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Dark matter, 1f exists, accounts for five times as much as ordinary baryonic
matter. Therefore, dark matter flow might possess the widest presence in
our universe. The other form of flow, hydrodynamic turbulence in air and
water, 1s without doubt the most familiar flow 1n our daily life. During the
pandemic, we have found time to think about and put together a systematic
comparison for the connections and differences between two types of flow,
both of which are typical non-equilibrium systems.

The goal of this presentation is to leverage this comparison for a better
understanding of the nature of dark matter and its flow behavior on all
scales. Science should be open. All comments are welcome.

Thank you!
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Data repository and relevant publications

Structural (halo-based) approach:

0.
1.

Data https://dx.doi.org/10.5281/zenodo0.6541230

Inverse mass cascade in dark matter flow and effects on halo mass
functions https://doi.org/10.48550/arXiv.2109.09985

Inverse mass cascade in dark matter flow and effects on halo deformation,
energy, size, and density profiles https://doi.org/10.48550/arXiv.2109.12244

Inverse energy cascade in self-gravitating collisionless dark matter flow and
effects of halo shape https://doi.org/10.48550/arXiv.2110.13885

The mean flow, velocity dispersion, energy transfer and evolution of rotating
and growing dark matter halos https://doi.org/10.48550/arXiv.2201.12665

Two-body collapse model for gravitational collapse of dark matter and
generalized stable clustering hypothesis for pairwise velocity
https://doi.org/10.48550/arXiv.2110.05784

Evolution of energy, momentum, and spin parameter in dark matter flow and
integral constants of motion https://doi.org/10.48550/arXiv.2202.04054

The maximum entropy distributions of velocity, speed, and energy from
statistical mechanics of dark matter flow
https://doi.org/10.48550/arXiv.2110.03126

Halo mass functions from maximum entropy distributions in collisionless
dark matter flow https://doi.org/10.48550/arXiv.2110.09676

Statistics (correlation-based) approach:

The statistical theory of dark matter flow for velocity, density,
and potential fields
https://doi.org/10.48550/arXiv.2202.00910

The statistical theory of dark matter flow and high order
kinematic and dynamic relations for velocity and density
correlations https://doi.org/10.48550/arXiv.2202.02991

The scale and redshift variation of density and velocity
distributions in dark matter flow and two-thirds law for
pairwise velocity https://doi.org/10.48550/arXiv.2202.06515

Dark matter particle mass and properties from two-thirds law
and energy cascade in dark matter flow
https://doi.org/10.48550/arXiv.2202.07240

The origin of MOND acceleration and deep-MOND from
acceleration fluctuation and energy cascade in dark matter
flow https://doi.org/10.48550/arXiv.2203.05606

The baryonic-to-halo mass relation from mass and energy
cascade in dark matter flow
https://doi.org/10.48550/arXiv.2203.06899
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Statistical (correlation-based)
approach for dark matter flow
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The statistical theory of dark
matter flow (high order)

Xu Z., 2022, arXiv:2202.02991 [astro-ph.CO]
https://doi.org/10.48550/arXiv.2202.02991
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Introduction

Review:
Statistical theory in hydrodynamic turbulence

Kinematic relations between statistical measures
(2" and 3" order)

Dynamic relations between statistical measures of
different order (from NS equations of velocity)
Reynolds decomposition

Closure problem, eddy viscosity, etc...

Current statistical theory of dark matter flow is not satisfactory:

Dark matter flow is intrinsically complex with different nature
of flow on different scales, i.e. a constant divergence flow on
small scale and an irrotational flow on large scale.

The kinematic and dynamic relations need to be developed
separately for both types of flow on different scales.

Dynamic equations of velocity (Jeans’ equation) are not self-
closed. No dynamic relations can be derived without a self-
closed dynamics for velocity evolution.

= Existing work mostly focus on the 1st and 2nd
order velocity statistics, while the peculiar
velocity field contains much richer information
beyond the second order.

