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Dark matter, 1f exists, accounts for five times as much as ordinary baryonic
matter. Therefore, dark matter flow might possess the widest presence in
our universe. The other form of flow, hydrodynamic turbulence in air and
water, 1s without doubt the most familiar flow 1n our daily life. During the
pandemic, we have found time to think about and put together a systematic
comparison for the connections and differences between two types of flow,
both of which are typical non-equilibrium systems.

The goal of this presentation is to leverage this comparison for a better
understanding of the nature of dark matter and its flow behavior on all
scales. Science should be open. All comments are welcome.

Thank you!
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Data repository and relevant publications

Statistics (correlation-based) approach:
n Data https://dx.doi.org/10.5281/zenodo.6569898

Structural (halo-based) approach:
m Data https://dx.doi.org/10.5281/zenodo.6541230

Inverse mass cascade in dark matter flow and effects on halo mass
functions https://doi.org/10.48550/arXiv.2109.09985

Inverse mass cascade in dark matter flow and effects on halo deformation,
energy, size, and density profiles https://doi.org/10.48550/arXiv.2109.12244

Inverse energy cascade in self-gravitating collisionless dark matter flow and
effects of halo shape https://doi.org/10.48550/arXiv.2110.13885

_https://doi.orq/1 0.48550/arXiv.2201.12665

Two-body collapse model for gravitational collapse of dark matter and
generalized stable clustering hypothesis for pairwise velocity
https://doi.org/10.48550/arXiv.2110.05784

Evolution of energy, momentum, and spin parameter in dark matter flow and
integral constants of motion https://doi.org/10.48550/arXiv.2202.04054

The maximum entropy distributions of velocity, speed, and energy from
statistical mechanics of dark matter flow
https://doi.org/10.48550/arXiv.2110.03126

Halo mass functions from maximum entropy distributions in collisionless
dark matter flow https://doi.org/10.48550/arXiv.2110.09676

The statistical theory of dark matter flow for velocity, density,
and potential fields
https://doi.org/10.48550/arXiv.2202.00910

The statistical theory of dark matter flow and high order
kinematic and dynamic relations for velocity and density
correlations https://doi.org/10.48550/arXiv.2202.02991

The scale and redshift variation of density and velocity
distributions in dark matter flow and two-thirds law for
pairwise velocity https://doi.org/10.48550/arXiv.2202.06515

Dark matter particle mass and properties from two-thirds law
and energy cascade in dark matter flow
https://doi.org/10.48550/arXiv.2202.07240

The origin of MOND acceleration and deep-MOND from
acceleration fluctuation and energy cascade in dark matter
flow https://doi.org/10.48550/arXiv.2203.05606

The baryonic-to-halo mass relation from mass and energy
cascade in dark matter flow
https://doi.org/10.48550/arXiv.2203.06899
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Structural (halo-based)
approach for dark matter flow
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The mean flow, velocity dispersion,
. energy transfer and evolution of
rotating & growing dark matter halos

Xu Z., 2022, arXiv:2201.12665 [astro-ph.GA]
https://doi.org/10.48550/arXiv.2201.12665
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Review: In hydrodynamic turbulence, “Reynolds stress” facilitates the one-way energy exchange
from coherent (mean) flow to random fluctuation (turbulence) and enhances system entropy.

Existing study of halos mostly focus on the spherical non-rotating non-growing halos with a
vanishing radial flow (fully virialized halos with slow mass accretion in their late stage).

= Goal 1: Explore solutions of mean flow and dispersions for spherical, Axisymmetric
axisymmetric, growing and rotating halos (fast mass accretion in their ~ ® means no @
early stage) with an effective angular velocity w, (t) and varying size r,(t) dependence.

= Goal 2: Explore the transition of halos from early to late stage

= Goal 3: Explore the role of halos in energy transfer between mean flow
and random fluctuation.

