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Dark matter, 1f exists, accounts for five times as much as ordinary baryonic
matter. Therefore, dark matter flow might possess the widest presence in
our universe. The other form of flow, hydrodynamic turbulence in air and
water, 1s without doubt the most familiar flow 1n our daily life. During the
pandemic, we have found time to think about and put together a systematic
comparison for the connections and differences between two types of flow,
both of which are typical non-equilibrium systems.

The goal of this presentation is to leverage this comparison for a better
understanding of the nature of dark matter and its flow behavior on all
scales. Science should be open. All comments are welcome.

Thank you!
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Data repository and relevant publications

Statistics (correlation-based) approach:
n Data https://dx.doi.org/10.5281/zenodo.6569898

Structural (halo-based) approach:
m Data https://dx.doi.org/10.5281/zenodo.6541230

Inverse mass cascade in dark matter flow and effects on halo mass
functions https://doi.org/10.48550/arXiv.2109.09985

_https://doi.orq/ 10.48550/arXiv.2109.12244

Inverse energy cascade in self-gravitating collisionless dark matter flow and
effects of halo shape https://doi.org/10.48550/arXiv.2110.13885

The mean flow, velocity dispersion, energy transfer and evolution of rotating
and growing dark matter halos https://doi.org/10.48550/arXiv.2201.12665

Two-body collapse model for gravitational collapse of dark matter and
generalized stable clustering hypothesis for pairwise velocity
https://doi.org/10.48550/arXiv.2110.05784

Evolution of energy, momentum, and spin parameter in dark matter flow and
integral constants of motion https://doi.org/10.48550/arXiv.2202.04054

The maximum entropy distributions of velocity, speed, and energy from
statistical mechanics of dark matter flow
https://doi.org/10.48550/arXiv.2110.03126

Halo mass functions from maximum entropy distributions in collisionless
dark matter flow https://doi.org/10.48550/arXiv.2110.09676

The statistical theory of dark matter flow for velocity, density,
and potential fields
https://doi.org/10.48550/arXiv.2202.00910

The statistical theory of dark matter flow and high order
kinematic and dynamic relations for velocity and density
correlations https://doi.org/10.48550/arXiv.2202.02991

The scale and redshift variation of density and velocity
distributions in dark matter flow and two-thirds law for
pairwise velocity https://doi.org/10.48550/arXiv.2202.06515

Dark matter particle mass and properties from two-thirds law
and energy cascade in dark matter flow
https://doi.org/10.48550/arXiv.2202.07240

The origin of MOND acceleration and deep-MOND from
acceleration fluctuation and energy cascade in dark matter
flow https://doi.org/10.48550/arXiv.2203.05606

The baryonic-to-halo mass relation from mass and energy
cascade in dark matter flow
https://doi.org/10.48550/arXiv.2203.06899
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Structural (halo-based)
approach for dark matter flow
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Effect of mass cascade on halo
energy, size, and density profile

Xu Z., 2021, arXiv:2109.12244v1 [astro-ph.CO]
https://doi.org/10.48550/arXiv.2109.12244
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Review: In hydrodynamic turbulence, “Energy cascade” involves the energy transfer from large
eddies to small eddies with a scale-independent rate of energy cascade. No mass cascade!

“Little halos have big halos, That feed on their mass, And big halos have greater halos, And so on to growth”

“Eddy” is not a well-defined object in turbulence literature. However, “halo” are well-defined dynamical
objects, whose abundance and internal structure have been extensively studied over several decades.

= (Goal 1: Explore effects of inverse mass cascade on halo enerqy,
momentum, halo size and internal structure (density) evolution.