= Finally, very challenging to explore high order
statistics, as that inherently involves tensor
and vector calculus of great complexity.

+» Most kinematic relations between
statistical measures (2"9)
Need to extend to high and arbitrary order

¢ Develop self-consistent dynamic equation
for velocity field 1

s Develop dynamic relations between
statistical measures of different order

¢ Derive the “eddy” (artificial) viscosity from
velocity fluctuation 216
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Third order velocity correlation tensor (homogeneous and isotropic):
0,1 (%) =0y (1) = 0y () = (. (), ()1, () = (s, )
General form of isotropic third order tensor:

O, (r)= 4, (r)rl.rjrk + B, (r)(:gé}k + rj5ki)+D3 (r)rké'l.j

Two-point third order velocity correlation tensors

Pair of particles with

X distance of r

r=X —X

r=r/r

u--—--"Ur

§= | Divergence of second order tensor:

or r or

or,

& | (0 (00, ) (7, ()= 0((w (), ()

Use this to derive Kinematic relations

Ql-,-k,k=<(u,.(x)uj(x))(v'.uj(x'))>:0 4 Incompressible flow

or

Constant
0 .
0 4m divergence

Transverse velocity:

u, =—(uxrxr)

Longitudinal velocity:
u, =u-r=ur

u, =—(u xf'xf')

>

u, =u -r=u,

1

~,

flow

Velocity difference or

. . Au, =u,
Pairwise velocity:

Velocity sum: 2u, =up+u;

i==_ Curl of second order tensor:
1 0B,

{ VxQ

r or

mni (r) - giijmnk’j - ( 3 ___)(gimkrnrk + ginkrmrk) = O

flow

Irrotational
-

Different odd order kinematic
relations for incompressible flow and
constant divergence flow
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.= Using index contraction of third order tensor to define four scalar correlation functions

—— Two total correlation functions:
= 1 - |

R3(r) 2ka (5 r+0, ) <uLu-u >:A3r3+(4B3+D3)r Quix = kaz i = Qs =r—2(r R3)’r

1
R, (r)= Q0,1 = <u-uu'L> = A, +(2B,+3D,)r Qir = r_z(’”sz )’,,

Relation to third correlation tensor:

= Longitudinal triple correlation function: Correlation functions of any order (pth order):

Ly(r) = Quhtf, = < fu2>:A3'”3 +(2B,+Dy)r Lipgy = <u u, " 1ML>

. . . R, = <uqu” "_zuiu;> =<uqul{’_q_2u~u'>
Transverse third-order correlation function: P-4

I (r) - <uLuT u, >/2 = (R3 — L, )/2 = B,r R(Paqﬂ) - L(p,q) T 2T(p,q)

R _7 T Goal is to identify kinematics relations between
3 (r) =4 (r)+ 3 (r) correlations functions of same order

218
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\7/ Kinematic relations for third order correlation

For incompressible flow: V.-u=0

bR (L), 1= l(L) (PR =2(°T), R () =(uwwn )0

’r ’r

L —rL, ... 2L +rL
3 37,;.rjrk_|_ 3 3

i L .
0, (r)= (76, +rj5kl.)—73rk5..

y

Relations between
correlation functions

Correlation tensor in
terms of correlations

For constant divergence flow: V-u=6  Reduced to incompressible flow with ©=0

R ()or=1 (L), ()0 =Ry,
<u2> ~ 3<uz> R, +é(r2R3l),r = %(r‘l3 )’r

For irrotational flow: Vxu=0

1 2

(rR3 ),,, FR - r_g(’”4L3 ),,, 3L~ R, = 2(7”T3) 3R, —R, = r—3(r47§ )J

N
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Structure functions as moments of pairwise velocity:
SP (r)= <(AuL )3> = <(uL —u, )3> =6L,(r) —2<uz> SP = <(AuL )m> = <(uL —u, )m>

Two-thirds law for even order (reduced) structure function:
SP (r)= Sk (0)oc (~g, )" ¥

&, - rate of energy cascade.

