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Dark matter, 1f exists, accounts for five times as much as ordinary baryonic
matter. Therefore, dark matter flow might possess the widest presence in
our universe. The other form of flow, hydrodynamic turbulence in air and
water, 1s without doubt the most familiar flow 1n our daily life. During the
pandemic, we have found time to think about and put together a systematic
comparison for the connections and differences between two types of flow,
both of which are typical non-equilibrium systems.

The goal of this presentation is to leverage this comparison for a better
understanding of the nature of dark matter and its flow behavior on all
scales. Science should be open. All comments are welcome.

Thank you!
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Data repository and relevant publications

Statistics (correlation-based) approach:
n Data https://dx.doi.org/10.5281/zenodo.6569898

Structural (halo-based) approach:
0. | Data https://dx.doi.or

-httDS://doi.orQI 10.48550/arXiv.2109.09985

Inverse mass cascade in dark matter flow and effects on halo deformation,
energy, size, and density profiles https://doi.org/10.48550/arXiv.2109.12244

Inverse energy cascade in self-gravitating collisionless dark matter flow and
effects of halo shape https://doi.org/10.48550/arXiv.2110.13885

The mean flow, velocity dispersion, energy transfer and evolution of rotating
and growing dark matter halos https://doi.org/10.48550/arXiv.2201.12665

Two-body collapse model for gravitational collapse of dark matter and
generalized stable clustering hypothesis for pairwise velocity
https://doi.org/10.48550/arXiv.2110.05784

Evolution of energy, momentum, and spin parameter in dark matter flow and
integral constants of motion https://doi.org/10.48550/arXiv.2202.04054

The maximum entropy distributions of velocity, speed, and energy from
statistical mechanics of dark matter flow
https://doi.org/10.48550/arXiv.2110.03126

Halo mass functions from maximum entropy distributions in collisionless
dark matter flow https://doi.org/10.48550/arXiv.2110.09676

The statistical theory of dark matter flow for velocity, density,
and potential fields
https://doi.org/10.48550/arXiv.2202.00910

The statistical theory of dark matter flow and high order
kinematic and dynamic relations for velocity and density
correlations https://doi.org/10.48550/arXiv.2202.02991

The scale and redshift variation of density and velocity
distributions in dark matter flow and two-thirds law for
pairwise velocity https://doi.org/10.48550/arXiv.2202.06515

Dark matter particle mass and properties from two-thirds law
and energy cascade in dark matter flow
https://doi.org/10.48550/arXiv.2202.07240

The origin of MOND acceleration and deep-MOND from
acceleration fluctuation and energy cascade in dark matter
flow https://doi.org/10.48550/arXiv.2203.05606

The baryonic-to-halo mass relation from mass and energy
cascade in dark matter flow
https://doi.org/10.48550/arXiv.2203.06899
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Structural (halo-based)
approach for dark matter flow
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Inverse mass cascade In
dark matter flow and effects
on halo mass functions

Xu Z., 2021, arXiv:2109.12244v1 [astro-ph.CO]
https://doi.org/10.48550/arXiv.2109.12244
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Review: In hydrodynamic turbulence, “energy

= cascade’ involves the energy transfer from
= large eddies to small eddies with a scale-

— independent rate of energy cascade.

= The dark matter flow, a self-gravitating

— collisionless flow, involves a continuous mass
= transfer from small to large mass scales with

E— a scale-independent rate of mass cascade «,,,.

v

= Goal 1: |dentify and formulate mass cascade

2 2 2
Tho Tho Tho Opo | e

1 = Goal 2: Explore the random walk of halos in

Mass space = |dentify all halos of different sizes
= Group halos according to the halo size n,
- = 5oal 3: Derive the halo mass function based = Mass flow across halo groups from small to large mass scale

on the theory of mass cascade (inverse) through the merging with “single merger”
= (Cascade leads to random-walk of halos in mass space