= (Goal 2: Explore the dynamic evolution of halo size (geometric
Brownian motion)

= Goal 3: Explore the random walk of particle in halos with a randomly
evolution size. This leads to a universal halo density profile.
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" Halo grows with a new layer of particles of thickness r;,
formed due to halo mass accretion (mass cascade)

= Original halo (dash line) deforms 1n size (shrinks to
green) by rp’ due to gravity of new layer

= The net change in halo size 1s 1, - rp’

= Halo deformation at halo surface induces a non-zero
inward radial flow u,

= What about the radial flow at halo center??
= Must be outwards 1f no blackhole considered

Halo deformation ah — 1 — 7 / 4
parameter Pl P
Schematic plot of halo mass Isothermal profile (vanishing radial flow, no time to —1
accretion and deformation relax or deform due to extremely fast mass accretion): &) =
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" Reduced spatial/ x(r,a)= r__
temporal coordinate: r.(a) 1,(a)
D Function F(x) for m (r,a) =m, (a) F(x)
I I enclosed mass at given 7: F(c)
EJ_ 05 . 1 om_(r,a 3F x
" s A
y: Ty r ) (c)
[ |==——TIsothermal Radial P
——NFW continuity opy (r-a) 12 [r pi(r.a)u, ( } 0
—Einasto equation: Ot r or
15 ' ' : : ' - :
: .. 0 0.5 1 15 }.’E 2.5 3 3.5 4 Radlal ﬂOW ) (x) |, F(X) ' MaSS
= b Outward flow 1n core and inward flow 1n outer region equation: h F ( x) C ascade

= = Radial flow creates a new length scale for any halo Density p;, “ F(x) “ Radial flow u,(x)

density: the scale radius rg Isoth 1
. — _ Sotnermal.
= Vanishing radial flow for isothermal: extremely fast N,FW° d (x) In (1 * x) x/(l * X)a F _
mass accretion and no time for halo to deform Emasto: F (x) - F(3/ a) B F(3/ a,2x / a) (x) o )C/ ¢ v
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Logarithmic slope of density: = Single mergers merging with halo at an angle: angle of incidence

Ol p, OolnF (x) ou, / Ox = Neither perpendicular nor tangential
- Oln x T e 1-u, / X -2 . Angle of incidence determined by peculiar radial flow u, and

Olnx . .
‘ circular velocity v,
Oln p ou h u 1 (1 1 Deformation parameter
Atr=r t=-2 and = cot(8, )=—"= - for Isothermal profile: & = 1
© Olnx Ox (6,) v, 27\la, 3 neE

0.5

1} |=—sothermal
e N F W
- inasto

Radial flow 1s at
1ts maximum at
scale radius r

0 0.3 1 15

P 2.5 3
X

—

Determine critical halo density A,
(two-body collapse model) l
Determine the rate of energy cascade !

= No energy cascade if tangential

* Maximum cascade if perpendicular *,
Understand the critical MOND ’

acceleration a,
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Radial flow from simulation
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Figure 8. Density profiles of haloes with mass Mgy == 1.2 x
1014 p—1 M@ at z = 1.5 (full curves). Left (right) panels show relaxed
(all) haloes. Dot—dashed curves show Einasto fits, which have the same
virial mass as haloes in the simulation. The NFW profiles (dashed curves)
do not provide good fits to the profiles and significantly depend on what part
of the density profile is chosen for fits.

Einasto profile 1s better than NFW for

massive halos (high peak height v), why?
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= Radial flow at halo center:

Jeans’ equation:
2
= Term 1 from mass cascade usually neglected N 1 8(,0,@, ) _ 99, (r,a) _ Gm, (r.a)
p, Or Or r

* The radial flow should vanish for virialized ‘

small halos with extremely slow mass

accretion (late stage); gravity exactly balances , 8ln( phaf) P2 ou,( dlnr dlnr ,

pressure; stable clustering hypothesis (SCH) o olmx  #|ax U olnr tup 1= _‘:3&

1 A4

= . The radial flow should be the Hubble flow for

large halos with extremely fast mass accretion 1: from pressure; 2: from radial flow; 3: from gravity

