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ABSTRACT

Statistical theory for self-gravitating collisionless dark matter flow is not fully developed because of 1) intrinsic complexity
involving constant divergence flow on small scale and irrotational flow on large scale; 2) lack of self-closed description for
peculiar velocity; and 3) mathematically challenging. To better understand dark matter flow, kinematic and dynamic relations
among different statistical measures of velocity must be developed for different types of flow. In this paper, a compact derivation
is presented to formulate general kinematic relations on any order for incompressible, constant divergence, and irrotational flow.
Results are validated by N-body simulation. Dynamic relations can only be determined from self-closed description of velocity
evolution. On large scale, we found i) third order velocity correlation can be related to density correlation or pairwise velocity;
ii) effective viscosity in adhesion model originates from velocity fluctuations; iii) negative viscosity is due to inverse energy
cascade; iv) gth order velocity correlations follow o a(9*?)/2 for odd ¢ and o a?/? for even g¢; v) overdensity is proportional to
density correlation on the same scale, (§) o« (§6"); vi) (reduced) velocity dispersion is proportional to density correlation on the
same scale. On small scale, self-closed description for velocity evolution is developed by decomposing velocity into motion in
halo and motion of halos. Vorticity, enstrophy, and energy evolution can all be derived from self-closed equation for velocity.
Dynamic relation is derived to relate second and third order correlations. Third moment of pairwise velocity is determined by
energy cascade rate e, or ((Auy)) o« e,ar. Finally, combined kinematic and dynamic relations determines the exponential and

one-fourth power law velocity correlations on large and small scales, respectively.
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1 INTRODUCTION

The statistics of cosmic velocity field is valuable to probe large scale
structure formation and density fluctuation and constrain cosmology
parameters (Ma et al. 2015). The statistical analysis is mostly ap-
plied to the pairwise velocity, i.e. the velocity difference of a mass
pair along the direction of their separation or the difference between
two longitudinal velocities (Xu 2022f). The pairwise velocity was
originally introduced to describe the dynamic evolution of a system
of self-gravitating particles (Davis & Peebles 1977) and was later
applied to probe the cosmological density parameter (Ferreira et al.
1999; Juszkiewicz et al. 2000). The lower-order moments of pairwise
velocity was also proposed as a diagnostic tool for laws of gravity
on large scale (Hellwing et al. 2014). Another common statistical
measure is the two-point second order velocity correlation functions
that was introduced in 1980s to quantify the cosmic velocity field
(Gorski 1988). It was later applied to real dataset of local Super-
clusters samples (Gorski et al. 1989) and SFI catalog of peculiar
velocities (Borgani et al. 2000).

Directly measuring velocity correlations from real samples is still
very challenging in practice since only the radial velocity component
can be directly observed. On the other side, N-body simulation is
an invaluable tool to study the dynamics of collisionless dark mat-
ter flow on different scales, capture the very complex gravitational
collapse and many other effects beyond standard Newtonian approx-
imations (Angulo et al. 2012; Springel 2005; Peebles et al. 1989;
Efstathiou et al. 1985). The peculiar velocity from N-body simula-



2 Z Xu

tions is relatively accessible with large amount of simulation data
available. In addition, tremendous amount of knowledge on the na-
ture of self-gravitating collisionless dark matter flow (SG-CFD) can
be obtained from this practice. Some results for second order statis-
tics were already discussed previously (Xu 2022f) and this paper will
generalize these results to high order statistics.

Traditionally, two approaches can be applied to study the veloc-
ity field in N-body system. The first one is a halo-based approach.
All particles in entire system are divided into particles in halos and
out-of-halo particles. The density, velocity, and acceleration distribu-
tions of halo and out-of-halo particles evolve in different ways, which
can be studied separately (Xu 2022h,j). Our previous study primar-
ily falls into this category, of which the inverse mass and energy
cascade and halo mass functions can be rigorously developed (Xu
2021a,b,f, 2022g). The maximum entropy distributions of dark mat-
ter particle velocity and energy were also formulated (Xu 2021c,e).
Relevant applications of mass/energy cascade theory in dark matter
flow are also presented for dark matter particle mass and proper-
ties (Xu 2022i), MOND (modified Newtonian dynamics) theory (Xu
2022j), and baryonic-to-halo mass relation (Xu 2022k).

A different alternative strategy (correlation-based approach) of
statistical analysis works with statistical measures of velocity field.
The correlation, structure, dispersion, and spectrum functions are
among the most important statistical measures to quantify the pecu-
liar velocity field (Xu 2022f). In this approach, the scale and redshift
variation of these statistical measures can be studied in detail (Xu
2022h; Kitaura et al. 2016; Pueblas & Scoccimarro 2009). Halo
structure is not explicitly involved in this approach. However, on
small scale, most pairs of particles are from the same halo. While
on large scale, pairs of particles are from different halos. Therefore,
effect of halo structure on statistics can be clearly identified through
the scale dependence of these statistical measures. Statistical analysis
by projecting velocity field onto structured grids may involve infor-
mation loss. In this paper, we directly compute statistical measures
of different order that contain the most complete information of a
N-body system at different scales and redshifts.

In principle, both halo-based and correlation-based approaches
have their own strength and weakness, while in this paper we pri-
marily focus on the correlation-based statistical analysis of velocity
field that was originally developed in the theory of incompressible
homogeneous turbulence (Batchelor 1953). The velocity correlation
functions, firstly introduced by Taylor in 1930s (Taylor 1935, 1932),
play a central role in the statistical theory of turbulence. Other sta-
tistical measures are related to correlation functions and describing
how energy and enstrophy are distributed on different scales.

The statistical theory of stochastic flow is mostly concerned about
two types of relations: i) the kinematic relations between statistical
measures of the same order; and ii) the dynamic relations between
statistical measures of different orders. The kinematic relations can
be developed for a given nature of flow (incompressible, constant
divergence, or irrotational) under the assumption of translational
and rotational symmetry. However, the dynamic relations can only
be developed from self-closed dynamic equations for evolution of
velocity field, such as the Burgers’ or Navier-Stokes equation. In fact,
the celebrated Kolmogorov’s four-fifth law is an exact result of the
dynamic relations derived from Navier-Stokes equation (de Karman
& Howarth 1938; Kolmogoroff 1941a,b).

By contrast, the statistical theory for self-gravitating collisionless
dark matter flow (SG-CFD) is not completely developed and far from
satisfactory due to several reasons:

(i) SG-CFD flow is intrinsically much more complex with different
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nature of flow on different scales, i.e. a constant divergence flow on
small scale and an irrotational flow on large scale (Xu 2022f). The
kinematic and dynamic relations need to be developed separately for
both types of flow on different scales.

(ii)) Dynamic equations of velocity (Jeans’ equation) on small scale
are not self-closed. No dynamic relations can be derived without a
self-closed dynamics for velocity evolution.

(iii) Existing work mostly focus on the first and second order veloc-
ity statistics, while the peculiar velocity field contains much richer
information beyond the second order. One example is the third order
velocity correlations that is intimately related to the energy cascade
and transfer across sales (Egs. (128) and (192)). However, it is very
challenging to explore high order statistics, as that inherently involves
tensors and vector calculus of great complexity.

The primary purpose of this paper is to establish the formal lan-
guage of statistical theory for collisionless dark matter flow by in-
troducing basic notations, putting in place necessary equations, and
laying down the fundamental rules. The theory itself is intrinsically
complex due to stochasticity, nonlinearity, and multiscale nature,
while we are still able to appreciate the beauty of nature as evidenced
by the hidden symmetry in kinematic and dynamic relations. From
this practice, we are able to demonstrate that on large scale,

(i) The third order correlation determines the rate of energy cascade;
(ii) The effective viscosity originates from velocity fluctuations and
negative viscosity v (a) reflects the inverse energy cascade;

(iii) The gth order correlation functions scale as o aa+2)/2 for odd
order g and scale as oc a4 /2 for even order q;

(iv) Mean overdensity on a given scale r is proportional to the density
correlation on the same scale, i.e. f(Q,)(6) ~ (66'). The existence
of low density void region can be related to the negative density
correlation (§6”) < 0 on that scale;

(v) (Reduced) velocity dispersion on a given scale is proportional to
the density correlation on the same scale, i.e. (u2)/(3u?)—1 (66/).
Low density void region has relatively small velocity dispersion;
(vi) The exponential velocity correlation originates from a combined
kinematic and dynamic relations on large scale;

While on small scale, a self-closed description for velocity evolu-
tion is developed along with the associated dynamic relations. The
third order correlation and structure functions on small scale can be
directly related to the constant rate of energy cascade &,.

There is tremendous amount of knowledge that can be learned
from this practice, much more than what we can present here. With
the second order statistics presented in (Xu 2022f), this paper is
organized as follows: Section 2 introduces the N-body simulation
data used, followed by the third order statistical measures in Section
3. The general kinematic relations are presented in Section 4 with
results from N-body simulations for comparison and validation in
Section 5. Finally, the dynamic relations are formulated on large and
small scales in Sections 6 and 7, respectively.

2 N-BODY SIMULATIONS AND NUMERICAL DATA

The numerical data are public available and generated from N-body
simulations carried out by the Virgo consortium. A comprehensive
description of the data can be found in (Frenk et al. 2000; Jenkins
et al. 1998). As the first step, current study uses simulation runs
with Q = 1 and the standard CDM power spectrum (SCDM) to focus
on the matter-dominant gravitational flow. Similar analysis can be
extended to other model with different assumptions and parameters
in the future. Current simulation includes 17 million particles with



Table 1. Numerical parameters of N-body simulation

L mp lxuf t

Run Qo A h T o Noem) Mo/h  (Kpc/h)

SCDMI1 1.0 0.0 0.5 0.5 0.51 2395 256° 2.27x10M 36

particle mass of 2.27 X 101 Mo/ h. The simulation box sizes around
240 Mpc/h, where h is the reduced Hubble constant. The same set
of data has been widely used in a number of studies from cluster-
ing statistics (Jenkins et al. 1998) to formation of cluster halos in
large scale environment (Colberg et al. 1999), and test of models for
halo abundances and mass functions (Sheth et al. 2001). Some key
numerical parameters of N-body simulation are listed in Table 1.

Two relevant datasets from this N-boby simulation, i.e. halo-based
and correlation-based statistics of dark matter flow, can be found at
Zenodo.org (Xu 2022a,b), along with the accompanying presentation
slides, "A comparative study of dark matter flow & hydrodynamic
turbulence and its applications" (Xu 2022c). All data files are also
available on GitHub (Xu 2022d).

3 THIRD AND HIGH ORDER VELOCITY STATISTICS

The real-space two-point second order statistical measures have been
introduced for density, velocity, and potential fields along with the
kinematic relations developed for different types of flow (Xu 2022f).
In this section, two-point third order statistical measures are intro-
duced along with the kinematic relations. The SG-CFD flow is of con-
stant divergence on small scale and irrotational on large scale. The
constant divergence flow and incompressible flow share the same
kinematic relations for even order statistical measures, while they
can be different for odd order statistics (Xu 2022f). Same as previous
discussion for second order statistics, we restrict our discussion to
homogeneous and isotropic flow that will significantly simplify ve-
locity correlation tensors and the development of theory. Third order
statistical measures for a specific type of flow, i.e. incompressible,
constant divergence, or irrotational flow, are all discussed in detail.

3.1 Third order velocity correlation tensor

Due to homogeneous and isotropic symmetry, the two-point third
order velocity correlation tensor can be generally defined as

Qijk (x,1) = Qjj (v) = Qyj (1)

= <ui () uj (X) ug (x )> = <uiuju/k>
for velocity field u at two different locations separated by a distance
r, where X = x + r (Fig. 1). The prime notation indicates the field
evaluated at location x , with u 7, and ur standing for the longitudinal

and transverse velocities in Fig. 1.
For third order isotropic tensor Q; i« (r), symmetry requires

Qijk (-r) = <ulu,uk> =- <Miuj'4lk> =—Qijk (r). )
The most general form of the isotropic third order correlation tensor

can be written as,

Qijk (r) = A3 (r)rirjri + B3 (r) rid i
+C3(r) 10 + D3 (1) i 6ijs

6]

&)

where A3 (r), B3 (r), C3(r) and D3 (r) are all symmetric regular
functions of scale r. Because of the symmetry about indexes i and j
(using definition in (1)),

Qijk (r)=Qjix (r) leadsto B(r)=C(r). C))
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Figure 1. A schematic plot for the longitudinal (z7, and u’L) and transverse

(ur and u;) velocities for a particle pair separated by a distance of r.

The final form of third order correlation tensor simply reads
Qijk (r) = A3 (r) rirjri+B3 (r) (ri6 jg +76x;)+D3 (r) 1675, (5)

which is fully determined by three scalar functions A3, B3 and D3.
Using contraction in index, the longitudinal triple (third order)
correlation function is defined as

L3 (r) = Qjjkfif jfy = <M%ML> = A3r® + (2B3 + D3)r, (6)

where 7#; = r;/r is the normalized Cartesian components of vector
r satisfying 7;7; = 1. Einstein summation is employed. Here uy; =
u-r = u;r; is the longitudinal velocity in Fig. 1. Two total third order
correlation functions can be defined as,

1 . N
R3 (r) = 5Qijk (6ikFj + 6 ki) o
= <MLu . u/> = A3r3 + (4B3 +D3)r,

Ry1 (r) = Qijkdijix = <u : uu'L> = AP+ (2B3+3D3)r.  (8)
The transverse third-order correlation function can be defined as,

Ty (1) = (upur -up) /2= (Ry ~ L3) /2= Bar, ©)
with transverse velocity perpendicular to vector r (Fig. 1),

ur =—(uxrxr)=u-(u-r)r. 10)

All third order correlation functions satisfy the odd symmetry
f=r)==f().