Generalized stable clustering hypothesis (GSCH)
Sy a(r)=(2n+1)SF (r)S? (r)

Sy o (r)=—(2n+1)HarS? (0)=-2"(2n+1)K,, (Au,,0) Haru™" o« r

K, (Au I 0) . Generalized kurtosis of the distribution of pairwise velocity

220
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Table 2. The velocity correlation functions of different order

plg=0 g=1 g="2 g=3 g=4 g=>
: Loy = <“JIE> . . .

or {Au,)/2 p independent correlation functions
2 L[M] = <HLHL

) Roy=(uwu) | _— / /
3 Lo = (g, )| Ry =(wpwen ) Ly = (uuy) / ]
> RHJ] = <y§u-u' > LHJI = <yzulu}_> RHJ] = <u2u-u' >

a4 O T _ {22 _ /.2 ' a4
S Lig = <HLHL> R, = <z¢Lu-u > L, = <u HLHL> R, = <u u;,u-u > L, = <u ul>

Kinematic
— , , ) . T relations
6 L{ﬁ-ﬂ} :<HLHL> RIﬁJ] = <y§u-u > L[M] — <uzui’ul> R{ﬁj] = <uzufu-u > L[M] = <H4HLHL> lef.__ﬁ} :<”4“'“ >« (for same
1 order p)
Dynamic relations /g p-g-1 _foa, a2, '\ _ [ q p-q-2 _
(for different order p) L(M) B <u Uy ”L> R(p,q+1) - <u "y uiui> B <u 4wt > (p.g+1) L(p,q) +2T(p,q)
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For odd order p = The collisionless nature has effects
on the limits of correlations functions
<uqul{"q‘1> » ' <uquf‘q‘1> D oat both small and large scales.
lim = m =
r—0 p—1 . F—>00 up_l —
<ML > P < : > pd = These results can be confirmed by
o o N-body simulation data
L(M) <uqu,{’ q luL> <uquf ' 1> P

rliIOl,loo L, B rl—i>1()1:loo <uf_1u'L> ) rlj)glw <uf_1> ) P9

For even order p

() pe

222
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-. 102 ik - i -’-‘-““n‘ E
. *-:___"" F‘-—#--"u “‘* -
10 f — _ -
ol T N\ . ]
] 10° ¢ \ ")
| WA
T 10t - . LI\
I Vi
| Ry = = ~<(uu)*> \1
: R Teol | 107§ R g
o) - = | S l
(—— g = = i<t > 5 1073 | I N
i i Ry | i i R | i i ia v aal i PR T -:-! _1 'D 1
107 107 10° 10° 10° 10 10 10 10 10°
r (Mpc/h) r (Mpc/h)
Two-point third order velocity correlation and Two-point fourth order velocity correlation and
structure functions (normalized by u3) at z=0 structure functions (normalized by u4) at z=0

223
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—— For incompressible flow: V.u=0 For constant divergence flow: V-u=6
3 _ 1 p—q+l 1£©=0 ( _ —I)R + <uqup_q_1>(97” — 1 (,,p—q+1L )
(P a DR = (7 L), (g DR P g
1/, If ® £0 and p is even: lim<1,t‘f’1,t;’?“1"1 =0
2(p-q-1)T =—(rL ) 0
= (paQ) 7 (p’q) NG 1 p—q+1
‘ , 2 (p_q_l)R(PaQ"‘l) - I,.p_q (7" L(p’q))r
=== (r R ) = (rp_qHT ) |
s (poat1) ), p=a-1 (p-a) ), |
—— -1 _ 2
<up >€7"—;(7" L(p,p—l) ),r h pre)ls?égdadnd
For irrotational flow: Vxu=0 1 (p-DR,,+ <u5-1>9,, _ rip(”pﬂL(p,o))r
(R(p»qﬂ)r),r T (p —4 _2)L(P»4+2) - ,,P_—fJ(rp_qHL(p,q) ),r 1 1 | 0
0=—(, :—(r2<Au >) - IO+
R 2)L _ 2 pg+l r’ (L0 ], 2?2 L and p=1:
(P—4) (p.a+1) -(P-q-2) (Pa+2) ™ .= (r (p-q) ),r
Kinematic relations for even order correlations of
p—q)l, . —(p—q-2)L = Z(rT ) constant divergence flow should be the same as
( ) (p.q) ( ) (p.a+2) (p-4) that of incompressible flow
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Original Kinematic relations