Density: 0, = P, (r,t) Potential: @ = ¢@. (r,t)
Radial flow: u, =u, (r,t) o, =0, (r,0,t)
The polar flow
(meridional flow) : Uy = Uy (l”, Q,t) O-;H - 039 (r,@,t)
azimuthal flow
(zonal flow): u, =u, (r,0,1) O-ci(p ~ O-;(p (r,H,t)
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x Anisotropic parameter should include effect of u,, or
= [he continuity equation reduces to: g, equations and 8 centripetal force:

_'_--_. ) ) 2 2 2 2
=y 1 5(7”2,0;1%) Variables: need extra ; :l_GaeJFGW ol | B :1_0'99+O'¢¢+% New
p +— S =0 closures to solve; h 262 i 262
Zr. ]/. ’/. rr rr
10% g T - -
Observations of flow on rotating sphere strongly suggest - Simulation s !
= that as the rotation rate increases, the azimuthal flow t .
i becomes dominant and the polar flow may be neglected.
With u, ~0 and o>, =0" =0, =0
= 2] ré re 0 1015_
The full momentum equations (Jeans’ equation) reduces to 2
2 0
ou, N ou, N 1 5(%%) N 2 2 Cop+0,, +il, N 0¢, 0 b >
e ur —O0,. — = _ _ _ __ %0 &
Ot or p, Or r 20" or TR R R VAR g
N — y o +ﬂp=3 —e—np=3 +np=4 ’ wl L0
= . 2 1 —p—0n =4 —5-n =4 —p—n =10|g
fa, 2 sinf oo P °_ P_
. For® u =o,-0, + = | o4 Gm(r.1) BECDEIR
Vo cos@ 06 . r— S - —&—1=20 —e—n =20 e |
r r . 2 10 0
o 8 6% au " U 100 | 10 r(I\prcfh) 10 | 10
SForg: —24+u —2+—2=0 0, = 1 om,(r.t) Circle: u,, ; Square: radial flow u, ; Diamond: ug

Ot or r 4zr*  or Polar flow can be neglected 84
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From continuity and momentum equations: = |n hydrodynamic turbulence, angular momentum
2 IS conserved during vortex stretching.
olow) 12l ]
ot e or v Pitly * |n dark matter flow, halo angular momentum is
The halo angular momentum is: not conserved and always increasing with time.
H, = _[Oh 27’ p, (r)(j: u, sin’ Hde)a’r = The Tidal Torque Theory (TTT) relates the

angular momentum to the misalignment between

= Time evolution of angular momentum: the tidal shear field and halo shape.

— K7 7 . or;
Gth =271 p, (rh)jo u,(r,,0)sin 26’61’9(@—2’—@1 (, )j
= The halo angular 5,

&= momentum s

= conserved only if

= TTT predicts a linear increase with time t for halo
with a fixed given mass H, ~¢

—=u,(r
Ot (1) = Agrowing halo may obtain its momentum
through continuous mass acquisition and H, ~ ¢*

However, for ﬁrh Gt > (0 8H
=9~ orowing halos ( ) »
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From continuity and momentum equations: ® In hydrodynamic turbulence, the "Reynolds” stress
facilitates the one-way energy exchange from coherent

@( Ph“; ) | a[( Ph“; )urrz] o u ) (mean) flow to random fluctuation and enhances entropy.
: _ 3 . o — —
N af. o I ﬁf” / — r * |n dark matter flow, the production term describes the
derivative advection -/ production fictitious stress acting on the gradient of mean radial flow
$ Fictitious  4r4dient  to facilitate the energy transfer between mean azimuthal
_ stress flow and random fluctuation.
®#=~ The halo rotational kinetic energy is
= obtained by integration: = Since u, is positive in core region and negative in outer
— region, the energy transfer is two-way, i.e. energy is drawn
K, = EJ‘O 2y I (Ph )sm 0dOar from random motion to mean flow in outer region and from

mean flow to random motion in core region.