Next, the divergence and curl of third-order correlation tensor are
formulated. Some tensor/vector algebra are involved and only the
final results are presented here for later use. The divergence reads

_ 99k () _ 6<”i”1”;<>

Qijk’k B ory ory
0A 2 0B oD
- (5A3 + a—:r + 73_:) rirj + (233 + a—r3r + 31)3) Sijs
Qiik,k = Qijk,k0ij
0A 2 0B oD
= 5A3+—3r+——3 43 2B3 + 3r+3D3 ,
ar r or ar
(11)
and
9Qijk (r) dA3  10Bz 10Dz
sy o= T L |5A, 4+ —2 it A .
ijk.i ar; ( 3* 8rr+r ar +r ar )r,rk
(12)

B
+ (4B3 + br +D3) 6jk-
or
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Other derivatives can be derived from Eq. (12),
aQt’jk (r) — (2 82A3 0A3

cap s = — + 10
ki = riar; . (13)
9*B; 89B3 9°D3 44D
+20A3 +2 +-— + - ,
3 or: r or or2 roor Tk
Oikik = Qikk,i = Qijk,i0jk
aA 0B; aD (14)
= 5452 + 233 4 12By +4r =3 +3D3 +r—2,
ar ar "or

where symmetry condition (Eq. (4)) is used for deriving Eq. (14).
With definition of correlation functions R3 and R3; in Egs. (7) and
(8), Egs. (11) and (14) can be concisely written as

12
ik = Qi = Qe = 5 (1Rs)
OQiki,k Qljk,l jk Qikk,i 2 rR3 .
and (15)
L (2
Qiik,k = — (r R31)
r Na
Similarly, the curl of third order velocity correlation tensor reads
V X Qmni (r) = €ijk Qmnk,j

(A 1083

(16)
3 ;W) (&imkTnTk + Eink'mTk) -

where &; ;i is the standard Levi-Civita symbol.

3.1.1 Kinematic relations for incompressible flow

This section formulates the kinematic relations for incompressible
flow following the classical approach in the theory of turbulence. A
new and more compact formulation is presented in Appendix A that
facilitates the generalization to arbitrary order. First, the divergence
free requirement in Eq. (11) leads to two separate relations

0A; 2 0B3
SAyr+ =372 42223 17
"oy or a7
ZB3+68DSr+3D3 =0. (18)
r

Differentiating Eq. (18) and subtracting Eq. (17) leads to

(5D3r) 139P3 _ 204 Z5 ssayr=(49?) +345r. (19)
NS

or or or
From Eqs.(18) and (19)), we should have
10D )
3= ——F and A3r +ZB3 + 3D3 =0. (20)
r or
Equation (18) can be analytically solved (using Eqgs. (6) and (20)),
oD 3
By=——23 _2py and D3 =-L3/(2r). @
2 Or 2

With all scalar functions Az ,B3, and D3 expressed in terms of the
longitudinal correlation L3(r), the third order correlation tensor can
be expressed as (prime denotes the derivative with respect to r)
Ly—rL.
3aa.n

Qiji (r) = Fif jF
, (22)

2L3 + rL3 . R Ly,
+ — (riajk +rj5ki) - Ti"k(sij.

From Eqgs. (13), (17) and (18), we have Q; jx ;; = 0. Since the first
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order isotropic tensor for incompressible flow must be zero (see Xu
2022f, Section 3.1), we should have

= Qijk,ik = Qijk,jk = 0. (23)
Multiplying Eq. (22) by 6 j; and taking the divergence,

Oijk,ij

OQikik = Qijk,i0jk = Qikk,i

)l ().

with the following identity used

2
(r,) J (611 f[fj) = (fj),i and (fi),i = ; (25)

The kmematlc relations between third-order correlations can be
easily obtained by contraction in index notation from Eq. (22) (using
definitions (7) and (9)) such that

i 1/,
Rz—(L),Tz—(L ,
3=55("0s) 3= 3)’r
and (26)
r? (r2R3) =2 (r4T3)
s NS

These kinematic relations will be generalized to higher order in
Section 4 with a new method of derivation. From Egs. (20) and (8),
the total correlation function R3; vanishes for incompressible flow,

Ry () = <u . uu'L> = 0. 27

The same correlation R3; does not vanish for dark matter flow, i.e.
two types of flow are different in odd order correlations (Fig. 8).

3.1.2 Kinematic relations for constant divergence on small scale

The kinematic relations for constant divergence flow are different
from incompressible flow for odd order correlations. The peculiar
radial flow u,- in virialized halos satisfies u, = —Har from stable
clustering hypothesis (Xu 2021d). The divergence of peculiar ve-
locity V - u = —=3Ha (in local spherical coordinate), i.e. a spatially
constant divergence (see Xu 2022e, Eq.(60)). Without loss of gener-
ality, let’s assume V - u = 6 (¢), where 6 is a constant in space. The
divergence of third order correlation tensor simply reads

Qijkx =V - <Mi () uj (%) ug (x)>

Bxk

(28)
=<ui (x) uj (x) >=6‘<u,~uj>,
where the prime stands for taking derivative at location x . The
constant divergence requires (Eq. (11)),

0A 2 0B
Qijk,k =<u,~uj> (5143+—3 3)r,rJ

0 r or
(29)

oD
+ (233 + (9_}"3r + 3D3) 0ij-
Multiplying #;7#; on both sides of Eq. (29) gives
(9A3 20B3\ , 0D3
0=|5A3+ —r+-—= 2B
<ML> (5 3F 6r rc?r)r+ 3F or

Using definitions of correlation functions in Egs. (6) and (7), an exact
kinematic relation can be obtained between correlation functions,
longitudinal dispersion (uzL) and divergence 6,

Ry + % <ui>9 213 ( 4L3) 31)

e+ 31)3) . (30)



Similarly, multiplying 6;; on both sides of Eq. (29) leads to

O

oD
2 Ds3
Hr r 8r)r +3—— o r+6B3+9D3. (32)

An exact relation for R3; and total velocity dispersion (u2) on scale
r can be obtained from Egs. (11) and (15),

<u2> 0= riz (r2R31),r . (33)

With (u?) ~ 3(14%) (see Xu 2022h, Fig. 20) that is exact on both
small and large scales, the kinematic relation between three third
order correlation functions finally reads,

1 2 1 4
R —(R) - L) . 4
st g (PRa) =55 (L) (34)

For small r with velocity dispersion (u%) independent of r, solution
of R3; from Eq. (33) is

Ry =0(u )r. (35)

In particular, with 8 = 0, kinematic relations Eqgs. (31), (33), and (34)
reduce to Egs. (26) and (27) for incompressible flow, as expected.

3.1.3 Kinematic relations for irrotational flow on large scale

Dark matter flow is irrotational on large scale. The curl free condition
from Eq. (16) leads to the following requirement on large scale,
1083
r or

The kinematic relations between velocity correlations can be simi-
larly found from Egs. (6)-(9),

_ A, (36)

1 2
(rR3), + Ry = = (1*L3) . 3Ry =Ry = = (r*T3)
r N r Na

and
3L3 - R3;

(37
=2(r13) -

All kinematic relations developed for constant divergence flow on
small scale and irrotational flow on large scale can be validated by
N-body simulations and presented in Section 5.

3.2 Third and higher order velocity structure functions

Structure functions are statistical measures to describe how the sys-
tem energy is distributed and transferred across scales. Third order
longitudinal velocity structure function is defined as

Sép (r) = <(AuL)3> = <(u/L - uL)3> =6L3(r)—-2 <ui> s (38)

where Auy is the pairwise velocity. More generally, the mth order
longitudinal structure function can be defined as

Si,lf = <(AuL)m> = <(M/L - uL)m>. (39)

Models for structure functions are presented for self-gravitating
collisionless dark matter flow. On small scale, the reduced even order
structure functions follow a two-third law (see Xu 2022h, Eq. (56) and
Fig. 22). With pre-factor determined by the rate of energy production
&, from inverse energy cascade (Xu 2021f), we have

S5 (1) = S50 (0) o (=) 123, (40)
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where Sl;t (0) is the (2n)th moment of limiting distribution of pair-
wise velocity Auywhen r — 0 (see Xu 2022h, Eq. (61) and Table
4). Here &, < O reflects the inverse mass cascade with

w3
(41)

—&y =

0 95
t_ = ZMOH() ~ 0.6345

3u
2 Mp / h’
where ¢ and H are the present time and Hubble constant, u( is the
one-dimensional velocity dispersion at present epoch.

On small scale, the odd order structure functions are predicted as
() =+ 1S (1) S () (42)

2n+

from generalized stable clustering hypothesis (GSCH). This is based
on a two-body collapse model (see TBCM model Xu 2021d, Eq.

(123)). With sllf’ (r) = —Har (see Xu 2021d, Eq. (117)),

2n+1 (r)=-Q2n+1)HarS, p " (0)

(43)
=-2" 2n+1) Koy, (Aur.,0) Haru*"

where K»,, (Auy ,0) is the generalized kurtosis of the distribution of
pairwise velocity Auy when r — 0 (see Xu 2022h, Table 4).

4 KINEMATIC RELATIONS FOR VELOCITY
CORRELATIONS OF ARBITRARY ORDER

In this section, we formulate general kinematic relations of any order
(beyond second and third order) for different types of flow. This is a
very challenging task involving significant amount of tensor/vector
algebra and calculus. Readers can simply skip details of derivation
in Appendix A and directly jump to final results, i.e. Egs. (53)-(55)
for incompressible flow, Eq. (62) for constant divergence on small
scale, and Eqgs. (63)-(65) for irrotational flow on large scale.

4.1 General correlation functions on any order

The two-point velocity correlation tensor Q of arbitrary order p can
be defined as,

((p)Qijk..mn) = <Hiujblk...umu’n>. (44)

Scalar correlation functions are defined by tensor contraction of Q
(similar to Egs. (6), (7), and (8)). For even number ¢, the total corre-
lation functions of order (p, g + 1) is defined as

— _2 ’ — _2 ’
R(p.g+l) = <uqu£ 4 u,—ui> = <uqu€ 9 u-u > 45)

For even number ¢, the longitudinal and transverse correlation func-
tions of order (p, ¢) are defined as:

Lip.gy = (") (46)
and
Tip.g) = (R(p,q+l) - L(p,q)) /2. 47

Figure 2 lists velocity correlation functions up to the sixth order.
Just like second order correlations, all these correlation functions can
be similarly computed from N-body simulations. We first identify all
particle pairs with the same separation r, followed by a pairwised
average to compute these correlations on a given scale r.

Vol. 000, 1-24 (2022)
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p =0 g=1 g=2 q=3 q=4 q=5
U Lyg=(u)

2 L,y = <LILI,IL> R, = <u-u >

3 Lﬂ‘m = <uiu‘L> R(m = <11Lu-u > L., :<11211‘L>

4 L‘40‘:<11211L> R(m:<112u-u'> Q42‘:<11:11L11L> RM]:<u:u-u >

) 2 /
5 Ly, :<n,’u,> Ry, :<11}u-u > L, :{u‘u,u,) R :<11 uu-u) L‘54‘:\11411,>

(5.3)

—litu e — /23 o e o o
6 Ly, <uluL> R, <uluu>L‘“‘ ( ulnl> Ry <u uuew ) Lo <u 11L11L> Ry <r/uu’,

Figure 2. Velocity correlation functions of different order

4.2 Correlation functions in the limit r — 0 and r —» ~

We first identify the limiting ratio for odd order p (see Appendix A),

(")

L

lim s
— pP—- -

r <“L > p—q

Equation (48) is also valid for r — co where velocity distributions

are independent of scale r, i.e.

)

L

lim L=

r—o0 p— —
<”L > P-q

Finally, using the definition of correlation functions (Egs. (45)-(47)),

for correlation functions of odd order p,

p—q-1
L <u‘1uL >
lim e = lim

r—0,00 L(p,O) r—0,00 <ui—l>

with q=0...p-1. (48)

with q=0...p-1. (49)

= . (50)
P—q

Similar relations can be obtained for correlation functions of even
order p (from Eq. (49)),

q,P—9-2
<M ML u-u

R 1
lim L(”“) = lim ——— =2 2 (51)
— — —L - q —
r (p,0) r <uL uL> r—q
and
p—q-1
L <“q”L “L> +1
lim —29 - =2 (52)
r—0,00 L(P’O) r—0,00 <u£*]u'L> p+l-gq

4.3 General kinematic relations for different types of flow
4.3.1 Kinematic relations for incompressible flow

For incompressible flow, the general kinematic relations for correla-
tions of any order p are obtained as (see Appendix A4.3):

(P—q-DR(pge1) = (rP—q+1L(p’q)),r i (53)

rP—4

1
2(p=q4-DTpq =~ (rZL(p,q)) 4

s
Na

(r2R(”’q+1)),r - rp—zq—l (rpquT(P,q)),r- (55)
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4.3.2 Kinematic relations for constant divergence on small scale

For constant divergence flow on small scale, a general kinematic
relation is obtained as (see Appendix A4.4):

—g-1
(P=g-DR(p gs1) +<uqu1£ q >9r

1 —-q+1
T pa (rp ! L(M)),r'

Equation (56) reduces to Eq. (53) for incompressible flow with § = 0.
For correlation functions of even order p (g is always an even
number, see Eq. (56) and Fig. 2), we should have

(56)

. p—q-1\ _
lim (u9uf~4"") = 0. (57)
Therefore, here we can demonstrate that kinematic relations for even
order correlations of constant divergence flow should be the same
as that of incompressible flow. Equations (53)-(55) are still valid for
correlations of even order p in constant divergence flow.