\ 4

= To validate kinematic relations with N-

On small scale, kinematic relations for even order (even p) body data, we need to construct
correlations are the same as those for incompressible flow: equivalent relations.
p—q—1) _
' H(i,q) (’”) = £p—q+1L ) IO R(p,q+1)”p dr =1 = Extract high order correlation functions
= (p-4) from N-body simulation data
—— On small scale, kinematic relations for odd order (odd p)
correlations are the same as those for incompressible flow: = Dark matter flow is of constant

divergence on small scale and
(r): (P—q—l) J-r 2 _L(p,p—l) a4 gy 1 .L(p,p_l) _1 irrotational on large scale
(p.q+1)
0 pP—q (p-9) L,,

"

= " (p.9) ppoatly

(p.q) = Check the equivalent kinematic
relations against simulation data

On large scale, kinematic relations for irrotational flow:

| r _
H(Lp,q) (I”) = 2rp_q+1].(, ) jO [(P—Q)R(p,qﬂ) —(p—q—Z)L(p,quz)]rp Tdr =1
p.q

225
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Northwest Kinematic relations validated by N-body simulations

kinematic relations.

S .L.. SR Cery e 1{]4: — - -
Hiy ) Hi ) '
g I
e T T
3 102 :
i:"‘-r e B - 107 B
1072
Even order Odd order
o FEEEE L baiid PR S R O PO I | ‘1{]“1- Liel 1ol il |
102 1071 10° 107 102 1072 107 10" 10’ 10
r (Mpc/h) N-body simulation data satisfy the r (Mpc/h)
226
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‘= " Kinematic relations are relations Self-closed adhesion approximation on large scale : Vxv =0

between correlation and structure ov ov
functions of the same order; ™ @ - > P c(a)v
! ()
D

: ) . Neglect .
= Dynamic relations are relations between amping A_rt'f'c'?l segond ZeIdQV|ch

correlation functions of different orders Using identity: VISCOSIty rqer  @PProximation
and can only be obtained from the self- 1 47Gp, 1
closed dynamic evolution of velocity. u-Vu =§V(“'“)+(V><“)><“ ( ):(Hf(Q )— J—E

= = However, closure problem is well known @JFLV(V.V) =c(a)v+v(a)Vy Matter dominant
for Jeans’ equations which are not self- ot 2a
closed. 8vj 1 8(vv ) 2 | |

_ =cv.+VW7v. XV. Index Eq. at location x

& = Self-closed dynamic equations of ot 2a ox / / :
velocity must be introduced on small and ov. 1 a( v, | . _ ,
large scale. + 8; + ST =cv, +Wy, XV, Index Eq. at location x

A Dynamic equations are subsequently B 8<VJ-V}>+ 1 <v' 0(vovi)

| e subs i\
converted into dynamic relations. PYRERIE TV _C<"j"i +V,-V,->+V <" Vit v, >

J ! 1
ox . Ox; s



F(V) _ 1 00 _ 1 : (F2R31),r « Real-space energy , 16V

. | T(k)==[ T (r)krsin(kr)dr  dm Spectral energy

o
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Time evolution of the second order correlation tensor Q;: L, , ()= Ry, (r) = —2av

ot 2a

l

00, 1/(00,, 0O
Q = L aQ"’“Jr fank’}chQy.JerVzQy X0, Density correlation:
r, v;
1

5 Dynamic relation
2 between 2nd and 3rd
Or correlation functions

= Time evolution of the second order correlation function R,: Cf(”) = —( Hf(Q ))2
a m

