LAT PSR J2+030+4415

e R A TR . ey ¢ . :
.i j - ".',' v ‘ > ' . ) ) . - '
o E A - '.v - 3 -~ > . ' o
TXS 2016+386/§ £ SR o var 8 : T e . e SET RS , ’
4 . ks - . b - . - r » ' Y
. b . -0 . 2 - X
»

CHARGED PARTICLES IN MAGNETIC FIELDS
AND COSMIC RAY TRANSPORT
LECTURES 1&2

Pasquale Blasi - Gran Sasso Science Institute

GRAN SASSO
Dates: 24-25 June 2022 SCIENCE INSTITUTE

I SCHOOL OF ADVANCED STUDIES




WHAT IS THIS COURSE FOR?

THE NON-THERMAL ACTIVITY OF THE UNIVERSE WE LIVE IN
CAN ALL BE REDUCED TO THREE QUESTIONS, THE BIG Q’s:

4 How does Nature accelerate particles, typically from the thermal pool?

4 How do these non thermal particles propagate in the complex environment
inside the source or/and from the source to us?

4 How do such particles radiate?

THE FIRST TWO Q’S DEAL WITH THE FUNDAMENTAL ISSUE OF PARTICLE TRANSPORT IN E-
L FIEL DS - THE TOPIC OF THESE [ ECTURES

THESE IS5UES APPLY BN THE SAME WaAY 10 FTHE SOLAR 5YSTEN 1)
SUPERNOVAE, TO AGIN, GRBS, C1L.USTERS OF (GGAI AXIES, (.



WHAT IS THIS COURSE FOR?

THE SCHOOL IS FOCUSED, ON PURPOSE, ON THE FOUNDATIONS... THE PILLARS ON
WHICH THE FIELD IS BUILT

SOME SUCH FOUNDATIONS WERE LAID DOWN A LONG TIME AGO, SOME ARE BEING LAID
DOWN RIGHT NOW...

IT IS CRUCIAL TO UNDERSTAND THE SOLID AND THE WEAKER POINTS OF THESE
FOUNDATIONS, SO AS TO IMPROVE ON THEM OR REVISE THEM

SOME OF THE THINGS WE ARE DOING NOW (I WILL TALK ABOUT SOME OF THEM) MIGHT
BECOME FOUNDATIONAL 1 ATER. OR PERHAPS DESTROY BHOME. OF THE CLRRENT
FOUNDATIONS, OR PERHAPS WILL BE FORGOTTEN...



PL.AN OF THE FIRST LECTURE

4p WHY IS IT SO IMPORTANT TO GET TRANSPORT RIGHT?
4p DERIVATION OF THE DIFFUSIVE MOTION (SIMPLE)

4p DERIVATION OF THE DIFFUSIVE MOTION FROM
VLASOV EQUATION

4p TRANSPORT EQUATION IN PITCH ANGLE



PLLAN OF THE SECOND LLECTURE

4p FROM PITCH ANGLE TO SPATIAL DIFFUSION

4p APPLICATIONS (DSA, GALAXY TRANSPORT) - SHORT

4p ELEMENTS OF PERPENDICULAR TRANSPORT

4p SIMULATIONS OF TRANSPORT IN SYNTHETIC AND MHD TURBULENCE

#p ELEMENTS OF SELF-GENERATION OF PERTURBATIONS (see course by Marcowith)
4p ADVANCED TOPIC 1: SELF-GENERATION IN DSA

4p ADVANCED TOPIC 2: SELF-GENERATION AROUND SOURCES

A ADVANCED TOPIC 3: SELF-GENERATION IN AND AROUND THE GALAXY



HOW DO WE KNOW THAT SOMETHING NONTRIVIAL

MUST BE GOING ON?

“ MOST OF THE UNIVERSE IS IN A
PLASMA STATE: THE ONLY ELECTRIC
FIELDS YOU GET ARE INDUCED BY
PLASMA MOTION: OE~(V/c)B

< ONLY ELECTRIC FIELDS CAN
CHANGE THE PARTICLE ENERGY
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If the electric field could stay coherent over a
scale R and the particles were moving at c
then

V Hillas
) maz ~ ( Z‘B R Criterion

But in a plasma this does not usually happen
(unless some specific conditions are fulfilled)

klenec: NEED TO STAY IN THE
ACCELERATION REGION MUCH
LONGER THAN R/c



HOW DO WE KNOW THAT SOMETHING NONTRIVIAL

MUST BE GOL

NG ON?

See Course by C. Evoli

Relative Abundances

10°

—o— Solar System

Atomic Number (Z)

60

T T T

Be’ Events

™ Be Calibration of the IMP 7/8 Back-up Telescope {120 70
L ot the LBL ]

Bevatron

g8 Mo

Atomic Mass Units

—100
(b) |

|
@
(&)

1
D
o

Be® and Be®Events
1
o)
o

FI|
n
(@]
(€Y
®]

TR

sa3

Isotopic Analysis Mass
Histogram of Cosmic Ray Be
(IMP 7 + IMP 8 1973-1976 data)

(a)

Elements such as B, Be, Li are not copiously produced in the
Big Bang: the universe became cold and not dense enough too
quickly for these elements to be synthesised

They are formed but equally well destroyed in stellar
nucleosynthesis

Hence in the ISM they are exceedingly rare...yet not rare at
all in the cosmic radiation!

SPALLATION: nuclear fission of heavier elements
through collisions:

| Osp(A) ~ 45A°%7 mb | Top & [nd(h/H)CUsp]_l o 80H4A1_20'7 Myr

10Be 1s unstable with half time of 1.4 Myr. Its abundance is
related to the time that cosmic rays spend in the Galaxy before
escape

l|| BOTH TIME SCALES SUGGEST CONFINEMENT TIME

THAT EXCEED THE BALLISTIC TIME BY MANY ORDI;RS
OF MAGNITUDE



CHARGED PARTICLES IN AN ORDERED B-FIELD

dv, Vy
e B
det CIC 0

dv, Vg
s (gl s e
sy .

dv,
dt

IN GENERAL THE EQUATION OF MOTION OF A PARTICLE IN AN
ELECTROMAGNETIC FIELED 15

d_P=q[1::+Xx}§]
dt C

GIVEN THE ABSENCE OF REGULAR ELECTRIC FIELDS WE WILL LIMIT
OURSELVES FIRST TO THE CASE WHERE ONLY B IS PRESENT

IF ONLY B IS PRESENT THE PARTICLE ENERGY CANNOT CHANGE!

d2y; 4By \” qBy GYRATION
S e L G = _Qz Q e
> ( o Yoy mcy  FREQUENCY

=0— p, =p| =constant =pu  p = cos(0)



CHARGED PARTICLE IN AN ORDERED B-FIELD

THE SOLUTION CAN BE WRITTEN AS:
vz (t) = A cos(Qt) + B sin(§2t) v, (t) = —A sin(Qt) + B cos({2t)
WHERE A AND B SATISFY THE INITIAL CONDITIONS THAT

v:(t =0)=A=wv, cos(¢) vlt=0=B =0 sinl¢g)

HENCE:

vz (t) = v [cos(@)cos(§2t) + sin(@)sin(2t)] = vicos(¢p — )
vy (t) = v [—cos(¢p)sin(2t) + sin(P)cos(2t)] = visin(¢d — Q)

THE UNPERTURBED MOTION OF THE PARTICLE IS PERIOD IN THE XY PLANE AND RECTILINEAR UNIFORM IN
THE Z DIRECTION WITH

V, = V|| = Vi — p = constant



MOTION OF A CHARGED PARTICLE IN B=B¢+0B

FOR SIMPLICITY LET US CONSIDER THE CASE OF A PERTURBATION THAT ONLY PROPAGATES ALONG THE ORDERED
MAGNETIC FIELD By = BpZz AND ONLY HAVING COMPONENTS ALONG X AND Y AXES.

IT REMAINS TRUE THAT IN THE ABSENCE OF AN ELECTRIC FIELD THE ENERGY OF THE PARTICLE REMAINS CONSTANT.
IN FACT THE PERTURBATIONS CAN ALSO CARRY AN ELECTRIC FIELD, BUT ITS EFFECT IS SUBDOMINANT AND IN FIRST
APPROXIMATION THE PARTICLE ENERGY CAN BE ASSUMED TO BE CONSTANT (SEE DISCUSSION LATER).

