state §F, with §F, < F,.
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The linear instability analysis

We describe in short the procedure to be adopted to investigate kinetic instabilities — instabilities
which require to solve the perturbed Vlasov equation. The process has several steps (see Krall
& Trivelpiece 1973 for all details).

o Starting from the Vlasov-Maxwell system (Eqs. 5-9) we decompose the particle
distribution into an unperturbed state F,, and a perturbed state §F, with §F, < F,.

@ We proceed as well for the electromagnetic fields : E=6E B= EO + 6B, with
By > 6B, 0E.

57/203] Cosmic-Ray and astrophysical plasma instabilities



Lecture 1 : Astrophysical plasmas instabilities and Cosmic Rays

The linear instability analysis

We describe in short the procedure to be adopted to investigate kinetic instabilities — instabilities
which require to solve the perturbed Vlasov equation. The process has several steps (see Krall
& Trivelpiece 1973 for all details).
o Starting from the Vlasov-Maxwell system (Eqs. 5-9) we decompose the particle
distribution into an unperturbed state F, and a perturbed state 6 F, with 6F, < F,.
@ We proceed as well for the electromagnetic fields : E=0E B= EO + 6B, with
By > 0B, OE.
@ To obtain the time evolution of Jf,, we substract the unperturbed Eqs to the original
system.
We get :

0,6fs + V.V fatqa (3 /\Eo) 030fa = —qa (5E +YA 51?) OpFa
c C
VOE —4n S au [ @5

(22
- - 1 o
VASB=-00E+ "= qa /d3ﬁv5ﬁ,

Cc Cc P

<l

ASE = — 18,65, V.SB=0
C
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Quasi-linear theory

In order to solve for df, in Eq. 22 we need to express the perturbed distribution in terms of F,.
For this we need to integrate the equation over time with a prescription about particles
trajectories. In the quasi-linear theory (QLT) framework these trajectories are the Larmor
motion in the background magnetic field By.

59/203] Cosmic-Ray and astrophysical plasma instabilities



Lecture 1 : Astrophysical plasmas instabilities and Cosmic Rays

Quasi-linear theory

In order to solve for df, in Eq. 22 we need to express the perturbed distribution in terms of Fj,.
For this we need to integrate the equation over time with a prescription about particles
trajectories. In the quasi-linear theory (QLT) framework these trajectories are the Larmor
motion in the background magnetic field By.

Hence we can use the method of characteristic to integrate the time evolution along these
trajectories. We have

1 =
(T, 7,1) = Ji/ dr (5@(?,/) +2A 53(;*,/)) NwFa(#@,7)
Mg J —oco ¢ unper

The primes denote the unperturbed quantities.
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Quasi-linear theory

In order to solve for df, in Eq. 22 we need to express the perturbed distribution in terms of Fj,.
For this we need to integrate the equation over time with a prescription about particles
trajectories. In the quasi-linear theory (QLT) framework these trajectories are the Larmor
motion in the background magnetic field Bo.

Hence we can use the method of characteristic to integrate the time evolution along these
trajectories. We have

t =/

(7 7,0) = — 10 / dr' (55(5/, 7)+ 2 ASBE, t')) VeFa@,7)  (23)
Ma J —oco ¢ unper

The prlmes denote the unperturbed quantities. Then wave-like solutions are searched :

6F = E; exp(ik.X — iwt)

This allows us to calculate the perturbed current in the perturbed Ampere equation in terms of

the perturbed electric field using the conductivity tensor . We have :

8T, = >ada S &3V VOfc,a = 5.Ey. The final dispersion relation is obtained from a determinant

of a 3x3 matrix. It is written in terms of the different plasma susceptibility X, :

— - 1=> X.=0|. 4

So we have a susceptibility for each species : thermal protons, electrons, non-thermal electron,
positrons, protons, Helium nuclei ...
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Cosmic Ray susceptibility

‘We reproduce here the general expression for the CR susceptibility Xcr. We express it in a
slightly simplified form only valid for modes propagating parallel to By, so K= kg—g. It
describes the effect of CRs over circularly-polarised waves.

Yo =21 [ [t @kwiﬂ) (arrextpnn + G+ 20, Fentoun))

The polarisation appears in the & (+ right / - left) terms in from the synchrotron frequency

Qs = fiﬁfc w = cos(¥, By) is the particle pitch-angle cosine.
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Cosmic Ray susceptibility

We reproduce here the general expression for the CR susceptibility Xcr. We express it in a

slightly simplified form only valid for modes propagating parallel to By, so K= kﬁ—g. It
describes the effect of CRs over circularly-polarised waves.

Pmax )
XcrR = — d OpF, s OuF
R = / /u —kv,u:I:Q (pCR(PM)""(N"’ )uCR(Pﬂ))
(25)
The polarisation appears in the & (+ right / - left) terms in from the synchrotron frequency

Qs = zﬁfc. w = cos(¥, By) is the particle pitch-angle cosine.

* In order to obtain the contribution of CRs to the relation dispersion we need to fix a particular
distribution Fcgr. The p dependence encodes the CR driven instabilities. The momentum
distribution encodes the spectrum of growing waves. Different distribution can be chosen :
monoenergetic, power-law, kappa distribution ... etc. In most of the instability studies
mentioned below a power-law is adopted.

In the lecture 2 we will derive this expression, in order then to derive the growth rate of the
streaming instability.

63/203] Cosmic-Ray and astrophysical plasma instabilities



Lecture 1 : Astrophysical plasmas instabilities and Cosmic Rays

Cosmic Ray anisotropy

The p dependence of the unperturbed distribution function Fcp is at the heart of the CR-driven
instability triggering.

It is possible to use a quite general formalism using a shperical harmonic development for
F(p, p, @), ¢ is the gyrophase associated with the Larmor motion (see Bell et al 2006). This
approach catches all anisotropic effects and can apriori treats high anisotropy cases at the
expanse of more terms in the development.
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Cosmic Ray anisotropy

The p dependence of the unperturbed distribution function Fcg is at the heart of the CR-driven
instability triggering.

It is possible to use a quite general formalism using a spherical harmonic development for
F(p, u, @), ¢ is the gyrophase associated with the Larmor motion (see Bell et al 2006). This
approach catches all anisotropic effects and can apriori treats high anisotropy cases at the
expanse of more terms in the development.

‘We below use a simplified form. We assume 1) gyrotropy (no dependence in ¢ 2) the anisotropy
can be described by the two first terms in p. Namely,

N
F(p, ) = "C‘;—W(”) (1 +3% o X3 - 1)) . 26)

ug controls the CR drift and is responsible for the streaming instability.
x controls the CR pressure anisotropy and is responsible for the mirror/firehose instabilities.

Let’s discuss the second ones first.
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The firehose/mirror instabilities : 1. without cosmic rays, criterion

These instabilities are triggered because of an excess of pressure either along the background
magnetic field (firehose) P or perpendicularly P to the background magnetic field (mirror).
These instabilities can be driven by anisotropic plasma temperatures. Kinetic calculation lead to
the triggering criterion (Hasegawa 1975)°.

In the firehose case we have :
By —BL>2, @7

In the mirror case we have

(BL—By) bost, (28)
By

5. wenote B = 8wan%/Bz, with Vp = \/kgT /m the thermal speed, hence 8 = P/Py,.
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The firehose instability : 1. without cosmic rays, physical processes

Firehose (Parker 1958) : In a curved magnetic field tube the
plasma flow along a magnetic flux tube produces a centrifugal
force Fr = puﬁ /R (R is the curvature radius of the flux tube)
and two restoring forces : the perpendicular thermal pressure
Fp = |§PL\ ~ % and the magnetic stress Fp = % (see
figure 9).

The instability results from the centrifugal force produced by
a train of beads moving along the magnetic field which
amplifies a transversal motion. The centrifugal force FIGURE — Mechanism of the firehose instability.

dominates once Eq. 27 is fulfilled. The figure is extracted from Treumann and
Baumjohann (1997).
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COSmIC Ray-driven mstabll\tles main classes

The firehose instability : 1. without cosmic rays, physical processes

Firehose (Parker 1958) : In a curved magnetic field tube the
plasma flow along a magnetic flux tube produces a centrifugal
force Fr = puﬁ /R (R is the curvature radius of the flux tube)
and two restoring forces the perpendicular thermal pressure

F, = |[VP | ~ £L and the magnetic stress Fg = 47TR (see
figure 9).

The instability results from the centrifugal force produced by
a train of beads moving along the magnetic field which
amplifies a transversal motion. The centrifugal force
dominates once Eq. 27 is fulfilled.

The instability has its maximal growth for parallel

propagation. The growth rate vanishes for perpendicular FIGURE — Mechanism of the firehose instability.

propagation. The ﬁgure is extracted from Treumann and
Baumjohann (1997).

The firehose instability is non-resonant (does not involve a

match between growing mode wavelength and particle

gyroradius)
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The mirror instability : 1. without cosmic rays, physical processes

The mirror instability develops for perpendicular modes
(k= ko).

It requires a kinetic treatment to account for particle trapping
in magnetic mirrors : Particles trapped in the mirror get
accelerate towards lower magnetic field regions by the

—ug VB force [uyg = 1/ 2mvi /B is the particle magnetic
moment]. (This force can be constructed from the Lorentz
force + V.B = 0.)

-VuB

This diamagnetic repulsion enhanced the perpendicular ) o i
pressure and excludes the magnetic field further on leading to  [1GURE —Mechanism of the mirror instability.
Lo bili h iterion in Eq. 28 i fied The figure is extracted from Treumann and

an instability once the criterion in Eq. 28 is verified. Baumjohann (1997).
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The firehose/mirror instabilities : 2. with cosmic rays, dispersion relation

If the pressure anisotropy is in the CR component, it can trigger the firehose/mirror instability.
In order to capture the pressure-driven instabilities only, the mean CR distribution function has
to have a quadrupole anisotropy, namely ([ dpp>N(p) = 1)

ncrN X .
F(p,p) = CRT(I’) (1+5(3,ﬂ— 1)) , with x < 1,

The parallel and perpendicular CR pressures are P = J dPppvuF (p, 1) and
Py = [dppv(1 — p?) cos ¢*F(p, 1) (¢ is the gyrophase). We note AP(x) = Py =P
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The firehose/mirror instabilities : 2. with cosmic rays, dispersion relation

If the pressure anisotropy is in the CR component, it can trigger the firehose/mirror instability.
In order to capture the pressure-driven instabilities only, the mean CR distribution function has
to have a quadrupole anisotropy, namely ( | dpp®N(p) = 1)

ncrN(p)

Flp,p) = i

(1 4 %(w2 - 1)) , withy < 1, (29)

The parallel and perpendicular CR pressures are P = f dppvpF (p, ) and

Py = [d@ppv(1 — u?) cos ¢*F(p, i1) (¢ is the gyrophase). We note AP(x) = Py —Py.
Solving to first order perturbation for the MHD and Vlasov Egs. one gets the following
dispersion relation (Osipov et al 2017)

(w4 — WA+ VAR + V2GR + ( ~ie s) AI;}X)( — 242 ))
x(w — BV y2 4 APk )kH):O . (30)

This combines both oblique mirror (k; # 0) and firehose (k1 = 0) cases. Both instabilities
only develop at long wavelengths, i.e. kv < € and w < €2, where ) is the relativistic
particles gyro-frequency.

. . _ ~P L _ B
We remind the expressions for the sound speed ¢; = 4/ - and the Alfvén speed V, = i
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Cosmic-Ray-driven instabilities : main classes

The firehose/mirror instabilities : 2. with cosmic rays, growth rates

* Firehose mode with k; = 0, the dispersion relation becomes
AP
(w2 - kzc_%) X (w2 — KV 4 —kz) =0.
p

The system is unstable if AP > 0 and % > V2 (the other branch being the sonic mode). The
growth rate is

AP
Tp=k|=— V2
P
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The firehose/mirror instabilities : 2. with cosmic rays, growth rates

* Firehose mode with k; = 0, the dispersion relation becomes
AP
<w2 - k%f) x (w2 —RV2 —/8) —o. 31
p

The system is unstable if AP > 0 and % > V2 (the other branch being the sonic mode). The
growth rate is

AP
Tr=ky|— —V2|. (32)
P

* Mirror mode with kH =0, we get

ar

G —RBVE4 2= ) =0. (33)
P

The system is unstable if AP < 0 and 2% > (V2 + ¢2). The growth rate is

|_|AP
Ty =k 2u—(v3+cg) . (34)
P
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Cosmic-| Ray -driven instabilities : main classes

Astrophysical interests

These instabilities weren’t among the most investigated but they are interesting.

o The instabilities are non-resonant and lead to long-wave length perturbations, i.e in the
regime kR; < 1.