E » 1 o( . oR
+2€R2+2V —2—(7’ ] 2 vau’®
—— Ot re or or F(r):v(aHf(Qm)) E(r)=—2

2

Fourier transform: 3 E,: Energy spectrum  Third order correlation:

625; :+ 2eE, (k1) -2vK°E, (ki)  Ra=(0'u,)=—vHZ[(0,) (Au,)

|

1 a( 2(9sz
I/'_
r* Or or

2a or  2ar transfer function T (k)= ayu

transfer function
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i= The same model can be generalized to high order

correlation functions:

Ly, =Ry = <u u > au’ exp(—i)[i—@j
EWAND!
= Rz = <u2u-u'> =au’ exp[—— [b4 _FL]
2

a
3
L(5,4) - <u4u'L> =au’ exp(—L) (L _bsj
o\ "

= Generalize to any order correlation functions:

L(q+1,q) = <”q”L> oc u’ <uL> oC (vHa2 )q/z L(I,O) oc gl73)/2

R

10% ¢ - -
5 NS
[ —6—b; —de—a(uu)) v(a) = —Q U,y a’?
10° £ b u)?
| Tl = 23 Mpc/h
[ : b
02 [| S W Uy = 354.61km/s
| —a—a,(vu ) —e—o,
107
.IDIII |
1071 F
102
p
1072 : - (302
v(a)=- s mi:_%"{r”z CRREIRE ( //) gV
2a,a 2ayu 3auat g,
1[]-4 P e | i i P e | i i
1072 107" 10° 10"

V(a) is artificial viscosity

229
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’1[]1: L T r1lrlr| L T r1-r|l| T T rl-r11| Li T |--|11| : '1.[]2: T T LI N | T el ey

—_—
—
—

100

107
— =) [} =50 —_—00) ——7=20
e ——7=0.3 —==--2=0.0
—z=1.0 - -~ z=1.
=10 -———7=2.0
—z=1.0 ---z=10 ,
,1[]—3 T PP P TR | : mrrwrarr | P i i -1.[]' i
102 10° 10° 10° 102 1072 107 10° 10 102
r (Mpc/h) r (Mpc/h)

Two-point third order velocity correlation L ,, Two-point fifth order velocity correlation L5 4 .,
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1 Ki {1
(0)=(V-u)=z (" (Aw,)) @ =0 on

From pair conservation equation:

100
2 > 2H r
<AuL> ~ —gHarga (r,a)=- rza jo E(y)yidy
‘ Dynamic equation |
(0)=(V-u)=-Ha&(r) on large scale

0)=(V-u)=-aHy (2,)()) 4m5=n=-

T
|

\ 4
£(Q,)(8)=r1(Q,){5+8)/2=&(r)=(55")

On large scale, mean density at two locations 1s
proportional to density correlation on the same scale

—{(r)=<00>

— <u”>/(3u%)-1|

&(r) <0

<d> < ()-
when |

102

10

100 101 102
r (Mpc/h)

1073



o

Pacific

Northwest

NATIONAL LABORATORY

Use dynamic equations at locations x and x’:

 On large scale: Iim <u2 > =3y’

r—>a0

the same scale

Dynamic relations from dynamlcs on Iarge scale

<>

E(r)==<66>

—<y®=/(3u°)-1

Reduced velocity dispersion is
proportional to density
correlation or mean density on

v, N 1 o(vv) — oy + Wiy xp | Unit vector —
ot 2a (&'cj’) / /- J  |between two
ov, 1 o\v,v, . oA particles b
> +2a 8;;J =cv, + W, X7 P —r/r 10
. o{u’
_ <’% ov, _ﬁj%>+lM=C<AuL>+2v@
ot ot a or or
2 e(a)i =l
rn——=cla)rv,=cla)u
N c(a)v O :
ot LoV, A
r—=c(a)rv,=c(a)u,
Ot
-10 AT
Use <6’>=<V u>=—Ha§(r) and f(Qm)<5>:§ P e 102