For odd order p, two special cases are considered here. With g =
p — 1 and g = 0 from Eq. (56), we should have relations

(wtyor=> (PLipp) (58)
and
(p= 1Ry +(ul ") or = rLP (r!’”L(,,,O))J : (59)

For r — 0, the correlation function L(,, ,,_1) can be directly solved
from Eq. (58) that is proportional to » on small scale (Eq. (48)),

Lp.p-1) = %79 <u€_l>r - %9<up_1>r. (60)

For p = 1 and g = 0 in Eq. (59), the mean pairwise velocity (or
first order structure function) Sllp (ry={(Aurp) = (u/L —ur) = 2<u;_)
can be directly related to the divergence 6 as

0 = 217 (r2 <AML>)J. 61)

With (Auy ) = —Har from stable clustering hypothesis (Xu 2021d),
the divergence on small scale § = —3Ha/2 can be obtained. Equa-
tion (61) is an important kinematic relation derived for constant
divergence flow on small scale. However, it is actually valid for en-
tire range of scales, as shown in Eq. (108), and will be repeatedly
used in Section 6.

With Eq. (48), Egs. (56) and (59), kinematic relations for odd order
p should finally read

1 (rzL(p,pfl)),r

—g-DR + -
(r-q ) (p,q+1) p—qr

(62)

1 —-q+1
- rP—4 (rp ! L(p’q)),r ’

4.3.3 Kinematic relations for irrotational flow on large scale

For irrotational flow, kinematic relations of arbitrary order p and even
number 0 < g < p — 1 are obtained as (see Appendix A4.5),

(R(p,q+1)r)’r +(P—q-2L(p g+

1 —-q+1
- rP—4 (rp ! L(p’q)),r’

(63)

(P =@ R(p,g+1) = (P =4 =2 L(p,g+2)

> (64)
rP=d (rp ” T<P"1)),r’
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Figure 3. Two-point third order velocity correlation functions L3 o), R(3,1)»
L3, T(3,0), third moment of longitudinal velocity —(u/L3> = (uz), and
third order structure function (( ulL —uy)?) at z=0. All correlation functions
are normalized by u>, where u is the one-dimensional velocity dispersion of
entire system. Only the transverse correlation 73 o) > 0 on small scale.

(P =D Lip.gy = (P == Lip.gra) =2 (Tp.0)) (65)

o
In Egs. (63)-(65), terms involving correlation function L, 412)
should vanish if ¢ > p — 2.

5 RESULTS FROM N-BODY SIMULATIONS

This section presents the two-point velocity correlation and struc-
ture functions from N-body simulations. All statistical measures are
computed in the same way as second order measures, where all par-
ticle pairs with a given separation r are identified first with particle
velocities and locations recorded. Any statistical quantity on scale r
is computed as the average of that quantity for all particle pairs with
the same separation. The kinematic relations developed in Section 4
can be systematically verified by N-body simulation.

Figure 3 plots the variation of all third order correlation/structure
functions and moment of longitudinal velocity with scale r at z=0.
All correlation functions are normalized by 1>, where u is the one-
dimensional velocity dispersion of entire system. All third order
statistical measures vanish on both small and large scales and are
negative with the only exception of transverse correlation 7(3 ) > 0.

Similarly, Fig. 4 presents the fourth order correlation/structure
functions and moment at z=0 (normalized by u4). All fourth statistical
measures are positive on all scales and approaching constant in the
limit of » — O (small scale).

The general solution of correlation L}, ,,_1) of odd order p on
small scale (from Eq. (60)) is,

p-1
Lo _ 1y, <ML > =22k, . 0) 2 (66)
upP 3 uP p-1 2L u '’

where divergence 6 = —3Ha /2 and 1in})(u%)/u2 =2 (see Xu 2022f,
r—

Fig. 22). The generalized kurtosis K, (ur,r — 0) of longitudinal
velocity u7, can be found for the limiting X distribution of velocity
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Figure 4. Two-point fourth order velocity correlation functions L(4,g), R(4,1)»
L(4’2), R(4’3), T(4’0), T(4,2), the fourth moment of longitudinal velocity
(uz‘ ), and fourth order structure function (( u'L —uyr)*) atz=0. All correlation
functions are normalized by u*, where u is the one-dimensional velocity
dispersion of entire system. The transverse correlation function T(4 ) >
T(4,0) > 0 on small scale.

—|L(170)|:|<uL>| = = Model
g
105 H —|L(3’2)|:|<u u, > = = -Model 4
4
—|L(5’4)|:|<u uL>| — = -Model
106 T T | |
102 107! 10° 10 102
r (Mpc/h)

Figure 5. The variation of correlation functions Lj o) (mean longitudinal
velocity), L(3,2) and L (s 4) atz=0 (normalized by u, u?, and 1, respectively).
The dash line shows the model from Eq. (66) on small scale.

from entropy maximization (Xu 2021c) and presented in a separate
paper (see Xu 2022h, Table 3). Figure 5 presents the correlation
functions Ly oy, L(3,2) and L5 4y at z=0 (normalized by u, u3, and
u, respectively). The dash lines show solutions from Eq. (66).

For correlation functions of odd order p and even number ¢, kine-
matic relations for constant divergence flow on small scale in Eq.
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Figure 6. The variation of functions H(S‘; 0) and H(S4 2) (Eq. (68) ) on small

scale and H ’1 0) and H (ﬁ 2 (Eq. (69)) on large scale from N-body simulation
at z=0. Both functions are expected to be 1 from the kinematic relations for
fourth order correlation functions.

(62) can be equivalently transformed to (integrating both sides)

L _
HES‘ ()= 1 Lpp-
P-4 (P-4 Lpg ©7)
—g- r L _
+ @ lq L (R(P g+l) ~ —popl) ) rP=4dr = 1.
rPTIT L (p.g) JO | P=a

For correlation functions of even order p for constant divergence
flow on small scale, kinematic relations are the same as incompress-
ible flow (Eq. (56)) and can be similarly transformed to

r

—g-1
p=a=1) ["p P =1, (68)

HY (r) = ————
(p.q) }’P‘q“L(p,q) o

Similarly, kinematic relations of any order p and even ¢ for irrota-
tional flow on large scale (Eq. (64)) can be transformed to

] r
HE =— / -9 R
(g () 2P, o o [(P = @) Rip.q+1) ©9)

-(p-qg-2) L(p,q+2)] rP~4dr = 1.

Functions H> and HL
(p.q) (p.q)

kinematic relations and can be’directly computed from N-body sim-
ulations. They are expected to be 1 on both small and large scales.
Figures 6 and 7 plot the variation of functions HS on small scale

(p.9)
and H (Lp g 0 large scale computed based on the fourth and fifth

order correlation functions from N-body simulations. Both functions
are expected to be 1 from kinematic relations for fourth and fifth or-
der correlations, as shown in both Figures. These results valid our
derivation for the general kinematic relations of any order.

are defined to verify the general

6 DYNAMIC RELATIONS FROM DYNAMICS ON LARGE
SCALE

So far, we have considered only kinematic relations, i.e. relations
between correlation/structure functions of the same order (same p in
Fig. 2). However, dynamic relations between correlation functions of

Vol. 000, 1-24 (2022)
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Figure 7. The variation of functions H (Ss 0 and H (Ss 2) (Eq. (67)) on small
scale and H L

.0 and H (Ig 2) (Eq. (69)) on large scale from N-body simulation
at z=0. Both functions are expected to be 1, as predicted by the kinematic
relations for fifth order correlations.

different orders can only be determined from the dynamic evolution
of velocity field, as shown in this and next sections.

The basic dynamics of self-gravitating collisionless flow (SG-
CFD) follows from the collisionless Boltzmann equations (CBE),
where the Jeans’ equations on different order can be systematically
constructed (Mo et al. 2010). However, the closure problem is well
known for Jeans’ equations which are not self-closed. The self-closed
system of dynamic equations must be introduced on small and large
scales, respectively. These dynamic equations are subsequently con-
verted into the dynamic relations between correlation functions of
different orders. This section focus on the dynamics on large scale.
Section 7 focus on the dynamics on small scale.

6.1 Statistics from dynamics and the effective viscosity

On large scale, the peculiar velocity is of irrotational nature and can
be expressed as the gradient of velocity potential. In literature, the
dynamic equation for peculiar velocity v is usually modelled via an
empirical "adhesion approximation" (Gurbatov et al. 1989; Buchert
& Dominguez 2005),
@+1V-VV=c(a)v+v(a)V2v, (70)
ot a
where c(a) is a damping coefficient on large scale and v(a) is an
"artificial" viscosity in adhesion model. This section will attempt to
elucidate the dynamic origin of "adhesion approximation" and the
origin of "artificial" viscosity v(a).

By neglecting the second order terms, we have the Zeldovich
approximation on large scale from Eq. (70),

ov

T =c(a)v. (71)

For matter dominant cosmology with H? = 87G py/3,

B 4nGpg _ _l
C(“)‘(Hfmm) H)‘ZH’ 72



where pq (a) is the mean matter density. The adhesion approxima-
tion (a phenomenological model) extends the range of Zeldovich
approximation into the weakly nonlinear regime.

The artificial ("effective") viscosity has its origin from inverse
energy cascade (Eq. (97)) and nonlinear interaction of velocity fluc-
tuations in SG-CFD (Eq. (156)). At this time, to develop dynamic
relations, we adopt the adhesion approximation with a time-varying
viscosity v (a) as dominant dynamics on large scale.

Two identities can be introduced for arbitrary velocity field u,

1
u‘VuziV(u~u)+(qu)><u, (73)
and
VZu=V(V-u)-Vx(Vxu). (74)
For irrotational flow (V X v = 0) on large scale, this leads to

1
V~VV=§V(V-V) and VZVZV(V-V), (75)
such that the dynamic Eq. (70) can be rewritten as,
0 1
LV (v-v)=c(a)v+v(a) V2v. (76)
at  2a

The index notation of Eq. (76) at two different locations x and X with

a separation of r is

9vj  19Wivi)
dt  2a  Oxj

=cvj+ VVZVJ‘, a7

, ;o
v, 16("]"’]') , 15
l+——=cvi+vV2vi.

’

—_— 78
ot 2a axi (78)

Multiplying Eqgs. (77) and (78) by v;. and v respectively, adding two
equations together, and taking the average on scale r lead to,

M+L<vfa<vkvk> » a(v'kv’k)>

i ) j 7
ot 2a Oxj Bxl.

(79
=c <vj-v/i + V;-Vj> +yV?2 <Vjv;. + v;vj-> s

with the following facts being used,

(i) Velocity v;. is independent of x and v is independent of X.

(ii) Partial derivatives 6/dx; and 6/ 6x;. can be replace by —d/0r

and 9/dr;, respectively, where 6/6x:. = 0/dr - 7; and 6/6xj =

—0/0r -, with unit vectors 7 = r;/r and #; = r;/r.

(iii) (vk.vkvj)(r) = (vkvkvj)(—r) = —(vkvlkvj>(r) from symme-

try of third order tensor (see Eq. (2)).

From Eq. (79), the time evolution of second order correlation
tensor Q;; reads
00i; 1 (00kki 9Qkkj
= — +
orj ar;

2
ER 7a ) +2cQi; +2vVoQij. (80)

The dynamics of Q;; is dependent on the third order correlation
tensor Qrg;, wWhich is dependent on the fourth order correlation
tensor. Here we hit the closure problem.