Pacific

Northwest Mlass redistribution among halo groups

Backward function: fraction of mass

5, =03 n, =2 n, =35 n, =10 n, =20 n, =50
inherited from all other halo groups at
an earlier time |
-
Dy, (:"l’n_pl’:l’npl) T;n i‘.’:@c
Forward function: fraction of mass Forward mass |
passed to all other halo groups at a redistribution function |
later time 201 |nm,=2 |n,=5 |m,=10 [n,=20 |n,=50
Minus sign
Dy, (:1’npl’:3’ﬂp3)
— : : Backward mass
= Backward mass redistribution function ¢qistribution function
g -- Forward mass redistribution function
=, =00 ;=2 ny =5 ;=10 n ;=20 1 =50
g — Net mass redistribution function

35
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EIT T T T I 1 |:]-I'|I ! ! T

_DFM(:]_LE,:]_B,n pg} _DBM(G'LE’G'G "pa}
06 F D, (0.1,5,03n pE:. ! 06k =D, (01,5000 p3} |
—DFMW-LMJHBJH pE} —DBM([J_1,1[J,D_[J,H p3}
05 - 05+ —D_(01,2000n :
- — D, (0120030 ) _ B pa)
.E ——D,,(0.15003n ) S _DBM([J.LE[J,D.[J,H pa)
= 04r p2” | = 04 i
= =
A= =
Z 03 E 03
= =
02 02
0.1 0.1
0 ]
0 10 20 20 n 41 a0 60 70
p3
Forward mass redistribution function Backward mass redistribution function

= [ocal: cascade is local in mass space
Halos inherit/pass their mass mostly from/to halos of the same or similar size.
(energy cascade in turbulence is also local in wavenumber space)
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0.3 T T i 1 1 T

Net mass redistribution function Dy,:

—DEM{D_1 ,E,D_Dnpz}—Dm(D_LE,[!_E,npz}
0.25 ——Dgy (015000 D (015030 ) <0: inherit more mass than pass mass
0ol < Dg(0.1,10,00n 5)-Dpy (0.1,1003 0 ) || >(0: pass more mass than inherit mass
——Dpgy,(0.1.20,0.0,n ;)-Dp,(0.1,20,0.3,n ) Sum of Dy, =0
0.15 F e Dgyy(0150,00n _)}-Dp (0.1,5003n ;) 1
01} Pass massto _ Net effect: halos transfers mass from

larger halos

below to above.
0.05

= Asymmetric: cascade is two-way in
mass space but not symmetric

-0.03

Inherit mass from
smaller halos

0.1

» |nverse: from small to large mass scales

0.13

(enerqgy cascade in turbulence is a direct
0 10 20 3 40 50 60 70 cascade from large to small scales)

Net mass redistribution function .
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‘= Average waiting time of a merging event with a single
merger in a given halo group of halo mass m,,

— The rate at which mass is passed up from this group:

= Average waiting time (halo lifespan) of a merging event
i for a given halo in halo group with n,, halos of mass m,

— = Average time required to form halo of mass m,, via a
= sequence of merging events (n, times):

2 Time required to cascade entire mass M, 1n all halos:

= Time required to form halo of a characteristic mass m,*
R should be on the order of the current physical time t:

[Ty (a)er (mh,a)ZTg (mh,a)ZTh (mh,a)

z,(m,,a)

gm - _mh/z-h

m,n, m
& &

m m

z-f (mh’a) — Z-gnp — z-gmh/mp

0y (a)==M,(a)/e,(a)~ 1

p 38
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“Little halos have big halos, That feed on their mass, And

big halos have greater halos, And so on to growth” " Mass cascade 1s Local, Asymmetric,

Inverse;

I, (m;.a)

221 = Justifies a chain reaction description of
T (mﬁ,a) oc m, (mﬁ/mp)

mass cascade;

en(a) =1L, (m,.a) )