@ Only a slight anisotropy can produced fast mode grows. A rough calculation gives that for
x =1073, Ty ~ 105 s~! k , for CRs in a background magnetic field of ;1Gauss
amplitude we have

t >0.1 ( E ) ( B )71 35)
.1 year (| —— _— .
growth = Y 1 GeV 1 uGauss

If other instabilities can generate some magnetic field in or around CR sources then the
firehose instability can contribute to produce magnetic field at long-wavelengths (impact
over particle scattering).

@ Mirror instability-induced turbulence can contribute to non-diffusive particle transport
(Lévy flights) at shocks (Bykov et al 2017).
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Another CR pressure related instability : the acoustic or Drury instability

This is instability requires a strong pressure gradient necessary to drive acoustic perturbations.
One interesting region for this is the precursor of shocks including CRs (but not only see
Begelman & Zweibel 1994). There, the CR gradient is able to drive such perturbations (Drury
1984).

ﬁPCR is a force exerted over the gas. In case it is non uniform it produces gas velocity
fluctuations which themselves amplify any original density fluctuations.
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Another CR pressure related instability : the acoustic or Drury instability

This is instability requires a strong pressure gradient necessary to drive acoustic perturbations.
One interesting region for this is the precursor of shocks including CRs (but not only see
Begelman & Zweibel 1994). There, the CR gradient is able to drive such perturbations (Drury
1984).

ﬁPCR is a force exerted over the gas. In case it is non uniform it produces gas velocity
fluctuations which themselves amplify any original density fluctuations.

Instability criterion (Drury & Falle 1986, Kang et al 1992), using a bi-fluid model (Eq. 16-19)
but without magnetic fields (see Zank et al 1990 for a MHD model) :

P, K
< k= < k(14 Br) : (36)
|VPCR| YCRCs
Br = gi?l((';“; , R is the mean( integrated over momenta) CR diffusion coefficient,
Lcr = WP,ER ‘ ) is the CR shock precursor size.
CR

Another way to write it in terms of the shock sonic Mach number My = ”%h and CR diffusive
s
R oo
length Ly = e 1S @
YR Ler

My > ———— .
(I 4 Bx) Ldigr
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Cosmic-Ray-driven instabilities : main classes

Acoustic instability dispersion relation

The diSpCI'SiOIl relation reads (DI'UI'y & Falle 1986) :
~oP ~cr P
(l—lkLCR) (7‘2 g +7)

_ (1 _ ikLCR)3 <iPCRI‘€(1 +Bn) . ’Ygfg) -0

2
w w
w? +if—— (1 — ikLcr)” — i——
LCR CR

4
Legp pLeg
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Acoustic instability dispersion relation

The dispersion relation reads (Drury & Falle 1986) :

2
k P P
W 4 iR (1 = kLer)? — im (1 — ikLcR) (Lﬁ s M)
Ler Ler p 0
(PerR(L+Br) mng) o
L4CRp pL4CR

— (1 — ikLcg)® <

Acoustic instability growth rate I'; as function of
different quantities. In all plots

Ler = 1,p = 1,7cr = ¢ = 5/3. The figure is
extracted from Kang et al (1992).

@ Develops at high k (u-left)

o Lower initial gas pressure leads to higher I,
(u-right).

o Saturates as CR and gas decouple (high ) , but
reduced I'y at high P in the coupling regime
(low &) (I-left/right)

(37N
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Cosmic-Ray-driven instabilities : main classes

The CR-driven acoustic instability and magnetic field amplification

Again, this instability is interesting as it drives wave numbers kr;, < 1, so large scales. Downes
& Drury (2012, 2014) investigate magnetic field amplification by the acoustic instability (see
Figs. 10, 11, for ug, ~ 3000 km/s, n ~ 100 cm 3, Bigm = 3p Gauss, Tigy = 10* K).
Magnetic field amplification by one order of magnitude is possible.

R —
i}
upstream precursor 16

FIGURE — Magnetic amplitude growth with space

R . X (green 2D run), red (3D run), normalised to Bigm.
FIQUR? B Magngtlg field amplitude maps for 2 and 3D The figure is extracted from Downes & Drury
adiabatic (no radiative losses) runs. The figure is extracted (2014)
from Downes & Drury (2014). ’
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Cosmic-Ray-driven instabilities : main classes

The streaming instability : basics

The streaming instability is discussed in details in Lecture 2, see Marcowith et al (2021). This
instability is triggered because of a drift motion of the CR population with respect to the
background gas and/or because CR have an anisotropic distribution (of dipole-like)

Fip, ) = ") (1+3”fu) .
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The streaming instability : basics

The streaming instability is discussed in details in Lecture 2, see Marcowith et al (2021). This
instability is triggered because of a drift motion of the CR population with respect to the
background gas and/or because CR have an anisotropic distribution (of dipole-like)

Fip.p) = ") (1 +3”7"u) .

The instability can develop in different cases :

Shocks : In case CRs are accelerated at shock waves, they remain confine in a small area
upstream the shock front (the CR precursor). This precursor as seen from in the interstellar gas
rest-frame resembles to a charged layer moving at a speed ugp, which is almost the drift speed
for fast super-Alfvénic shocks. CRs carry then a strong source of free energy through their
streaming which is able to trigger two branches of the instability either the resonant branch or
the non-resonant branch. The streaming instability creates magnetic fluctuations which can be at
the origin of the turbulence in CR mediated shocks (Bell & Lucek 2000).
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Cosmic-Ray-driven instabilities : main classes

The streaming instability : basics

The streaming instability is discussed in details in Lecture 2, see Marcowith et al (2021). This
instability is triggered because of a drift motion of the CR population with respect to the
background gas and/or because CR have an anisotropic distribution (of dipole-like)

N
F(p, ) = "CZ—W(”) (1 +3"7"u) : (38)

The instability can develop in different cases :

Shocks : In case CRs are accelerated at shock waves, they remain confine in a small area
upstream the shock front (the CR precursor). This precursor as seen from in the interstellar gas
rest-frame resembles to a charged layer moving at a speed ugp, which is almost the drift speed
for fast super-Alfvénic shocks. CRs carry then a strong source of free energy through their
streaming which is able to trigger two branches of the instability either the resonant branch or
the non-resonant branch. The streaming instability creates magnetic fluctuations which can be at
the origin of the turbulence in CR mediated shocks (Bell & Lucek 2000).

ISM : CR distribution with some anisotropy in the background frame because of the scattering
process with the background plasma turbulence (carried by the background plasma). Historical
set-up : Lerche (1967), Wentzel (1968), Skilling (1971, 1975).
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Cosmic-Ray-driven instabilities : main classes

The two branches of the streaming instability : the resonant branch and
non-resonant branch

The resonant branch is based on the resonance
condition : [w — kyv|] & © = 0. Matching between
the wave frequency in a frame moving with v and
the particle gyro-frequency. The sign =+ is the
polarisation (+ : right-handed, - :left-handed). It is
resonant as the wavenumbers fulfill kR; ~ 1.

FIGURE — Sketch of resonant wave-particle interaction.
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Cosmic-Ray-driven instabilities : main classes

The two branches of the streaming instability : the resonant branch and
non-resonant branch

The non-resonant modes are triggered by the
Lorentz force J A 61?, 7 has the amplitude of the CR
current seen in the background plasma frame. It is
non resonant as the wave numbers fulfill kr; > 1.

The resonant branch is based on the resonance
condition : [w — k)] & © = 0. Matching between
the wave frequency in a frame moving with v and
the particle gyro-frequency. The sign =+ is the
polarisation (+ : right-handed, - :left-handed). It is
resonant as the wavenumbers fulfill kR, ~ 1.

FIGURE — Sketch of " ticle int d FIGURE — Sketch of the non-resonant current instability, the
— >keteh ol resonant wave-particie Interaction. non-resonant branch of the streaming instability.
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ample

The streaming instability at shocks

‘We anticipate a bit over Lecture 2 and present the case of the triggering of streaming at fast
shocks.

o The streaming instability at fast shocks is triggered because of CR anisotropy and current
as seen by the background ISM.
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Cosmic-| Ray -driven instabilities : main classes

The streaming instability at shocks

We anticipate a bit over Lecture 2 and present the case of the triggering of streaming at fast
shocks.

o The streaming instability at fast shocks is triggered because of CR anisotropy and current
as seen by the background ISM.

o Non-resonant modes grow at scales k; < k < kp, with (Bell 2004)

ki = 1/Rpmin(2)
ky = E;R/Bsh

with £cr = UCR/pISMugh and By, = ugn /¢, ~ ln(UCR’maX/mcz). We assume a p—* CR
distribution with a minimum CR energy Ey,;, at a distance z from the shock.
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Cosmic-Ray-driven instabilities : main classes

The streaming instability at shocks

‘We anticipate a bit over Lecture 2 and present the case of the triggering of streaming at fast
shocks.

o The streaming instability at fast shocks is triggered because of CR anisotropy and current
as seen by the background ISM.

o Non-resonant modes grow at scales k; < k < kp, with (Bell 2004)

ky

1/RL,min (Z)

k = %Rﬁsth : (39)

with &cr = Ucr/pismu?, and Bon = g /¢, ~ In(Ucg,max/mc?). We assume a p~+ CR
distribution with a minimum CR energy En,;, at a distance z from the shock.

o The non-resonant branch grows the fastest. Magnetic field is amplified at the shock
precursor. An analytical estimation of the saturation the magnetic field energy density is
obtained for k| = k; or

Up =~ Uck - (40)
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Cosmic-Ray-driven instabilities : main classes

Streaming instability relatives : I Filamentation instability

o The filamentation instability results from the
growth of magnetic loops at the shock precursor
in the non-linear growth phase of the
non-resonant streaming instability (see Fig. 16).

o The instability is due to the expansion of
magnetic loops with a polarisation by the return
current whereas the oppositely polarised loops
drop (see Fig. 16).

FIGURE — Sketch of the filamentation instability. From
Reville & Bell 2012 MNRAS 419 2433
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Cosmic-Ray-driven instabilities : main classes

Streaming instability relatives : I Filamentation instability

o The filamentation instability results from the
growth of magnetic loops at the shock precursor
in the non-linear growth phase of the
non-resonant streaming instability (see Fig. 16).

o The instability is due to the expansion of
magnetic loops with a polarisation by the return
current whereas the oppositely polarised loops
drop (see Fig. 16).

@ Magnetic loops concentrate CR in filaments
which locally increase the CR current, etc..

o The instability growth rate is (Reville & Bell
2012 ibidem)

2
= n uﬂ Ucr eJBNR 1)
c pugh Enin FIGURE — Sketch of the filamentation instability. From
Reville & Bell 2012 MNRAS 419 2433

OBNR is the amplitude of the magnetic field
from streaming non-resonant instability. 7 is a
function of the CR distribution.
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Streaming instability relatives : II Oblique mode instability

@ The oblique mode instability results from a
dynamo process initiated by the magnetic field
seeds produced by the non-resonant streaming
instability.

@ Modes propagate at long wavelength kR;, < 1,
at some angle with respect to the initial B-field
they are driven by the electromotive force
(it A SB) induced by the small scale
perturbations.
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The oblique mode instability results from a
dynamo process initiated by the magnetic field
seeds produced by the non-resonant streaming
instability.

Modes propagate at long wavelength kR;, < 1,
at some angle with respect to the initial B-field
they are driven partly by the electromotive force
(it A 8B) induced by the small scale
perturbations (and some ponderomotive forces
either).

The maximum growth rate reads

2
r= EMLBNR)M@\/H. 42)
2 By n

With kg = 4%%, n= é, ¢ particle mean free
path.

Long-wavelength Bell

kr,

20

FIGURE — The growth rate of long wavelength (here parallel)
mode for n = 10 (continuous and dahsed-dotted show two
circular polarisations). Dashed and dotted curves are
obtained without non-resonant Bell’s modes. From Bykov et
al 2011 MNRAS 410 39

Cosmic-Ray and astrophysical plasma instabilities



The kinetic theory of the streaming instability

Lecture 2 : The Cosmic-Ray streaming instability

Outlines

e Lecture 2 : The Cosmic-Ray streaming instability
o The kinetic theory of the streaming instability
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Lecture 2 : The Cosmic-Ray streaming instability el

Why kinetic ? and the procedure

There are several reasons to investigate the kinetic theory :

o The resonant branch of the instability can only be obtained using a kinetic theory, because
it involves a resonance between a mode at k and particles at a given Larmor radius :
kRp, ~ 1.