(early stage). ‘
= = In spherical collapse model, the initial velocity Parabolic pressure around halo center: , (x = O)v2
of mass shells is simply the Hubble flow D, (x) =p, (x) o’ (x) = p, (x _ O) h cir 2

, .
Define 'a halo Define a halo core size x,
deformation rate: /

J __________ 1N pi(x)=0 mp = \/2ph(( ))

2p; (a)e’
o, (0

V.

cir
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Density Concentration ¢ | Deformation Deformation rate pp(r <ry)
profiles parameter oy, parameter Yh

Isothermal
NFW 3.5 0.8329 1/2
Einasto (0=0.2) 3.5 0.8371 2/3

3/4

| Density p,, “ F(x) “ Radial flow up(x)

dlnp, OInF (x) ,_ du, /Ox _, 0w, (x) F(x)F (x)

~ Olnx Olnx _l—uh/x o F'z(x)

Double power-law: -

0, ( , <y ) o r(37h—2)/(1—7h)

(e, —1)_2
c—Xg ah =C

F(c)

F(e)

p,(r>r)ocr

Double power-law is a natural result due to radial flow
in outer and inner regions

Halo deformation parameter from mass cascade controls
density in outer region

Halo deformation parameter controls density in inner
region

The larger deformation rate at center, the larger
logarithmic slope
(baryonic feedback for core-cusp?)
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= Vanishing radial Linear momentum (halos at turn-around)'

3 ; m.v T T T
= L, (a):jhu (r a)47zr2ph (r,a)dr— hchr J z=0.00 | z=1.03
I 0 2ncF

Limltlng o
for NFW
=2 I dx # concentration ¢ = 3.5
for | hal profile !
- - N 1997 1
o1 arge alos — Hﬁlv]?;.*T 2001 {K=3."-"5]1~"" L\\”‘*\
Eke 2001 (| \ -
0.16 T T T T T T T T T —— This waork ."".‘
0.14 _Ah for linear momentum . 1
.12 —IDD}‘K‘ for kinetic energy 0 -
01 Limiting c~4 |
008 from mop|
005 simulation '
0.04 -
002
1 poopmmiid v owpaiil o gpaniild e g pauil uliuu}u o oiwiniil o ogeiainl e oieal |||||J‘H| e
o 10" 10" 10 10 101 (0. 10V 10'® 10w 10 10w
002 b M (h-" M_) M (h™' M)
' Zhao etc.., 2009, Astrophys. J., 707, 354
Jﬂ'mﬂ 1 2 3 4 5 5 7 8 g 10
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0.6

0.5

04

D3r

0.2

0.1

—Jsothermal bl
—-=0, ,(x) (From ¢, ) '
= -a'il(x) (From ur)
_”ixl (K}F”iz (x) _ -
_ -
0 0.5 “: 1.5 2 2.5 3 3?5 4

Effect of radial flow on velocity dispersion

= Radial flow wusually mneglected for
virialized halos;

» Effect of radial flow can be significant
for halos 1n their early life before fully
virialized (high peak height v);

» The radial flow tends to enhance the
radial random motion and 1s only
significant in the halo outer region.
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= Standard virial theorem for static halos with a

vanishing radial flow (K 1s 1D kinetic energy): Halo surface energy:

= Potential S (S + S ) ~—1.3#-1
— 6K_-—n®, =0 exponent 1= -1 | q)
' Jeans® o for SOt . Halo surface tension:
eans’ equation for 1sotropic growing halos )
s=— with non-zero radial flow: Sth =D / (2Ah ) Surface area: Ah =4 7,
. = 5( ,Ohu,,) N 1 5(%” 2%2) N 5(,0;,0 ’ ) s Gm, (r,a) 0 Young—Laplace equation relates the pressure jump
Ot 7 Or Or P P2 across halo surface to halo radius or curvature;
Integrating Jeans’ Equation leads to a AP — 28, S, 0.15
= generalized virial theorem for growing n T T T T P
== . . mean h hh
= halos with fast mass accretion: flow S G # Halo surface mass
' - & 'O sur’) density: py,, ~1;™"
6K_+O, =