* The initial stage: initiation/generation of
the chain carriers (free radicals)

o » The propagation stage: a sequence of
Depositing accretion of single mergers to propagate

the mass along the reaction chain

> * The termination stage: the deposition of
Chain reactions provide non-equilibrium systems a the mass cascaded from the scales
potential mechanism to continuously release energy below to grow halos

Propagating

and increase the system entropy. 39
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Mass flux function:  I1, (m,,a)

1= Total mass of all halos: M, (a)
=— halos below m;
= Mass flow across mh :
== P Halo mass function:  f,, (mh,a)
= Hm (mh’a):_a[Mh (d)jmh fM (m,mh )dm:| Halo group mass: mn, (mh,a)
& Mass transfer function (1/s): rate of mass transfer for halos of mass m; Halo mass: ™,
7 (m a) _ ol1 (mh, ) _ 8[Mh (a)fM (mh’mh )] _ om, (mh9a) Particle mass: M,
mA om, ot m 0t
== In mass propagation range: m, < m,
P — T = Rate of mass cascade is
e, S & (Cl ) — Ly (@9 Cl) o Mass-scale independent;
i T _ amg (mh 4 a) 0 _ * Halo group mass 1s time-
85 . (my,a) = = mg(mh)=mg(mh»@) ¢

m, Ot independent (steady-state);

40
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102 - e ————r 107 ¢ ——— ———— —
B £ ) T Ir ]
Mass injection : =) oy Mass : Mass
* 1] L
107 A\ 1 7031 - propagation 1 deposition
S\ Mass l —05)] 10° S ,
N\ , 10l 5
o | propagation | =15|1 : l
= 0F | ——2z=2.0(3
= | —— =30
E - 107 F
ey 10°F | 3 : =0.0;z.=0.1
= ) Mass | —2,0.0:2,0. |
= 14 ] i A1 —
% 4 deposition: | —2,0.1;2,=03 |
< 0*H——2,=0.3;2,=0.5
o : s, — l
é ol :—zl—{}.i,zz—l.ﬂ I
: ‘[ .| _zl=1.D; 22=1 3 I
| : 15— |
1[:25— E_El 1.5,22 2.0 |
. _zl=2.ﬂ; 22=3 0 I
*'Um_g o 02 o 10° 10’ 10° 10° 10*
“p &

Mass tlux function 11 _(m,, a) (normalized by
Nm,/t)) varying with halo size
(scale-independent in mass propagation range) +'

Halo group mass m,(my, @)
(time-independent in mass propagation range)
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: * Merging frequenc
In mass propagation range: M, <m ging 1req M
propas s ! ! for halo group: fh (mh ? a)
= @Afh(a)
<., (a)=Hm (mh =O,Cl)=— P Halo geometry ﬁ,
t parameter:
- S, (a) — _mhﬁz (mh ) CZ) Fundamental
el ,  frequency for merging  f_ (a) oc q °
= . m_ | m of two single mergers:
_ p h
/. (mh,a) = 1, (a)Mh (a)fM (mh,mh (a))
m, \ m,
\f o ~ _/
Term 1: proportional to the ~ Term 2: proportional surface Independent variables: M, a

g number of halos in group; area of halo in group;

/1%2/3

Free parameters: m, 3

42
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:'.___::: = . . * 11}1 : . . - . - . -
= [n mass propagation range: 7, << m, | Millennium Simulation g3
== Dimensional analysis . N A | s
- - N /Y (mh9mh):ﬂ0mh (mh) = M
requires mass function: 2ol L _
= 107} A :
i [ ﬂj’ﬂ‘j@ ]
= R
Table 2. List of dependence on the scale factor a for different values of 7, and A ‘;; o
11}1 - OO'DCLI
Ao s, My fyoom, T n, Mg I, f -
Y T a® a" 613,/2—1[, afo—?rﬁ (3/2-19) (3/2-4ry) (3, (+)  _ 3.4 (rp-34/2)
' g g (3 0){1‘) a (2 "i-7) q .| [11McBride et. MNRAS, 2009. 398(4) p. 1858
. . o, SOV SUOLA) P. 1998
10° q 10°
23 12 g g g a4 a" a a° a2 The halo mass for type Il halos
(the dominant type for large
3 /4 1 a—l a—l al,fz a—lfz az a3 a—?/z a—m a—lﬂ halos, Fig. 2 in ref. [1]) exhibits

a power law scaling

43
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Table 3. List of dependence on the halo mass m,
Fundamental frequency f,, for merging