Since the second order correlation function on large scale can be
modelled explicitly (see Xu 2022f, Eq. (110)-(112)), third and higher
order tensors can be obtained subsequently through the dynamic
equation on large scale (see Eq. (80)). Multiplying both sides of Eq.
(80) by 6; leads to the time evolution of second order correlation,

OR 10 OR
2 _ — 2|22
o 2r (r)+20R2+2v(r2 a (r . )) 81)
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where the third order function I'(r) represents the energy trans-
fer across scales due to the nonlinear advection term in Eq. (70).
The energy transfer function I'(r) mimics the mass transfer func-
tion T,,, (my,, a) for inverse mass cascade in halo mass space (see Xu
2021a, Eq. (18)). It describes the removal of kinetic energy from a
small scale (I'(r) < 0) and the deposition of kinetic energy at a larger
scale (I'(r) > 0). From Eq. (80), we should have

1 0Qkki
rr)y=— . 82
()= 22 or, (82)
From definition of third order correlation tensor (Egs. (1) and (5)),
Okki = Qjuidji = (Asr? +2B3 +3Ds) 7y = Rarf, (83)
where R31 = L(3 2) in Fig. 2. From Egq. (15),
00kki _ 1 ( 2 L (2
e A ) d T == (Ry) . 4
ar; 2 VR oan )= 3\ k1) (84)

Substitution of I" (r) back to Eq. (81), an important dynamic rela-
tion between second order correlation R, (r) and third order correla-
tion R3; (r) are obtained. To derive an explicit expression for R3; (r),
the model of R, (r) can be used here (see Xu 2022f, Eq. (112)),

’ 2 r r
Rg(r)=<u~u>=2R(r)=a0u exp|l-——][3-—]. (85)

r r

The comoving length scale r=23.13Mpc/h is a constant and might
be related to the size of sound horizon ry (see Xu 2022f, Eq. (122)).
For a matter dominant model with a0u2 oc a (see Xu 2022f, Fig. 20),
we should have the time variation of Ry (r),
Ry R e =R, = HR 86
o1 " ga 1e=2Ry=HEy. 86)
Substitution of Eq. (86) back to Eq. (81) leads to the relation between
Ry (r) and Ry (r),

12 19 (508 _
r—z(r R3|)’r+2av(r—25(r W —0, (87)
such that
oR,
L(3’2) (I‘) = R31 (r) = —ZGVW. (88)

The density correlation & (r) can be related to R, (r) as (see Xu
2022f, Eq. (120)),

b (10 (10R
&(r) = (aH T Q)2 [rz or (r = )]
_agu?/(rry) _ )

2
e ol 2[5 ()
(aHf (@) r2) |\r2 r2
The energy transfer function I" (r) can be related to density corre-
lation £(r) and reads (using Eq. (89) and (84))

L (r)=v(aHf (Qu)*&(r)

va0u2 r r 2 r
:_exp(__) (_) _7(_)+8
rrp r r r

The third order total correlation function R3; (r) can be related to
the density correlation & (r) as

(90)

:—2 (V2R31) | = 2avé (r) (aHF (Qm))? . o1)

From pair conservation Equation (see Xu 2022h, Eq. (47)), the mean
pairwise velocity satisfies

2 ~ 2H r
() ~ =3 Har () = =250 [T ()% ©2)

Vol. 000, 1-24 (2022)
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on large scale. Therefore, the mean pairwise velocity (Auy ) can be
modelled as (using Egs. (85) and (89)),

2 ok,
A =
Ben) =y or

2 2
_ Lzexp(_L)(L_4),
aHry f (Qm) ra)\n

Using Egs. (91) and (92), the relation between R31(r) and (Auy ),

93)

Lo =R3 = <u2ML> = —vHa*f (Qm)* (Aur)
2 94)
_ Zawtay o (_L) (L _4) ,
mn

n r
which provides a simple model for third order correlation R3;.
Figure 8 plots the variation of |R31 | with scale r at several different
redshifts z. Without loss of generality, the correlation function Rj3;
can be conveniently modelled as (based on Eq. (94))

/ r\(r
Loy = Rar = () ) = azid exp [ | [ = = b3 95
(3,2) 31 =(uuy ) =azu’ exp o\ T 95)
where coefficients a3 and b3 are obtained by fitting to the curves in
Fig. 8. The viscosity v(a) can be related to a3 and ag (Eq. (94)),
2apav % asu

or @y=——=—"—,
ury v ugry  2apaug

as = 96)
i.e. the artificial viscosity in adhesion model (coefficient for momen-
tum transport) is proportional to the typical velocity u and length
scale ry (v(a) o ury, just like the viscosity of ideal gas, where r; is
the mean free path).

In the standard K-epsilon turbulence model, the eddy viscosity is
dependent on the kinetic energy and the rate of dissipation of kinetic
energy. In SG-CFD for dark matter flow, the effective viscosity v (a)
on large scale can also be related to the kinetic energy and rate of
energy production in SG-CFD,

_ -1 Rz
v(a) = Haf (Qm)2 Bup) (from Eq. (94))
2 2 97
3u?/2 3u2 /2
v(a) = azry (” / ) zﬁval/z( ”0/) ~all?,
3aguat &y Eu

where &, = —1.5du?/dt ~ —I.Su%/to is the rate of energy cascade
and 3u? /2 is the specific kinetic energy of entire system. The constant
By = 4.9 can be obtained from Fig. 12. By contrast, 8, = 0.1 in the
standard K-epsilon turbulence model for incompressible flow.

The negative effective viscosity is a direct result of inverse energy
cascade (Eq. (97)), where g, < 0, i.e. the kinetic energy is cascaded
from smaller to larger mass sales. Plot of the effective viscosity in
terms of coefficient @, in Eq. (96) is presented in Fig. 12.

The same model for L3 2 in Eq. (95) can be generalized to high
order correlation functions. Here we just present the models for the
other two correlation functions along the diagonal in Fig. 2,

_ 2 ) "\ _ 4 _ r _ r

Rz = <u u-u > =aqu exp( _rz) (b4 _rz) s 98)
_ 4 7 _ 35 _ r r _

Ls.4) = <u uL> =asu exp( _r2) (_rz b5) . 99)

Figures 8, 9, and 10 plot the variation of correlation functions
L(3,2), R(4,3), and L(s5 4y with scale r at different redshifts z. The
model in Egs. (95), (98) and (99) are also plotted in the same plots
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Figure 8. The variation of two-point third order velocity correlation function
R31 = L(3,5) with scale r at different redshifts z (normalized by u3). The
model in Eq. (95) is also plotted in the same plot as dash lines.
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Figure 9. The variation of two-point fourth order velocity correlation function
R 4,3y withscale r at different redshifts z (normalized by u*). Model for R4,3)
is presented in Eq. (98).

as dash lines. Figure 11 plots the variation of correlation functions
R(2,1), R(4,3), and R(g 5) with scale r at z=0. The dash line plots
the model of R4 3) from Eq. (98). Figure 12 plots the variation of
coeflicients ay, and by, (m=3, 4, 5) for correlations L 3 »y (Eq. (95)),
R(4,3) (Eq. (98)) and L s 4) (Eq. (99)) with scale factor a.

It can be easily confirmed that L3 ) o a2, Ls,4) o a’/? and
R43) o« a?. The viscosity coefficient v(a) = —a,ugry o« all?,
where ug = 354.61km/s and rp ~ 23.13Mpc/h.

In principle, the same model can be generalized to any order
(similar to the dynamic relation in Eq. (94)),

Lig+1,9) = <”q“/L> o ul <”L>

a2 (100)
o (VHaz) L(10) « @32
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z=0.0 z=1.0 -—--z=0.0
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102 107 10° 10’ 102
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Figure 10. The variation of two-point fifth order velocity correlation function
L s,4) with scale r at different redshifts z (normalized by u3). The model in
Eq. (99) is also plotted in the same plot as dash lines.

104 1 —Rp @ R 65D ]
—Rup® = = Ry
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Figure 11. The variation of correlation functions R(3 1), R(4,3) and R g 5)
with scale r at z=0 (normalized by uz, u4, and u6, respectively). The dash
line shows the model from Eq. (98) for comparison.

The generalized dynamic relations (similar to Eq. (88)) between
correlations of different order reads

IR q.q-1)

e (101)

Lgs1,q) —2av
and
Rig.q-1) = <”q_2u ' ul> ecut™ <u ' ul>

(g-2)/2
oC (vHaz) R(Z,l) oC aq/Z' (102)

10*

b, ——a ()’
b —— 214(u/u0)4
102k —e—ao(u/uo)2 —o—D, ]

—e—a,(Wu )’ —e—a,

Figure 12. The variation of coefficients a,, and b,,, (m=3, 4, 5) for velocity
correlation functions L3 ) (Eq. (95)), R4,3) (Eq. (98)) and L5 4) (Eq.
(99)) with scale factor a. it can be confirmed that a0u2 502,
asu®* « a? and asu® « a’/2. The viscosity coefficient v (a) = —ayugry o«
a'’?, where ug = 354.61km/s and r ~ 23M pc/h. The negative viscosity
reflects the inverse energy cascade from smaller to larger scales.

x a, a3u3 < a

6.2 Dynamic relations between density correlation, mean
density, and velocity dispersion

Just like the dynamic relations between third and second order statis-
tics, the relation between second and first order statistics can be
obtained by multiplying both sides of dynamic Eqs. (77) and (78)
with unit vectors 7; = r; /r and #; = r;/r, respectively (r = X - X),

ov; 1 9 (vivi) 0 (dv;
o b _ _ 9 1
ot T2a ar T o (6x,~)’ (103)
av, 19 (V,V,) C a9
PN i J
. — I — | 104
"ot T2a or ULFVy 8x;. (109
Subtracting two equations and taking the average lead to,
v, ov; 10 <u2> a(0)
A i ~ J
i—— —Fi—— )+ — =c{(A 2y———= 1
<” or (’)t>+a g - clluny+2v=g, (105)

where the pairwise velocity (Auy) = (ulL —ur) = (v;.f,- - Vf).
The velocity dispersion (u2) and divergence (8) on a given scale r
are defined as

<u2>=%<|u|2+)u’|2> and <9>=<V-u>=%<9+9'>. (106)

On large scale, the over-density can be related to divergence as
(see Xu 2022f, Eq. (119)),

V-u _ 0
CaHf Q) aHf (Qn)

where 1 (x) = log(1+6) = ¢ is the log-density field. Function
f (€, is dependent on the matter content €, and f (Q,, = 1) =1
for matter dominant model.

From identity in Appendix Eq. (A50) with p = 1 and g = 0 such
that (u;) = (u'Lfs) and taking the divergence on both sides leads to
the relation between divergence (#) and pairwise velocity (Auy ) on

o~rn= (107)
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any scale r (using identity in Appendix Eq. (A6) and product rule for
differentiation):

(6) = (V -u) = # (r2 (AuL)) . (108)

N

This is an important kinematic relation good for entire range of scales.
With Eq. (92) for (Auy ) and Eq. (107) for §, the divergence on scale
r can be finally written as,

(0) =(V-w) = —aH f (Qn) (6) = —Ha& (r) . (109)

Interestingly, the mean overdesnity at two locations separated by
a comoving scale r can be related to the density correlation & (r) on
the same scale via a dynamic relation, i.e.

£ @) () = £ (@) (5+67) 2= £ (r) = (55), (110)

where the first and second order statistics are connected via dynamics
on large scale (Eq. (107)), the kinematic relation from Eq. (108), and
the pair conservation equation (92).

Figure 13 plots the variation of both (¢) and (661) with scale rin a
matter-dominant N-body simulation (Section 2), where f(Q,) = 1
and (5) ~ (66') on large scale. With model of £(r) proposed in Eq.
(89) (see Xu 2022f, Eq. (121)), the variation of (§) on large scale
should be known, where (§) < O (the low density void region) for
scales r > 30M pc/h (see Fig. 13).

Next, velocity dispersion on any scale of r can be related to the
overdensity () on the same scale. In the linear regime, by neglecting
the second order advection and viscous term, Eq. (70) reduces to
Zeldovich approximation dv/dt = ¢ (a) v in Eq. (71). For velocity
pair at x and X separated by r, Eq. (71) leads to (multiplying 7;)

fi% =c(a)fivi=c(a)ug,
and (111)
riE =c(a)fiv;=c(a)uy.
With Egs. (111) and (109) for (), the dynamic Eq. (105) gives
o) a0

ar Va? (112)

0O) _ o a2 %60

= -2va’Hf Q) —
va“Hf (Sm) or or

The velocity dispersion (u?) on scale r can be related to the density
correlation on the same scale as,

<u2> =3u? — 2vHG (@) (5) = 3u® — 2vHA2E (r)
or equivalently, a reduced velocity dispersion is

2 2 2

u 2vHa=£& (r) 2vHa
W)y DHCEC) | DHE ) ),

3u? 3u? 3u?
such that (uz) can be analytically modelled (from Eq. (89)) as

N S Vo LAY [ e
) =3 CHf(Qm)? exp( Vz)l(rz) 7(r2)+8

(113)

)

where the overdensity (&) on scale r is proportional to a reduced
velocity dispersion on the same scale. For r — oo, (42) = 3u® and
(6) = 0 (see Xu 2022h, Fig. 20).

In practice, the particle overdensity in N-body simulation can
be obtained using Delaunay tessellation (Xu 2022h). Figure 13 also

plots the variation of reduced velocity dispersion <u2> / (3u2) —1 with
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Figure 13. The variation of density correlation & (r) = (& 6/> and average
over-density (§) = (6 + 6,) /2 with scale r from N-body simulation at
z=0. A relation between first and second order statistics (&) = (66/) on
large scale (Eq. (110)) can be identified. The plot also shows the relation
between a reduced velocity dispersion and density correlation on large sale,
ie. u?)/(Bu?) -1 o« &(r) « (&) from Eq. (113). The lower overdensity
leads to the smaller velocity dispersion.

scale r that is proportional to density correlation or mean overdensity,
i.e. o & (r) or o< (6) from Eq. (113).

Fianlly, an equation for the evolution of transverse velocity vy
may be obtained. On large scale at a given scale r, using the product
rule of differentiation for uy = v;#; and Eq. (111),

vi O o or

a aA. .
“r _ 9% :vi%+cub (114)

o o
From Eq. (93) for pairwise velocity (Auy ), we would expect that
Our) _ ( 1- dlna

ot dlna
Combining Eq. (115) with Eq. (114), we should have

oF; dlna
<vi5> = [(1 - alna)H_C(a)

Use the definition of transverse velocity in Eq. (10) and Eq. (111),

<7"‘>— < at>’ am

which is the acceleration of transverse velocity projecting along the
f vector (centripetal acceleration).

On large scale, the (first order) peculiar velocity satisfies (Zel-
dovich approximation in Eq. (71)) dv/dt = ¢ (a) v, while the trans-
verse velocity vy should satisfy,

g . Ov\ __[ovr
ot~ ot

dlna
[

)H<ML>. (115)

(ur) . (116)

(118)
(v-t) ~H{ur) o al.

6.3 Exponential and power-law velocity correlations on large
and small scales

The exponential function was proposed for second order transverse
velocity correlation 7 gy o ae™ "/ on large scale (see Xu 2022f,
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Figure 14. The variation of velocity dispersion 0—3 (r) (kinetic energy con-
tained in scales above r) with scale r at different redshifts z. Function o-ft (r)is
obtained from N-body simulation using Eq. (119). Approximation of o—,% (r)
by correlations (Eq. (121)) is also presented as solid lines for comparison.