\ 4

= However, for entire halo, there is a net transfer from mean

B Time evolution of rotational kinetic energy: flow to random flow to enhance the halo entropy.
: ;’i‘f‘- oK 2 . or o o U T, 1: surface contribution from
e — =77, (rh)jo (rh,H)sdeH(a—;’—u rh)j—J‘O 27y Py (IO u, smﬁdﬁ)a’r mass cascade

. . 2 Y ” 2: bulk cont. from energy transfer
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Key: decomposition of velocity dispersion: |
separation of -y, (1-,6,1)=a, (1)r, (1)F,(x)K,(6)

— Introduce reduced x(r,t) __r __¢r variables: ¢
= spatial/temporal coordinate: r(t) (1) ) ( 00 ) ; ( 00 ) ; ( P ) 5 ( )
- o (r,0d=0,1)=0,(r,0=0,1 =0, (0= JL)=0,\7,!
A== 039 (7’, 6',1) = Gfo (’”J) Ta, (r,t)u; (7”, HJ) * Spin causes velocity anisotropy; Velocity dispersions can
Yy DY ’ be expressed as a function of azimuthal flow u,,.

1: Axial-dispersion 2: Spin-dispersion| = Velocity dispersion is expected to be isotropic for non-
— 2 ’ rotating halos with a spherical symmetry.
—0,,(r0.t)=05(r.t)+ B, (rt)u,(r.0.t) | . For spherical halos with a finite spin, velocity dispersions

o (r, 99;) =0, (r,t) +7, (r,t)u; (r, (9,;) are only isotropic along the axis of rotation (6=0)
' Halo spin E‘a) aln;?/\ Mass
+ bt : cascade

&= Momentum 6u(p 6u(p u.u, 0 o OlnF, “h (x) x( Olnt  Olnt j
== ; i:.. ..: . . - _|_ ur _|_ — —

= equation for ©: Py or B Olnx leln’”s —u, (x) —— Radial flow

nt

= Momentum , . _, sin@ oo, with an 1+8,-a,
o o9& _ — . 4+ . . ay —
B cquation for g: Yo =90 TP Ty 50 = K,(0)=(sin0) angular G 2a

exponent @
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Momentum & au 1 0(po.) 2 2(1_0§e+05¢+”a+5¢r_0

equation forr: 5, T +10h PV 207 Py
Equation for axial-dispersion: ‘ Equation for spin-dispersion:
op,0 oln(y,u,) olnp rF, (7t
8ur+ur8ur+ 1 (Ph r0)+a¢’"+Fa(r,t):O and 8\140 of . = I : )
Ot or p, Or or nx nx Yoy
The coupling function reflects the coupling between axial-dispersion and spin-dispersion
Two anisotropy B = 1-a, o = (a(p + 5, +1)
. hl 2 2 a
parameters are related: 1+o;0/(7/¢u¢) 2y,

For virialized “small” halos with slow mass accretion (late

2 2
stage), the axial- and spin-dispersions are decoupled. I, (r,t) =0 and O, >y u, = p,=0

!'{-;7._‘ 2 Axial-dispersion is dominant to balance grauvity.

For “large” halos with fast mass accretion (early stage),
4 ® the axial- and spin-dispersions are decoupled. a Py

0
F (r,t)z— 9, and O'rzo < 7/¢u;‘ﬁh1zl_aa

Spin-dispersion is dominant to balance gravity.
88
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We still require a clear definition of “small” and “large™ halos.