THE EQUATION OF MOTION OF THE PARTICLE IS:

. [ VsBo \

M\Gél: 1 NV \/‘3 VZ ”?:" % _VX‘EO

R
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MOTION OF A CHARGED PARTICLE IN B=B¢+0B

du.
my—= = < [0,(t)0B, — v, (1) B.] mp myw ™ = Lo, [cos( — )68, — sin( — Q)58

LET US ASSUME THAT THE PERTURBED FIELD IS CIRCULARLY POLARIZED: 6By=ii63x

0B, = exp [i(kz — wt + )| = cos(kz — wt + 9P) + i sin(kz —wt +¢)) s — \iBsin(ky -t
0B, = F0B, = Fi cos(kz — wt + ¢) £ sin(kz — wt + ) 0By = 6Bcos(kz — wt + 1))

—» Take thé Real Part—>

CLEARLY THE MEAN VALUE OF THE FLUCTUATIONS OVER REALISATIONS IS ZERO!

m'yvd—u — 4 0F [cos(¢dp — Qt)cos(kz — wt + ) F sin(¢p — Qt)sin(kz — wt + )]

dt G
dp g

myv— = EvlcSB cos(¢p — QU + kz F wt + )

11



MOTION OF A CHARGED PARTICLE IN B=B¢+0B

HAVING IN MIND THAT THE PERTURBATIONS ARE SOMETHING SIMILAR TO ALFVEN WAVES, FOR WHICH THE
DISPERSION RELATION IS w=k vA ONE CAN COMPARE THE TWO TERMS kz AND wt

kz kout @ vl
e o oo ] UNLESS
Wt kuat  vi L

Notice that va = = 2 X 105n1_1/ZBM cm/s

§s
g

™

NEGLECTING THE TERM wt WITH RESPECT TO kz IS EQUIVALENT TO ASSUME THAT WE ARE SITTING IN THE
REFERENCE FRAME IN WHICH THE WAVES ARE STATIONARY. IN TURN THIS IMPLIES THAT THERE IS NO
ELECTRIC FIELD CARRIED BY THE PERTURBATIONS. WE WILL COMMENT LATER ON THE IMPLICATIONS OF
THIS ASSUMPTION FOR PARTICLE TRANSPORT.

gl — @(1 —M2)1/25—B cos [ £ £ (kvu F Q)t] = (Au) =0
di  mcy By

12



MOTION OF A CHARGED PARTICLE IN B=B¢+0B

IN DIFFUSION PROCESSES IT IS THE CASE THAT THERE ARE
QUANTITIES THAT HAVE ZERO MEAN VALUE AND YET THE MEAN
VALUE OF THE SQUARE OF THE SAME VALUE IS NOT ZERO

FOR INSTANCE THIS IS THE CASE FOR INK IN WATER... THE MEAN
VALUE OF THE POSITION OF MOLECULES IS ZERO (IF SYMMETRIC)

BUT THE STAIN OF INK GETS LARGER... PROPORTIONALLY TO
TIME

LET US EXPLORE WHETHER THIS MAY BE THE CASE FOR PARTICLES IN PERTURBED MAGNETIC FIELDS...

(AuAm:(qB") 12 (53) /0%@ dt/ dt’ cos [¢ £ 1 £ (kvp F Q)t] x

mcery 27
x cos [¢p + 1 £ (kvu F Q)t']

1 27

5 dopcos(¢p — a)cos(p — b) = %cos(a - b) 7

(ApAp) = %92(1 — ) ((;—3)2 /()T dt /OT dt’ cos [(kvu F Q)(t — t')]

0 13
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MOTION OF A CHARGED PARTICLE IN B=Byp+0B

2
(ApAp) = Q%(1 — u?) (;—B Tolkvy — ) =
0
2
v ﬂ-ﬂ(l P /L2) 5—B Ja'k;'res(s (k e kres)
By

<= THE MEAN VALUE OF THE SQUARE OF THE PITCH ANGLE VARIATION IS PROPORTIONAL TO THE TIME
LAPSE (DIFFUSION)

# THIS IS ONLY TRUE WHEN THE RESONANCE CONDITION IS FULFILLED: k=kes=Q/vLL

<« NOTICE THAT WHEN THE PITCH ANGLE IS CLOSE TO 900 THE WAVENUMBER TENDS TO INFINITY
(POSSIBLY NO WAVES TO CAUSE SCATTERING)

% 'THE SCATTERING DEPENDS ON THE POWER AVAILABLE AT THE RESONANT SCALE AND IS PROPORTIONAL

TO THE GYRATION FREQUENCY
14






DIFFUSION COEFFICIENT IN THE PRESENCE OF
A SPECTRUM OF WAVES

WE CAN NOW DEFINE A DIFFUSION COEFFICIENT IN THE FORM.:

1 Aulp T 0B

2
i — i 2 A s
Dyy = 2< At ) 29(1 1) (BO> kresO (kK — Kres)

OR IN THE CASE THAT A SPECTRUM OF WAVES IS PRESENT:

1 AuAp, 7 5B(k)\*
DHN: 5( Zt“> o 59(1_“2)/dk< ( )) kresé(k_kres):

N F(k.) = Fel (2 (Fres)
. ° By

THE QUANTITY F REPRESENTS THE DIMENSIONLESS POWER IN PERTURBATIONS AT THE RESONANT
WAVENUMBER AND DETERMINES THE EFFECTIVENESS OF THE DIFFUSION PROCESS

16



PHENOMENOLOGICAL CONSIDERATIONS

GIVEN THE DEFINITION OF THE DIFFUSION COEFFICIENT IN PITCH ANGLE WE CAN TRY TO ELABORATE SOME
CONSIDERATIONS ON THE IMPLICATIONS OF DIFFUSION

FIRST, ONE CAN ALSO DEFINE A DIFFUSION COEFFICIENT IN ANGLE:

D 1<A9A9> WQ]:(k )
8 — ) = —
9 Al 2 i
SO THAT THE TIME NECESSARY FOR DEFLECTION BY ~90 DEGREES MAY BE ESTIMATED AS:
1 1

" D UG

SINCE () IS THE GYRATION FREQUENCY OF THE PARTICLE IN THE UNPERTURBED MAGNETIC FIELD, THIS
OUANTITY MEASURES HOW MANY GYRATIONS THE PARTICLE MUST CARRY OUT BEFORE SUFFERING: A
DEFLECTION BY ORDER UNITY

SINCE BY DEFINITION F<<1, TYPICALLY THE DEFLECTION IS A SLOW PROCESS

17



PHENOMENOLOGICAL CONSIDERATIONS

DURING THIS TIME THE PARTICLE TRAVELS IN THE Z DIRECTION FOR A DISTANCE

Ap(p) = v el ; _ﬁl_r() 1
o el DOO NQF(kres) _qBOF_ o F(kres(p))

THAT PLAYS THE ROLE OF DIFFUSION PATH LENGTH OF THE PARTICLES! IT IS A MULTIPLE 1/F>>1 OF THE
LARMOR RADIUS OF THE PARTICLES IN THE UNPERTURBED MAGNETIC FIELD

THIS ALLOWS US TO ESTIMATE THE DIFFUSION COEFFICIENT OF THE PARTICLES IN SPACE RATHER THAN IN
ANGLE, FOLLOWING THE GENERAL DEFINITION OF A DIFFUSION COEFFICIENT:
-» 1 1 L . 1
 D..(p) = svip(p) = srr(p)v = Dpohm(p)
g 3 f(kres(p)) ; L ‘F(kres(p))

: I o

GIVEN THE PERTURBATIVE APPROACH ADOPTED HERE, dB<<Bj, THE DIFFUSION COEFFICIENT IS BOUND
TO BE LARGER THAN THE BOHM DIFFUSION COEFFICIENT, WHICH IS OFTEN QUOTED AS THE LOWEST D(E)
ONE CAN GET (ONE LARGE SCATTERING PER LARMOR GYRATION) 18

>>DBohm



PHENOMENOLOGICAL CONSIDERATIONS

FROM OTHER COURSES IN THIS SCHOOL YOU WILL LEARN THAT OBSERVATIONS OF THE SECONDARY/
PRIMARY RATIOS AND ABUNDANCE OF UNSTABLE ISOTOPES, SUCH AS 19Be, REQUIRE THAT PARTICLES WITH
ENERGY OF ~10 GeV STAY IN THE GALAXY FOR ABOUT 100 MILLION YEARS AND THE HALO SIZE IS BOUND
TO BE H~5 kpc

100Myr ~ D(E) s DI =10Gel ) = 7 < 10" em? /s

USING THE EXPRESSION FOR THE DIFFUSION COEFFICIENT DERIVED EARLIER WE CAN ESTIMATE THE EXTENT
THAT THE FIELD NEEDS TO BE PERTURBED TO GET THE REQUIRED DIFFUSION