Eq. (110)). This is not a coincidence and must be deeply rooted in
the dynamics and kinematics on large scale, which is demonstrated
in this section.

We first look at the distribution of kinetic energy on different scales
via one-dimensional variance of smoothed velocity (the bulk flow)
using a spherical filter of radius r, i.e. velocity dispersion functions
0-3 (r) and 0-5 (r) for kinetic energy contained in all scales above or
below r (see Xu 2022f, Egs. (27) and (29)),

o2 (r) = %/_mEu (k)W (kr)? dk

(o8]

and (119)
o2 (r) = %leu (k) [1 —W(kr)z] dk

where W (x = kr) is a window function. For a tophat spherical filter,
the window function W (x) reads

1)

X

3
W(x) = [sm (x) —xcos(x)] = (120)
where j; (x) is the first order spherical Bessel function of first kind.

On large scale, dispersion function o (r) is well approximated by
R 1y(r) and T3 o) (r) as

O'M (r) = (2 1 (r) +T(2 0) ], (121)

which is a manifestation of energy equipartition including three trans-
lational degrees of freedom in total correlation R(3 1y and one ro-
tational degree of freedom in transverse correlation 7(5 (. Corre-
lations on large scale characterize the motion of halos. For pair of
halos, transverse motion is dominant. The longitudinal correlation is
relatively small on large scale and can be neglected. Figure 14 plots
the variation of velocity dispersion o2 (r) at different redshifts z.
Function 0',% (r) is obtained directly from N-body simulation (also
see Xu 2022f, Fig. 9). The approximation of 0'3 (r) by Eq. (121) is
also presented as solid lines with good agreement.

While correlations on small scale reflect the motion of particles
in the same halo such that longitudinal correlation is comparable to

transverse correlation (see Xu 2022f Figs. 3 and 4). Therefore, the
velocity dispersion function o (r) can be approximated by

2 ()~ 2[Ry (V4T 0) (V4L g ()] (122)
with an additional degree of freedom from longitudinal correlation.
When combined with kinematic relations for constant divergence
flow on small scale (see Xu 2022f, Egs. (138)-(141)), Equation (122)
can be used to derive the power-law correlation functions on small
scale, i.e. a'i(r) oc r™*. Equation for exponent n of power-law can be
easily obtained as,

(10 +3n)(4 +n) (6 +n) = 15 - 2", (123)

which gives n ~ 1/4 and provides the dynamic and kinematic origin
of the "one-fourth" law for constant divergence flow on small scale
(see Xu 2022f, Section 5.2).

Next, the total enstrophy contained in all scales below r can be
related to third order correlation function L3 2 (7). From dynamic
relations on large scale (Eq. (88)) and the Fourier transform of total
correlation R (5 1)(r),

sin (kr)
R =2 [ £ 0 =5
the Fourier transform of L 3 7)(r) can be obtained as, (124)
(9R<2’1)

Lz (r) =—2av = 4av/ E, (k) jy (kr) kdk,
0

With j; (x) = x/3 — x3/30 for small x = kr, we can write (using
definition in Eq. (119))

Lz (r) ) 2 o2 (r)
EEEREIN [ / Eu (k) (1= W2 (kr ))dk] >4
———
1
(125)

where term 1 represents the mean square strain rate (or velocity
gradient) below scale r. Therefore, the RHS term (multitplied by the
viscosity) represents the rate of energy cascaded at scale 7.

In addition, the structure function S5 (r) is introduced for enstro-
phy in our previous work (see Xu 2022f, Eq. (73)),
S5 1

== OOE k) K2W?2 (kr) dk 12
e e k) (126)

which represents the one-dimensional enstrophy contained in all
scales above r. With both Egs. (125) and (126), the third order cor-
relation L 3 2)(r) is proportional to S5 (7),

L3,2) (r) ~4VS§ (r)
ar 22

(127

which represents the rate of an inverse energy transfer from scales
below r to scales above r. Figure 15 plots the variation of both
functions in Eq. (127) with scale r at different z, where L3 ) (r) can
be related to the enstrophy contained in scales above r.

The rate of energy transfer can also be expressed in terms of
kinetic energy o-,% (r) divided by the turnaround time (ar) /u on
scale r, where 12 is the one-dimensional velocity dispersion of entire
system. Finally, we can write the relations (with Eq. (121))

Lo (r) ol (r) _ar
ar (ar) Ju 4

where a;- is a proportional constantand L3 2 (r) < 0. With dynamic

(2 0 (r)+ T(2 0) (r) , (128)
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Figure 15. Comparison between structure function S5 (r)/ (2r?) and third
order correlation function L3 2 (r)/r. On large scale, L(3,3)(r) is related
to the enstrophy contained in all scales above r or the rate of energy transfer
from scale below r to scale above r.

relations (Eq. (88)) on large scale, Eq. (128) becomes

OR
8va Y21y
au or ‘[R<2,1> (1) + T, (r)]~ (129)

Using the kinematic relation between R (5 1) and 75 ¢y in Eq. (A19)
(or see Xu 2022f, Eq. (47)) for second order correlations on large scale
for irrotational flow, the exponential form of transverse correlation
function can be fully recovered, where

8va

T(y.0) = Const - exp (—i) with ry = — (130)

o aru’

Comparing with Eq. (96), we found constant a; = 4a3/ag « adl*.

7 DYNAMIC RELATIONS ON SMALL SCALE
7.1 Dynamic equations for velocity on small scale

To author’s knowledge, self-closed equations for velocity evolution
on small scale do not exist. In this section, we will first formulate the
self-close equations for velocity. These equations are subsequently
applied to derive dynamic relations on small scale.

7.1.1 Self-closed dynamic equations for velocity

On small scale, the flow is of constant divergence, i.e. V-v = 6 .
We focus on the momentum equation (Jeans’ equation) for peculiar
velocity in comoving coordinate,
Nl yvany= 1Y g, (131)
ot a a p a
where p = pa'2 is the pressure tensor, o2 is the velocity dispersion
tensor, and ¢ is the gravitational potential.

Itis well known that this equation is not closed, and closure must be
developed. Starting from the halo-based description of entire system,
peculiar velocity can be decomposed into velocity due to the motion
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of halos (vj) and velocity due to the motion in halos, i.e. intra-halo
motion v, (also see Xu 2021f, Eq. (14)),

v (x,t) = v, (Xp,1) + vy, (1,1), (132)

where xj, is the center of mass of a given halo and r is the vector
relative to the halo center such that particle position X = x;, +r. All
particles in the same halo should have the same halo velocity v;,. The
spatial variation of vy, is on a much larger length scale, compared
to the variation of v,,. Therefore, vy, is relatively a constant on halo
scale. The motion in halo (velocity v, ) can be further decomposed
into the radial flow and azimuthal flow, where polar flow can be
neglected (see Xu 2022e, Fig. 2),

Vy =Vpr+ V. (133)

In spherical coordinate, the mean (peculiar) radial flow and az-
imuthal flow for virilized halos are obtained as (see solutions for
small halos with low peak height v) (see Xu 2022e, Section 3.4),

v, =—Har, vy=wpXxr, and wp=(VXvy)/2. (134)

where wy, is the angular velocity of that halo and should be the same
for all particles in the same halo. Obviously, the radial and azimuthal
flow have the following properties:

Vv, = —-HaVr = —Hal,
VXxv,. =0,

Vv, + (VV¢)T =0,
and vy =r1-Vvy,

(135)

where I is an identity matrix and Vv, is antisymmetric. It can be
easily confirmed that the radial flow satisfies (from Eq. (135))

av 1 ov
SL v VY HY, = S (136)
and the azimuthal flow satisfies (from Eq. (134))
1
Hvy+ —wp X v =0. (137)
a

Radial and azimuthal flow in Eq. (134) also satisfy the following
three equations,

1

;v¢, “Vvy +Hvy, =0 (from Eq. (135)), (138)
1 1

;vr <Vvy = ;wh X vy (from Eq. (135)), (139)
vy 1

1
T + ;Vw Vv, = Ewh XV, (Newton’s second law).  (140)

By adding Egs. (136), (138), (139) and (140) together, the equation
for intra-halo motion v,, is,

0 1 0 1
VY N Vvy + HVy = Dy Loy X vy
ot a ot a (141)
vy

1
:W'FE(VXV\;)XVV.

The motion of halo vy, is spatially varying on a much larger scale
than the size of halo, i.e. the motion of halo vj, can be treated as a
constant on halo scale such that

1 1

-Vy Vv 20 and —vj-Vvy, = 0. (142)
a a

In addition, using the identity for two vectors A and B,

AX(VXB)=A- [(VB)T —VB], (143)
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halo velocity vy, satisfies (Vv, is antisymmetric and Eq. (135))
1

Vi VVe =wp XV, and  —vy - Vv, + Hv, =0. (144)
a

Equation for vy, is finally written as (using Eqs. (134) and (144)),

0 1 0 1

ﬂ+ —vy - Vvy + Hvy = Eal) +=vp Vv,

ot a ot a (145)
_ Ovy 1

= +%(va¢)><vh.

Adding Eq. (141) for intra-halo motion v, and Egs. (142) and
(145) for motion of halo vy, together with the relation V X v, =
V x v, = V X, the dynamic equation for total particle velocity v
reads,

ov 1 v, dvy
V.- Vv+ Hy = Zh
or Ta VT o Tl

With VXxvy, =0and Vxv, =0, both v, and v, are of irrotational
nature that can be expressed as gradient of a scalar field (velocity
potential) such that

+i (VXV)XV. (146)
2a

v, dvy 1 (0Ve, 0OVey
or "ot a\Tar e
18 | (147)
=V (gr+ 1) =~V
a Ot a

where ¢, and ¢;, are the velocity potential for intra-halo radial flow
v, and halo motion v;, and total potential ¢* = 9 (¢, + ¢p,)/0t.

The final complete set of self-closed dynamic equations reads,
V-v=0()
and
0 1 1 1
ov +—v-Vv+Hv=—-=V¢"+y— (VXV) XYV,
ot a a a___

1

(148)

where we have four equations for velocity v and potential ¢* with a
constant (in space) divergence 0 = —3Ha/2 (see Eq. (61)).

Here coefficient y is dependent on the scale and halo properties
(virialized or not). For velocity on small scale y = 1/2 (comparing
Eqgs. (148) and (146)), and in principle, y can be determined from
simulation (Fig. 16). Term 1 stands for the centripetal acceleration
from pressure gradient due to velocity dispersion (Eq. (131)). With
appropriate boundary and initial conditions, Eq. (148) is self-closed
and can be numerically solved for velocity field v and potential field
¢*. Using identity

V- (vev)=v(V:-v)+v-Vy, (149)

and identity in Eq. (73), Eq. (148) can be equivalently transformed
to other forms for the convenience of numerical solution,

0 1 1
Y (=) v-Vv+ LV (v-v) + HV = ——V¢*, (150)
ot a 2a a
and
0 1
—V+—(1—7)V-(v®v)
Jat  a
) | (151)
+ LV v+ |H-~(1-y)0|v=—-Vs"

2a a a

Please note that by setting y = 1 and
3 3

Vo' = ~5Hayv - avV?y = ~5Hav - avV (V-v), (152)

Eqgs. (150) and (151) reduces to the dynamic equation on large scale
(Eq. (76)). By setting parameter y = 0, Eq. (150) reduces to the
inviscid Euler equation.

10° : : 7
An=1024; Ax=0.234Mpc/h; 3 s 3
An=512; Ax=0.468Mpc/h
104k An=256; Ax=0.936Mpc’/h i
An=128; Ax=1.871Mpc/h
An=64; Ax=3.742Mpc/h
- = y=x
10° - = 'y—x/2 1
=3 y=
3
5
10% £ 7 1
Z,
2 il
7
1L s @+ ‘ i
10 Z .
5 7
’
/ 7’
(4
) 7
100 1 1 1 1
10° 10! 10 104 10°

Figure 16. The value of parameter y on different scales determined by Eq.
(153) from N-body simulation at z=0. Small shift from y = 1 on large scale
(yellow line) to y = 0.5 on small scale (blue line) can be clearly identified.
The value of ¥ = 1 indicates the irrotational flow on large scale, while y = 0.5
on small scale corresponds to the constant divergence flow on small scale.

The equation for vorticity field @ = V X v can be obtained by
taking the curl on both sides of Eq. (148) and (150),

1 1
90 G (v V) + Ho = y 29 5 [(V xv) x v, (153)
ot  a a
LHS RHS

or

1
99 Ho=L (-1 Vx (v ). (154)
ot a

For y = 1, vorticity simply decays with time and there is no source
to generate vorticity on large scale. While for y < 1, vorticity is con-
tinuously generated on small scale (see Eq. (162)). Both Equations
can be used to determine the value of y from N-body simulation.

Figure 16 plots the variation of y with scale (the grid size Ax). The
particle velocity field was projected onto grids using Cloud-in-Cell
(CIC) (Hockney & Eastwood 1988) with a given grid size of Ax,
or equivalently Ax - An = L, where L = 239.5Mpc/h is the size
of simulation domain. The LHS and RHS terms in Eq. (153) were
computed using the projected velocity field and plotted in Fig. 16.
The slope gives the value of y from simulation. The two dash lines
for y = 1 and y = 1/2 are also plotted for comparison. For large
grid size Ax (on large scale), y approaches 1. While for small size
Ax (on small scale), y approaches 1/2. For the entire range of scales,
1/2 <y < 1is expected.