107" 10°

r(Mpc/h)

2vHa’é(r)  2vHa’
3u’ 3y

107 102

10°
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103 S S S — S
Kinematic relation (good for all scales): z=0 (div(w) from SILP) 2=0 (from (1))
; o ———7=0.3 (div(u) from S1LP) — — — z=0.3 (from £(r))
s 0l fomSIB 220 (femie
<9>:<V-u>=;(l” <AML>)J « ::1
From pair conservation equation:
(for large scale)
2Ha ¢r
(A, ) === &(v) vy
On large scale: ‘ Constant
10 =
divergence
(0)=(V-u)=-Ha&(r) ¢ .

10

1077 Velocity divergence: div{u)=-Haf(r)

Dynamic equation on large scale

‘ i
il
wall . PR | . e e {

.ﬁ N o 1 L 4 | I..
10 ; ; -
V- -u o) 10° 107" 10 10 10°

[}

— T () ~aH (@) Velocity divergence on different scales
(normalized by Ha) 233
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.. m L L]

= The exponential function was proposed for 100 e — :
second order transverse velocity correlation S ik ‘---l-“: " .
T, on large scale. | | \ N

& = Thisis not a coincidence and must be deeply | \
rooted in the dynamics and kinematics on !
large scale. '

|
|
|
|
-4
E
-
_ . g
J 0’ . -
e E
o

Velocity dispersion function for kinetic energy o}
= contained in all scales above r:

e ) (] .
A || o ==\
Wind 1 S J(z—ﬂa} —®, 4T, Y4 atz=03 N
3. x Indow )
W(x)=—3|:s1n —xcos( ] 3 , ———53(1—1:3) Ry 7T, )4 atz=10 .
X ﬁlIlCthIl .'T .' o 02 (z=2.0) —(R oD {21]:9 4 at z=2.0
B On large scale, velocity dlspersmn function ! 93 (5=5.0) — {R Vatz=5.0
can be approximated by: e L 1}. {liﬂ. T R . i
: Jﬁ e (r) . l |:R (r) 7 (r):| Relate. to Veloc%ty 102 10! B r&;i N 10" 102
oy, 098 " 4 (2.1) (2.0) correlatl.on fl.ll.lCtIOIlS
*' (Equipartition)

3 translational 1 rotational 234
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On large Scale VClOCity dispersion function From dynamic relation on large Scale:
can be approximated as, R
1 Relate to velocity L, (r)=—2av (&)
2 : . ’ or
o (I’) ~—| R (I”) + 1 (V) correlation functions
' 4 S (2. (Equipartition) ‘
= On large scale, the rate of energy cascade (m?/s3): OR
o et B[R ()47 ()]
. . . au 8}/ (2.1) (2,0)

o’ (I”) Kinetic energy in r
11 oc . scales above r From kinematic relation on large scale for

(C”” ) / U . Turnaround time for irrotational flow:

energy cascade
- R, = i(r?’T )

<u3 > L(3 ) (r) @n =~ 2\" fo),

I1 oc oc —= ‘
ar ar
Exponential second order transverse
‘ correlation function:
2
oC r , sva
L(3’2) (7’) uau (7") ]-('270) = Const - exp[__j with vy =———
r, ao.u 235
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= Similar idea can be applied to determine the power- Gl — 9, (r /r )n Power-law that can be
= law exponent of correlation functions on small scale 2 1 related to virial theorem
== = On small scale, velocity dispersion function can be From kinematic relations on small scale:
approximated as =

— i L(r)=u?—22=y 1_(Ljn See slides
Uj (’”) zg[R(z,l)(’”)"‘T(z,o)(’”)"“L(z,o)(’/)] o ) 2 d }
| | f \ 1 24n(r)
3 translational 1 internal 1 internal 2 , (_] :|
rotational (two-  |ongitudinal -

body is planar) relative motion 1, . , r)
2 7"2 ( 2 )’r ( ) ’/i

B ()= -0l () B ()i L] i) | L) [ seesies

n =0.27 = V4, the one-forth law on small scale 236
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small scale seems not exist.

for velocity on small scale.

s=—— =« These equations are subsequently applied to

derive the dynamic relations on small scale.