1 1
D ()~ —rL(p)v]__(lC ) > F(kres(10GeV)) ~ 107° Bo ~ 3uG

3

TINY AMOUNTS OF PERTURBATIONS ARE SUFFICIENT TO HAVE A HUGE IMPACT ON THE MOTION OF CHARGED
PARTICLES IN MAGNETIC FIELDS AND TRANSFORM THEIR MOTION FROM BALLISTIC TO DIFFUSIVE

19



PHENOMENOLOGICAL CONSIDERATIONS

Lils RAISES THE CRUCTAL QUESTION OF TIIE ORIGIN OF THESE PERTURBATIONS, WHICH IN TEIRN REELECES (g
illE ORIGIN OF THE SCATTERING OF PARTICLES

LiiERE ARE AT LEAST TWO ORIGINS THAT WE CAN SPECULATE UPON:
SELF GENERATED PERTURBATIONS (SEE COURSE BY ALEXANDRE M ARCOWITH )

g OR THE OTHER MAY BE THE MOST IMPORTANT DEPENDING ON WHETHER THE TRANSPORE JVE - AKE
INTERESTED IS INSIDE AN ACCELERATOR OR IN THE GALAXY OR A GALAXY CLUSTER OR EVEN DERPENDING. (15
THE ENERGY OF THE PARTICLES (AT A GIVEN ENERGY ONE PROCESS MAY PREVAIL UPON THE OTHER)

el THE CASCADING IT IS OFTEN ASSUMED THAT THE POWER SPECTRUM RESUILTING EROM THE CASGAR
PROCESS IS A POWER LAW ON SCALES SMALLER THAN THE INJECTION SCALE:

L\ oD BOTH APPROACHES ARE FUNDAMENTALLY
P(k) =P k_o KOLMOGOROV PHENOMENOLOGY [ iR IS Lt et e 1S 1D I N R te i) (e

TURBULENCE IN THAT THEY NEGLECT THE

_3/2
P(k) = B, ( k ) KRAICHNAN PHENOMENOLOGY FNNEIoINe)aEe) by Rl Io/ V) B lele Ll )
ko LATER) 50



PHENOMENOLOGICAL CONSIDERATIONS

LET US SPECIALISE THESE CONSIDERATIONS TO THE CASE OF TRAlePORT OF COSMIC RAYS IN THE GALAXY
FOR WHICH WE CAN ASSUME THAT THE INJECTION SCALE IS kg ~

10pc

THEN WE CAN ESTIMATE HOW MUCH POWER NEEDS TO BE INJECTED AT THE INJECTION SCALE SO THAT THE
POWER AT 10 GeV IS PRESERVED

THE POWER SPECTRUM IS NORMALIZED AS:

5o LY PL o8\ & 1 (6B "
dkPp | — = — = Iy =
/k: . (ko) a—1 ( B() ) - k() BO

0

THE POWER AT THE RESONANT SCALE OF PARTICLES OF E=10 GeV IS THEN:

k e 5Bt 4 + 5Bt . 2 10—6 Lk o
kres ‘_—kresP k'res = —1 b Y ~ 1 =0 o o res 2
Flhver) = breeP(brer) = (= 1) (522) " (252) 2070 (232) i)

a—1

GOOD NEWS: THE PERTURBATIVE APPROACH

w g1 ¢ for a=5/3 Kolmogorov phenomenology
SEEMS TO REMAIN VALID ON ALL SCALES, EVEN

e i '
935510 for a=3/2 Kraichnan phenomenology AT INJECTION




ONE LAST POINT...

WE HAVE CONSCIOUSLY MADE THE ASSUMPTIONS TO NEGLECT THE ELECTRIC FIELDS ASSOCIATED WITH THE
PERTURBATIONS...CLEARLY WE NEED TO CHECK WHAT WE MISSED IN DOING SO...

THE ELECTRIC FIELDS CAN CHANGE THE MOMENTUM OF THE PARTICLES... ONE CAN EASILY EXPECT THAT THE

CHANGE IN MOMENTUM MAY BE OF ORDER:
A YA
Do
C

BEING IT POSITIVE OR NEGATIVE DEPENDING ON THE RELATIVE ORIENTATION OF THE PARTICLE VELOCITY AND
THE PERTURBATION ELECTRIC FIELD

WE ARE AGAIN IN THE SITUATION IN WHICH THE MOTION OF THE PARTICLE IN MOMENTUM SPACE IS
DIFFUSIVE: THE MEAN VALUE OF THE MOMENTUM CHANGE VANISHES BUT NOT ITS SQUARE

ApAp p2 VA 2 p2 C .
e i (_) ]
pp < T > T c Tpp Dpp o Toog =>> T90

DIFFUSION IN MOMENTUM SPACE IS WHAT WE CALL SECOND ORDER FERMI ACCELERATION, BUT IT OCCURS

ON TIME SCALES >> THAN DIFFUSION IN PITCH ANGLE A



IS PARTICLE MOTION REALLY DIFFUSIVE?

EARLIER WE HAVE PRESENTED A SIMPLE ARGUMENT TO SHOW THAT CHARGED PARTICLES IN THE PRESENCE
OF PERTURBATIONS SHOULD ACQUIRE A DIFFUSIVE MOTION. HOW CAN WE BE SURE OF THAT? AND ANYWAY
WHAT IS THE EQUATION THAT DESCRIBES SUCH A DIFFUSIVE MOTION?

THE DYNAMICS OF AN ENSEMBLE OF CHARGED PARTICLES UNDER THE ACTION OF THE ELECTRO-MAGNETIC

FIELDS PRODUCED BY THE SAME PARTICLES (PLUS THE PRE-EXISTING FIELDS) IS DESCRIBED BY THE VLASOV
EQUATION

E+ﬁ-§f+%(ﬁx§)-g—£=0

WHERE f(p, X, t) IS THE PHASE SPACE DENSITY OF PARTICLES, v IS THE PARTICLE VELOCITY:

S S 3 = - DENSITY OF PARTICLES
'n(:z:, t) e d pf(pawat)
AT LOCATION X AT TIME t
HERE WE ARE ASSUMING A PRIORI THAT THERE ARE NO LARGE SCALE ELECTRIC FIELDS AND THAT EVEN THE
EFFECTS OF THE SMALL SCALE PERTURBED ELECTRIC FIELDS ARE NEGLIGIBLE (WE WILL COMMENT ON THAT

LATER) -



VLASOV EQUATION AND CR TRANSPORT

Jaf = g = Of
8t+v Vf—l—c(va) op

LET US INVESTIGATE HOW THE VLASOV EQUATION REACTS TO PERTURBATIONS:

f=fo+0of (6 f)
B =By + 6B <5B>

=0

0
0

LIMITING OURSELVES TO FIRST ORDER TERMS THE VLASOV EQUATION BECOMES:

00 L 00 Lo dfo
f—|— V5f—|— (vaO) f (vde)-i_,zO
ot 8p C Oop

FOR THE SAKE OF KEEPING THINGS SIMPLER LET US FOCUS ON WAVES THAT PROPAGATE ALONG THE PRE-
EXISTING MAGNETIC FIELD By = By% . IN TERMS OF THE FOURIER MODES OF THE PERTURBATIONS THE

MAXWELL EQUATION V - B = 0 IMPLIES THAT %k - 6B = 0

HENCE IF THE WAVES PROPAGATE ALONG Bg THEN THE PERTURBATIONS ONLY HAVE THAT X AND Y
COMPONENTS

24



VLASOV EQUATION AND CR TRANSPORT

By =(0,0,By) 6B = (6B,,8B,,0)

e 95 f 95 f
AU

IT IS CONVENIENT TO WORK IN CYLINDRICAL COORDINATES:

Uy =V1COSP Uy =VISING v, =)

a 85 f 85 f 86 f
dp1 = cos$ dp, + sing dp, # Sl Ope e o Oy ) _Q%

dp = ——— sing + Py cos¢p

25



VLASOV EQUATION AND CR TRANSPORT

h UPS

X 3
\Y/

= = N Vg b s
op . * Y 2 .b‘?

gB“ 835 o ack to cylindrical
! coordinates and assuming
dfo/dd=0
= { it o 2ie F\'n%x—?ﬁ" F (Me8By- vy 3B x) K"} =
e o) 0
. B
-1 { v, 5By 05 ?LL N, %EXSML? 2y (c,oscf ®By_siup 39?//
IT IS USEFUL TO INTRODUCE THE TWO FIELD SUPERPOSITIONS:
i 9B £4B
§B, = 6B, + 4B, ). 7 =
é0. —iB. - B e i
Y Y