S ﬂ ST, / \ between two single mergers depends
on particle mass (same as cosmological
1— W

m;” \mf / m;' m, m;" redshift for photon frequency f~a!):
. . -1/3
Table 4. List of dependence on the mass resolution m, ﬁ) oca m

fu L T [5 m\ T, T ﬁh\ ﬁ/{“ ¢, Py
0o 0 o\ o 0 0 . 5 P— Can we detect f,
m, m, m, WJ m, —m, W;u/ k";u/ m, m, from any experiment

or observation?
n, T, ﬁ-\ b, A, n, m, n,

-1 A-1 A-1 1-4 -1
mp mp p m W / mp mp mp mp mp

44
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Merging frequency — @ — _‘ - ’
fh (m noa ) ' my

= for halo group:

1D Random walk equation in mass space:
Characteristic

— merging time for 7, (mh . Cl) — l/jph 8mh (t) B mpf(t) B \/ZD ,
= halo group: ot _T (m )_ p(mh)g( )
g h
~ Characteristic . S ,
= El,efrg,ing )ti;ne 4 of halos in group Fokker-Planck equation for distribution function:
t
: Q;VZ;IE;O:OM ‘ OF, — 0 { D 0 ( /D P )} - D i{mﬂ L(mﬂp )}
= waiting time to z-g (mh > Cl) = n,7, ot Om,, " om, 7 *> om, ' om,, Y
— merge _
' Halo mass function: l
a , L \A - 2227
g [hecexponential | for (m,,a) - (””h ] : exp : (””h ]
g (istribution of Tgr m My ) = X — *
s@ &7 _ g m m 4 m
g " waiting time to P (Tgr) = . CXp ; 7o g g RN _

merge: g & Reduce to Press-Schechter (PS) mass function 1if A=2/3 !
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A: halo geometry parameter; naturally, we 2= . . - . - . .
can have different A for different range. | TR — Simulation
A, for mass propagation range (small halos); ok ‘ - - 1.
A\, for mass deposition range (large halos); AR, -1 ()
K S §7)
- 200 2f / s
= 1_ ﬂ, * @ ! _
S (mh’a):( )(mh%%exp _— (mh) 2 /! )
n, \m, ) m, I 4n, \ m, | % i /
= | 2 {
= Double-A mass function: l i
1y |
. ; |
/()= (2ym) L e"p(‘Lj ,-*' o
= JDA - sl ! arge halos y
_ [(q/2) m, | )
ﬁ == " PS mass function T 1 S E— 2 :
® " ST model (modified PS) from ellipsoid collapse og(v)
® = JK mass function by data fitting Comparison between different mass

= More generally, A, can be a function of halo mass m,, functions and simulation
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Hydrodynamic turbulence Dark matter flow Mass redistribution
Direct energy cascade from Inverse mass cascade from Random walk
large to small length scales  small to large mass scales Heterogeneous diffusion

“inertial range” & propagation range & Waiting time
“dissipation range” deposition range

Chain-reaction
Halo mass function

= Strong connections between dark matter flow and hydrodynamic turbulence

= The mass cascade is local, two-way, and asymmeltric in mass space

= Scale-independent rate of mass cascade and time-independent halo group mass

= Chain reaction description for mass cascade to release energy and maximize entropy
= Random-walk of halos in mass space with an exponential distribution of waiting time
= Press-Schechter mass function is a special solution from halo random-walk

= New Double-A halo mass function (based on the mass cascade)

= Extend double-A halo mass function to consider A as some function of halo size.
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