Jeans equation (not self-closed):

ov 1 1 V. 1
—+—V-Vv+ Hv=— P_ V¢
ot a a p a
2
p = po = y=1/2 for small scale
/ [ dynamic equation.
Velocity = y=1 for large scale
dispersion dynamic equation.

tensor

Self-closed equations for velocity evolution on

we will first formulate the self-close equations

Dynamic relations from dynamics on small scale

Decompose total velocity into halo velocity and

velocity in halos

v(x,t)=v,(x,,t)+V,(r,t)

Decompose velocity in halos into radial and

azimuthal flow

V, =V, + V(p Polar flow is neglected

Self-closed description of mean flow (derivation skipped):

V-v= Q(t) Four equations and four unknowns

8—V+lv.Vv+HV:—lV¢*+71(V><V)><Vh
ot a a a Y g
ov 1 ‘ 1

o —(1=y)V-Vv+LV(v-v)+ H = ——V§’

ot a
ov 1

2a a
‘ 1

ot a 2a a

v voms Ly H-La-polv=-Lvg

Centripetal
acceleration,
significant on
small scale

a a7
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Northwest O€If-closed description of dynamics
-1[]5. R e R Rl R R S ey — g
Taking curl on both sides: ; An=1024: Ax=0234Mpc/h: il
1 1. 1 An=512; Ax=0 468Mpc/h s
VX %JF V-VV+HV=—=V¢ +y—(VxV)xv An=256: .ﬁx:ﬂ_QEﬁMic.-'h i
a a a - ~ V)

0% E e A ,
; An=128; Ax=1871Mpch

An=64; Ax=3.742Mpch

1

Equation for vorticity: @ =V xv
om 1

E_l_ VX(V VV)+H(D 7/ VX[OJXV] ‘ mﬂé

a

o J/

L
=
-
LHS RHS
s

= On large scale (large grid size Ax), y=1

On small scale (small grid size Ax), y=1/2.

Validation by N-body data |

= There is a transition between the two regimes. 10° o
10° 10 102 103 10* 10°
RHS/u,
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Pacific
Northwest origin of effective viscosity
With the self-closed description of velocity, we can derive

_ _ Compare to dynamic equation on large sale:
the effective equations for mean flow

Similar to Reynolds decomposition, decompose velocity ov + I VvV (V : V) — c(a) V4V (a)vzv
and potential into mean and fluctuation in time, ot 2a
Averaging is essentially a filtering i l
= ek = process with a cutoff resolution o ( " ) — N2% — v -
V=V+V ¢ =¢ +¢ to separate variables into 2a VIV EW VV(V‘{SUbgnd mode!
resolved and unresolved parts I
1 Substitute into the self-closed description: Force as the gradient of _Force from Divergence

Newtonian law of  hronortional to

ov 1 y 1 kinetic energy in Viscosity for _
P + p (1 _ 7/) v-Vv+ _a VvV (V . V) + Hy = _ZV¢ unresolved fluctuation - f>llow overdensity d
‘ The artificial viscosity on large scale origins
o 1(1_7)V W+lv(v V)+HV=—1VE— I__merlm from the unresoll/ed veIOC|ty.quctuat|ons
ot a a a a ¢——]  Use 5—- V-V and integrate both
_ aHf (Q,,) sides of subgrid model
V¢ =-3Hav/2 and y=1 1 .