@ A kinetic approach is necessary also for non-resonant branch if we want to investigate
non-linear growth phase and supply towards longer wavelength and the associated
filamentation (Reville & Bell 2012) and oblique mode (Bykov et 2011) instabilities.

o Itis also interesting to rederive the non-resonant branch because the CR distribution
function has not necessarily a monoenergetic distribution : power-law, kappa distribution,
Maxwell-Juttner...
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Lecture 2 : The Cosmic-Ray streaming instability el

Why kinetic ? and the procedure

There are several reasons to investigate the kinetic theory :

o The resonant branch of the instability can only be obtained using a kinetic theory, because
it involves a resonance between a mode at k and particles at a given Larmor radius :
kRp, ~ 1.

@ A kinetic approach is necessary also for non-resonant branch if we want to investigate
non-linear growth phase and supply towards longer wavelength and the associated
filamentation (Reville & Bell 2012) and oblique mode (Bykov et 2011) instabilities.

o Itis also interesting to rederive the non-resonant branch because the CR distribution
function has not necessarily a monoenergetic distribution : power-law, kappa distribution,
Maxwell-Juttner...

In order to derive the growth rate we have to proceed with several steps :
@ Linearise MHD Egs. (as Bell proceeded in 2004)

@ Linearise the Vlasov Eq. in order to express 57 the perturbed current as function of the
perturbed electric field.
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Lecture 2 : The Cosmic-Ray streaming instability [E”‘

Step 1 : MHD Eqgs

‘We consider a mixture of CRs and background electrons/protons in charge electroneutrality, the
CR density reads
NCR = He — Np .
From Ampere law in non-relativistic limit (we neglect the displacement current) we have
= - c - =
Jor+J=—VAB.
4
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Step 1 : MHD Eqgs

We consider a mixture of CRs and background electrons/protons in charge electroneutrality, the
CR density reads
NCR = Ne — Np .

From Ampere law in non-relativistic limit (we neglect the displacement current) we have
- - = =
Jr+J=—VAB.
4

Starting from a momentum Eq. : one for protons and one for electrons and summing each

contribution, noting electric field E= —g A E, we finally have
- 1 - - 1 - -~ oP -
i+ aNvi = — (VABAB— —JopAB—V— — ZRE
4mp pc p p

1, - > o
- B = -—-VAE.
C

o i =

E = ——AB

C
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Lecture 2 : The Cosmic-Ray streaming instability

Step 1 : MHD Eqgs

We consider a mixture of CRs and background electrons/protons in charge electroneutrality, the
CR density reads
ACR = Ne — Ny . 43)

From Ampere law in non-relativistic limit (we neglect the displacement current) we have

Jor+T7=-—VAB. (44)
4
Starting from a momentum Eg. : one for protons and one for electrons and summing each
contribution, noting electric field £ = —% A B, we finally have
- 1 = = = 1- - =P encr o
dii+iNi = —(NABAB— —JgAB—V= - ZRE,
4mp pc p p
1,5 .
78[3 - 7V A E .
c
E = -%AB 45)
c

We linearize Eqs 45 by setting Jer = fCR,O + 6Jcr, B = By + 6B, ii = §ii (we assume no
background mean fluid motion only a response to the CR pervading effect, and neglect VP, all
perturbed quantities are transverse). The background B-field is By = Bé;-
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Lecture 2 : The Cosmic-Ray streaming instability

Step 1 : MHD Egs. linearisation

We find
ol = (V/\(SB)/\B()— —JCRO/\dB— f(SJCR /\B()— 7E
4mp pc p
1 - S o
-00B = -—VAE
C
~ i
E = ——AB
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Step 1 : MHD Egs. linearisation

We find
Oyl (V/\(SB)/\B()— —JCRO/\dB— f(SJCR /\Bo— 7E
4mp P

1 - S o
-00B = —VAE.
C

. 7

E = ——ABy. (46)

C

In order to proceed we consider parallel propagation perturbations (so K I By) scaling as
exp i(kz — wt). The system 46 reads as :

—iwid =

1. .
—(k/\ 6B) ABy — —JCRO NGB — —5JCR ABy— LRE @)
pe p

wéB

ckAE. (48)

We consider electromagnetic perturbations, we take KE=0,and E = ﬁ&? AK k= %53 A
‘We can express 8B as function of E (Eq. 48) and take Eq. (47) AEO.
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Lecture 2 : The Cosmic-Ray streaming instability E

Step 1 : MHD Egs. linearisation

We find : (you canuse ZA (ZA E) = —E,as E L 7 asimilar relation holds for §/cg L Z, and
we have Jer || Z)

iK?V? . Jero|Bo~ o 4nVZ L Lo
iwE =" Yap TCROITOR B ﬂ—zaéJcR—@E/\Bo
w pcw c pc
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Lecture 2 : The Cosmic-Ray streaming instability

Step 1 : MHD Egs. linearisation

We find : (you canuse ZA (Z A E) = —E, as E L 7, a similar relation holds for §Jcg L 7, and
we have Jeg || Z))

ik*V? P ‘ICR,O||BOE/\ Br 47V2

IwE = 3
w pcw c

o encR = =
0Jcr — ﬁE A By
pc

Polarisation : We write £ = E (¥ iy) (+ stands for right-handed modes, - stand for left -handed
modes) : right (left)-handed modes forward propagating along 7 (with k > 0) rotate clockwise
(counter-clockwise) for an observer looking towards + z. Backward modes (k < 0) have the
reverse polarisation.

As E A7 = =iE we find :

ik*V2 - __ .eB K
_ Vi eBonce (1 _ hucr,
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Lecture 2 : The Cosmic-Ray streaming instability

Step 1 : MHD Egs. linearisation

We find : (you can use ZA (T A E) = —E, as E L 7, a similar relation holds for §Jcg L 7, and
we have Jeg || Z.)
ik2v2 By . 4xV? . eNncR = =
iwE="Tap TR0 gy T s~ PREAB, (49)
w pcw c pc

Polarisation : We write E = E (¥ £ i) (+ stands for right-handed modes, - stand for left -handed
modes) : right (left)-handed modes forward propagating along 7 (with k > 0) rotate clockwise
(counter-clockwise) for an observer looking towards + z. Backward modes (k < 0) have the
reverse polarisation.

As E A7 = =iE we find : (in red a pure MHD solution, Bell 2004)

- ik*V? . eBync kuc [P v
i f 5 YR <17 LR"”>E+ S blex
w C

iwE = (50)
w pc

One can readily interpret the different RHS terms in Eq. 50 . The first term leads to the standard
dispersion relation of Alfvén waves (w2 =2 Vg), the second is connected to the non-resonant

k
branch and has the threshold term (1 — $> over the parallel CR drift speed, the third is at
the origin of the resonant/non-resonant branches of the streaming instability
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Lecture 2 : The Cosmic-Ray streaming instability

Step 2 : Vlasov Eq. linearisation

Let us now express 8Jcr as function of E !
The Vlasov Eq. reads

Bf(®,B,1) + V.Vf + ¢ <E+ E AE) B =0,

We consider the CR background distribution F(7) and a response to the perturbation
growth/damping df (X, 7, t), such that f (¥, P, 1) = F(P) + &f (%, P, t). We look for perturbations
of the form exp i(kz — wr) again.
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Lecture 2 : The Cosmic-Ray streaming instability

Step 2 : Vlasov Eq. linearisation

Let us now express 5~7€R as function of £!

The Vlasov Eq. reads
af(f,ﬁ,t)+v.€f+q<f+ v A§> Baf =0, (51
C

We consider the CR background distribution F(7) and a response to the perturbation
growth/damping df (X, p, t), such that f (¥, p, 1) = F(p) + &f (%, P, t). We look for perturbations
of the form exp i(kz — wt) again.

The perturbed distribution follows (to the first order perturbed quantities) :
X . q (., = - 1, - o
—iwdf + kv of + 1 (v A BO> O50f = —q (E+ VA (KAE)) .05F (52)
c w

Our aim is now to derive §f as function F, and then to derive 6Jcg = [ dBpef.

A few technical slides follow ... be patient.
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Lecture 2 : The Cosmic-Ray streaming instability

Step 2 : Vlasov Eq. linearisation

‘We turn now to work in cylindrical coordinates in momentum, hence the gradient of the "f"
terms has the components (Jp , , i@dﬁ 81,” ). We have (we use the gyro-frequency

Q = gBo/~me)

4 (M EO) D55f = —Q0,46f(py,pL, $) [This is the Larmor motion]
C
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Lecture 2 : The Cosmic-Ray streaming instability

Step 2 : Vlasov Eq. linearisation

We turn now to work in cylindrical coordinates in momentum, hence the gradient of the "f"
1 o
terms has the components (5, , H{%, 8,,” ). We have (we use the gyro-frequency

Q = gBy/ymc)

4 (17’/\ Eo) -Opdf = —Q040f (||, pL, ¢) -[This is the Larmor motion]
c

The background CR distribution has a gyrotropic distribution (we are at times 7 >> 2~ !) and
hence does not depends on ¢. We have

L 1 —_— kv kv -V
—q (E+ ZFA (k/\E)) O5F = —q (—la,,HFJF (1— —”)aplF) B
w w w Vi
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Lecture 2 : The Cosmic-Ray streaming instability

Step 2 : Vlasov Eq. linearisation

‘We turn now to work in cylindrical coordinates in momentum, hence the gradient of the "f"
terms has the components (Jp , , iad,, Bp” ). We have (we use the gyro-frequency

Q = gBy/ymc)

a (17/\ §0> -Op0f = —Q0y0f (p||,pL, ¢) -[This is the Larmor motion] (53)
c

The background CR distribution has a gyrotropic distribution (we are at times 7 >> Q') and
hence does not depends on ¢. We have

| o kv kv 7
—q (E+ VA (k/\E)) O5F = —q (—La,,HFJr (1— —H)BMF> EX . s
w w w vy
We further have
EV, /v, =Excos¢+ Eysing
which finally gives
—iwdf + ikv)| Of — Q0ydf = —qA(F) (Ex cos ¢ + Eysin ) , (55)

v kv
with A(F) = (229, F + (1 = ©1)9,, F).

w w
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Lecture 2 : The Cosmic-Ray streaming instability

Step 2 : Vlasov Eq. linearisation

Now using the electric field polarisation E = E (¥ & i) we find two polarisations for df either.
‘We derive our solution :

j Ex — iE Ex + iE
o = o 48" = —JaA(F) <w(—lcv|l—i-y>Q expl(i) + % exp(—i¢)> :
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Lecture 2 : The Cosmic-Ray streaming instability

Step 2 : Vlasov Eq. linearisation

Now using the electric field polarisation E = E(% % i) we find two polarisations for df either.
We derive our solution :

i Ex —iE . Ex +iE .
O = & + 3 = ~SqA(F) <w(_kv|’+”9 expl(i) + % exp(—z<z>)> :

Only the perpendicular perturbed current contributes to Lorentz force in the fluid momentum
Eq. hence we have® :

2
67 = /dﬁ%ﬁl - fi% /d3ﬁ\q_ x

( (Ex — iEy) AF)E+5) + (Ex + iEy)

—— 2 A(F) (X~ i
UJ*kV”+Q wfkv”fﬂ ( )(x ly)) ’

where we have used V| = v (cos ¢X + sin ¢¥).

6. the terms proportional to e.g. exp(i2¢) vanish while we integrate them over ¢ as d3ﬁ = dq&pLdpLdp” .
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Lecture 2 : The Cosmic-Ray streaming instability

Step 2 : Vlasov Eq. linearisation

Now using the electric field polarisation E = E (¥ & i¥) we find two polarisations for df either.
‘We derive our solution :

i Ex — iE . Ex + iE
§f = 6f t+of = —éqA(F) <w(kv|t+y)Q exp(i¢) + %

exp(—iqs)) . (56)

Only the perpendicular perturbed current contributes to Lorentz force in the fluid momentum
Eq. hence we have” :

2
67 = /dﬁ%ﬁl - fi% /d3ﬁ\q_ x (57)

( (Ex — iEy) AF)E+5) + (Ex + iEy)

—— 2 A(F) (X~ i
UJ*kV”+Q wfkv”fﬂ ( )(x ly)) ’

where we have used V| = v (cos ¢X + sin ¢y).
@ For Ey = iEx

(Ex — iEy) (R + i) = 2Ex(F + i) = 2EF
o For Ey = —iEx

(Ex + iEy) (X — i¥) = 2Ex(X — i¥) = 2E~

7. the terms proportional to e.g. exp(i2¢) vanish while we integrate them over ¢ as d3ﬁ = dq&pLdpLdp” .
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Lecture 2 : The Cosmic-Ray streaming instability

Final expression of the perturbed current and the dispersion relation

So finally

- 2, A(F
7 — .qZEi/[pﬁ v A(F)

Thanks for your patience !
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Lecture 2 : The Cosmic-Ray streaming instability

Final expression of the perturbed current and the dispersion relation

So finally

- 2, A(F)
§TE, = ;‘LEi/d%i” . 58
R ) %)

which can be reintroduced into the linearised MHD Eq. 49.