7.1.2 Averaged dynamic equations for velocity and the origin of
effective viscosity

The original "adhesion approximation” on large scale is a phe-
nomenological model and a mean-field description of true dynamics.
However, this model should be deeply rooted in the large-scale dy-
namics and kinematics and can be derived with appropriate closures
between velocity fluctuation and mean velocity field (Eq. (157)).
Let’s start from the time averaged equation of self-gravitating
collisionless dark matter flow (Eq. (150)). By decomposing the total
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velocity and potential into the mean and (temporal) fluctuation,
v=v+v and ¢* =" +¢", (155)

plugging into Eq. (150) and taking the (time) average through filtering
at a cutoff scale 7, we obtain an averaged dynamic equation for v,

ov 1
K 2 (-y)7 V9+ LV +HY
Jat  a 2a
156)
| 1=y 5= — (
=——V¢* - —yv-Vv+lV(v'v).
a ——— 2a
1 2

The eddy viscosity v,44 in turbulence literature origins from term

LieV -V =V-V ®V = v,q4V2¥ for incompressible flow. For
irrotational flow on large scale in SG-CFD, by setting y = 1, V¢* =
-3Hav/2 - avV2v (see Eq. (152)) and comparing Eq. (156) with
the dynamics of mean flow on scale 7 (replacing v(a) by v¢(a, )
in Eq. (76), which is the effective viscosity on cutoff scale 7), the
"artificial" viscosity in adhesion model originates from the velocity
fluctuation (terms 2) in Eq. (156). The comparison shows

Ly (v’ -v') = (AW)V2F = (AV)V (V- 9), (157)
2a

which is the closure relating velocity fluctuation below cutoff scale T
with the mean velocity above scale 7 through viscosity Ay = v —v.
Similar to the "Reynolds stress" in turbulence (Xu 2022e), velocity
fluctuation below the cutoff scale (V’) leads to an "artificial stress"
term (RHS of Eq. (157)) applied onto the dynamics for mean velocity
above that cutoff scale (V) in averaged Eq. (156). Therefore, the
effective viscosity in adhesion model has an origin from the velocity
fluctuation below the cutoff scale 7.

Using Eq. (107) for relation between overdensity and divergence,

v (V' . v') =2a’Hf (Qp) (AV)VS,
or equivalently (after integration) (158)
V2 = F (1) + 2(AV)a2HF (Qm) 5,

where F () is a function emerging after integration and § is the (time)
average density above that cutoff scale. Equation (158) is essentially a
sub-grid closure for large scale dynamics, where unresolved velocity
fluctuation below a cutoff scale T can be related to the resolved mean
density at the same location through an effective viscosity v.

The total kinetic energy (a function of time ¢ only due to transla-
tional symmetry) can be decomposed into the kinetic energy in mean
flow (resolved) and in fluctuation (unresolved),

Vv2=v2(r) = (V+v')2:‘72+v'2

(159)
=2+ F (1) +2(Av)a’Hf (Qn) 6,

such that the kinetic energy in mean flow reads (same as Eq. (113)),
2 =v2 (1) = F (1) = 2(AV)HA2 f (@) 6. (160)

On large scale, the gravitational collapse leads to a decreasing dis-
persion in mean flow ¥2. There is a continuous energy transfer from
mean flow (Vz) to fluctuation (random motion in v'2) on large scale.
Combined with the energy transfer from mean flow to fluctuation on
halo scale (Xu 2022e¢), both facilitates the continuously increasing
entropy in non-equilibrium dark matter flow (Xu 2021c).
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7.1.3 Equations for the evolution of vorticity and enstrophy

The vorticity field is important on small scale, as every halo has a
finite spin. With identity in Eq. (73) and the identity for two arbitrary
vectors A and B,

VXx(AxB)=AV-B-BV-A+B-VA-A-VB, (161)
Eq. (154) can be transformed to (note that V - w = 0):

w 1-vy
ot

v-Vw+
N———

0 1-
1+(1—7)—] Ho = —L o Vv.
Ha —— a N———
1 2 3

(162)

From identity (74), velocity field can be expressed in terms of the
vorticity field for constant divergence flow,

Viv=-V X ow. (163)

For infinite domain, this can be solved by Green’s function,

’

! /—[VX“’] 5, (164)

V(X):_E |X—X/

where vorticity is a local quantity, but velocity can be non-local. The
velocity field is affected by the vorticity from other locations.

Three terms in Eq. (162) represent the transport of vorticity (term
1), the decaying of vorticity due to expanding background (term 2),
and the generation of vorticity (term 3) that is similar to the vortex
stretching in hydrodynamic turbulence (see Xu 2021f, Eq. (1)). On
large scale, y ~ 1 and the dominant mode is the decaying of vorticity,
while vorticity is strongly generated with y — 1/2 on small scale.
For comparison, the vorticity equation for incompressible flow is
w

E+V-Vw:w-Vv+vV2w, (165)

where v is the molecular viscosity leading to the destruction of
vorticity. Finally, the evolution of enstrophy can be obtained by the
scalar product of Eq. (162) with vorticity vector w,

dw?/2 1-y w? [ 2
Ve i 1+(-y) —|H
ar VoV Uy g | Heo
2
1 (166)
1—
=—yw-(w-VV),
a ———
3

where the enstrophy is generated on the small scale (term 3), trans-
ported (term 1) and decaying on large scale (term 2).

7.1.4 Dynamic equations for the evolution of energy

By taking scalar product v with both sides of Eq. (148) and using the
fact that v - (V x v) X v = 0, the evolution of kinetic energy reads

2
ANE R (O P e v (167)
ot a a

Using identity (73) and v - (V X v) x v =0, Eq. (167) becomes

avi2 1 1,
I S VAR | *
ot a [(ZV *e )v

11 .

—HV? + - (-v2 + ¢*) V-v. (168)
al\2

Integrating Eq. (168) over a control volume V (for example the vol-

ume of a halo) and using divergence theorem,

0K 1 1
—:——%EV-dS—ZHK+—‘/E(V«V)dV, (169)
ot aJs aJy
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where the specific kinetic energy K of entire volume and the total
energy E at a given location are defined as

1 1

K:/ —v-vdV and E ==v*+¢*. (170)
v 2 2

For system with E = 0 on the surface of control volume, the surface

term vanishes in Eq. (169). Introducing virial theorem between the
total kinetic and potential energy with a virial ratio 3,

/ (2v2 +/3¢*) av =0, a71)
\%

the time variation of total kinetic energy in control volume is,
dInK 0 (4

it . (2] -2 (172)
dlna aH \B

By taking the divergence on both sides of Eq. (148), we have

90 1 1 -1
& V2 (v V) 4HO = —— V2 + LV [(Vxv) xv]. (173)
ot 2a a a

With the identity in Eq. (74) and identity
V-(AxB)=(VxA)-B-A-(VxB), (174)

the equation for total energy E can be obtained,

v? (%v~v+¢*)+Ha0(l+ 6ln9)

dlna (175)

== [y (Pv-vo)+0-0]).
On large scale, y = 1 and 6 = —aH f (Q,) 6 o< a'/? (Bq. (107)),
v2 (%v-vw*) = [ (@) V9 = 2PH ] (@) o, (176)

where ¢ is the (peculiar) gravitational potential. The potential well
forms from increasing ¢ due to gravitational collapse. On small scale
with constant divergence and 6 « a 172,

1 1
Vz(zv-v+¢*) = —3Hat+(1-7) (V~V2v+w-w), (177)

where the local vorticity will affect the depth of potential well.

7.2 Dynamic relations from dynamics on small scale

In this section, we are ready to develop dynamic relations on small
scale. Starting from the index notation of dynamic Eq. (151) at two
different locations x and x ,

i 1-ydive) v d(ive)
ot a OXp 2a  Ox;

i} (178)
L P
aH a ox;
v, l_yﬁ(vjvk) +lf9(vkvk)
ot a ox’ 2a  9x
k (179)
o= 7)9]11 - _1o#
J a ox

multiplying v’j and v; to both sides of two equations, adding them
together, and taking average at a given scale r leads to

8<viv;.> 1—y (')<v,-vkv/j> 6<vljv/kvi>
+ + ,

ot a Oxy, ox
y 6<vkvkv;.> 6<v'kv'kvl>
2a 0x; Bxlj

(180)

or in terms of the second and third order velocity correlation tensors
(see definition in Eq. (1)),

9Qij (1-7)
r +2[1— T 0] HQ;;

) W 181
_2—276Qikj+Zankj_l a<¢vj>+a<¢ v’> (sh
T a ory a O0r; a Ox; ax’ '

J

Multiplying both sides by ¢;, using Egs. (15) and (84) for third
order correlations with R3 = R (3 1) and R31 = L(3 7), and using the
fact that the first order correlation tensor for constant divergence flow
(see Xu 2022f, Eq. (9)) satisfying,

8<§:}vl> =—6<j:1‘_}j> :_9<¢*>, (182)

evolution of second order correlation on small scale finally reads

IR 2,1 (1-v)
T+2[1— aH [Z] HR(Q’])
1 d 2 (183)
2 *
= \ar (V [2-2y) Ry +7’L(3,2)]) +—0 (9.

where third order correlation functions are (Egs. (15) and (84))

ik 1 0 (4 0krj 1 0 (4
(9rk - r2 or (r R(3’1)) ’ arj (r L(3’2))' (184)

T2 or
Equation (183) provides a dynamic relation between second and third
order correlation functions (similar to Eq. (81) on large scale), which
can be integrated and equivalently transformed to,

—{¢") 3
iy [2-2y)Ri.1) +vL(3,2)]
20 dIlnRp )| 3Ha (" )
l-y) —-2- = R dy.
(=) aH dlna | 2u20s3 ‘A @1 ()ydy

(185)

On small scale, the correlation function R(5 1) can be modeled as
(see Xu 2022f, Eq. (139)),

6lnR(2,1) B 3

gna 2 189

n
Re.1) = u? [3 —(3+n) (%) ] and

with u? ~ 1, where u? is the one-dimensional velocity dispersion of
entire system and n ~ 1/4. The correlation function R(; 1) « a on

large scale and R (5 1y a3/? on small scale.
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Figure 17. The variation of different terms in Eq. (187) with scale r at z=0. On
small scale, term 1 approaches 5 and term2 approaches 1. The sum of term1
and term?2 approaches the velocity dispersion <u2> /u?. The variation of virial
coefficient 8* with scale r (slightly decreasing with r) is also presented with
<u2> Ju? directly obtained from simulation and Eq. (187).

On small scale, we expect y = 1/2 and 6 = —3Ha/2, and relation
(u?) + B*(¢*) = 0. Eq. (185) reduces to

—(n () s / >
2 g s ), Ren (y) y“dy
! (187)
1 1
_Ham2 Ran +§L(3’2) ’

2

where 8* is a virial ratio on scale r.

To validate Eq. (187), different terms were directly obtained from
N-body simulation and plotted in Fig. 17. The sum of terms 1 and 2 on
the RHS of Eq. (187) approaches LHS on small scale. The variation
of B* with scale r (slightly decreasing with r) is also presented with
(u2> Ju? directly obtained from simulation.

Forr — 0, wehave limR(5 1y = lim (u-u’) = 3u? and lim (u?) =

r—0 r—0 r—0
lin})(u -u) = 6u?, where (u?) ~ 6u? on small scale (see Xu 2022h,
i

Fig. 20) and 8* ~ 1, term 1 on RHS of Eq. (187) approaches 5 such
that term 2 becomes

1 4
(R(3’1) + ELG’Z)) = —Hau’r = (Aug)u® = geuar, (188)

where the rate of kinetic energy cascade g, is negative (inverse
energy cascade) and relatively a constant of time,

30> 3u® 3ug 7 9.3
=——— 8 ———=—-—x-46x10" . 189
T 2 ¢ 21y me/s (189)
The velocity dispersion at present epoch is about uy =
354.61km/s in the current model. Since the third moment of pair-
wise velocity (third order structure function in Eq. (38)) satisfies
(from generalized stable clustering hypothesis, GSCH in Eq. (42)),

((Bur)?) =3 ((aur)?) dur). (190)
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Figure 18. The variation of correlation function R(3 1) + L(32)/2atz = 0
(normalized by ug), the pairwise velocity (first order longitudinal structure
function) (Auz, ) (normalized by 1), and the third order longitudinal structure
function ((Auz,)) (normalized by uS) with scale r (from Eqgs. (188) and
(191)). All functions are normalized and ((Auy.)?) = 8g,ar/3.

and lim <(Au L)2> ~ 2u? (see Xu 2022h, Fig. 21), we may write
r—

1 _ 1 3\ _ 2 4
(R(3,1) + EL“’Z)) =3 <(AML) > =(Aup)u” = g Sudrs (191)

where the third moment of pairwise velocity determines the rate of
energy production on the smallest scale, i.e.

3\ _8 3 <(A”L)3>
<(AuL) > =—gyar or g =—-——"—. (192)
3 8 ar
Figure 18 presents the relevant correlation and structure functions
in Egs. (188) and (191). On small scale, all these functions can be
related to the rate of energy cascade ¢,,.

8 CONCLUSIONS

Much more complicated than incompressible flow, the self-
gravitating collisionless dark matter flow (SG-CFD) is of constant
divergence on small scale and irrotational on large scale. To under-
stand the nature of flow across entire range of scales, fundamental
kinematic and dynamic relations among statistical measures of dif-
ferent order need to be developed for different types of flow.