Enclose mass within radius r Halo density The ratio of core mass to halo mass:
F(x m, (1) F (x F(1 1
mr(r,t)zmh(t) ( ) ph(r,t)z h(3) 2( ) Cr= ():mr(rs )
F(c) 4rzr} x*F(c) F(c) m,(¢)
Peak height: From spherical o is (root mean square) fluctuation of
collapse model the smoothed density
V= §cr/0(mh,z) 0, ~1.68 At same redshift z, large halos has higher v
Properties of “large” halos: Properties of “small” halos:
= Early stage of halo life with high peak height v = Late stage of halo life with low peak height v
= Extremely fast mass accretion = Extremely slow mass accretion
= A growing core with scale radius r~t = Astable core, constant scale radius r; and
= Growing halo size r,~t and halo mass m, ~t constant core-to-halo mass ratio Cy

= Constant halo concentration ¢=3.5 (limiting ¢) = Increasing concentration c~t*3~a and m,~F(¢)

89
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Couplin 10° ———y
Foho Meanflow:  Velocity dispersions: |
F (rt)=0 u.=u,=0 o’ =0, =0,+u,
Anisotropy parameters :  ¢f_ =1 :Bhl = () ol
Angular exponent : o, =1 o
_ 5 _ _, =0
1+a¢—,3¢—7/¢ a(p—l ,B¢—7¢—2 S
10° F
Properties of “small” halos (continued):
" Virialized and bound with vanishing radial flow
2 = Incompressible (proper velocity) with V-v =0 T %o
B " More spherical and isotropic an_z w T
B = Axial-dispersion dominant over spin-dispersion r (MPc/h)

9.1 = = Azimuthal flow u,, strongly dependent on polar angle 0

§ = Negligible surface energy The variation of mean flow and velocity dispersions

from N-body simulation

90
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Northwest ENErgy equipartition along three directions

Table 2. Velocity dispersions for rotating and non-rotating halos

Radial () Azimuthal (@) Polar (@)

Rotating halo Random of; = G'fo + 2”; 0';;» = 0':‘0 + 2”; 0'929 = O'fo + “;
(Eq. (9) Mean flow 0 , 0
Non-rotating halo Random o’ =0, =0, 0";} =c, Ooy =0y
(Eq. (50)) Mean flow 0 0 0

Due to finite spin, kinetic energy is not
equipartitioned along each direction with the
greatest energy along the azimuthal direction and
the smallest along the polar direction.

Different from usual objects, halos are hotter with
faster spin due to energy transfer between mean
flow and random motion.

"H}i_ T T T T T 1

10 [

10° |

| =— .5,_4..‘ x for 1‘-lp:[‘:l 8] 8 - x, for nP:[l 00 200]

1 it M for HP=[4 8] = v o for nP=[1 00 200]

| —— o for np=[2t: 40] e 3 -ar for nP=[5 00 1000]
) -y for np=[2D 40] = = a.!"_ﬂ::.-" for np=[5 00 1000]
10° 107 10
r (Mpc/h)

The variation of dispersion parameters
G<P’ B<P’ and Y<P 91
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%or]Lér:II:)r;]g Mean flow:  Velocity dispersions: "ﬂ'ﬁg S S i R SR R T

2

— 0 _ 2 2 2
— F;(r,t)z_ﬁ ue—o O —O-¢¢—O-99+u

rr ¢
or
Anisotropy parameters : IBm ~ ,Bh 0k n_=[5001000]
i Angular exponent : o, K 1

l'~11112."sE

p,=a,+1  a,>1 y,~a,+10

107 F

E— —"ﬁf}
Properties of “large” halos (continued): — oy
= Non-virialized with non-zero self-similar radial flow — , —0, ¢:ﬂf§5
* Spin-dispersion dominant over axial-dispersion o T .
= Azimuthal flow u, is less dependent on polar angle 0 r (MPch)
= Non-zero surface energy The variation of mean flow and velocity dispersions

from N-body simulation

92
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Radial flow: ¥, (X) =Uu, (7”) =X—— From NFW Profile ——1=[100500]
I/:V(t) F(X) n=[41 —n =[53001
Azimuthal F(x) p_[ a ;100 1000]
flow: u(” (l’, g’t) - u(" (X, 9) - afa)h (t)]/:? (t) X 10° f _ﬂp_[lﬂ 100
Axial- 5 ovx F?(x) ) e 2F (x) - 2F*(x)
dispersion: 70(¥)= 47[202F'(x){x2F'(x) ) L x> F(x)x’ i %m
Angular (3 1) ¢ . 16>,
velocity: ** {2% 2JF e, A T
"H:ID =
Dispersion oy < F*(y)F (») F(y)F (y)
E parameter: 7/‘”(x)_F2(x)F'(x){18L y’ dy”’fjx ! D
: _1{|-1 L
97Z2F(C) - 0 rMpety 1
- AT A