¥
v:=F(t)+2va’Hf (Q, )6
+ Vv (V -V)=—Hav——V (V Y ) The larger mean density (higher resolution),
2 2 the smaller unresolved velocity fluctuations %
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Taking curl on both sides of self-closed description:

ov 1 4 1

:'_'5__3_' — V x _+Z(1_7/)V.VV+ZV(V.V)+HV:_ZV¢

Ot
Equation for vorticity: @ =V xv
0 1

= _+Hm_z(7_1)Vx(v-VV)

Ot

1 Dynamic evolution of vorticity:

+1_7/V-Vm+{1+(1—7/)i}Hm:l_ym-VV
o a Ty Ha |=5~ —

s = 2 a 3

1: Transport 2: Destroy of 3: Generation
of vorticity vorticity on of vorticity on
large scale small scale

Dynamic evolution of enstrophy:

Taking scalar product on both sides:

\A @+lv-Vv+Hv:—lV¢*+7/1(va)xv
ot a a ~

a\
‘ 1
2
SN (R IRTIR .
Ot a 2 al\?2

Specific kinetic
energy:

KZJ‘%V-VCIIV

Total energy:  Virial relation:

Ezévz vgt [(2v 8 )Y =0

Dynamic evolution of energy E at different location:

V2E+Ha9(1+ 81n¢9j :(l—y)([v-(vzv—V9)+(o.co])

A 00’2 1-y Lo 07, ., 1-y
" Py PR V7+ L+(1- V)Fa Ho' = p f”'(")'vv) Decay on Velocity — Rotational
— ? large scale gradient contribution 240
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Northwest Dynamic relations from dynamics on small scale

Self-closed dynamic equations at two locations x and x’:

ov. 1-y3(vv,) y d(v,) (1-7) 1 0g" | With self-closed dynamic
5 + 3 + o + 1——H@ Hv, = o XV, equations on small scale, we

Looa o @ o ¢ a4 / are ready to covert it into

v 1—y 5(@,}() y 5("}("}() (1_7/) | 104" - dynamic relations. _Same

B=—C . 4 — + — 4+ 1— 0 ij =——— XV, approach was applied for
e ot a  Ox 2a  Ox, at a 0x, irrotational flow on large scale.

ot aH a Or, a Or a

% +2{1_(1_7/) Q}HQZJ _2-27 %y | 7 1{a<¢*v'f‘>+a<¢*"’i>} XO..

Dynamic relations

" ~ OR between second and

Ot

or

, l—y 1 |0 2 *
CN 2{1 _( — ) 9} HR,, =— { (r2 [(2 =27) Ry + 7/L(3,2)])} + 56’<¢ > third order correlations

on small scale

1
3t

j =—Hau’r = <AuL>u2 = gguar
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Dynamic relations:

1 4
(R(3,1) +5L(3’2)j =—Hau’r = <AuL>u2 = 5%“’”

GSCH: ‘

((30,)') =5 v | ((00,)') =4

5
‘ For comparison, the
3 four-fifths law for
3 <(A“L) > incompressible flow

10% ¢ —r—rrrrr ———r - Ty
—|Rl[3 1}"{’ 5L{3q}| - = ‘Haru :
107 [<Au, =] {3:&111_]'3}|-'“5 F
107 3
107" i -
I L N 1 j
2 INIIEEAR A -
If ]
: 1' ]

1073

107

10°°

_1[]_5 . i b s saal i e
10 10°! 107 107 10°
II:MI}CI']:L) 242
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Third order velocity Vorticity, Energy and  Self-closed velocity
correlation tensor Enstrophy equation

Effective viscosity Kinematic relations Dynamic relations

Analogy between dark matter flow and homogeneous isotropic turbulence is established
for development of statistical theory in terms of correlation, structure, dispersion, and
spectrum functions;

General kinematic relations for two-point velocity statistics are developed on small and
large scales respectively;

On large scale, the redshift dependence of gth order velocity correlations follows
~al@*2)2for odd g and ~a%? for even q; The overdensity is proportional to density
correlation on the same scale, i.e. <0>=<80’>; (Negative) Effective viscosity in adhesion
model originates from velocity fluctuations.

On small scale, self-closed description for velocity is developed such that the dynamic
relation can be obtained, which can be validated by N-body simulation.
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