27q? V2w
(w— kuCR’”)—%Ii(UJ, k). (59)

2 2 ncr
W =1PVE T Qe
np

where Q¢ = gBo/mc and I = J &*p %. The latter can be split into two terms /1 and I,
(see next slide)
In red : MHD part describing the non-resonant branch (see Bell 2004, with his o = 0)

In blue : kinetic part describing the resonant /; and non-resonant /; branches.

gosh ! some more technical slides ... because we now need to give explicit expressions to /=
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Lecture 2 : The Cosmic-Ray streaming instability el

Calculation of I* integrals

We first express A(F) as function of the CR distribution in the frame moving (denoted R’) with
ucr, |- There : the distribution is assumed to be isotropic (pitch-angle scattering is efficient
enough). Notice that it is not always possible to have such assumption verified, eg for the
highest CR energies at a shock.
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Lecture 2 : The Cosmic-Ray streaming instability el

Calculation of I* integrals

We first express A(F) as function of the CR distribution in the frame moving (denoted R’) with
ucr, ||- There : the distribution is assumed to be isotropic (pitch-angle scattering is efficient
enough). Notice that it is not always possible to have such assumption verified, eg for the
highest CR energies at a shock.

We have F/(p') = F(p),pL)E/E' ~ F(p|,p1), where E is the total particle energy. The
momentum transformation is p/, = p and pﬂ = (pH — C%MCR,“) /41— uéR!“ /c% (we

assume ucg || /c <K 1.

114/203] Cosmic-Ray and astrophysical plasma instabilities



The kinetic theory of the streaming instability
Lecture 2 : The Cosmic-Ray streaming instability -

Calculation of I* integrals

We first express A(F) as function of the CR distribution in the frame moving (denoted R’) with
ucr, ||- There : the distribution is assumed to be isotropic (pitch-angle scattering is efficient
enough). Notice that it is not always possible to have such assumption verified, eg for the
highest CR energies at a shock.

We have F'(p’) = F(py,pL)E/E" ~ F(p|,pL), where E is the total particle energy. The
momentum transformation is p/, = p and pﬂ = (pH — CEZMCR,”) /4/1— ”?:R,”/CZ (we

assume ucg, || /c < 1).
We can rearrange A(F) to get

v
AF) = (%ap”wr(l—j”)apj)

ko (0 Mok EN (R pL ) dFGY)
wp/ p” C2 w / dp/
pL (1 _ "“CR,H) ar(p')

r w

dp’
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Lecture 2 : The Cosmic-Ray streaming instability -

Calculation of I* integrals

We first express A(F) as function of the CR distribution in the frame moving (denoted R’) with
ucr, ||- There : the distribution is assumed to be isotropic (pitch-angle scattering is efficient
enough). Notice that it is not always possible to have such assumption verified, eg for the
highest CR energies at a shock.

We have F/(p') = F(p),pL)E/E" =~ F(p|,p1), where E is the total particle energy. The

momentum transformation is p/, = p | and pﬂ = (pH - C%uCR,“) /i1 — uéR I /c% (we

assume ucg, || /c < 1).
We can rearrange A(F) to get

k kv
A(F) = <£8,,”F+(1——H)8,,LF)
w w

_ (kv _ter g BN (R pL dEGY)
- wp' Py 2 w / dp’
Py (1 - k”CR»H) dF (p')

P w dp’

(60)

The last simplification is to consider that the drift momentum mucg, || < Pmin, the minimum
CR momentum, then all primes can be dropped in Eq. 60.
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Calculation of I* integrals

We find :

+ _ kucg, | SdF(p) v(1—p?)
! _(1_ w )/d3p dp (w—hkv£Q)
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Lecture 2 : The Cosmic-Ray streaming instability

Calculation of I* integrals

We find :

+_ kucg, | 3 dF(p)  v(1— 1)
! _(1_ w )/d}p dp (w—hv£Q)

IE can be split into two terms / li and 12lL to properly treat the pole in Eq. 61 reading as
I = IF + il 8 with

ku, 2
e () Lo A

kuCR‘ dF
12jE =27 (1 — TH) /dpdupsz(p)(l - u2)7r(5(ka —wFQ).

8. we have used the residue theorem for a pole located on the real axis, the integration contour goes over a half circle giving
i7r times the value of the analytical part at the pole position.
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Lecture 2 : The Cosmic-Ray streaming instability

Calculation of I* integrals

ku _dF(p) (1= 42
£ (q _ HeR 3 M
= (1 w ) /d P dp (w—hkv£Q) 61

We find :

IE can be split into two terms I li and 12i to properly treat the pole in Eq. 61 reading as
1% = i 0 with

ki F 1 —p?
F=—on (1 - M) P/dpdp,pzvd p) _(=p) (62)
w dp (kv —wFQ)

ku dF
12jE =27 (1 — %’H) /dpdupzv?(p)(l — ,uz)7r6(ka —wFN). (63)

We readily see here that I is attached to the resonant branch of the instability because of the
resonance condition treated in the pole of the integral in Eq. 61. The other part is linked with the
current and hence the non-resonant branch, it involves to solve the principal part of the integral,
namely (u, = (Q £ w)/kv). For a general function g(u) :

+ur—e 1
73/ = lim (/ duMJr/ duM) L (64
,u :F Hr e—0t —1 BF pr +prte B pr

9. we have used the residue theorem for a pole located on the real axis, the integration contour goes over a half circle giving
i7r times the value of the analytical part at the pole position.
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Lecture 2 : The Cosmic-Ray streaming instability

Final expressions for I+

Integral /; reads

2 k dF
[Fkw) =+ (1 - M) /dppzﬁ (2m+ (1 —p;)log
k w dp

1+Hr
1

)|

r
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Lecture 2 : The Cosmic-Ray streaming instability

Final expressions for I+

Integral 7] reads

27 kucg, dF 1+ p
L (k,w) = i? (1 - TH) /dPPZTp(p) (2Mr + (1= ;) log ‘ . Mr
.

)|

Integral I, reads

272 kucg, dF
I (k,w) = e (1 - T“) /dPPZW(p)(l - p7)
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Lecture 2 : The Cosmic-Ray streaming instability -

Final expressions for I+

Integral 7] reads

27 kucg, dF(p 1+ p
L (k,w) = i? (1 - TH) /dppz# (2,ur + (1= ;) log 1 Mr
.

)|

Integral I, reads

272 kucg, dF
I (k,w) = e (1 - T“) /dppzw(p)(l — 1)

o The resonant pitch-angle cosine can be expressed in terms of the particle momentum
wr = m(Qe = yw) /kp, where Q. = gB/mc is the cyclotron frequency. The pertubations
under consideration have a low frequency and we can approximate the resonant
pitch-angle cosine as p, ~ mQe/kp.
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Lecture 2 : The Cosmic-Ray streaming instability -

Final expressions for I+

Integral /; reads

2 ku dF
I (k,w) = i% (1 - ﬂ) /dppzj(lj) (2ur+ (1 —p7)log

+Mr
1-—

w r

)|

Integral I, reads

272 kucg, dF
1 kw) = -2 (1 - —”) [am? T2 -
k w dp

@ The resonant pitch-angle cosine can be expressed in terms of the particle momentum
wr = m(Qe £ yw) /kp, where Q. = gB/mc is the cyclotron frequency. The pertubations
under consideration have a low frequency and we can approximate the resonant
pitch-angle cosine as p, ~ mQe/kp.

@ Hence, we see that the kinetic part depends on the form of the CR distribution because of

the term dF;p )
dp
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Lecture 2 : The Cosmic-Ray streaming instability

Final expressions for I+

Integral 7] reads

27 kucg, dF
L (kw) = +— (1 - 7”) /dPPZW([)) (Zur+ (1— ;) log

w

1+Hr

r

) . (65)

2 ki
I (kw) = —2% (1 - @) /dppzd%p)(l — 2 |. (66)

Integral I, reads

@ The resonant pitch-angle cosine can be expressed in terms of the particle momentum
wr = m(Qe £ yw) /kp, where Q. = gB/mc is the cyclotron frequency. The pertubations
under consideration have a low frequency and we can approximate the resonant
pitch-angle cosine as p, ~ mQe/kp.

o Hence, we see that the kinetic part depends on the form of the CR distribution because of

the term dl;(” )
Ip
L. K, .. . . .
@ Both terms vanish if 1 — —<R:ll — 0, this is a quenching term, for instance when the drift
speed ucg,|| = Va the resonant branch is stabilised.
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Lecture 2 : The Cosmic-Ray streaming instability

The final expression of the dispersion relation

The dispersion relation can be finally cast to the form after some rearranging

ncr
np

w? =KV F Qe— (w — kucg ))) (1 — Ty (k) £ iT2(k)) |, 67)

with using an integration by part in Eqs. 65 and 66

47p?F
Ti(k) = /dpL@)& log ’m , ©8)
ncr - 2p P —pr
and
Pmax 4rplF
k) = [ ap W) e ©69)
Pr ey -P

(1 — T) fully describes the non-resonant branch, while 75 fully describes the resonant branch.

Yes! we did it ...
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Lecture 2 : The Cosmic-Ray streaming instability

Discussion

The case of an electron-positron beam (interesting for the case of gamma-ray halos around
pulsars)

o Consider two CR species with the same mass but opposite charges, e.g. electrons and
positrons, the resonant pitch-angle cosine is fir,e = —p; o+ If the two species have the
+
=1

same drift speed and densities. Then, Ilﬁ =1 et

+ +
Lt and Iz’e
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Lecture 2 : The Cosmic-Ray streaming instability el

Discussion

The case of an electron-positron beam (interesting for the case of gamma-ray halos around
pulsars)

@ Consider two CR species with the same mass but opposite charges, e.g. electrons and
positrons, the resonant pitch-angle cosine is fir,e = —p o+ . If the two species have the

same drift speed and densities. Then, lite = -1 fe n and 123; = Ife 4

o If CRs have a vanishing current the /; (non-resonant) contribution as well as the second
term in RHS of Eq. 67 (as ¢, = _Qc,e+) to the dispersion relation vanishes and only
the I, (resonant) contribution remains [Evoli et al 2018 PRD 98 3017].
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Lecture 2 : The Cosmic-Ray streaming instability el

Discussion

The case of an electron-positron beam (interesting for the case of gamma-ray halos around
pulsars)

o Consider two CR species with the same mass but opposite charges, e.g. electrons and
positrons, the resonant pitch-angle cosine is fir,e = —p, o+ If the two species have the
same drift speed and densities. Then, Ii[e =—1I fe . and Ife = Ife 4

o If CRs have a vanishing current the /; (non-resonant) contribution as well as the second
term in RHS of Eq. 67 (as ¢, = —QMJF) to the dispersion relation vanishes and only
the I, (resonant) contribution remains [Evoli et al 2018 PRD 98 3017].

@ An electron-positron beam does not necessarily leads to a null current if for instance you
have differences in density and/or drift speeds between the two species.
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Lecture 2 : The Cosmic-Ray streaming instability el

Discussion

The case of an electron-positron beam (interesting for the case of gamma-ray halos around
pulsars)

@ Consider two CR species with the same mass but opposite charges, e.g. electrons and
positrons, the resonant pitch-angle cosine is pir,e = —p, o+ . If the two species have the

same drift speed and densities. Then, Ilie = —IlieJr and Izie = 12ig+.

o If CRs have a vanishing current the /; (non-resonant) contribution as well as the second
term in RHS of Eq. 67 (as ¢, = —QCV#) to the dispersion relation vanishes and only
the I, (resonant) contribution remains [Evoli et al 2018 PRD 98 3017].

@ An electron-positron beam does not necessarily leads to a null current if for instance you
have differences in density and/or drift speeds between the two species.