By extending the two-point second order statistics to high order, we
present the third order statistical measures and associated kinematic
relations for different types of flow. In principle, the incompressible
and constant divergence flow share the same kinematic relations for
even order correlations, while they can be different for odd order
correlations (Eq. (56)). For third order velocity correlation tensor
Q; jk (r), four scalar correlation functions (total correlations R3 and
R31, longitudinal correlation L3, and transverse correlation 73) can
be obtained by contraction of indices from Q;;x (r) (Egs. (6)-(9)).
Kinematic relations are developed for incompressible flow (Egs. (26)
and (27)), constant divergence flow (Eqs. (31) and (33)), and irrota-
tional flow (Eq. (37)). Correlation functions from N-body simulation
are presented in Figs. 3 and 4 for third and fourth order, respectively.
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To formulate kinematic relations of any order, a compact deriva-
tion is presented involving high order tensor and vector calculus.
This is a challenging task (see Appendix A). Starting from refor-
mulating the kinematic relations of second and third order, general
kinematic relations of any order are developed, i.e. Egs. (53)-(55) for
incompressible flow, Eq. (62) for constant divergence on small scale,
and Eqgs. (63)-(65) for irrotational flow on large scale. To validate
these relations by N-body simulation, the original differential equa-
tions are transformed to integral form (Egs. (67) to (69)). Results are
presented in Figs. 6 and 7 with good agreement.

The dynamic relations between correlation functions of different
orders can only be determined from the dynamic equation of veloc-
ity evolution on relevant scales. On large scale, the Zeldovich and
adhesion approximations govern the dynamics of velocity (Eq. (70)).
Third order correlations are related to second order velocity/density
correlations and mean pairwise velocity (L3 2) o —v{Auy)) through
an effective viscosity v(a) (Egs. (88), (91), and (94)). The negative
viscosity v(a) o« —ury o all? originates from the velocity fluc-
tuation (Eq. (158)) and can be determined by the rate of energy
production (Eq. (97) and Fig. 12).

Redshift dependence of correlations functions on any order are
obtained as Lg41,4) ala*3)/2 and Rig.q-1) « a4/? for even ¢
(Egs. (100)-(102) and Figs. 8-12). The divergence can be determined
by the mean pairwise velocity (Eq. (108)). Mean overdensity on a
given scale r is proportional to the density correlation f(Q,,){d) ~
(66') (Eq. (110) and Fig. 13)). A reduced velocity dispersion is also
proportional to density correlation, i.e. (u2)/(3u2) — 1 « (66" (Eq.
(113) and Fig. 13)). Finally, both exponential velocity correlations on
large scale and the "one-fourth" law for correlations on small scale
are direct results of combined dynamics and kinematic relations (Egs.
(128), (129), and (123)).

On small scale, self-closed equation for velocity evolution is de-
veloped to derive dynamic relations. We decompose total velocity
into the velocity from motion in halos and from the motion of ha-
los (Eq. (132)). Based on solutions for virialized rotating halos, the
self-closed dynamic equation includes an additional term to reflect
the effect of local vorticity (term 1 in Eq. (148)) that is controlled
by a parameter y. From large to small scales, y gradually changes
from 1 to 1/2 (Fig. 16). The effective viscosity on large scale origins
from the velocity fluctuations below the cutoff scale for filtering (Eq.
(156)). The vorticity, enstrophy, and energy evolution are all derived
from the self-closed dynamic equation (Egs. (162), (166), (168), and
(175)). Finally, the dynamic relation is derived to relate second and
third order correlations in Eq. (183). The same relation in integral
form (Egs. (185) and (187)) can be directly validated by N-body
simulation (Fig. 17). Third order correlations are related to the en-
ergy production rate &, (Eq. (191) and Fig. 18) and third moment of
pairwise velocity ((Aur)3) = 8eyar/3 (Eq. (192)).

DATA AVAILABILITY

Two datasets underlying this article, i.e. a halo-based and correlation-
based statistics of dark matter flow, are available on Zenodo (Xu
2022a,b), along with the accompanying presentation slides "A com-
parative study of dark matter flow & hydrodynamic turbulence and its
applications" (Xu 2022c). All data files are also available on GitHub
(Xu 20224d).
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APPENDIX A: KINEMATIC RELATIONS FOR VELOCITY
CORRELATIONS OF ARBITRARY ORDER

In this Appendix, a compact derivation for kinematic relations of
arbitrary order is presented for incompressible, constant divergence,
and irrotational flow.

A1l Introduction to some general identities

Let’s first introduce some identities, which are the generalization of
identities in Eq. (25),

R or 1 o
(i) j = 67; = — (01 = Fifj) = (7)) ;- (A1)
o . . NP

(Fifj) g = ~ (Fidj +Fj0i = 20 i) (A2)

—_

(f,‘fjtskl +fifk6jl+fjfk6il —3fifjfkfl), (A3)

il

Lo P
= ; (rirjrldkm+rirkr16jm (A4)

+fifjfk61m + fjfkf[6[m - 4fifjfkflfm) N

(7). 7 = 0. (Fi#f) 4 7 = 0. (Fif ) ;71 =0, (AS)
2 .. 2, .. 2.,

(Fi),; = ;,( fify) ;= ~Fi, (Fif j7i) 4 = ~Fif . (A6)

(ri) j = 6ij> (rlr]) =37, (Fifjrk) & = 3Ff. (A7)

In the following, we first reformulate kinematic relations in a more
general but compact way for second and third correlation functions
to get familiar with the general idea and tensor notations, followed
by the generalization to arbitrary orders.

A2 Reformulating second order kinematic relations

The starting point of new formulation is definitions of correlation
tensor Q;; and associated correlation functions Ry, Ly, and 75,

Qij (r) = <uiuj> , Rp= <uiui> s

, (A8)
L2=<uLuL>, and Ry =Ly +275.

With isotropic homogeneous second order correlation tensor defined
as (see Xu 2022f, Eq. (10)),

Qij (r) = Q;j (r) = Ay (r)rirj + By (r) 645, (A9)
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we should have an identity valid for any type of flow,
0iji (67 = #57x) = (i) (67 = #57)

=<uLuk>—<uLuLfk>=O.

This is an important identity that we will repeatedly use.

(A10)

A2.1 Kinematic relations for incompressible flow

Using identity in Eq. (A1), the relation u;, = u;7;, and the product
rule of differentiation,

u ~f-u/->

< 1A J ,j

Qij,jfi = <Miu;-> jfi = <u,u >(r,)]
’ 1
= <”L”j>,j p <u,u > (6U

By using identity in Eq. (A10), Eq. (A11) can be further written as

(A11)
rirj) .

. N 1 o
Qij.jfi = <uLquf> ; <“t“;> (0ij = #ifj)
, . , . 1 , R
= <uLuL>’j Fi+ <uLuL> (rj)’j - <uiuj> ((51']' - rirj) .
For incompressible flow, Q;; ; = 0. From Eq. (A12) and identity

(A6), kinematic relations between second order correlation functions
can be obtained in a very simple and compact way,

(A12)

2T, = % (rsz) , Ry = 1 (r Lz) >
and (A13)
(rsz)’r = (Ry = Ly),

which are exact the same as our previous result (see Xu 2022f, Eq.
(39)). Here the relation

<uLuL>jr] —<uLuL> Fifj —<uLulL>r (A14)

is applied to Eq. (A12) for results in Eq. (A13).

A2.2 Kinematics relations for constant divergence flow on small
scale

For even order correlation functions, kinematic relations for constant
divergence flow should be the same as those for incompressible flow,
i.e. Eq. (A13) is still valid.

A2.3 Kinematic relations for irrotational flow on large scale

The starting point to formulate kinematic relations for irrotational
flow is the identity,

Qij kEmikEmjnfn = Qij k (6ij6kn — 6ind jk) Pn ALS)
=Qijk (Prbij = Fibjk)

where & j is the Levi-Civita symbol and 7, = r/|r| is a unit vector.
With curl free condition Q;; x&mix = 0 and the product rule of
differentiation, Eq. (A15) becomes

Qijk (Fkdij = Fidjk) = <uiui> Tk <uiuj>’j Fi

= <u,u;>k Pr — <u ;f > y + <u,u;> (7). ;=0 (Al6)
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With identity in Eq. (A1), uy = u;#;, and the help of Eq. (A10),

’ ’ ] ’ A A
<uiui> LT <uLuj> i + = <uiuj> (6ij —rirj)

1 (A17)
= <uiui>,r - <MLMij>,j + = <u,-uj> ((51‘]' - f,‘fj) =0.
Using the product rule of differentiation, Eq. (A17) leads to
<uiui>’r - <”L”L>’j P - <uLuL> (fj),j
(A18)

1 / .
+ = <uiuj> (5,’] - rirj) =0.
Finally for irrotational flow, with R, = L, + 27, and identity (A6),
Eq. (A18) leads to the relations

I (3 13
(Ry), == (PLy) Ro= = (PT) La=0Ta),. (A19)
which are the same as previous result (see Xu 2022f, Eq. (47)), but
obtained in a much simpler and more compact way.

A3 Reformulating third order kinematic relations

Kinematic relations for third order correlations can be derived in a
similar way. Starting from the definitions of third order correlation
tensor and correlation functions

Qijk (r) = <uiujuk>, R3 = <uLuiul~>,

, , (A20)
R31 = <uiu,-uL> , L3= <M%ML> , R3y=L3+2T;,
we can easily verify identities (similar to Eq. (A10))
QijkFif; (Ons = Fiiy) = <uiu;> - <u%u}jl> -0, (A21)
Qijifjf (05 — Fify) = <uzuLulL> - <u%u'sz> =0, (A22)
Qijk0ij (6k1 — Fify) = (uiuiu}> - <uiuiu'sz> =0, (A23)

where the identity (A23) only exists for odd order correlation tensors.

A3.1 Kinematic relations for incompressible flow

Using the identity in Egs. (A2) and (A21), uy, = u;7;, and the product
rule of differentiation,

Qiji,kfifj = <u[ujukfifj> 0 (u[ujuk> (fif'j)’k

, 1 ) ’ (A24)

= <”%”k> P <uiujuk> (fjéik +fi6jk - Zfifjfk) .

Using Eqgs. (A6) and (A21), and the product rule of differentiation,
A A 2 7 A 1 ’ 2

Qijkkfifj = <uLquk> Pl (2 <uLu,-ul-> - 2<uLuL>)

r

) ) (A25)
= (u?u P+ 2 (it ——(2 upuiu: ) —2 (u? u
LYL/ kT o\ L , LUil; YL

For incompressible flow, Q;;x x = 0. Kinematic relations for third
order correlation functions can be easily derived from Eq. (A25)

1 1

2Ry = = (r*Ls) 4Ty = (7Ls)
r3 ,r r Ng

and (A26)

(r2L3)’r = r (2R3 - 2L3),

which are the same as our original results in Eq. (26).

A3.2 Kinematic relations for constant divergence on small scale

Eq. (A25) is still valid for constant divergence flow such that
. AnL 0 2 _ 2 ’ ~ 2 2 ’
Qljk,krlrj =0\uy ) =\uyuy k”k‘*‘; upur,

o) 213,

from which we should have an exact relation (same as Eq. (31))

(A27)

Lyov, 1 (4
R3+§<ML>9}‘— = (r L3)’r. (A28)
On the other hand, from identity (A23), we have
Qijk k%ij = 0<u2> = <uiu,-u/k> . = <u,~u,~u/Lfk> .
’ ’ (A29)

, 2 ,
2 2
= += .
<M ML>,r ; <M ML>

With R3; = (uzu’L), another exact relation (same as Eq. (33)) is

1
<u2>9: = (r2R31) .
r N

With (u2) ~ S(M%), the kinematic relation reads (same as Eq. (34))

1 2 1 4
= (PRa) == ("1s)
6r’(r 31 o 2r3 g 3,r

(A30)

Ry + (A31)

A3.3 Kinematic relations for irrotational flow on large scale

Like the derivation for second order correlations in Eq. (A15), the
starting point is the expression,

Qijk,1&8mki€mint jfn = Qijk 1 (0ikOn1 — Onk0it) Fjfn

R . ~ (A32)
= Qijk,1 (Fibik — Frdip) 7.
where an identity for Levi-Civita symbol is used
EmklEmin = 0ikOnl — Onk0il- (A33)

The curl free condition leads t0 Q;jk 1€mii = 0. Using the product
rule of differentiation,

’ ’
Qijk,1 (F16ik = Frdir) Fj = <”i“j”i> it = <Miujuk> itk
’A A ’ A A
= <uiujul-rj> 1= <uiujul-> (rf),l 7
’ A A 4 A A
- <uiujukrjrk> ; + <uiujuk> (rjrk)’l. =0.
(A34)

Because (u,-uju;.)(fj),lfl = (u[uju;)(fj),r = 0 (from identity
(AS)), Eq. (A34) becomes

<uLuiu;> lfl - <uiuLu'L> ;

1 N A o (A35)

+ - <uiujuk> (rjéik + rk(Sij - 2rirjrk) =0.
r

Again with identity in Eq. (A1), uy, = u;7;, and the help of Eq. (A22),

)
1 o — 2.7\ _
+ = (<uLului> + <ululuL> —2<uLuL>) =0.
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With production rule of differentiation for second term in Eq. (A36),
we should have

2 1
R3’r - ;L3 — L3,r + ; (R3 +R31 - 2L3) =0. (A37)
Finally, with R3 = L3 + 273, kinematic relations are
(R ) +R I(L 4) 3Ry - R 2(4T)
r === r 5 - == \r >
37)  t R =g (L) L3Ry = Rap =3 3),
(A38)

and
3L3 - R31 =2(rT3) ,,

which are the same as those developed before (Eq. (37)) but in a
much more compact way.