== Deformation
‘ - - a +5 +1 1-a
4 ¥ parameter: Anisotropic ( @ 'Bcv ) ,3;,1 — a

a, parameters: @, = 27,(/) 1+ O'fo / ( 7¢u; )

The variation of azimuthal flow from
N-body simulation and comparison
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10° p R e — . ; — g T ; ———
- The variation of angular exponent ag and i | Variation of new (1) and traditional
[ anisotropic parameter a, | '. ' anisotropic parameter ([3,,) and comparison
[ 1 [ : -
. i 1 L - -, ‘ \
L 1 E =
- 1
T
' -
L -
i§ - ;"'#’ i
[ |t forn =[48] - - ., forn =[2040]
ol ;l,.* I P hl P
107 | vy ; — o forn =48] ——a forn =S[100200] § | o[ RO  fy fern SI00 200 1]
; .: L - -0, B =48] - -, forn =[10020] ; ul ‘ —— i, forn =[100200] - - B,  forn =300 1000]| |
~1, o, for 1y ={20 40] —— a1, forn,=[500 1000] 1 ; e}, forn =500 1000] mmmuPredicted
] - - o forn, =[2040] - - -, forn ={500 1000] 'I: = = -/, forn =[4 8]
10 L—T 1 ' I I | r  S— — B ! — ’ |

-2 -1 a q
10 10 10° gy 1t

r (Mpch) ° r {(Mpc/h)




Northwest Halo momentum and energy in terms of F(x)

Moment of inertia: Angular momentum:

Mean square radius:
rz—ij‘rh47zr2 ( )rza’r—r2 1- 2 er(x)dx = y?p? Iwzgmhrgz Hh:za)hrgz
— g mh 0 IOh ~—'h CZF(C) 0 T yg h 3 3
(physical) 3 Specific momentum tensor:
radial linear [, =— | "4zr’p,u dr = (1— i (x)dx)l—[r - 7

s — — momentum: I h ( )'[ h | th/3 _Hh/2 0

=— (peculiar) —j X@llppth: Hh/z th/3 0

- - 1 4 ¢ m, °V
8  radial linear L, ——j 47cr’ pyu,,dr =—| 1- jo (x)dx |Hr, h 0 0 th/?,
—— momentum: 2 eF(e) | - §
| (physical) 1 o

¥ = (phySICaI) G :LJ‘F" 472'7"3,0 U dl" 23 1— 3 '[CXF(X)CIIX Hr2 I’adlal k|net|C K :2_ urz (raa)47””2,0h (r,a)dr

= virial quantity: e ¢*F(c) %0 h energy: m

(peculiar) 1

(peculiar) 1{ 5 e , S
= " «. G =—/|"4xr’pu, dr==|1-— xF (x)dx |Hr; radial kinetic &, =5
virial quantity: j W F(C)jo energy: h

Angular H - 11y e (G _G ): 1 1)y < 12 Rokfﬁgﬁgall{ :—I 271 p,, ( (I —u smé’dﬁ)a’
momentum: " la, 3 F(c)af o a, 3 F(c)af 8 !
energy. 95

rh u2 dzr’p, (r,a)dr
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Two definitions of spin parameters:

——— 1/2 1/3
H, |E ' H,
= A= h| h| and ﬁp NG Mean square . =y r=v.a 2Gm,
= Gmh chr radius: £ g £ ACHS
= Halo (specific) energy and angular momentum: /s
E =0 +K and H =+ Hy> Virial 2__p Do = 1 A, H Y 41
== h h h h 7/H h dISperSIOH O-v h 3 3 7@)/1/ 2 (Gmh 0) a