21
26



VLASOV EQUATION AND CCR TRANSPORT

REPLACING THIS INTO THE PREVIOUS EXPRESSION LEADS TO THE SIMPLE RESULT THAT:

q (?J X 6B) afO e z———q (’U” —-———8f0 e Y afO) 5B 5B == 5B+e_i¢ 2 5B_ei¢
. 8]) apL 8])”
IT IS CUSTOMARY TO INTRODUCE THE OPERATOR H DEFINED AS: f[ — 9fo dfo
ey e

SO THAT THE PERTURBED VLASOV EQUATION READS:

05f
ot

85f_ .9 ~
7 Nof Qaq5 —zchfodB

INTRODUCING THE FOURIER TRANSFORM OF THE PERTURBATIONS:
0Bz, ¢) = /dk / dwéB(k,w) exp [tkz — iwt]

df(z1) = /dk/dwc?f(k,w) exp [tkz — iwt]

24



VLASOV EQUATION AND CGR TRANSPORT

cacd —z—HfO ((SB+e v 5B_ei¢)

—two f + zkv||5f —- 9% 9

SINCE THE ONLY DEPENDENCE OF Cl) IS IN THE EXPONENTIALS IT IS NATURAL TO LOOK FOR A SOLUTION IN
THE FORM:

o —1¢ 1¢ * . 4. 0B, —ig - 0B_ ich
i Ac T He of A2chO W= kuy 0 w — kv + Q°

4pLOOK FOR SIMILARITIES BETWEEN THIS CALCULATION AND THOSE DISCUSSED IN THE COURSE ON
INSTABILITIES... THERE WILL BE MANY!... AND WITH PHYSICAL MEANING THAT WILL BECOME CLEAR...

40 RECALL THAT WE HAVE ASSUMED THE INDEPENDENCE OF fo ON ¢. THIS MAKES SENSE GIVEN THE
SYMMETRY, BUT WILL PREVENT US FROM CALCULATING THE PERPENDICULAR DIFFUSION COEFFICIENT!!!

4p WHAT WE JUST DEVISED IS AN EXTREMELY POWERFUL TOOL...LET US SEE HOW WE CAN USE IT f 8



VLASOV EQUATION AND CGR TRANSPORT

TAKE A LOOK AT THE VLASOV EQUATION AGAIN AND CALCULATE ITS ENSEMBLE AVERAGE RECALLING THAT
ALL THE MEANS OF FIRST ORDER QUANTITIES ARE ZERO:

z 2y 2 af 0 q 85 f
f+vvf+ ( B) =0 40 Vfo——— 7 x 6B
ot 3p .
EIXEOKSETRIA?GIE gﬁ SECOND ORDER TERM THAT
DISTRIBUTION CONTAINS AL THE
INFORMATION PREVIOUSLY

DERIVED

WHERE WE CAN RECALL THAT WE HAVE DEDUCED THE FOURIER COMPONENTS OF THE PERTURBATIONS AND
THAT WE NEED TO AVERAGE OVER THE COORDINATE (j):

Ofg O0fe a4 [ dd , . N ef kW)
L _5/0 dk/dw/dk/dw 7 x 6B(E, w)) e

EVOLUTION OF

THE AVERAGE CR
DISTRIBUTION 29



VLASOV EQUATION AND CGR TRANSPORT

THE CALCULATION IS VERY SIMILAR TO THE ONES WE ALREADY CARRIED OUT, SO YOU WILL ONLY NEED A

FEW STEPS:
. = dof. | O0f .
(7x0B) a5 = Ulg,, [~0Bycosd + 6Bzsing] +
+;ﬂ aﬁdgb (0B, sing + 6 Bycosd| +
00 f
+v _]_8— 0B, cosp — 6 Bysing)]
Pj

AND INTRODUCING AGAIN THE TWO SUPERPOSITION STATES 0B+ AND 0B.:

op

(58) 0 =5 (2L 0,09 0 5m_c0] o

o/ op)
1 v 9f

+-——"[6Bie " + §B_e"]

2p, 09

30



VLASOV EQUATION AND CR TRANSPORT

RECALL THAT WE HAVE ALREADY CALCULATED THE DEPENDENCE OF df ON Cl)

i el 0B ez‘cp]
w—kv”—Q w—kv”-l—Q

of = ALffo |
2¢

HENCE IT IS EASY TO PUT THINGS TOGETHER, INTRODUCING AGAIN O0B: AND OB. AND OBTAIN THIS
IMPORTANT RESULT:

dfo dfo o ai Yy - d¢ /
by =i ) /O dk/dw/dk/dw
({ [(5B+(k’,w’)e—i¢ —0B_(F, ’)ew) Hfs— p— (6B (K ,w')e ™ + 6B_(k',w')e*?)
a5
6B e 6B_e'® A
(w "Ry — R w— oy + Q) Hf°}>

AT THIS POINT WE INTRODUCE THE CORRELATION FUNCTION OF THE FIELDS:

(2m)*
VT (0 B;(

(0B;(k,w)dB;(K',w')) = k,w)éBj (k,w))d(k + k')é(w + ')

R v 0B, (—k,—w) =dB* (k,w)
e #6B —k,—w) = 0B} (k w)#
THE FIELDS —k, —w) = 0B} (k,w)
31



VLASOV EQUATION AND CR TRANSPORT

AFTER REPLACING THESE IN THE PREVIOUS EXPRESSION AND AFTER A TRIVIAL INTEGRATION OVER THE PHASE @

WE OBTAIN:
dfo afo ; q 2”)4/ / |
5 = kU 5 dk | dw | H + =

NOW YOU HAVE TO REMEMBER THAT THE FREQUENCY IS A COMPLEX NUMBER w = wpgr + twwy BUT THE RHS OF
THE EQUATION ABOVE IS REAL:

(6B*6B_)H f, - (0B*6B,)H f,
w — kv + 2 w — kv — Q

; i(wr — k’U” + Q) . Wy
wr + wr — k’U“ i Q (wR kv” + 9)2 +w2 (wR — k’U” + Q)Z + w%

> 7r5(wR - k’U” 5 22 Q)
Lim
wi—>0 MATHEMATICALLY, THIS IS

THE ORIGIN OF RESONANT
SCATTERING!

Exercise: SHOW THAT FOR A GIVEN FUNCTION g: (H . ﬂ) g= piﬂ (pL9)
i B

dfo dfo
Bt i e 8z

(2qc) (?/.7;),4 s /dk/de pPL [(53* 0B_)é(w — kv + Q) + <5B 0B )é(w — kv +Q)] Hfo}
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VLASOV EQUATION AND CGR TRANSPORT

WE CAN INTRODUCE THE ZERO FREQUENCY LIMIT OF THE SPECTRUM

_ (27)2
1
V,fllr—rgoo Vi

(60B10By+) = 6(w) P+ (k)

IN THIS LIMIT, THE ENERGY OF THE PARTICLES CANNOT CHANGE AND WE CAN NEGLECT THE DERIVATIVES
WITH RESPECT TO THE MODULUS OF THE MOMENTUM. HENCE:

with p” = pu (Please show this as an exercise, it’s trivial)

AND THAT IS WHERE WE WANTED TO GET:

s [D afo] DIFFUSION

o o, " au| ™8| EQUATION

D

T P_(k) P, (k) DIFFUSION
= —O%(1 — z/dk[dk -Q + §(kvy + Q }
g N COErFicENT

33



FROM PI'TCH ANGLE DIFFUSIONTO SPATIAL DIFFUSION

IT IS INTUITIVELY CLEAR HOW A PARTICLE THAT IS DIFFUSING IN ITS PITCH ANGLE MUST
BE ALSO DIFFUSING IN SPACE. LET US SEE HOW THE TWO ARE RELATED TO EACH OTHER BY

INTEGRATING THE BOLTZMANN EQUATION IN PITCH ANGLE:

of =~ of

ot "o o

1 1

f()(pataz) — 5 d:uf(patmua Z)

—1
ISUTROPIC PART OF THE PARTICLE DISTRIBUTION
FUNCTION. FOR MOST PROBLEMS THIS IS ALSO VERY
CLOSE TO THE ACTUAL DISTRIBUTION FUNCTION