A4 Formulating kinematic relations of arbitrary order

The new compact formulation for second and third order kinematic
relations can be generalized to arbitrary order. Some tensor and vector
algebra are involved, and readers can jump to main results. Equations
(A57)-(A61) present the limiting values of correlation functions on
small and large scales. General kinematic relations for different types
of flow are also presented, i.e. Eqs. (A65)-(A68) for incompressible
flow, Eqs. (A73)-(A77) for constant divergence flow on small scale,
and Eqs. (A86)-(A88) for irrotational flow on large scale.

Justlike in Sections A2 and A3, some general tensors and identities
are introduced first. The pth order Q tensor and its derivative reads

(p)Qij..kt = (Fifj..FFp), (A39)

N————
P

().
(i @s..kt)om = ((p%:kl) (A40)
- % ((P+1)Hij---klm -r (<P+‘)Qif""‘l’”)) ’

where the IT tensor is written as

(p+)ij . kim = Z
a,b...dec[S,]""

Fafp..Fabem- (A41)

Equation (A40) is a generalization of identities in Egs. (A1)-(A4).
Here [Sp]P =1 jncludes all subsets of size (p-1) in set [Sp] =
{i, j, ...k, 1} of size p. There is total of p subsets of size (p-1) from set
Sp of size p. Indices a, b, ..d, e represent all possible combinations
of size (p-1) from set S), of size p. Here the Kronecker delta dez; in
I1 tensor should always have m as one of its indices. There will be p
terms for tensor (p,41)I;;.. kim Of order (p+1).
One example of 4’7 order Q tensor is:

((4)Qijk1) = (Frie)

1 (A42)
= ((5) Uijkim —4 ((S)Qijklm)) ,
where 5" order tensor I is
II; ; = FiF P10k + Fif i 7105
S)Hijkim i jri%km ir'kT10jm (Ad3)

+ Fif jPiOpm + FjPpFOim.

For odd number p, two additional tensors A and X of (p-1) order can
be introduced consisting of Kronecker delta,

(p—l)Aijkl..Amn = ‘5ij‘skl-'~6mn (Add)
with  (p—1)/2 terms in multiplication,
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(p-1)Zijkl...mn = 0ijOkl-.. +Oif 0. + ...
(p-D!
2007 (p- 1) 2!

(A45)

with terms in summation.

4th

Examples of order A and X tensors are:

(@ Nijki = 0ij0ki
and (A46)
(@ 2Zijkl = 0ijOk1 +6ik0j1 + 6110 jk.

With the help of Eq. (A40), two additional identities can be estab-
lished for tensor Q,
((p)gij---kl),r = ((p>9ij...k1),m m

= (Fifjo-FiF1) P =0,

(A47)

2
((p)gij...kl)’l = ((p)gij...kl)’m Oim = = ((p—l)Qij...k) . (A4B)
A4.1 Correlation functions and identities for any type of flow

The two-point velocity correlation tensor Q of arbitrary order p can
be defined as,
((p)Qijk.,mn) = <”iuj”k~--”m“,n>- (A49)

Two identities for Q tensor of any order p are (similar to Eq. (A21)),

<uiujuk...um...u,n> 8i/6.... (Fror-Fm) (Sns — Fufs)
————

———
q p—q-1 50
—g-1 ’ A (A50)
= <”qu{ K ”n> (Ons = Fufs)
= <u‘1uz_q_lu/s> - <uquz_q_1u’Lfs> =0,
and
<uiujuk...um...un> 0jk0.... (P Pn) (Ois — FiFs)
—_—
q p—q-1
(A51)

—q-2 -
= <Mqui 4 uiu]_> (0is = Fif's)

—g-2 ’ —g-1 " A
= <uqu{ a usuL> - <uqu{ 4 quS> =0,
where ¢ is an even number that stands for ¢ indices in term (6;;6....).
Scalar correlation functions are defined by tensor contraction of Q.
For even number g, the total correlation functions of order (p, g+1)
is defined as

R(p.g+l) = <uqu£_q_2uiu;> = <uqu€_q_2u . u/> . (A52)

For even number ¢, the longitudinal and transverse correlation func-
tions of order (p, g) are

Lip.gp = ()~ ) (AS3)
and
T(p.g) = (R(p,q+1) - L(p,q)) /2. (A54)

Figure 2 lists the velocity correlation functions up to the sixth order.
Just like the second order correlations, all these correlation functions
can be similarly computed from N-body simulations.
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A4.2 Correlation functions in the limitr — 0 and r — oo

In the limit » — 0 on small scale, the » dependence is eliminated and
isotropic homogeneous velocity correlation tensor Q of odd order p
should satisfy (see Eq. (11) as an example):

rh—% ((p)Qij-.klm) o Cp - (p-1) Z ’
’ ij.kl

(A55)

such that with the definition of X tensor in Eq. (A45), we have

lim <uqu€_q_1> 0
r—0

Jim, ((P)Qijk..lm),m%w

q pP—q-1 (A56)
!
=Cp r .
2=D2((p-1) /2! (p ~ q)
where C), is a parameter that is only dependent on the order p. Here
0 = u; ; is the divergence on small scale.
The limiting ratio for odd order p reads

<uqup_q_1>
. L )4 .
lim = with g=0...p-1. (A57)
r—0 < p-1 pP—q q P
u
L >

Equation (AS57) is also valid for r — cowhere velocity distributions
are independent of scale r, i.e.

-q-1
A
L
lim =L
r—00 <up7 > p —_ q
L
Finally, using the definition of correlation functions from index con-
traction, for correlation functions of odd order p,

p—q-1
L <uquL >
lim —P9) _

r—0,00 L(p,O) r—0,00 <ui—1>

with q=0...p-1. (A58)

S (A59)

pP—q

Similar relations can be obtained for correlation functions of even
order p (from Eq. (AS8)),

q,P~4-2
<u uy u-u

R +1
lim L(p"“” = lim = =L o (A60)
r— r— —L - q—
(p,0) <uL ”L> rp—q
and
p—q-1
L )
lim =29 _ jip __Pr. (A61)
r—0,00 L(p’()) r—0,00 <ui—1u’L> p+ 1- q

A4.3 Kinematic relations for incompressible flow

The incompressibility condition requires a vanishing divergence of
correlation tensor Q

((p)Qij“mn)’n = <ulujumun> =0.

n

(A62)

Using Eq. (A62), the relation uy = u;7;, and the product rule of
differentiation,

<uiujuk...umu;l> 0ij0.... (Fr...Pm)
sn S o ——r
q p—q-1
, . (A63)
= [<uiujuk...umun>6ij...(rk...rm) .,

_ <ui”j”k---um”n> Oijr (FooFim) n =0,

where g is an even number that stands for g indices in term (6;;6......).
Using identities (A50) and (A40), Eq. (A63) becomes

—g-1 7 . ’ A N
<u"u‘z q qun> L= <uquk...umun> (P Pm) n
1 PN
= [(p-g)Mooonn = (p =g = 1) (Fiee.Fmfn)] -

(A64)

’
= <uquk...umun>

Applying the product rule of differentiation on the left side of Eq.
(A64) and the definition of velocity correlation functions in Egs.
(AS2), (A54) and tensor I1in Eq. (A41), we have

2 1
(L(p,q))’r tLipg =7 (p-q-1 (R(p,q+1) - L(p,q)) (A65)

Finally, kinematic relations for correlation functions of arbitrary or-
der p should be

1 —g+1
(p -q- 1) R(p,q+l) = p=q (rp q+ L(P,q))‘r 5 (A66)
Lo
20 =a-DTipg =+ (r L(pm)’r, (A67)
2R -2 p-atly A68
(V (p’q+1)),r - rP_q_l (V (p’q)),r ( )

A4.4 Kinematic relations for constant divergence on small scale

Just like the incompressible flow, we start from the equation

<uqui_q_l> 6= <uiujuk...umu’n> 6ij0.... Pr...Pm)
n P —
q p—q-1
, o (A69)
= [<uiujuk...umun>6ij6".. (rk..‘rm)]

N
- <u,-ujuk...umun> 0ij0.... (FrooFm) >

where ¢ is an even number. Using identities (A50) and (A40), Eq.
(A69) becomes

p—q-1\ 5 _ p—q-1/
<uquL >0 = <uquL un>’n
i\ 1 R
- <uquk...umun> - [(p_q)Hk___mn —(p—q-1) (Fi-..Fmfn)] -
(A70)

Applying the product rule of differentiation to the first item on the
RHS and the definition of correlation functions in Egs. (A52) and
(A54), a general relation for constant divergence flow is

—g-1
(P=a-DR(pg+1) +<uquz g >9r
| (A71)

_ —-q+1
T rpq (rp ! L(p’q)),r ’

Equation (A71) is a general relation for correlation functions of any
order p. For correlation functions of even order p (Note that ¢ is
always an even number),
: q,P—q-1\ _

lim <u uy > =0.

r—0

(A72)

Therefore, the kinematic relations for even order correlations in con-
stant divergence flow should be the same as that of incompressible
flow, i.e. using Egs. (A71) and (A72), Eqs. (A66)-(A68) are still valid
for correlation functions of even order p in constant divergence flow.
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For odd order p, two special cases are considered with g = p — 1
and g = 0 from Eq. (A71),

<”IH> or = % (’ZL(p,p—D)J (A73)
and
(P=DRp,1 +< >0r = ip (rp“L(p,o))’r (A74)

For r — 0, the correlation function L}, ,,_1) can be solved from Eq.
(A73) (use Eq. (A57))

Lip.p-1)= gé <u€_1>r = %9 <up_]>r.
For p = 1 and ¢ = 0 in Eq. (A74), the mean pairwise velocity
Sllp (r) = (Aur) = < - uL> =2 <u/L> can be directly related to
the divergence,

0= 212 (r (AML))

With (Auy ) = —Har from stable clustering hypothesis, the diver-
gence 6 = —3Ha/2 on small scale. Equation (A76) is derived for
constant divergence flow. With Eq. (A57), Egs. (A71) and (A74), the
kinematic relations for odd order p should read

I

1
_ p—q+l
T rp-a (r L(p’q)),r

(A75)

(A76)

1
(P—a-DR(pg+1) + ——
p (A77)

A4.5 Kinematic relations for irrotational flow on large scale

The irrotational flow requires a vanishing curl, i.e. Qi . k1, m&nim =
0, such that

<u,-uj...ukuoul> , Enlmenis 0jk0.... (...Fols)

—_—
q r—q-1
’
= <uiuj...uku0ul> (6710ms — OimOls) 6ko.... (...Pofs) =0
,m ———
q p—q-1

(A78)

where the identity £,1m&nis = (8;10ms
even number for g indices in term 6;;6.....

—8im1s) isused and g is an
From Eq. (A78),

<u,-uj...uku0ul> (0i17m) 0k6.... (...Fo)
,m R .
q pP-q-2

’
:<uiuj...uku,,ul> (OimP1) 0j16.... (..F0)
,m S ——
q p-q-2

(A79)

= <uiuj...ukuoul> k0. (Foly) .
st ———

q p—q-1
Using the product rule of differentiation, the LHS (left hand side) in
Eq. (A79) becomes

LHS = (((p)Qij...kl) 9il ((p—l)gf---k)),m Pm

- ((p)Qij..‘kl) i ((p—z)Qj...k) m
or equivalently

LHS = (uTul 1 uw) -
m

>

<uq...u0u . u/> (-.P0) i P
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(A80)

Using identity (A47), (...7o),m(#m) = 0, LHS term becomes

LHS = <u‘luz*"*2u . u/> " (Fm)

. (A81)
= <uqu€7q7 u-u > =
Na

(Rp,q+1),r

Now, using the product rule of differentiation, the right-hand side
(RHS) in Eq. (A79) reads,

—g-2 ' PN
RHS = <uqu€ g u,-uL> T <uqui...u0ul> (-eFoly) ;- (A82)
Using identity (A40), the right-hand-side term becomes

—g-2 ’
RHS = <uq ’Z 4 u,-uL> .

1
- <uqui~- ’40”1> [(p 1L oti — (p=q-1C(. rOrlrl)]
(A83)

Using identity (A51), definition in (A41), (A52), and (A54),

1 P
_ 2 ({,a,P >
ulu u-u
Ji r(< L

+(p—q=2) (w2 U ) = (p—q = 1) (w0 ).
(A84)

RHS = <uqu€_q_1 M,Lfi>

Again, applying the product rule of differentiation on the first term
of RHS of Eq. (A84) leads to,

2 1
RHS =L + - L -—-(R 1
(p.q) (p.q) ( (p.q+1) (AS5)

+(p-a-2)Lpgey—(P—q- UL(p.q)) -

Equating Eq. (A85) with Eq. (A81) leads to the final kinematic
relations between velocity correlation functions of arbitrary order p
and even number 0 < g < p -1,

(R(p,q+1)r)’r +(P=q-2L(p g2

X (A86)
_ p-q+l
= (r L(p,q))’r’
(P-DRp,g+1) —(P—q—2)L(p g+2)
) ol (A87)
Ty (rp ” T(P’””),r’
(P=DLp.g)— (P=a=2)Lp.gs2) =2 (rT(p,q)),, (A88)

In Egs. (A86)-(A88), terms involving correlation function L, 412)
should vanishif ¢ > p — 2.



	1 Introduction
	2 N-body simulations and numerical data
	3 Third and high order velocity statistics
	4 Kinematic relations for velocity correlations of arbitrary order
	5 Results from N-body simulations 
	6 Dynamic relations from dynamics on large scale
	7 Dynamic relations on small scale
	8 Conclusions
	A Kinematic relations for velocity correlations of arbitrary order