[ (specific) potential energy:

._ ;_.._;:_ . . cFx F' X
(Dh _— Gmh _ _mLJ'O 472'1”2,0h (r,a) Gm r g — _%%DA H2Vh2 and Ve :[ C J’O ( ) ( )dx} ~ 1
h

X

1= & Halo (specific) kinetic energy and rotational kinetic energy:
' 1 3 Circular v, = JA /2Hr, =37 Hr
K,=3/20, =(n,/2)®, and K, z5|Hh|50h =z(|Hh|/’”g )2 velocity: " o[ 2Hr, g

B 4 n, | K, 2 A K ;/H Spin parameters

between rotational and
virial kinetic energy

“ - 9 ." ' 27/ Ka 1 Ka '
o =7, L=§7/g\/27/®7v > —> /1p—3ﬂ_\/_~0038

v
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Table 3. Relevant parameters for two different density profiles Table 3. Relevant parameters for two different density profiles
Symbol ~ Physical meaning Equation Isothermal ~ NFW profile Symbol  Physical meaning Equation Isgilz_ﬁgal T;if Cl: m_ﬁz)e
.proﬁle with , =0 with &, =1 and ¢ : 3.5
AL mdeoss Specific virial quanti Eq. (102) 0 :
F(x) Function for density p, Eq.(33)  «fc In(1+x)-x/(1+x) G, pectiic virial quantity q- (102) -0.027 Hr;
1 - ; 2 2
a, Deformation parameter Eq.(66) 1.0 0.833 Gig Peculiar virial quantity Eq.(103) -Hr'f3 0348
f Deformation rate parameter ~ Eq. (69) 0 12 H Specific angular momentum _ Eq. (105) Hr; 0511Hr,
i : ,
; : 1.5H 238H
a; Constant for functionF@ (x) Eq.(77) 2¢ /3 9.20 D Angular velocity Eq. (81)
Radial kinetic ener Eq. (108) 0 o,
A Constant for equation for 7, Eq.(92)  97%/c 10.895 X, S gy 4. (105) 000028,
K Peculiar radial kinetic energy Eq. (109) g% /6 0.1937H 2
Ve Coefficient for H, Eq. (106) 13 0.511 G S &y *q i g
K Rotational kinetic energy ~ Eq.(110) H*%’/3  0.7658H%
Vs Coefficient for potential ®,  Eq.(113) 1 0.936 - , Fp— —
T— Eq. (115) 15 3 Q, Halo potential energy Eq.(112) -97°H r. -844r°H'r;
& ‘ _ i | ' A, First halo spin parameter Eq.(119) 0.018 0.031
yi=r 1} Ratio of two halo sizes Eq.(73) 13 0.3214 , ,
= £ : : A, Second halo spin parameter ~ Eq. (119) 0.025 0.038
L Specific radial momentum  Eq. (100) 0 0
L, Peculiar radial momentum  Eq. (101) - Hr, /2 -0.5014r,