D

uu%

34



ONE CAN SEE THAT THE QUANTITY

1 1
J = —v/ dppe f
2

BEHAVES AS A PARTICLE CURRENT, AND THE BOLTMANN EQUATION BECOMES:

d fo 0J

Ot 0z

NOTICE THAT YOU CAN ALWAYS WRITE:

1 ¢
2 du

b= e

35



WITH THIS TRICK:

1 : 0 [ of
J— d — — dull = 2
2’0/_1uuf 4/_1u( “)aﬂ

RECONSIDER THE INITIAL EQUATION

8f|fua_f—2_D 8_f-
ot~ Foz " ou | "on

AND INTEGRATE IT AGAIN FROM -1 TO p:

0 . / 8 / /af 8f
- i e R
i | 00+ [ i, = Dy

AND MULTIPLYING BY

k1 = HQ)/DMM

36



J =

af 1_,u28/'u / 1_U2/M / /af
el dp’ f - dy'vp ==
( )8,u b, at | it D, ) fva

NOW RECALL THAT THE DISTRIBUTION FUNCTION TENDS TO ISOTROPY,
SO THAT AT THE LOWEST ORDER IN THE ANISOTROPY ONE HAS:

> O 1=y 0k 2
ek 1 | . et
L1 )au b Stk e gl s g

AND RECALLING THE DEFINITION OF CURRENT:

vofy 11— p v* 0 fo /1 (1 —p?)? d fo
- ZJY 1 d =

USING THE TRANSPORT EQ IN TERMS OF CURRENT:

s 00 ok

K~
0z

37



NOW WE RECALL THE TRANSPORT EQUATION IN CONSERVATIVE FORM:

of __0J

ot 0z

AND PUTTING THINGS TOGETHER:

8 A4f 9 @ 95
ot

BUT IT IS EASY TO SHOW THAT THE FIRST TERM MUST BE NEGLIGIBLE:

1

1

= g/ d,u,ufo(l -+ 5,&) — §v5fo -~ Ufo 0K 1
—1

IT FOLLOWS THAT THE ISOTROPIC PART OF THE DISTRIBUTION FUNCTION
MUST SATISFY THE DIFFUSION EQUATION:

2 1 22
1 — 1
Ky, — ?)_/ d,u( s ) — —U)\H

DIFFUSION EQUATION SPATIAL DIFFUSION C()EFFICIENT38




THE EFFECT OF INHOMOGENEOUS MOTION OF
THE BACKGROUND PLLASMA

WHAT HAPPENS WHEN THE PARTICLES DIFFUSE IN A MEDIUM WHICH 1S ITSELF IN MOTION?

PHYSICALLY IT IS EASY TO EXPECT THAT THE PARTICLES WILL BE ADVECTED WITH THE PLASMA (THE
DERIVATIVE IN TIME BECOMES THE TOTAL TIME DERIVATIVE) BUT IS THERE MORE THAN THIS?

ONE SHOULD EXPECT THAT AS LONG AS THE PLASMA VELOCITY IS UNIFORM IN SPACE, NOTHING EXCEPTIONAL
SHOULD BE EXPECTED: IN FACT ONE COULD ALWAYS MOVE TO A REFERENCE FRAME WHERE THE PLASMA IS AT
REST AND RECOVER THE PREVIOUS RESULT

BUT WHAT HAPPENS IF THE PLASMA VELOCITY 1S NOT UNIFORM? IN THIS CASE THERE IS NO UNIQUE
FRAME IN WHICH THE PLASMA IS AT REST EVERYWHERE

AN OBVIOUS APPLICATION OF THIS SITUATION IS THAT IN WHICH A SHOCK FRONT FORMS IN THE PLASMA, SO
THAT THERE IS A DISCONTINUITY IN THE VELOCITY OF THE BACKGROUND PLASMA

39



THE EFFECT OF INHOMOGENEOUS MOTION OF
THE BACKGROUND PLLASMA

LET US ASSUME THAT THE BACKGROUND PLASMA MOVES WITH A NON-RELATIVISTIC SPEED u ALONG THE z
DIRECTION

THEN THE TOTAL VELOCITY OF THE PARTICLE IN THE LAB FRAME IS SIMPLY u+vpt AND THE MOMENTUM
ALONG THE Z DIRECTION BECOMES p,=-(u/c2)E+pu WHILE THE MOMENTUM COMPONENTS IN THE X AND
Y DIRECTIONS ARE UNCHANGED:

ar 0F depz_{)‘i_Eduaf
9. 8. 0on dz @82 ¢2dop

RECALLING THAT P, = pi p1 = p(1 — u?)Y2 AND TRANSFORMING TO SPHERICAL COORDINATES:

of & il

= U
dp. adp . dp p
IN CONCLUSION THE VLASOV EQUATION GETS MODIFIED AS FOLLOWS:

of of 8f1—u2] 9 [D 6f]

gvis G = el U T1) Attt ol ol aa e

40



THE EFFECT OF INHOMOGENEOUS MOTION OF
THE BACKGROUND PLLASMA

1 /1
LET US PROCEED IN A SIMILAR WAY AS DONE BEFORE: fo(p,t,2) = 5 / duf(p,t, u, 2)
—1

of 9F  Lav dr. ofl il 01, O
ot +(u+vu)az c? dz(u—i—v,u) [8}9“—'_8# ) - di D““@u
THIS RETURNS THIS IS NEGLIGIBLE THIS REgURNS THE

ORDER (u/c)?

ZER0) WHEN SIN.CE AT ZERO SAME REBSEILF- AL
EN T EGR AT ED RPER  fg. 15 BERORE GLER-ON
BETWEEN -1 AND 1 ISOTROPIC INTEGRATION

1/1 Edudf , 1Edu 0fy 1ldu 8f,
2

dp— — == -V = - —p——
i b2 dz 6‘va 3¢ dzvap 3dzt op

HENCE THE EQUATION IN THE GENERAL CASE BECOMES:

3. 35 1<du) ar, [R %]

e 0 i\ lte g s

WE CONFIRM THAT NO ENERGY CHANGE OCCURS IF THE PLASMA VELOCITY IS UNIFORM!



A SIMPLE APPLICATION:
THE TRANSPORT EQUATION APPROACH TO DSA

8f() 8f() 1 du 8f0 8 ’ 6f0-
- (= )p= =+ |D—
ot dz

gz 3 pé‘p_g_ 0z

DOWNSTREAM Advection Compression Diffusion

UPSTREAM

THE EQUATION WE JUST FOUND DESCRIBES MANY
PROCESSES, SUCH AS THE DIFFUSION OF COSMIC RAYS TN
THE GALAXY. BUT ALSO THE -PARTIC] E-ACCEL ER ATIGN
AT SHOCKS!!!

—co Foo

FOR A PLANE PARALLEL SHOCK:

U2 du

- = (u2 —u1)d(2)

LET US ALSO ASSUME STATIONARITY!
42



UPSTREAM solution

LET US ASSUME STATIONARITY (LATER WE SHALL DISCUSS IMPLICATIONS)

IN THE UPSTREAM THE EQUATION READS

9 1.0f] Of 9 |p9f ¢
0z D@z u@z_o iy 0z az_“ =Y

- FLUX IS CC)NSERVEDI

THE SOLUTION THAT HAS VANISHING f AND VANISHING DERIVATIVE AT
UPSTREAM INFINITY IS

fap) = foexp [2] o| DY o = wifolp)



DOWNSTREAM solution

IN THE DOWNSTREAM THE EQUATION READS

d 1 af of 0 8f .
0z D&‘z uc’?z_o o 0z 8z—u =

FLUX IS CONSERVEDI

NOTICE THAT WE HAVE REQUIRED STATIONARITY AND OBVIOUSLY THE ONLY
SOLUTION THAT IS CONSISTENT WITH THAT ASSUMPTION IS

f(«’_’fg__?f_)_________._.ﬂ.me t+dit f(z,p) = constant = fo(p)

0
Daﬁlz—)O"' =0

44



AROUND THE SHOCK

INTEGRATING THE TRANSPORT EQUATION IN A NARROW NEIGHBORHOOD OF
THE SHOCK WE GET

n9f
8z

Of 1 dfo

(s U 5

oy . =0
8Z z—0 +3

z—0T D

WHERE WE USED du/dz=(uz-uq)6(z)
REPLACING THE EXPRESSIONS FOR THE DERIVATIVES DERIVED BEFORE:

1 dfs
dp

—u1f0(P) Ay (Uz = ul)P =0 P > DPinj

3

WHICH HAS THE SOLUTION:
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SPECTRUM OF ACCELERATED PARTICLES

" ¢ THE SPECTRUM OF ACCELERATED PARTICLES IS A POWER
. LAW IN MOMENTUM !