The case of a proton beam :

o The beam current can not be cancel and then both branches are present but as we will see
non-resonant modes grow faster.
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Lecture 2 : The Cosmic-Ray streaming instability el

Dispersion relation

Im(@)

10-4 1 1 1
102 1 102 % 104

FIGURE — Dispersion relation of the streaming instability, in the case F(p) o p74, k is in units of R;l, wis
in units of u%g /cRy.. From Bell (2004 ibidem). The resonant branch is at k < 1 with Im(w) = Re(w), the

non-resonant branch develops at k > 1 and has Im(w) > Re(w). The Alfvén mode is retrieved at very high
k.
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Lecture 2 : The Cosmic-Ray streaming instability el

Dispersion relation : the resonant branch

In case of a vanishing current we set 71 = 1 and the dispersion relation is

nCR
np

w? = KV; — iQe— (w — kucg, ) T2 (k) -

The growth rate (wy) can be obtained from Eq. 70 by setting w = wg + iwy. If the ratio
”HC—R <& 1, the solutions are in the test-particle limit. This condition is almost always verified in
'p

astrophysical sources.
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Lecture 2 : The Cosmic-Ray streaming instability

Dispersion relation : the resonant branch

In case of a vanishing current we set 71 = 1 and the dispersion relation is
.~ CR
W =1V — zﬂcn—(w — kucg, | )T2(k) -
'p

The growth rate (wy) can be obtained from Eq. 70 by setting w = wg + iwy. If the ratio

”f—“ <& 1, the solutions are in the test-particle limit. This condition is almost always verified in
'p

astrophysical sources.

In the test-particle limit the real part is g ~ kVa < kucg, |- We find the growth rate (positive

wr) as

U
D(k) = @y o QR (&H - 1) T (k) .
2np Va
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Lecture 2 : The Cosmic-Ray streaming instability

Dispersion relation : the resonant branch

In case of a vanishing current we set 7| = 1 and the dispersion relation is

W =KV — Q.

R (w — kueg, ) T2 (k) - (70)

L
The growth rate (wy) can be obtained from Eq. 70 by setting w = wg + iwy. If the ratio
"nC—R < 1, the solutions are in the test-particle limit. This condition is almost always verified in
p
astrophysical sources.
In the test-particle limit the real part is wg ~ kVa < kucg, |- We find the growth rate (positive
wy) as
u
T(k) = oy ~ QTR (2RI ) 7). an
2ny Va
No signs associated with polarisation appear here, this means that the two circularly-polarised
modes (left and right) have the same growth rate.
‘We recover the necessary condition for the instability to grow : “c‘fi,u > 1.
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Lecture 2 : The Cosmic-Ray streaming instability

Dispersion relation : the non-resonant branch

We now set 75 = 0 in Eq. 67. The dispersion relation can then be cast to the form :

2 2
(wiﬂc”ﬂ(um) - (kVaiQ C‘anCR(lle)>

np w 2np

2
u
+a2 s mew gy (1 MR
( 1) V2
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Lecture 2 : The Cosmic-Ray streaming instability

Dispersion relation : the non-resonant branch

We now set 7, = 0 in Eq. 67. The dispersion relation can then be cast to the form :

2 2
(wig"ﬂ(l—n)) - (kvaisz”c\f””c“(l Tl))

a 2np

e ugg, |
CR,
+07 CR(I )’ <1—V2>.

The growth rate is maximal at (using w = wg + iwy)

UCR,|| NCR
FZUJIZQCJL(

1-Ty).
Va 2mp V)

where we have assumed that ucg || > V.. Here a sign appears in the relation dispersion, hence
one polarisation is oscillatory (-, w; < 0) and the other one growing (+, w; > 0).
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Lecture 2 : The Cosmic-Ray streaming instability

Dispersion relation : the non-resonant branch

We now set T, = 0 in Eq. 67. The dispersion relation can then be cast to the form :

2 2
(w:i:QC;g(l—Tl)) - (kVa:I:Q C‘f“”c“u— ))

np a

2
Qz CR =72 (1= TCR|| ]
( 1) V2

The growth rate is maximal at (using w = wg + iwy)

UcR, || S

I'=w ~Q
! ¢ Va 2mp

1-T)).

where we have assumed that ucg || >> V.. Here a sign appears in the relation dispersion, hence
one polarisation is oscillatory (-, w; < 0) and the other one growing (+, w; > 0). The maximum
growth is attained at

UcR,|| ncr

kmax = FQ2e
max :F Va znp

(=T
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Lecture 2 : The Cosmic-Ray streaming instability

Dispersion relation : the non-resonant branch

We now set 75 = 0 in Eq. 67. The dispersion relation can then be cast to the form :

2 u 2
(w + QIR T])) - (kVa £ QTR CR T1)>
2np Va 2np
uZ
o2 CR(I 7)) <1 - ‘;;) . 72)
a
The growth rate is maximal at (using w = wg + iwy)
U,
[ =w o QR IRy 73)
Va 2mp

where we have assumed that ucg || > V.. Here a sign appears in the relation dispersion, hence

one polarisation is oscillatory (-, w; < 0) and the other one growing (+, w; > 0). The maximum

growth is attained at

UCR, || ncrR
V2 2n,

Otherwise the growth rate varies as function of k like

kmax = :FQ(' (1 - Tl) . (74)

n
I(k) ~ \/QckuCR’H %(1 —Ty) —R2V2 . (75)
P
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Lecture 2 : The Cosmic-Ray streaming instability el

Properties of the two branches

@ Once the condition for the resonant modes to be
triggered, namely ucr > V, the growth rate and the real
part of the modes are not strongly sensitive to the drift
speed (see Fig. 21 up).

FIGURE — Effects of the drift speed and CR
density (which is a fraction of the gas density
displayed in the figures) over the dispersion
relation of the streaming instability. Up : the
resonant branch, Down : the non-resonant branch.
From Araudo et al 2021.
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Lecture 2 : The Cosmic-Ray streaming instability el

Properties of the two branches

@ Once the condition for the resonant modes to be
triggered, namely ucr > V, the growth rate and the real
part of the modes are not strongly sensitive to the drift
speed (see Fig. 21 up).

@ This is not the case of the non resonant branch which
U,
develops between kj R, ~ 1 and kp Ry, ~ %’” neR 2Ry
a np  Va
(these numbers have been obtained for a monoenergetic

distribution, F(p) o< §(p — pp) and with ;’T’) < 1), (see

Fig. 21 down) FIGURE — Effects of the drift speed and CR
density (which is a fraction of the gas density
displayed in the figures) over the dispersion
relation of the streaming instability. Up : the
resonant branch, Down : the non-resonant branch.
From Araudo et al 2021.
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Lecture 2 : The Cosmic-Ray streaming instability

Properties of the two branches

@ Once the condition for the resonant modes to be
triggered, namely ucgr > V, the growth rate and the real
part of the modes are not strongly sensitive to the drift
speed (see Fig. 21 up).

o This is not the case of the non resonant brgnch which

develops between k1 Ry, ~ 1 and kp Ry, ~ %"1” "nc—p" Q“/'—GRL
(these numbers have been obtained for a monoenergetic
distribution, F(p) o< §(p — po) and with ng < 1), (see
Fig. 21 down)

@ The non resonant branch is stabilised if ko R; = 1, this
can be written by different means

o If CR energy density is a fraction of the gas kinetic energy
density EcrR = &CR%puéR it reads
FIGURE — Effects of the drift speed and CR

”ﬂfCR Eiin >1, (76) density (which is a fraction of the gas density
c En ~ displayed in the figures) over the dispersion
or (see Zweibel & Everett 2010) relation of the streaming instability. Up : the
resonant branch, Down : the non-resonant branch.
ucr Ecr 1 (77) [From Araudo et al 2021.
c E, ~
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Re(w/kva)
Im(w/kvs)

In a recent work Reville et al 2021 point out
that pressure anisotropy (firehose/mirror
instability) can modify the dispersion
relation of the resonant branch (see Fig. 25). ! : :

kg1

FIGURE — The Re and Im parts of the streaming instability dispersion
relation for different values of APcg/Pcr. The high k branch
(non-resonant) is not affected. The low k branch (resonant) is affected
for both its Real and Imaginary part. Continuous and dashed mark
different mode polarisation. From Reville et al 2021.
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In a recent work Reville et al 2021 point out |
that pressure anisotropy (firehose/mirror
instability) can modify the dispersion
relation of the resonant branch (see Fig. 25).

Re(w/kva)
Im(w/kvs)

@ The non-resonant branch is not ‘ e ‘ ———
affected by pressure effects, because it ks
is controlled by the CR current.

FIGURE — The Re and Im parts of the streaming instability dispersion
relation for different values of APcg/Pcr. The high k branch
(non-resonant) is not affected. The low k branch (resonant) is affected
for both its Real and Imaginary part. Continuous and dashed mark
different mode polarisation. From Reville et al 2021.
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The kinetic theory of the streaming instability

In a recent work Reville et al 2021 point out

that pressure anisotropy (firehose/mirror )
instability) can modify the dispersion

relation of the resonant branch (see Fig. 25). o

Im(w/kvs)

Re(w/kva)

@ The non-resonant branch is not
affected by pressure effects, because it
is controlled by the CR current.

o The long wavelength branch is ! o L

modified. w o< k? with a > 1, so the " !

nature of the Alfvén mode is modified.

The imaginary part shows higher o o )

growth rates. F IGURE — The ‘Re and Im parts of the streaming 1pslab111ty dispersion
relation for different values of APcg/Pcr. The high k branch
(non-resonant) is not affected. The low k branch (resonant) is affected
for both its Real and Imaginary part. Continuous and dashed mark
different mode polarisation. From Reville et al 2021.
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The kinetic theory of the streaming instability

In a recent work Reville et al 2021 point out
that pressure anisotropy (firehose/mirror
instability) can modify the dispersion
relation of the resonant branch (see Fig. 25).

Im(w/kvs)

@ The non-resonant branch is not
affected by pressure effects, because it
is controlled by the CR current.

Re(w/kva)

o The long wavelength branch is
modified. w o k¢ with a > 1, so the T w0
nature of the Alfvén mode is modified. .

The imaginary part shows higher
growth rates.

FIGURE — The Re and Im parts of the streaming instability dispersion
@ The firehose mode emerges at small k relation for different values of APcg/Pcr. The high k branch

(below 3 1074)- (non-resonant) is not affected. The low k branch (resonant) is affected
for both its Real and Imaginary part. Continuous and dashed mark
different mode polarisation. From Reville et al 2021.
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Lecture 2 : The Cosmic-Ray streaming instability

The come-back of Cosmic-Ray pressure driven instability

‘We have already discussed the physics of the firehose and mirror instabilities. Both instabilities
are non-resonant as the growing wave numbers k verify kR, >> 1 (see slide 36). But including a
second order term in anisotropy also drives a resonant branch of the instability aka as the
gyroresonant pressure driven anisotropy [see Beresnyak & Lazarian 2006, Zweibel 2020]. The
way to derive it is similar as the streaming instability but the unperturbed CR distribution has

the form given in Eq. 29 : F(p, ) = w (1+X206p*-1).
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Lecture 2 : The Cosmic-Ray streaming instability

The come-back of Cosmic-Ray pressure driven instability

We have already discussed the physics of the firehose and mirror instabilities. Both instabilities
are non-resonant as the growing wave numbers k verify kR, >> 1 (see slide 36). But including a
second order term in anisotropy also drives a resonant branch of the instability aka as the
gyroresonant pressure driven anisotropy [see Beresnyak & Lazarian 2006, Zweibel 2020]. The
way to derive it is similar as the streaming instability but the unperturbed CR distribution has
the form given in Eq. 29 : F(p, u) = w 1+ %206 -1).

o The growth rate is provided by Lebiga et al (2018). It is derived for a power-law CR

distribution with F(p) o< p~*~2 with pmin < P < Pmax >> Pmin-

Sta—1 ¢ _ ncr AP

I'(k — —Qy— —F(k 78
(k) :':8a+1VasngP()’ (78)
F(k) = (krmin)&71 for Pomin < Krmip < 1
Pmax
F(k) = (krmin) 2 for krpip > 1.

(I remind AP = PCR,H - PCR,L)'
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Lecture 2 : The Cosmic-Ray streaming instability

The fluid theory of the non-resonant streaming instability : oblique case

Bell 2005 generalised the above calculation to the case of non colinear current and magnetic
field. The analysis now include density and pressure perturbations, as the wave vectors are
aligned with the background magnetic field, so we have to include the perturbed continuity Eq
to the above system 45, namely =

Oi6p = —V(pil) .
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Lecture 2 : The Cosmic-Ray streaming instability

The fluid theory of the non-resonant streaming instability : oblique case

Bell 2005 generalised the above calculation to the case of non colinear current and magnetic
field. The analysis now include density and pressure perturbations, as the wave vectors are
aligned with the background magnetic field, so we have to include the perturbed continuity Eq
to the above system 45, namely .

00p = —V(pif) .