\‘7/ The energy transfer between mean flow and
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Northwest random flow in “large” high v halos
Two contributions for ch ange of halo momentum Table 4. The rate of change of halo momentum and energy for two different density profiles
/energy: _ _ _ Symbol  Physical meaning Isothermal NFW profile
S1: Bulk contribution from internal exchange with @, = 0 @, =0;c=35
between mean flqw a_nd random flow oL /ot radial momentum 0 0
S2: Surface contribution from mass cascade s Bulk contribution 0 02m 7, /P
Examp|e: [ | S, Surface contribution 0 —0.2m,r, / t
8Zh m,n, 1 1 2 c 0H /0t angular momentum xmtly X mby [ : _1]
=—2* | 1-—— |+ — IOF(x)dx 1 7 4 ¢ |2a, 2
ot ! @) \ @) cr C?r / S, Bulk contribution 0 0
: 5 S, i S, Surface contribution T ﬁ 7 m,Hr; ( 301 ]
* For angular momentum, all contributions from S2, 1 7 4t |\2a, 2
— I.e. mass cascade. oK for  radial kinetic energy 0 0.0062H"r m, /t
=« For radial kinetic energy, two contributions are S, Bulk contribution 0 ~0.0391H°r; m, [t
== Comparab|e_ S, Surface contribution 0 0.0453H°r. m, /t
= = For rotational kinetic energy, contribution from S2 &K, /ér peculiar radial kinetic energy  H’rm, /(61)  0.1937H’r; m, /1
2 is dominant, i.e. mass cascade. 5, Bulk contribution —H'rym, /(3t)  —0.6525H"r, m, /[t
2 = |n addition, local energy transfer can be two-way. S Surface contribution Hrym, /(2t)  0.8462Hr, m, [t
B S1<0 for entire halo, one-way net kinetic energy @K, /ér  rotational kinetic energy H'rjm, [(2t)  0.7661H’r m, /1
is transferred from mean flow to random motion to S Bulk contribution 0 —0.0801H 1, m, Jt

enhance halo entropy. 5, Surface contribution H'r, /2 0.8462H°r, m, [t
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Northwest Halo relaxatlon (stretchlng) from early to late stages
o TR 7 = Two-parameter Einasto profile for relaxation
' CFﬂ 15 —C,=035 F(La) m(r) i = The path of evolution in c-a space (shape
_ci=u_:a _::F=n-4 Floa) m :CF(f): parameter vs. concentration)
e 0 =0.27 == = Evolution Path (N-body)
: : = Contour for constant core/halo mass ratio C¢
10° |
| = Evolution path from N-body simulation (green)
Large
=30 = Simplified path for analytical calculation (blue)

Blue segment 1 (BS1): constant c=3.5
Blue segment 2 (BS2): constant a=0.2
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stage &:0-25 Small Late = Path to composite halos with a=0.7 (red)
1=0.5 stage {  follows a constant Cr = 0.27; Adiabatic process

= (Goal: explore the continuous variation of halo

00 - ~ . shape, density profile, mean flow, momentum,

peeEen e and energies during halo relaxation. 9
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Northwest Decomposition of radial flow
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— Extend key function F(x) to two-parameter function F(x,a), where a is a shape parameter:

= 1 Om, (r,a) _m, (t) F (x,a) _ B F(x,a)
p, (r,t)= o 4 xF(ca) Enclosed mass: m, (r,t)=m,(t) F(e.)

op,(r,a) 1 0m(r,a)  om(r,a) ) o .
: s 4 =—4 From continuity equation
' Ot 47{1/2 orot ot o, (r.a)py(r.a) ( Y e )

= Early stage “large” halos: u,.=0 and u, =0
Up =Uppy, + Uy T Uy, radial flow from cascade u,,,, is dominant;

From mass 6lnr F(x « 81n m, = Late st “ I” halos: all th dial
cascade: 8lnt F ( olnt ate stage "small” halos: all three radia
flows vanishes and u,=0;

From conc. Olnc X, )
uhc
change: OlnyF (x,a) 5‘1110
a)
)

* For halo “relaxation” from early to
late stage (BS2), we expect a

alnF(c,a) (9111F(x,a)} constant r,, constant a,m,~F(c,q),

: From shape Glna X, X
g u,,=0, and u,,+u,.=0

change: \olnt/ F X,

Oln o Oln o
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Northwest DeNsity profile from early to late stages
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1 =& During BS1 with constant c=3.5 and constant
C, decreasing a involves significant change of
density in halo core, i.e. steeper density slope

c=3.5 and increasing core mass.