- ¢ THE POWER LAW EXTENDS TO INFINITE MOMENTA!!!

| $THE SLOPE DEPENDS UNIQUELY ON THE COMPRESSION f

,  FACTOR AND IS INDEPENDENT OF THE DIFFUSION |
PROPERTIES |

{ ¥NO DEPENDENCE UPON DIFFUSION (MICRO-PHYSICS)



NOTES ON PERPENDICULAR DIFFUSION

WHATEVER THE SPATIAL COORDINATE IS, IT IS EASY TO WRITE THE DIFFUSION COEFFICIENT STARTING FROM
THE DEFINITION OF THE SPATIAL DISPLACEMENT:

(AziAzs) = { / drvi(r) / d6vi(€)) / / w(rImile

LET US SEE WHERE THIS LEADS US TO:

(Az;Az;) /dT/ d&{v;(T)v; (€ /dT/ dé(vi(7)vi(€)) =
=/d7'—/ d€ (v; (T — &)v; (0 /dT—/dfvz (& — 7)vi(0))

WHERE WE USED THE FACT THAT THE CORRELATION CAN ONLY DEPEND UPON THE TIME DIFFERENCE AND
NOT ON ABSOLUTE TIME (IF THE PERTURBATIONS ARE HOMOGENEOUS IN SPACE). INTEGRATING BY PARTS (SEE
NOTES):

i A D /O i
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NOTES ON PERPENDICULAR DIFFUSION

HENCE, WE CAN DEFINE THE QUANTITY:

X. t > :
§§<AQJZA$Z> — L d’T(’Uz(T)’UZ(O)) = /0 dT('Uz'(T)'Ui (O)> = Ki;

LET US CONSIDER THE CASE WITH NO E-FIELDS AND MAGNETIC PERTURBATIONS ONLY IN THE X-Y PLANE

THE SOLUTION OF THESE EQUATIONS CAN BE WRITTEN IN THE FORM:

dvg (U . 5&)
dt . B v (t) = A(t)cos(Qt) + B(t)sin(dt)
dv ob. ;
B~ (- + 0.2 uy () = B(t)cos(Qt) — A(t)sin(Q)
BY SUBSTITUTION ONE IMMEDIATELY GETS: v5(t) = v;(0)cos(£2t) + v,(0)sin(2t)+
t
cos(Qt)/ dt’ [—UZQ@COS(Qt,> - vzﬂ@sin(ﬁt’)} -+
0 By Bo
2
sm(ﬂt)/ dt’ [—vzﬁéﬂsm(ﬂt')+vzﬁ@cos(ﬁt’)]
0 BO BO

AND A SIMILAR EXPRESSION FOR vy(t) 48



NOTES ON PERPENDICULAR DIFFUSION

AT THIS POINT WE DEFINE THE VELOCITY OF THE GUIDING CENTER

1

i
Uz ylt) = 7 /t di v, (1) T = gyroperiod

AND AFTER SOME ALGEBRAIC STEPS WE SHOW THAT:

5B ASSUMING THAT THE PERTURBED
Uy (t) = v, ——22 FIELD CHANGES SLOWLY UPON ONE

Q—/ GYRATION

. /O G (_B%Y /O Gl (00BLsE )

NOT THAT EASY AN OBJECT!!! IT IS AN HIGHER ORDER CORRELATOR...

AT ZERO ORDER ONE COULD SPECULATE THAT v, = vu and dz = v dt

vlp| [~ 0B.
Koz — =5 dz(6B;(2)0B;(0)) ~ v|ul ( ) L

WHERE L IS SOME SCALE OF ORDER OF THE PERTURBATION... THIS SCALING (FIELD LINE RANDOM WALK) IS
TYPICALLY NOT RIGHT, AS SHOWN IN SIMULATIONS, BUT IT REPRESENTS A FAIR TRY... 49



WHY WOULD YOU WANT MORE?

THE WHOLE STRUCTURE WE BUILT APPLIES TO SMALL PERTURBATIONS—NOT ALWAYS THE
CASE

TURBULENCE IS COMPLICATED, MANY SUBTLE ASPECTS TO TAKE INTO ACCOUNT
(ANISOTROPY, INTERMITTENCY, COHERENT STRUCTURES, DISSIPATION, ...)

PERPENDICULAR DIFFUSION IS STILL SUBJECT TO MUCH DEBATE, SEMI-ANALYTIC
APPROACHES OFTEN DO NOT COMPARE WELL WITH SIMULATIONS

THERE ARE SITUATIONS IN WHICH ONE OR THE OTHER OF THE ASSUMPTIONS FAILS

DIFFERENT TYPES OF PROBLEMS ARE TREATED WITH DIFFERENT APPROACHES: PIC/
HYBRID SIMS., SYNTHETIC TURBULENCE, MHD TURBULENCE, ...) WHICH THEMSELVES
HAVE DIFFERENT CAVEATS



NUMERICAL SIMULATIONS OF PARTICLE DIFFUSION:
SYNTHETIC TURBULENCE

YOU CAN FIX THE SPECTRUM AND MORPHOLOGY OF THE TURBULENCE AND GENERATE SYNTHETIC MAPS ON
A GRID...ON TOP OF THAT TURBULENCE YOU CAN PROPAGATE TEST PARTICLES TO INVESTIGATE THEIR
TRANSPORT PROPERTIES

0.8 T —1— FOR INSTANCE YOU CAN STUDY THE PITCH ANGLE
DIFFUSION COEFFICIENT AND COMPARE IT WITH THE
QUASI-LINEAR-THEORY WE INVESTIGATED

THE RESULTS ARE IN EXCELLENT AGREEMENT FOR
SMALL VALUES OF dB /By AND AWAY FROM pu=0

—— QLT AT MZO THE SIMULATIONS SHOW THAT THE RESONANCE
||||||||||||||||||||||||||||||

0.0 e e T s b0 6o 6r0 os  Tog S BROAD ENOUGH FOR PARTICLES TO CROSS OVER...
1 THIS CAN ALSO BE UNDERSTOOD IN A PHYSICAL
Dundovic+2021 MANNER (FOR FINITE VALUES OF 0B/ By)
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NUMERICAL SIMULATIONS OF PARTICLE DIFFUSION:
SYNTHETIC TURBULENCE

10 7 o T T 1 ONE CAN ALSO CALCULATE THE PATH LENGTH FOR PARALLEL AND
10 f ¢ AL B o _.* . a 14 PERPENDICULAR DIFFUSION FOR DIFFERENT TURBULENT SPECTRA (THIS
T S TS 3 IS FOR KOLMOGOROV):
:\~100;‘4:A‘A““‘A:..e é
Y R o Yo« e e+« «INOTICE THAT THESE SIMULATIONS ARE EXTREMELY CHALLENGING
E * ° ° ° o« * .o.o. ’ 3
N R R R i NUMERICALLY, BECAUSE YOU NEED TO HAVE IN THE SAME BOX THE
10~ e o © °... R
fytee e vt . .. .JLARGE SCALES (>>COHERENCE), IMPORTANT FOR PERPENDICULAR
1072 10~1 10°
o Jloe TRANSPORT AND THE SMALL SCALES (<<LARMOR RADIUS) TO
Dundovic+2021 IDENTIFY THE RESONANCES
100 B e o ew e Brpeg o g g
10-! '\\__\_'...- ........ BOTH D, AND D. GROW WITH ENERGY BUT THERE IS EVIDENCE
TeTEre-aLs e e e e Ry, 0,
N =<0 N THAT THE ENERGY DEPENDENCE IS DIFFERENT
2 R N Y R Tt T IINNEN
— ~-~~ [ ] S
N0 = ~a \. e \.\
''''' —_. G AR =
b e mm—os - ME@I. Ny, WE TRIED TO UNDERSTAND THIS IN THE CONTEXT OF THE SO
* 0B/Bi=10 —- UNOT *§ CALLED NON-LINEAR GUIDING CENTER THEORY, BUT WE FAILED.
_ ® §B/By=5.0 ope
R S T THERE IS AT PRESENT NO EXPLANATION FOR THIS BEHAVIOUR

7g/liso 52



NUMERICAL SIMULATIONS OF PARTICLE DIFFUSION:
MHD TURBULENCE

INSTEAD OF GENERATING THE TURBULENCE IN A SYNTHETIC MANNER, ONE CAN USE MHD SIMULATIONS OF

A PLASMA AND STIR THE BOX UNTIL TURBULENCE DEVELOPS

THE TURBULENCE THAT RESULTS FROM THIS PROCEDURE OFTEN DEPENDS ON THE WAY YOU STIR, BUT SOME

GENERAL CONSIDERATIONS CAN BE IDENTIFIED:

4p IN THE PRESENCE OF AN ORDERED FIELD, ALFVENIC TURBULENCE DEVELOPS ANISOTROPICALLY, WITH
PERP PREVAILING OVER KPARALLE (THIS PHENOMENON IS KNOWN AS GOLDREICH-SHRIDHAR SPECTRUM)
AND THE POWER IN PARALLEL MODES QUICKLY BECOMES TO SMALL TO BE HELPFUL FOR SCATTERING (LACK
OF RESONANCES). DEEP IMPLICATIONS FOR CR (E.G. YAN & LAZARIAN 2004)

4p THE SPECTRUM OF FAST MAGNETOSONIC MODES SEEM TO CASCADE ISOTROPICALLY, BUT DAMPING???