The dispersion relation is more complex (see appendix A of the article) :
<F2 cosz(ak)kzvg) <F4 + 220+ 3 + Cosz(ak)vgcg) =Tjx
<F2 + cos? () )k*c? + k*v2(cos? (ag) + cos® (ay) — 2 cos(ay) cos(ay) cos(ab)>

where cos(ay) = cos(k, B), cos(oyj) = cos(k, J), cos(ap) = cos(J, B) and = (1?1?)2;—2
Ty is the parallel growth rate.
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Lecture 2 : The Cosmic-Ray streaming instability

The fluid theory of the non-resonant streaming instability : oblique case

Bell 2005 generalised the above calculation to the case of non colinear current and magnetic
field. The analysis now include density and pressure perturbations, as the wave vectors are
aligned with the background magnetic field, so we have to include the perturbed continuity Eq
to the above system 45, namely .

8,6p = —V(pid) . (79)

The dispersion relation is more complex (see appendix A of the article) :
<F2 cosz(ak)kzvﬁ) <F4 + P02 +3) + Cosz(ak)vgcf> =Tjx
(Fz + cos? (ag)k>c2 4 kK*v2(cos? (ay) + cos?(ay) — 2 cos(ay) cos(ay) cos(ab)> (80)
where cos(ay) = cos(k, B), cos(a;j) = cos(k, J), cos(ap) = cos(7, B) and Y= (1;.13)22—22,
T is the parallel growth rate.

The dispersion relation indicates that instability is possible for all orientations of l?, Jand B
except for k L B.
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Lecture 2 : The Cosmic-Ray streaming instability el

Another form of the (resonant) streaming growth rate

The origin of the streaming instability is encoded in the CR anisotropy. There are several ways
to have such an anisotropy.

@ CRin a shock precursor. If even CRs have an almost isotropic momentum distribution in
the shock rest-frame as seen from the upstream (ISM) rest-frame they have a strongly
anisotropic distribution. This is the set-up we just used to derive the previous streaming
instability growth rates.
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Lecture 2 : The Cosmic-Ray streaming instability el

Another form of the (resonant) streaming growth rate

The origin of the streaming instability is encoded in the CR anisotropy. There are several ways
to have such an anisotropy.

@ CR in a shock precursor. If even CRs have an almost isotropic momentum distribution in
the shock rest-frame as seen from the upstream (ISM) rest-frame they have a strongly
anisotropic distribution. This is the set-up we just used to derive the previous streaming
instability growth rates.

o It may happen also that CRs have an anisotropic distribution in the ISM because of the
scattering process in background turbulence itself (see P. Blasi lecture). Indeed CRs have
an isotropic distribution in a special frame moving with the scattering centres not with the
gas itself. As seen from the ISM restframe, CRs have an anisotropic distribution, but
usually this anisotropy is weaker than in the shock context.
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Lecture 2 : The Cosmic-Ray streaming instability

Another form of the (resonant) streaming growth rate

The origin of the streaming instability is encoded in the CR anisotropy. There are several ways
to have such an anisotropy.

@ CR in a shock precursor. If even CRs have an almost isotropic momentum distribution in
the shock rest-frame as seen from the upstream (ISM) rest-frame they have a strongly
anisotropic distribution. This is the set-up we just used to derive the previous streaming
instability growth rates.

o It may happen also that CRs have an anisotropic distribution in the ISM because of the
scattering process in background turbulence itself (see P. Blasi lecture). Indeed CRs have
an isotropic distribution in a special frame moving with the scattering centres not with the
gas itself. As seen from the ISM restframe, CRs have an anisotropic distribution, but
usually this anisotropy is weaker than in the shock context.

The latter set-up has been adopted by the first work on resonant streaming instability :
Lerche 1967, Wentzel 1968, Skilling 1975.
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Lecture 2 : The Cosmic-Ray streaming instability

Another form of the (resonant) streaming growth rate

The origin of the streaming instability is encoded in the CR anisotropy. There are several ways
to have such an anisotropy.

o CR in a shock precursor. If even CRs have an almost isotropic momentum distribution in
the shock rest-frame as seen from the upstream (ISM) rest-frame they have a strongly
anisotropic distribution. This is the set-up we just used to derive the previous streaming
instability growth rates.

o It may happen also that CRs have an anisotropic distribution in the ISM because of the
scattering process in background turbulence itself (see P. Blasi lecture). Indeed CRs have
an isotropic distribution in a special frame moving with the scattering centres not with the
gas itself. As seen from the ISM restframe, CRs have an anisotropic distribution, but
usually this anisotropy is weaker than in the shock context.

o The latter set-up has been adopted by the first work on resonant streaming instability :
Lerche 196, Wentzel 1968, Skilling 1975.

@ Another way to have a strong anisotropy without a shock is the case of particles which are
free streaming (moving at ¢) because of the lack of scattering interaction with any
perturbation (escape from sources, escape from the disc into the halo, highest energies
escaping a shock precursor...)
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Lecture 2 : The Cosmic-Ray streaming instability el

The resonant growth rate

In order to apply this theory one has to respect some small numbers (Skilling 1975 ibidem).

@ Scattering centre speed is small compare to particle speed. This is the case in the ISM as
V4 < c. Not always the case in relativistic plasmas where the magnetisation is high, so
V4 ~ c (see lecture by L. Sironi).

o The pitch-angle scattering frequency vs > % where L is the system size.
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Lecture 2 : The Cosmic-Ray streaming instability

The resonant growth rate

In order to apply this theory one has to respect some small numbers (Skilling 1975 ibidem).

@ Scattering centre speed is small compare to particle speed. This is the case in the ISM as
V4 < c. Not always the case in relativistic plasmas where the magnetisation is high, so
Va ~ c (see lecture by L. Sironi).

o The pitch-angle scattering frequency vs > LZ where L is the system size.
From these conditions, the driven instability term in the scattering center frame 0,,f can be

expressed in the background gas frame as v;0,,0df = —vb.VF, = cos(V, Eo), is the
particle’s pitch-angle cosine. The final expression of the growth rate (Skilling 1975 ibidem) :

m?  Q - mS2
Fr=——22 = [ #p — p2Wb.Vfs(p+ —). 81
s [ R = i T ) 1)

W(k) is the wave power spectrum. This is indeed the resonant branch because of the presence of
the Dirac function in the integrand. I have noted b = By/By.
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Lecture 2 : The Cosmic-Ray streaming instability Nt i

Outlines

e Lecture 2 : The Cosmic-Ray streaming instability

o Environmental effects
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Environmental effects

Lecture 2 : The Cosmic-Ray streaming instability N

Background plasma contribution to susceptibility

If we want to account for thermal effects then a fluid theory for background plasma is not
adequate. We need to go back to a Vlasov approach and use the same procedure as for the CR
beam.
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Lecture 2 : The Cosmic-Ray streaming instability

Background plasma contribution to susceptibility

If we want to account for thermal effects then a fluid theory for background plasma is not
adequate. We need to go back to a Vlasov approach and use the same procedure as for the CR
beam.

Same routine : we have to express Jf as function of F for all thermal species and derive the
susceptibility. As we are considering parallel electromagnetic modes the thermal contribution of
all species a to the dispersion relation is (see Krall & Trivelpiece 1973, or I can furnish it on
demand). Here we assume a Maxwellian distribution :

2.2 2
I,LC,Z“’M
w? w?

a

(J@T(ua,d - %)Z(cf)) =0. (82)

The temperature is in ©, = mq/2ksT, = 1/v3,. The plasma frequency is w, = \/4mq?n/m.
We have noted wi =1 £ Qca, wzi = 1) £ 2Q, 4. We introduce the Fried-Conte function

exp
) (83)
0= 7%

NG
¢t = T” (w — kug £ Q). ug accounts for a possible drift of the thermal particles.
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Lecture 2 : The Cosmic-Ray streaming instability N

Reminder : the general dispersion relation

For all species s = CR, thermal components the dispersion relation writes

\
)
-
2
I

0, or (84)

CR contribute to

2
¢ (ner, (w—kucr) ,
Xcr = F 5 ( Qp——— (N FiT) | . (85)
' n; w
‘We are now evaluating the background thermal gas contribution Xy, in different temperature

case.
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The cold case

The cold regime is obtained for [¢E| > 1 (vg, = 0), we use Z({)F ~ — C%

Eq. 82.
This leads to the dispersion relation in the background thermal plasma using 1) n, = n, + ncr,
2) e ~ "Rycg (and up = 0), we find

'p

_ —kvy P
T (w—kuEQ) m

c? Q
Xog = (1 + -2 2R, km))
1}a np

Above we have neglected terms scaling as m, /mj, and ncr /np, in front of 1.
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The cold case

The cold regime is obtained for [¢E| > 1 (vg, — 0), we use Z(¢)F ~ 74% = (“’TI{;‘QQ() in
Eq. 82.

This leads to the dispersion relation in the background thermal plasma using 1) n, = np + ncg,
2) up ~ %MCR (and u, = 0), we find

2 Qep 1
Xog = (1 + w‘zp R (w— ku(;R)) . (86)

a p

Above we have neglected terms scaling as m, /mjp, and ncr /np, in front of 1. Inserting both
susceptibilities into Eq. 84 we almost recover Eq. 67 1

VZ
(14 2) £ Qe "R (w0 — kucg) (1 — Ty (k) £ T2 (k) — KVZ = 0. 87)
c np

In the non-relativistic regime the small correction in V2 /c? is neglected. This expression also
assumes that the CR density is ncr < 7y, s0 is valid in the test particle limit only.

10. almost because in the derivation of Eq. 67 we dropped the displacement current in the AmpereEq. hence the ternrin Vg / 2.
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The warm case

The intermediate warm regime gives | i\ 2 1. In the warm regime we can perform a Taylor
expansion of u — ¢¥ in the the expression of Z ¢ i) in Eq.83. We have to account for the pole
u = ¢E we finally find

264 =~ [14 5t | + vRen(-c5)
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Lecture 2 : The Cosmic-Ray streaming instability N

The warm case

The intermediate warm regime gives |¢ + | 2 1. In the warm regime we can perform a Taylor
expansion of u — ¢F in the the expression of Z(¢¥) in Eq.83. We have to account for the pole
u = ¢+ we finally find

Z(¢F) ~ —Cii [1 + ﬁ} +iﬁexp(—<iz) .

The background susceptibility now reads

2 Qep ner (kVgp)? Q2 02
Xpe =~ — |1+ —k RALLEENY, = S—
be 2 P (w — kucr) F Yooy ivm oV exp( sz%p)
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Lecture 2 : The Cosmic-Ray streaming instability

The warm case

The intermediate warm regime gives |¢ + | 2 1. In the warm regime we can perform a Taylor
expansion of u — ¢ in the the expression of Z ¢ i) in Eq.83. We have to account for the pole
u = ¢E we finally find

1
Ci

The background susceptibility now reads

Z(¢t) ~ — [1 3 iz} +ivmexp(—¢E). (88)

2 Qep ner (kVrp)? 3 Q3
Xpe =~ — [1+-2 — ki P P - 89
b 2 2 (w — kucr) F 2wy —HﬁkaT, xp( 2\/2 ) ] (89)

hence the dispersion relation reads (still using u, = 0 in Eq. 82)

w? £ Qg R (w — kucg) (1 — Ty (k) £ iT> (k) — V2

np
Q2 \_kVi,
otk —0. 90
p( evz )T, ©0

QZ
w | ivT—Le
Vi

The last bracket shows the thermal corrections due to warm ions (ion cyclotron+ gyroviscosity
due to finite Larmor radius).
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Lecture 2 : The Cosmic-Ray streaming instability Nu

Growth rate

@ Zweibel & Everett (2010) derived the
maximum growth rate and the wavenumber for
the non-resonant branch (upper sign, 7, = 0)
and get

2/3
T(k) ~ Qg ("CJ “Q)

n Vrp

1/3
Qo (VlCR MCR) /
np Vip
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Growth rate

1074 \
107 \
o Zweibel & Everett (2010) derived the rad 1 1
maximum growth rate and the wavenumber for e/ ‘\
. . i
the non-resonant branch (upper sign, 7, = 0) 107 ]
102 107" 1 10 10% 10° 10*
and get ki
2/3
NCR UCR 10
(k) ~ Qcp (— —)
ni VTp 1074 /,\\
 Sp [ ncR ucr 1/3 s 10 ] |
max — VTp np VTp . 0 o

10100 10t

o Thermal effects reduce kmax (see Fig.27
bottom).

FIGURE — Up : growth rate (long-dashed) at T = 10° K.