1
£ a=0.45 i = During BS2 with constant a=0.2, increasing ¢
0 ;‘\ involves a stable core (constant scale radius r,
< m,F (1) N , constant core mass, and core density p.) and
N e xtending halo skirt (“halo stretching” vs.
e T a3)ar’F (c.a) v N o ? tending ha 0 | .t( alo s g
* BSZ: -, vortex stretching” in turbulence).
- E 1‘
-I TNV L B : | = Vortex stretching: anisotropic, volume
+ |[=—Emasto{c=3.5; 0=0.T) +Emasto(c=224; o=0. k ' .
I O e N e t conserving, constant dens_lty, apd
' |—Emasto{c=3.5a=02) = = Emasto(c=28;0=0.7) | decreasing momentum of inertia.
|- - NFW(c=28) ;
1|:I-‘|3 " ||||||iﬁ 1 .||||||i-‘ A .||||||ic A .......l.‘ f .......l.ﬁ .
* ¢ K 1§ N - “ = Halo stretching: isotropic, increasing
Variation of halo density normalized by the volume, varying density, and increasing

average core density p. (with r<r,) momentum of inertia. 101
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- [Red: Path 1) in Fig 11 L7
L Green: Path 2) in Fig. 11 d
| Blue: Path 3) in Fig. 11 4

' | Black dash: Path 3) with NFW ’
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Concentration ¢

Variation of moment of inertia
with concentration ¢

Moment of inertia from early to late stage

M%Qﬁir]at:()f ]co :gmhrz _%mh 2F (a C)
s e (e) = JF (<)
F (a C):(aja F(5/05)—F(5/a,2ca/a)

o\ &> 2) T(3/a)-T(3/a,2/a)

+ = Red path is adiabatic with constant halo mass, with

both angular momentum and rotational energy
conserved.

= Green path from simulation shows significant
increase in moment of inertia from halo “stretching”.

= Simplified blue path with constant r, and core mass
shows the increase in moment of inertia that
plateaus at large c.
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Early
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101 102

Cocnentration c

Variation of halo momentum and
energies during halo relaxation
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Specific rotational

Variation of mass, moment, energy during relaxation

1 3 2
kinetic energy: K :E|H’1|w’1 :Z(|Hh|/rg)

Specific angular

Ap: spin
momentum:

2
H, ==,
3 parameter

For early stage “large” halos:
A, 0031 my,oct [Hjoct K oct’
C.=027 r,oct @, ct’ @
For late stage “small” halos:
A,~0.124 m, oc 1 ‘Hh‘ oc ¢’
C,=0.083 r, ct’ @, ct’

Spin-dispersion
dominant

\ 4

Axial-dispersion
dominant

0
p Ol

K, ot
D, o’

Halo “relaxation” (via BS2): with constant a=0.2,
Increasing c, constant r, , core mass, and core density
Specific rotational kinetic energy is relatively conserved
‘Hh‘ 1, @, C rg_l

Spin-dispersion dominant to axial-dispersion dominant _
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Early stage “large” halos Late stage “small” halos =~ Core mass ratio Axial dispersion
Vortex stretching Halo stretching Fictitious stress Spin dispersion
Path of halo evolution Radial flow Energy transfer
“relaxation” decomposition

#=——— = Review one-way energy transfer via vortex stretching in turbulence;
$=— = Halos enable a two-way energy transfer between mean flow and random motion;
= Analytical solutions of mean flow, velocity dispersion, and anisotropy parameters for halos at their
: early stage and |ate stage using decomposition of velocity dispersion.

= “Early-stage” halos have their mass, size, kinetic/potential/rotational energy, and the specific anqular
momentum all increase linearly with time via continuous mass acquisition. Halo core spins faster
— than the outer region.
B = “Late-stage” halos are more spherical in shape, incompressible, and isotropic. Due to finite halo
' spin, Kinetic energy is not equipartitioned along each direction with the greatest energy along the
=~  azimuthal direction. Halos are hotter with faster spin.
BT = Identify the path of relaxation via halo stretching for halos relaxing from early to late stage involving
f continuous variation of shape, density profile, mean flow, momentum, and energy.
= Might extend to consider effect of black hole at halo center on radial flow
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