4p AT SOME SMALL SCALES (THAT IN THE SIMULATIONS ARE DICTATED BY NUMERICS) DISSIPATION OCCURS

4p ON THESE SCALES, IN NATURE, ONE CAN EXPECT RECONNECTION EVENTS (SEE LECTURES BY SIRONI)
53



Ey(k)/(B3La

NUMERICAL SIMULATIONS OF PARTICLE DIFFUSION:
MHD TURBULENCE

MANY GROUPS HAVE CARRIED OUT THE EXERCISE OF GENERATING
MHD TURBULENCE AND DESCRIBE PARTICLE TRANSPORT

THE: DYNAMIC RANGE IS FEYPICALLY VERY SMALL AND ‘IE I3
DIFFICULT TO INFER VERY DEEP CONCLUSIONS ON CR TRANSPORT
IN THE RANGE WE ARE INTERESTED IN

[ T T TTTIT] T T T TITT] T T T TITT] T T T TITT] 1 p1
— Eq. (53) Dundovic et al. (2020) ‘
103 | . 'y =
- I
j/(kdisslc) | '8/
I 102 b ' | */ -
= I ~ 72 =
| o - | x/ "o
| 3 o | x/
} Seat O e | =
& = | x,/
N n
T — : x x '/
i i | 100 & : | ex—7 i
104 | - - ‘
5 | | - X_L,L’"’x T /
't l H : - | [
10_5 S S S S S W N | 5 N B 10—1 Lol L1 ||||||| ] MERET| Ll
109 101kL 102 10— 2 10—1 100 101
A
Tg/le 54
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SO FAR SO GOOD...BUT SOMETHING NEW
POPPED OUT — PARTICLE TRAPPING

e wm VAR AN LR
- \ “w Ln‘,f“ S i
wm N\
> as:\"
e ";1 - J N s
ARt s : ’

e & v
2 17
& =i % !“l.“ i
SRS TR .
(o) o
& By

=

i r by OUT OF 100,000 PAREICLES SEENM TO EXPERIENCE TFHIS PHHENONENE@INS
BUT HIOSE FEVW PARTICEES BEHAVE IN VERY PECULIAR MANNER



PARTICLE TRAPPING —
EXPONENTIAL ENERGY INCREASE

100 -

+ FOR THE LONGEST TIME MM
PARTICLES SIMPLY DIFFUSE IN -
SPACE (AND ENERGY)

rg/lc

+ THEN EVENTUALLY A FEW OF 101 -
THEM GET TRAPPED |
SOMEWHERE 35

|

30 1 |

|
+ DURING THOSE PERIODS THE %19 11
|
|

ENERGY GROWS o AW
EXPONENTIALLY 157

10 - l zp () I
I I

5 - | — yp(t) |
I

I

+ ...UNTIL THEY EVENTUALLY | — =0

0

ESCAPE THE TRAPPING REGION 0 ; 10 15 20

t’UA/lc
Pezzi, PB & Matthaeus 2022




SELF-GENERATION OF PERTURBATIONS

CHARGED PARTICLES MOVING IN A PLASMA CAN GENERATE UNSTABLE ALFVEN MODES WHICH IN TURN
LEAD TO AN ENHANCEMENT OF PARTICLE SCATTERING: WE CALL THIS PHENOMENON SELF-GENERATION,
AND WILL BE COVERED IN DETAIL IN THE LECTURES OF A. MARCOWITH

THE FORMAL DERIVATION RELIES ON AN ANALYSIS NOT VERY DIFFERENT FROM THE ONE DISCUSSED EARLIER,
Bt THERE 15 A MORE PHYSICAL WAY TO ESTIMATE THE RATE OF GROWTH OF THESE PERTURBATIONS, AS
SUGGESTED BY KULSRUD

DIFFUSION IN THE Z DIRECTION LEADS TO SLOWING DOWN OF THE CR BEAM: THE MEAN MOMENTUM
DECREASES WHILE PARTICLES TRY TO SLOW DOWN FROM THEIR DRIFT SPEED TO THE ALFVEN SPEED

THIS “LOST” MOMENTUM NEEDS TO BE TRANSFERRED TO THE OTHER ACTORS ON THE SCENE (THERMAL
MOMENTUM AND MOMENTUM OF THE WAVES)

ALL THIS SHOULD HAPPEN ON THE TIME SCALE SCALE FOR DEFLECTION BY 90 DEGREES

1 1
fgg o~ =

D99 > Q‘F(kres)
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SELF-GENERATION OF PERTURBATIONS

2
df.. n.miyv. -V ) dP 0B~ 1
namn, e n my, — - =
dt T dt 8t V,
RATE OF MOMENTUM LOST BY CR BEAM RATE OF MOMENTUM GAINED BY WAVES

BY REQUIRING A SORT OF BALANCE BETWEEN THE TWO RATES ONE CAN ESTIMATE THE RATE OF
GROWTH OF THE WAVES:

)/W 5 \/5 nCR VD - VA Qcyc
n V.

gas

WITHIN A FACTOR OF ORDER 2 THIS IS THE CORRECT GROWTH RATE

- 3 L
) ncr(> p) vp vAQC . 47p° f (p) vp vAQC L

Ngas VA Ngas vA

kres(p)
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MANIFESTATIONS IN DSA

WE HAVE SEEN THAT THE SPECTRUM OF PARTICLES ACCELERATED AT A SHOCK IS A POWER LAW IN
MOMENTUM. IN THE LECTURES OF D. CAPRIOLI YOU WILL SEE THAT FOR A STRONG SHOCK THE SLOPE IN
MOMENTUM TENDS TO 4. IF PARTICLES CARRY AWAY A FRACTION Ecr OF THE RAM PRESSURE, IT IS EASY TO SEE

THAT
3€C'va2 ( P )_4 (pmaa:>
own g A — ln
/) dmpgeA \ po Po

HENCE, REPLACING IN THE PREVIOUS EXPRESSION AND REARRANGING THINGS:

3¢crov? (p\ ™ 1 wvsqBo  3fcrpviv, va B§
yw (k) = = - Up —
cApg Do Tgas UA HlnC AlUlg cri(p) 47
UPON INTRODUCING THE ALFVEN MACH NUMBER Ma=Vs/Va
—1 5
{CR 2 U, UA v (1Gel ) ~.3 x 1073

C ’I“L(p) FOR TYPICAL ’YW (]-PGV) o 104y'r

PARAMETERS
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MANIFESTATIONS IN DSA:Evax

YOU WILL SEE IN THE COURSES OF MARCOWITH AND CAPRIOLI THAT

1) OTHER INSTABILITIES ARE GENERATED BY THE CR STREAMING

2) THE EFFECTS OF ONE OF THOSE INSTABILITIES (NON-RESONANT CR STREAMING INSTABILITY) IS MORE
IMPORTANT THAN THIS ONE FOR REACHING HIGH VALUES OF THE MAXIMUM ENERGY

BUT IT IS INSTRUCTIVE TO SEE THAT SINCE MOST OF THE ACCELERATION AT THE HIGHEST ENERGIES IN
SUPERNOVA REMNANTS OCCURS AT THE BEGINNING OF THE SEDOV-TAYLOR PHASE (TYPICALLY A FEW
HUNDRED YEARS AFTER EXPLOSION) THE MAX ENERGY CANNOT BE HIGHER THAN A FEW TENS OF TeV

IT GETS WORSE, SINCE THE ALFVENIC MACH NUMBER RAPIDLY DROPS WITH TIME AND WE NEGLECTED
DAMPING OF THE PERTURBATIONS, WHICH ARE CRUCIAL IN THIS PROBLEM