. . . . Mass cascade (fast mass accretion) leads to finite
s Rewrite to introduce effective eXpoqniﬂ% S q halo surface energy, surface tension, surface mass
# 6K_—n®, =0and n, = —1+ = O, T, density, and an effectiv§ potegtial exponent n~-1.3,

: © () confirmed by N-body simulation. .
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ot

t  elho t e Solution leads to a lognormal probability distribution of halo size:
i e
e o o c 000 | 1 i
o® o ° . ‘ " ' @ Bh(rh,t): 1 exp _(n(l’h/l’ho)—(l—ZDrh/3) n(t/tl.))
e .%o @ C‘ O ”h\/gﬂDm In(z/t,)/3 8D, In(t/t,)/3
0.3 .
_tﬁi=4
1D Random walk of halos in mass space: 005 | —t/t=8
om, (1) m,&(t)
_ = 2D, (m,)e (1) 02 |
Tg (mh) \/ ! '

015 f

= 1D Random walk of halos in size space
2 (Geometric Brownian motion):

_ ' 01l
= dr (t) 3 v

I ZIE ) B EHF}’ (t) + 1, (t)grh (t) 0.05 |
Covariance:

(2,02, (1)) =20, 501 n
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A spherical particle of radius a, moving at a constant velocity #, in a fluid of viscosity 7,

subject to a force F,. Local steady-state velocity #, can be determined by the driving force
1.e., the gradient of the osmotic pressure 11, = p k,T", which is a localized(short-range force

= Current velocity from stokes law:

F, 11 dlI, _ Mg 5(kaBT)
_ 07115y 67”73 » Py OX Py OX A simple closure:
— Osmotl.c Ve.10c1ty W=D, dln p, u, =—u,
from diffusion flux: Ox

= | motion (forward and backward):

Stochastic equations for Brownian

CZ [uh( +uh }./2D§

(x,) |+2D,& (¥)

7;:[% (xt)—uz

Fokker-Planck equations
(forward and backward):

Particle distribution in halos: a review of Brownian motion

& Quick review of standard Brownian motion in viscous liquid:

o
o o0 !

F,, . o
*." °
“ o

The Einstein relation:

m) D, =k, T

Diffusion equation for
density distribution:

8P xt o°P OP, (x,t 0P
B0 2w i()n]en, 2wy B R
OP (x, 0 \ o:P - ., OlnP
é;c ) _ ax[(uh(x)_uh(x))e]_DB i m) u=-u,=D, o~
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& | Brownian motion of particle in halos with stochastically (lognormal) growing size:

= Stochastic equations for Brownian motion (forward and backward):

= (i * Multiplicative noise -
i E )[u,,(xt)+uh(xt)]+0(xr)’1(i)Hfrh (t) @ (dependent on r, 1tself)
o= t Y = due to random varying
dz;t _ i’sf )[uh(x) u (x )]Jrg( N () HE, (1) halo size!! \
= N s
— Radial Osmotic 1 = Duyeto long-range interaction, Uh i —MZ
ﬂow ﬂOW

4 = Key is to find a simple closure to close
¢ —— Fokker-Planck equations (forward and backward): equation! (an example in ref)

Mz_wa[(uh( )+u;;(x))za]ﬂf(r)HDrha‘%(oz(x)B) = x%f=§c[uh(x)ﬂ]

ot t Or
0

| f = Et) or [( u, (x)—u, (x))P]—r2 (t)HD,, 88—:2(02 (x)R) » u, (x) =d o’ (x)—ln[a2 (x)B (x)]

ot rdo Ox

Exact relation between current d.c* (x ) ou, 0c” (X ) J
j— d .
and osmotic velocities: “h (x) xX—1u, ( x) Ox T4, With O'(x

~ X, expected
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To derive halo density, adopting a Two-parameter cumulative distribution function:

= simple model of osmotic velocity : ; (a bx" ”r)) y(a,,,brxl/ ("f"’r))
* l+a 7 I (ar) I (Clr)
u, (x)=y,x— B x"
D I 1
_ $ 1 OF
s = |wo-parameter particle distribution function: osfP ()< X’
—— 1 b
b a, r .
: T-. })I” (X) = r eXp _brxar_br xar_br al « n =4 (Slm)
= r(ar)(ar _br) ( —_ ﬂ%tedmuve
' 4 E sl . n=10(Sim) | |
= Three-parameter halo density profile: = ﬁ“_ﬂgﬁmg?’ﬂ
— m, P (x) ! 3b,-2a, oh 2f Density of ’ I;p_d (Sum) |
— o, (x) == = et exp| —bxt Tt |x ¢ A " composite halos of |~ I;tfmcgf;)
' Arr;x 25 different mass — fredcurve |
$ a /b =3/2 has a central core | , n =100 (Sim)
, N, and universe | —fitted curve | ]|
&= |wo-parameter Einasto: - Slﬂpe 1s 3 density prof”ell

o 2 2 7 a a5 1 L I
_ 2/a a | _ 2/a 2 18 16 14 12 - 06 04 02 0
4 ry=pe’ exp|——x |=pe’ exp| ——| —
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Constructing composite halo for a halo group Ll e e e e P ' :

including all halos of the same mass:

Halo #1

Halo #2

Halo #3

Composite
Halo

ror

o Einasto shape
—1/(a-b)|=a — parameter

Composite halo reflects complete statistics of
particle distribution resulting from particle random- 1o ‘1[']1 : T
walk in dynamic halos; 5

All composite halos have a central core (no cusp) = Fitted a /b =3/2 for all size of halo groups
The density profile of composition halo (o=[1.2 (implies an Einasto profile)

0.7]) can be different from individual halo (0=0.2); 63
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2 &

a b . ) !
ph (I") — pse2/ exp(_brxbr ] Wlth br = 2/6! 10° Press:;?;d
halo center

For small x (halo center)

i WS ER e B .
= ph(x)zph(o) 1-bx" \ j

& Parabolic pressure at halo center:

O . . .
e

= 1 o, (0)v, ]
pu(5)= ()07 (5)= py (x=0) A A D o T 1-
Pi€ :
Cancel x in both Equations: 1 / : ;
| [ o, (O)T"’r V2 X . ; /¢ —b=555 - - b=583 -:—phn[l[}} vs.p (O]
[P (0) =1 (x) == =LA (0) = (%) AN ) | —bas - b
2 2(br) Py€ ¢ Nummc:al: el wa =l :
- B , , P ! : e
B Equation of state (EoS) for relative pressure and s - - o = 0 o
e rclative density (relative to the center of halo): . , o , .
o, 00 & " = EoS 1s good tor entire range ot relative P and p
Aph = KS (A,Oh ) ' = Why? might because of halo grows from center
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Radial flow & scale Halo surface Current velocity Mean flow&
radius energy/tension random motion
Deformation Deformation rate Osmotic velocity Limiting
parameter q, parameter vy, concentration
Angle of incidence Random walk Fokker-Planck Equation of state

= Mass cascade induced nonzero radial flow (outwards and inwards).

= Self-similar solution to relate halo density profile with radial flow.

= Radial flow leads to an extra length scale (the scale radius r,).

= Limiting halo concentration c=3.5 for fast growing halos at their early stage, with a Hubble flow
at halo center leading to a central core.

= Composite halos from N-body simulation always have a central core.

= Radial flow enhances velocity dispersion in outer region.

= Radial flow leads to a nonzero halo surface energy/tension.

= Random walk of halo size is a geometric Brownian process with log-normal distribution

= Random walk of particles in halo with varying size leads to analytical particle probability
distribution (i.e. the halo density profile).

= Equation of state for relative pressure and relative density (relative to halo center)
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