Bottom : growth rate (long-dashed) at T = 107 K. From
Zweibel & Everett 2010 ibidem.
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Growth rate

o Zweibel & Everett (2010) derived the
maximum growth rate and the wavenumber for
the non-resonant branch (upper sign, 7, = 0)

and get
2/3
n u
T(k) ~ Qpp (ﬂ 2) 1)
ni Vrp
Qcp [ ncr Ucr 13
max =~ S — 92)
Vip n Vip

Thermal effects reduce kmax (see Fig.27
bottom).

o At high k, ion cyclotron takes over
gyroviscosity for a short interval of k — small
bump.

o
frad 51110

oo / \

1075 e
102 107" 1 10 10% 10° 10*

1073

1074

o
rad 571110

102 101 10100 100 10t
krer

FIGURE — Up : growth rate (long-dashed) at T = 10° K.
Bottom : growth rate (long-dashed) at T = 107 K. From
Zweibel & Everett 2010 ibidem.
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The hot case

In the hot case we use ||+ < 1 the Fried-Conte functions are (the principal part Z(0) = 0
because the integrand is an odd function)

Z(¢) ~ivmexp(—¢?) — 2¢ (1 - §<+o(<2)) :
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Lecture 2 : The Cosmic-Ray streaming instability

The hot case

In the hot case we use |¢|* < 1 the Fried-Conte functions are (the principal part Z(0) = 0
because the integrand is an odd function)

. 2
2(0) = iR exn(~¢) - 2 (1= 3¢ +0(c) o3
In this regime the thermal protons are said to be de-magnetised, this means that their Larmor

radius is larger than the scale of the perturbations, i.e. krg, > 1. To the lowest order in w /2
we find

Fp "R " % (w — kucg) (T1 (k) F iTy (k) — K2V2

Q
“+w < k2V2 + lkaTp)

10, (w - kuCRB) o, ©4)
p

where we have assumed exp(—¢?) ~ 1. Cold electrons contribute to the third row while hot
protons to the second. This result is at o((“% )?) and we have neglected a term in the electron
'p

susceptibility scaling as %
p
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Growth rate

o In the case of the non-resonant mode only, for
CRs with a Larmor radius r, > 1/k, at the
maximum growth rate [Marret et al 2021] find a
growth rate (krg, > 1)

NCR UCR
k) ~ ——Q,
np Vp
ncr Qcp
kmax =~ — .
np Vg
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Growth rate

o In the case of the non-resonant mode only, for
CRs with a Larmor radius r, > 1/k, at the
maximum growth rate [Marret et al 2021] find a
growth rate (krg, > 1)

nCR U

Lk) =~ R IR Qep 95)
np Vp
ner Q¢

S (96)
np Va

@ Hot case is similar to cold case in the sense that
background protons are demagnetised and
hence decoupled from electrons (considered as
cold) and fluid Eqs. are not modified. kmax is
still fixed by a balance between magnetic
tension and Lorentz force.

10°
10%T,
- 107, 7 4
7
10 AN .
1073 1072 107! 10°
k(']

FIGURE — Streaming mode growth rate as function of
background ion temperature (4p = ¢/wp i, To = mpr).
Temperature effects reduced the growth rate and kmax. From
Marret et al 2021 ibidem.
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Normal (non driven) modes propagation in partially ionised gas

Ion-neutral collision can be included in the fluid formalism by adding a friction term in the
(ionised) momentum equation, namely rewriting Eq.45 as (see Soler et al 2013)

- 1 = ~ - VP
Oil; + ;. Vil; = (VAB)AB — — — vy, (il; — ily) 97)
47 pi pi
L e VP o
Oty + ity Vity = ——t = Py i —iiy) 98)
Pn Pn
1. - L
-8B = -VAE,
C
(99)

i = ions, n= neutrals
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Lecture 2 : The Cosmic-Ray streaming instability N

Collision frequencies and neutral perturbed velocity

‘We have the ion-neutral collision frequency [Shull & Draine 1987]

7.\ 04
Un ~ 891070 i s~ for 1°K < T < 10°K ,
lem—3 \1eV
v = 16107 M5 for T < 10°K
cm—

The neutral-ion collision frequency v,; can be deduced from p;vi, = ppipi.
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Lecture 2 : The Cosmic-Ray streaming instability

Collision frequencies and neutral perturbed velocity

‘We have the ion-neutral collision frequency [Shull & Draine 1987]

1

Vin

—9 M " 2 6
8.910 s™! for 10%K < T < 10°K ,

lem=3 \leV
Ve o~ 1.6107°—"" s for T < 10°K . (100)
1cm—3

The neutral-ion collision frequency v,; can be deduced from p;vi, = ppvpi.

The neutral perturbed velocity can be deduced from the linearised neutral momentum Eq. We
express the neutral perturbed velocity from the neutral momentum Eq. 98 as

iy = (&) i (101)

XVin — iw

where x = p;/pn is a parameter to evaluate the degree of ionisation in the system. We have
again neglected pressure effects.
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Dispersion relation

®
The dispersion relation for the normal modes is (see &
Fig. 32) S
3

iv; i
e L,
w + IXVin ’ . ]
0.01 0.10 1.00 10.00 100.00
By [2VZEN

The ion Alfvén speed reads V, ; = Tinor
v
FIGURE — Real part of Alfvén wave frequency in a partially

ionised medium with x = 20. The grey band is the non
propagation band. From Soler et al 2013 ibidem.
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Lecture 2 : The Cosmic-Ray streaming instability EnAETETE CliEss

Dispersion relation

. . . . ®
The dispersion relation for the normal modes is (see
Fig. 32)
iv; )
T4+ — ) =22, N
W+ iXVin ’ N
i 4 = _Bo
The ion Alfvén speed reads V, ; = et , ‘ ‘ 1
o If w < vy < viy, neutrals have time to adapt o.01 010 Vﬂ%’; 10.00 100.00

to ion motion and both ions and neutrals are

coupled. In this regime perturbations in the ion ) . . .
tions are weakly damped FIGURE — Real part of Alfvén wave frequency in a partially
mo y ped. ionised medium with x = 20. The grey band is the non
propagation band. From Soler et al 2013 ibidem.
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Dispersion relation

The kinet

Numeric

The dispersion relation for the normal modes is (see

Fig. 32)
w? (1 + L) =K2V2, .
W + IXVin ’
The ion Alfvén speed reads V, ; = %.

o If w < vy < viy, neutrals have time to adapt
to ion motion and both ions and neutrals are
coupled. In this regime perturbations in the ion
motions are weakly damped.

o If w > vjy, ions and neutrals are decoupled and
the effect of collisions is maximal over ion
motions, in this regime the latter are strongly
damped.

we/ks0n

1.00 10.00 100.00

LAVLEN

FIGURE — Real part of Alfvén wave frequency in a partially
ionised medium with x = 20. The grey band is the non
propagation band. From Soler et al 2013 ibidem.
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Dispersion relation

The dispersion relation for the normal modes is (see Fig.
32)

w? (1 T L) =V2,. (102)
w + IXVin ’

The ion Alfvén speed reads V, ; = \/z%‘

o If w < vy < iy, neutrals have time to adapt to ion
motion and both ions and neutrals are coupled. In
this regime perturbations in the ion motions are
weakly damped.

. 0.01 0.10 1.00 10.00 100.00
o If w > vy, ions and neutrals are decoupled and the Voo

effect of collisions is maximal over ion motions, in

this regime the latter are strongly damped. FIGURE — Real part of Alfvén wave frequency in a

e Forx <1 / 8 there is a band with no real k, so no partially ionised medium with x = 20. The grey band
propagation [Kulsrud & Pearce 1969] is the non propagation band. From Soler et al 2013
Vin > w > Uy : neutral-ion collisions have time to ibidem.
damp the magnetic perturbations but there is no
time for a momentum transfer to the neutral fluid.
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Lecture 2 : The Cosmic-Ray streaming instability

Driven waves propagation in partially ionised gas : non-resonant branch

Including CR effects the dispersion relation given by Eq. 67 is then modified as [Reville et al
2021 ibidem]

v n
w? (1 + 7> = V2 F QR (w — kucg, ) (1 — Ty (k) % iT» (k) |.
w + IXVin ’ np
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Lecture 2 : The Cosmic-Ray streaming instability

Driven waves propagation in partially ionised gas : non-resonant branch

Including CR effects the dispersion relation given by Eq. 67 is then modified as [Reville et al
2021 ibidem]

il/i,, n .,
w? (1 + 7) =KV F Qe nCR (w — kucg, ) (1 — Ty (k) £ iT>(k))
P

w + IXVin

Reville et al (2007) investigate the case with 7, = 0.
‘We introduce two quantities : 1) the typical CR Larmor radius driving the instability ry =

2) the forcing strength : § = %, The CR term is Acr ~ kzu%R% (1 ="Ty).
pp

Pa
mp Qe
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Lecture 2 : The Cosmic-Ray streaming instability

Driven waves propagation in partially ionised gas : non-resonant branch

Including CR effects the dispersion relation given by Eq. 67 is then modified as [Reville et al
2021 ibidem]

[z n
w? (1 + é) = IPV2 F QR (w — kucg, ) (1 — Ti (k) £ iT2(k)) | (103)
W + IXVin ’ np

Reville et al (2007) investigate the case with 7, = 0.
‘We introduce two quantities : 1) the typical CR Larmor radius driving the instability r; =

2) the forcing strength : § = M . The CR term is Acr ~ kzuCR o (1—1).
npm,

Pd
mpSe

Reville et al investigate the strongly driven case given by the condition 6 CR - > krg.

—Vin 1 7/
I'= 2’ 3 l/m + 4ACR (104)

Hence, ion-neutral collisions are unable to stabilise the non-resonant branch !

The growth rate reads :
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Lecture 2 : The Cosmic-Ray streaming instability Nun

Driven waves propagation in inhomogeneous partially ionised gas

@ The normal mode analysis is simplified for
two reasons

@ When CR drive some instabilities (eg
streaming) ions motions are forced [Drury
et al 1994].
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Lecture 2 : The Cosmic-Ray streaming instability

@ The normal mode analysis is simplified for
two reasons

@ When CR drive some instabilities (eg
streaming) ions motions are forced [Drury
et al 1994]. £
@ When "Alfvén" waves are driven at
inhomogeneous shock precursors, hence
the usual dispersion relation approach w (k)
(previous slide) does not hold and it is v
preferable to adopt a k(w) approach
[Tagger at al 1995], see Fig 33.

ol

krgy

@ Because of these conditions resonant FIGURE — Effects of CR on the evanescent waveband (shaded region) for two ISM
driVen modes can still exist in the normal phases : warm neutral (left) and cold neutral (right) medium. Results for different values of
mode non pr tion band the Alfvénic Mach number My = ucR /vq are reported. Dashed lines are for

0de non propagatio ands. 8mECR /Bz=]00, for continuous lines the ratio is 10. From Reville et al 2021 ibidem.
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Outlines

e Lecture 2 : The Cosmic-Ray streaming instability

@ Numerical studies
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Numerical techniques

> Why using numerics ?

o Investigate the whole growth phase of the instability : linear (exponential growth),
non-linear and saturation phase.
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Lecture 2 : The Cosmic-Ray streaming instability

Numerical techniques

> Why using numerics ?

o Investigate the whole growth phase of the instability : linear (exponential growth),
non-linear and saturation phase.

> Using which techniques ? [see Marcowith et al 2020]. It is useful to investigate different
scales.

@ Particle-in-cell (PIC) simulations : Solve Vlasov + Maxwell, retain electrons and ions as
kinetic.
o Hybrid simulations : Treat electrons with fluid Eqs., retain ions as kinetic + Maxwell Eqgs.

o Particle-in-cell in magnetohydrodynamics : Treat all thermal species (electrons + ions) as
fluid, non-thermal particles as kinetic + Maxwell Egs.

Below — even if it is not really a foundation aspect — I highlight some recent works (not an
exhaustive list) with some focus on the non-linear growth phase and saturation.
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Resonant streaming instability : particle-in-cell simulations

[Holcomb & Spitkovsky 2019], consider two cases
1) a ring-like (RLD) CR distribution, where the
pitch-angle cosine is fixed 2) a power-law
distribution (PLD). The former has the advantage to
isolate the resonance between wave and particle
more closely.
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Lecture 2 : The Cosmic-Ray streaming instability

Resonant streaming instability : particle-in-cell simulations

[Holcomb & Spitkovsky 2019], consider two cases Fig. 34 shows the time evolution in the RLD case.

1) aring-like (RLD) CR distribution, where the Left : ££2=36 at the start of the linear phase, #2=72 at
pitch-angle cosine is fixed 2) a power-law the start of the non-linear growth phase, 1©2=108 at
distribution (PLD). The former has the advantage to  saturation. Right : momentum space evolution of the
isolate the resonance between wave and particle RLD distribution under the effect of particle

more closely. scattering.