YOU JUST TOUCHED BY HAND WHY IT IS SO DIFFICULT TO ACCELERATE PARTICLES IN ASTROPHYSICAL
SOURCES

...AND IN THE ABSENCE OF THESE INSTABILITIES IT IS BASICALLY IMPOSSIBLE TO REACH ENERGIES LARGER
THAN A FEW GEV
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MANIFESTATIONS IN GALACTIC CR TRANSPORT

THIS IS ANOTHER APPLICATION OF OUR SIMPLE TRANSPORT EQUATION:
OUTSIDE THE DISC OF THE GALAXY THE SIMPLEST VERSION OF THE TRANSPORT
EQUATION READS:

e T D 5 = constant

Galactic Halo

TOGETHER WITH THE BOUNDARY CONDITION THAT F(Z=|H | )=0 (FREE ESCAPE
BOUNDARY CONDITION) LEADS TO

2 e o " ngas Bo mye Z( U« H Elk..)
1 1
D(p) g,”L(p)v]:’(kres) 61



MANIFESTATIONS IN GALACTIC CR TRANSPORT

IF ONE TAKES THE REFERENCE VALUES OF THE PARAMETERS FOR THE HALO, AND RECALLS THAT FOR
PARTICLES IN THE GEV ENERGY RANGE THE PRESSURE IS SIMILAR TO THAT OF THE MAGNETIC FIELD, THE
GROWTH TIME CAN BE ESTIMATED AS ~(H/VA)F ~ 500 YRS.

IN THE CASE OF THE GALAXY THE GROWTH OF UNSTABLE ALFVEN WAVES IN THE HALO IS MAINLY LIMITED
BY NON-LINEAR LANDAU DAMPING, FOR WHICH

FD — kCS.F

THE CR PRESSURE DROPS WITH ENERGY AS Pcr~E-07 (PURE OBSERVATION!) HENCE:

VA T'L(E) 0.7 2 5 140.15
PD = YW — F(k’l‘es) ~ ECjeV ~ 10 EdeV
H e
1 1 NOTE HOW IN THESE APPROACHES THE

S8 E0-85 DIFFUSION COEFFICIENT IS AN OUTPUT OF
THE PROBLEM

D(v) ~ 371l

'res) &



MANIFESTATIONS IN GALACTIC CR TRANSPORT

THE COMBINATION OF SCATTERING OFF PRE-EXISTING TURBULENCE AND SELF-GENERATED TURBULENCE
LEADS TO A CHANGE IN D(P) AT FEW HUNDRED GV [PB, AMATO & SERPICO 2012, ALOISIO & PB 2014,
ALOISIO, PB & SERPICO 2015, EVOLI+ 2019] — THIS PHENOMENON REFLECTS IN SPECTRAL BREAKS
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INTERESTINGLY THE REAL PROBLEM SEEMS TO BE TO UNDERSTAND THE SCATTERING FOR HIGH ENERGY CR,

MAINLY DUE TO THE FACT THAT ALFVENIC TURBULENCE BECOMES ANISOTROPIC AND FAST WAVES DAMP
(KEMPSKI&QUATAERT 2022)
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INSTABILITIES AND KESCAPE

THE PROBLEM OF HOW PARTICLES LEAVE THEIR ACCELERATION SITES OR THEIR CONFINEMENT REGION IS
CENTRAL AND UNSOLVED

WE MODEL IT WITH BOUNDARY CONDITIONS, BUT WE DO NOT HAVE A PHYSICAL PICTURE OF WHY
SHOULD THE GALACTIC HALO HAVE A FREE ESCAPE BOUNDARY OR WHY THE PARTICLES SHOULD LEAVE
THE SHOCK REGION OF A SNR

MOST LIKELY THESE ARE LINKED TO THE DEVELOPMENT OF CR INDUCED INSTABILITIES

WE LOOK FOR MANIFESTATIONS OF THE IMPLICATIONS OF CR ESCAPE

TWO CASES HERE:

4p ESCAPE OF PARTICLES FROM A SUPERNOVA REMNANT

4p ESCAPE OF COSMIC RAYS FROM OUR GALAXY
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ILSCAPE FROM A SNR

THE GRADIENTS IN THE PARTICLE DISTRIBUTION AROUND A SOURCE ARE VERY LARGE AND CAN LEAD TO
EXCITATION OF FAST STREAMING INSTABILITY

IN THE ABSENCE OF NON-LINEAR EFFECTS THE CR DENSITY INSIDE LC REMAINS > THAN THE
GALACTIC AVERAGE FOR A TIME

f ) 1()4EC_;;‘//3 yr

AFTER THAT, PROPAGATION BECOMES 3D AND THE DENSITY DROPS RAPIDLY
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ILSCAPE FROM A SNR

D’Angelo, PB & Amato 2017
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A BULK OF WORK ALREADY DONE (MALKOV+2013,NAVA+2016,D’ ANGELO+2017, RECCHIA+2022)...
DEPENDING ON CONDITIONS (DENSITY, IONISATION) THE EFFECT OF CR MAY BE MORE OR LESS IMPORTANT

AND AFFECT THE GRAMMAGE ACCUMULATED BY CR AROUND SOURCES
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HYBRID SIMULATIONS

tQ= 120 tQ= 540 tQ= 1200

Q4Bl

2000 4000

x/d,;

2000 4000 O

x/d;

4000 O

0 2000
x/d;

Schroer+, 2021 and 2022

¢ THE EXCITATION OF THE INSTABILITY LEADS TO
STRONG  PARTICTLE SCATTERING, WHICH: IN A LRI
INCREASES CR DENSIFEYNEAR THE SOURCE

g THE PRESSURE GRADIENT THAT DEVE]GES
CREATES A FORCE THAT LEADS TO THE INFEATION
OF A BUBBLE AROUND THE SOURCE

g THE SAME FTORCGE EVACUATES: THE BLIBBIE Ol
MOST PLASMA

¢ THERE IS NO FIELD IN THE PERP DIRECTION TO
START WITH, BUT CR CREATE IT AT LATER TIMES
(SUPPRESSED DIFFUSION, ABOUT 10 TIMES BOHM)
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NON-RESONANT CR CURRENT DRIVEN INSTABILITY:
A PRIMER

IT WILL BE SHOWN ELSEWHERE THAT, UNDER SOME CIRCUMSTANCES, CR CAN DRIVE A NON-RESONANT
INSTABILITY, THAT GROWS FASTER THAN THE RESONANT ONE (BELL 2004)

SINCE IT IS NON RESONANT, AT LEAST TO START WITH, THE CURRENT OF CR IS ONLY PERTURBED WEAKLY AND
IT KEEPS DRIVING THE INSTABILITY, ON SCALES MUCH SMALLER THAN Rp. THE INSTABILITY IS EXCITED IF THE

ENERGY DENSITY IN THE CURRENT IS LARGER THAN THAT OF THE PRE-EXISTING By

IN THE CASE OF TRANSPORT IN THE GALAXY: D —f == 0] S ta,nt

0z

THE SPECTRUM OF COSMIC RAYS OBSERVED BY AN OBSERVER OUTSIDE
OUR GALAXY IS THE SAME AS INJECTED BY SOURCES, NOT THE SAME AS

WE MEASURE AT THE EARTH!

nof n9f Qo (p)
(I)esc(p) i 82 =~ = % c=0 = 27TR2
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ESCAPE OF GALACTIC CR

Escaping As discussed above, the current of
fCosmic Rays escaping CRs is very well known

/ Jor(p) = gﬁ 2=H = 623 O}(zg)

Such current in the typical IGM excites a non-
resonant Bell-like instability provided:

Bi= B 2410 €
4

At a wavenumber K, = — JoR

CB()

ey e
and with a growth rate: Ymaz = kmazva = 0.9 yr™ = 04 : EGeVL41 Rlo
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ESCAPE OF GALACTIC CR

COSMIC RAYS SHOULD EVENTUALLY SLOW DOWN
THEIR FREE ESCAPE AND ACCUMULATE AT LARGE
DISTANCES FROM THE GALAXY (~30 KPC)

AROUND EVERY GALAXY THERE SHOULD BE A REGION
WITH B~LcRr!/2 DUE TO THE ACTION OF ESCAPING CR

1HE INTERACTION OF CR WITH THE LOCALLY
OVERDENSE INTERGALACTIC MEDIUM LEADS TO
PRODUCTION OF A QUASI-ISOTROPIC FLUX OF
SECONDARIES (FOR INSTANCE NEUTRINOS)

10 PB & Amato 2019
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