505
pelmel

o0 200 30
03}

FIGURE — Time evolution of the resonant streaming instability in the RLD case. From Holcomb & Spitkovsky 2019 ibidem.
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Saturation of the resonant branch

1

,,,,, Equation (6)
0.500) Equation (8)
O Simulation

0.001 —Mea

In the PLD case we have different features :

o Figure 36 (left) shows the relaxation process

over the CR drift speed and the saturation of the 09 @
. 010 - 10 0.001 0.010 0.100
magnetic field =aog el

2000 4000 6000 8000 10000
g

FIGURE — Time evolution of the resonant streaming instability in the PLD case
(left). i ion level as to analytical estimates (right). Hi cases
have ucp =~ 8V (and ”CR/”g =2,7,20 X 10~ for Hil to Hi3), Med
ucRr = 3Vg, Loucr = 2Vg. It takes more time to saturate in high anisotropic
cases. From Holcomb & Spitkovsky 2019 ibidem. Notice that in the ISM

10,

neR /ng ~ 107
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Lecture 2 : The Cosmic-Ray streaming instability

Saturation of the resonant branch

In the PLD case we have different features :

@ Figure 36 (left) shows the relaxation process '
over the CR drift speed and the saturation of the wf 77— )
magnetic field / 2l o eeent®

O Simulation

B 8]

0.001 —Mea

o Figure 36 (right) shows a comparison between
simulations and analytical estimations. The
latter are done as follows [see Bai et al 2019]

A balance between the momentum lost by CRs :

=0.100|
a4
— 50.050]
g
8

0.010)

0.005]

Fo19 = 107 0.001 0.010 0.100
So0y nedn,
4 UCR — Vg e R o
APCR ~ — 5 7. ncR ) s (105) 2000 4000 \E[?:_?] 8000 10000
. FIGURE — Time evolution of the resonant streaming instability in the PLD case
d th t d b ted
an € momentum gaine Yy generated waves (left). i ion level as to analytical estimates (right). Hi cases
have ucg = 8V (andneg /ng = 2,7,20 X 10~ for Hil to Hi3), Med
2 ucRr = 3Vg, Loucr = 2Vg. It takes more time to saturate in high anisotropic
Apw ~ pVq < . > . (106)  cases. From Holcomb & Spitkovsky 2019 ibidem. Notice that in the ISM
B(z) neR /ng ~ 1010,
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Resonant streaming instability : PIC-MHD simulations

2
107 T 0008

100006z pu——
o 3 forvars ot

2

o o ‘F\duc\;\ res, nCR/n;=10'A B
O Highres, noin=10" //b/
@ Growth phase (Fig. 38 left) : It can be gjm" T nmﬁ = 5/ °
seen that both polarisation growth as & D o
expected from linear theory. Notice a S o
slight difference at early times likely ol g
due to some effect link to the T P S
A VEVRV L

non-resonant branch (some current
effects). ‘g, (

m’

FIGURE — Left : time sequence evolution of the different mode helicity (F/B) and polarisation
(LIR) in the case of M3 run (ucR = 2Vq. ncR /ng = 1073). Right : magnetic saturation level
compared to analytical estimates (dashed line). From Bai et al 2019 ibidem.
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Lecture 2 : The Cosmic-Ray streaming instability

Resonant streaming instability : PIC-MHD simulations

2
1075 ] eroooon! — foard ot

@ Growth phase (Fig. 38 left) : It can be o
seen that both polarisation growth as :
expected from linear theory. Notice a

10

_10
O Fiducial res, ng/n =10

‘ ! . . O Highres, noin=10" -0
slight difference at early times likely %o rmcarres nnet0?
due to some effect link to the ot o °
non-resonant branch (some current © e °

s -
effects). < ¢
)
. . . ol
o Saturation (Fig. 38 right) : The Lo ‘

agreement is reasonably good at all 08 07 1 b, T
initial drift speeds if numerical
dissipation is properly accounted for.
In the small drift cases, simulations

nderestimate th ration level
underestimate the safu ft on leve FIGURE — Left : time sequence evolution of the different mode helicity (F/B) and polarisation
because of a lack of 90 crossings. (LIR) in the case of M3 run (ucR = 2Vq. ncR /ng = 1073). Right : magnetic saturation level

compared to analytical estimates (dashed line). From Bai et al 2019 ibidem.
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Marret et al (2021) investigate using a 1D-2D hybrid R R .
simulations the growth rate and saturation of = 2t
non-resonant modes with the thermal effects. 101 100 0t 102
@ Fig.40 up shows the linear growth rate in three T [T
regimes (cold/warm/hot). Results fits the trend " -

with temperature but are a factor 2 below
analytical estimations. The discrepancy is
because analytical estimates are given at one k

107"

10

)2
04
02
00
02
01
06

(the maximum growth rate). The ratio of hot to B B v

cold growth rate is Thot/Tcold = Va/V1p. B
g:_ By |
5
B 4 1‘) (‘1 l‘U l“.’ 1'1 l‘b l‘h 2‘0 2‘2 2"1 2‘h 2‘8 30

(9"

FIGURE'— From Marret et al 2021 ibidem.
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Non-resonant streaming instability : hybrid simulations

Marret et al (2021) investigate using a 1D-2D hybrid 10° 4 '
simulations the growth rate and saturation of -~ by - Py
non-resonant modes with the thermal effects. Qj . . .

@ Fig.40 up shows the linear growth rate in three R 2o B .
regimes (cold/warm/hot). Results fits the trend = " st
with temperature but are a factor 2 below 10! 10° 10! 10°
analytical estimations. The discrepancy is T (T3]

because analytical estimates are given at one k
(the maximum growth rate). The ratio of hot to
cold growth rate is Thot/Tcold = Va/V1p-

@ Fig.40 bottom shows two phases :

@ the non-linear growth phase at 12 = 18.5 given
by ki = k (see slide 63) : Lorentz force =
Magnetic tension at resonant scale.

@ the magnetic saturation at 12 = 21 :
background ions revert their velocity and cease REEEEEEEEEEET:
to pump energy to CRs. He

FIGURE'— From Marret et al 2021 ibidem.

194/203] Cosmic-Ray and astrophysical plasma instabilities



195/203] Cosmi

The kineti
men ffe

. I E e
Lecture 2 : The Cosmic-Ray streaming instability Numerical studies

The streaming instability in the shock context

The non-resonant streaming instability is easily triggered at shocks [Caprioli & Spitkovsky
(2014) (hybrid), Bai et al (2015) (MHD-PIC), van Marle et al (2018) (MHD-PIC)]. Fig. 42

shows the onset of the non-resonant mode upstream at k = kmax = %i'

S.(k) Jaye/Buo,
10°Fi=a250, " 0.06 [ Zap50,
- 0.04
1o Downstream
0.02
10
0.00
10
ptream ), -0.02
10 RS -0.04
0.001  0.010 0.100  1.000  -4000 -2000 O 2000 4000
ke/wp zun/c
su(k) Jai/Buy
10*Ft=6750" 0.06 =675,
0.04
10t
0.02
10° N 0.00
-0.02
10" \
Oprtrenm” -0.04
10+ —0.0¢
0.001  0.010 0.100  1.000  -4000 -2000 G 2000 4D00
ke/a, 20,/c

FIGURE — Left : Fourier power spectrum up-/downstream at two times. From van Marle et al 2018 ibidem.

ay and astrophysical plasma instabilities



ability

Lecture 2 : The Cosmic-Ray streaming instability

Numencal sluches

The streaming instability in the shock context

The non-resonant streaming instability is easily triggered at shocks [Caprioli & Spitkovsky
(2014) (hybrid), Bai et al ApJ (2015) (MHD-PIC), van Marle et al (2018) (MHD-PIC)]. Fig. 42
(left) shows the onset of the non-resonant mode upstream at k = kmax = %. Fig.42 (right)
shows the filamentary structure and the strong shock corrugation produced by CR-driven

turbulence.
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Lecture 2 : The Cosmic-Ray streaming instability

Other CR-driven instability - The CR-pressure-anisotropy-driven instabilities :
MHD-PIC simulations

Lebiga et al (2018 ibidem) investigate the gyroresonant pressure-driven instability (see Eq. 78)
using MHD-PIC techniques

@ The linear growth rate is well reproduced (see Ty 10 ot
Fig. 44, left) but at high k where numerical ’

dissipation dominates.

| o
107" 107 10" 0 2 4 86 8 10 12 14 16 18 20
Kpae/(Qom) ¢

FIGURE — Left : Growth rate for Left and Right handed polarised modes (black
analytical / red simulations) Right : Time evolution of the pressure anisotropy and
magnetic field energy density. From Lebiga et al (2018) ibidem
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Other CR-driven instability - The CR-pressure-anisotropy-driven instabilities :
MHD-PIC simulations

Lebiga et al (2018 ibidem) investigate the gyroresonant pressure-driven instability (see Eq. 78)
using MHD-PIC techniques

o The linear growth rate is well reproduced (see
Fig. 44, left) but at high k where numerical |
dissipation dominates. o . " o

@ Pressure anisotropy (positive or negative) drops
with time (see Fig. 44,right). The magnetic
saturation is connected with the pitch-angle
scattering process. Low energy CRs are w0

"
107 10° 10' 0 2 4 6 8 1012 14 16 18 20
"

isotropised first (not shown see Lebiga et al §7) Kpeal(Qom)

FIGURE — Left : Growth rate for Left and Right handed polarised modes (black
analytical / red simulations) Right : Time evolution of the pressure anisotropy and
magnetic field energy density. From Lebiga et al (2018 ibidem)
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Conclusions

Summary and conclusion

o Cosmic Ray the non-thermal component of the interstellar even if subdominant in density
carry as much as pressure as thermal gas and ambient magnetic field.
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Conclusions

Summary and conclusion

o Cosmic Ray the non-thermal component of the interstellar even if subdominant in density
carry as much as pressure as thermal gas and ambient magnetic field.

o Because of their pressure CRs can modify ISM dynamics by increasing the gas
compressibility. Because they can favor buoyancy CRs can enhance the Parker-Jeans
instability and contribute to the generation of magnetic field in our Galaxy.
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Conclusions

Summary and conclusion

@ Cosmic Ray the non-thermal component of the interstellar even if subdominant in density
carry as much as pressure as thermal gas and ambient magnetic field.

@ Because of their pressure CRs can modify ISM dynamics by increasing the gas
compressibility. Because they can favor buoyancy CRs can enhance the Parker-Jeans
instability and contribute to the generation of magnetic field in our Galaxy.

@ Because of their pressure gradient and because they carry some current CRs can trigger
their own instability and/or amplify some pre-existing one.
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Conclusions

Summary and conclusion

@ Cosmic Ray the non-thermal component of the interstellar even if subdominant in density
carry as much as pressure as thermal gas and ambient magnetic field.

o Because of their pressure CRs can modify ISM dynamics by increasing the gas
compressibility. Because they can favor buoyancy CRs can enhance the Parker-Jeans
instability and contribute to the generation of magnetic field in our Galaxy.

@ Because of their pressure gradient and because they carry some current CRs can trigger
their own instability and/or amplify some pre-existing one.

@ A CR anisotropic distribution contributes to trigger the streaming instability. This
instability is important and likely at the heart of many phenomena : magnetic field
amplification at fast shocks, CR self-control transport in our Galaxy, production of galactic
winds. The latter playing an essential role in the star formation rate.
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Conclusions

Summary and conclusion

@ Cosmic Ray the non-thermal component of the interstellar even if subdominant in density
carry as much as pressure as thermal gas and ambient magnetic field.

@ Because of their pressure CRs can modify ISM dynamics by increasing the gas
compressibility. Because they can favor buoyancy CRs can enhance the Parker-Jeans
instability and contribute to the generation of magnetic field in our Galaxy.

@ Because of their pressure gradient and because they carry some current CRs can trigger
their own instability and/or amplify some pre-existing one.

o A CR anisotropic distribution contributes to trigger the streaming instability. This
instability is important and likely at the heart of many phenomena : magnetic field
amplification at fast shocks, CR self-control transport in our Galaxy, production of galactic
winds. The latter playing an essential role in the star formation rate.

o Still a lot to do, in particular to understand more evolved phases of these instability : the
non-linear growth phase and the saturation stage, usually by the mean of numerical
simulations. Once this is done then it is important to investigate sustained sources of
instability and revise our knowledge (growth rate out of the quasi-linear limit, enhanced
magnetic field production ...)
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