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ABSTRACT
The relation between properties of galaxies and dark matter (DM) halos they reside in can be valuable to understand the
structure formation and evolution. In particular, the baryonic-to-halo mass ratio (BHMR) and its evolution may provide many
important insights. We first review unique properties of self-gravitating collisionless dark matter flow (SG-CFD), followed by
their applications in deriving BHMR. To maximize system entropy, the long-range interaction requires a broad size of halos to
be formed. These halos facilitate an inverse mass and energy cascade from small to large scales that involves a constant rate
of energy cascade Y𝑢 ≈ −4.6 × 10−7𝑚2/𝑠3. The mass and energy cascade represent an intermediate statistically steady state of
dark matter flow. In addition, dark matter flow exhibits scale-dependent flow behaviors that is incompressible on small scale
and irrotational on large scale. Considering a given halo with a total baryonic mass 𝑚𝑏 , halo mass 𝑚ℎ , halo virial size 𝑟ℎ , and
flat rotation speed 𝑣 𝑓 , the baryonic-to-halo mass relation can be analytically derived by combining the baryonic Tully-Fisher
relation and the rate of energy cascade Y𝑢 in small and large halos. We found a maximum BHMR ratio 0.076 for halos with
a critical mass 𝑚ℎ𝑐 ∼ 1012𝑀� at z=0. That ratio is much lower for both smaller and larger halos such that two regimes can be
identified: i) for incompressible small halos with mass 𝑚ℎ < 𝑚ℎ𝑐 , we have Y𝑢 ∝ 𝑣 𝑓 /𝑟ℎ , 𝑣 𝑓 ∝ 𝑟ℎ , and 𝑚𝑏 ∝ (𝑚ℎ)4/3; ii) for large
halos with mass 𝑚ℎ > 𝑚ℎ𝑐 , we have Y𝑢 ∝ 𝑣3

𝑓
/𝑟ℎ , 𝑣 𝑓 ∝ 𝑟

1/3
ℎ
, and 𝑚𝑏 ∝ (𝑚ℎ)4/9. Combined with double-λ halo mass function,

the average BHMR ratio in all halos ( 0.024 at z=0) can be analytically derived, along with its redshift evolution. The fraction
of total baryons in all galaxies is 7.6% at z=0 and increases with time ∝ 𝑡1/3. The SPARC (Spitzer Photometry & Accurate
Rotation Curves) data with 175 late-type galaxies were used for derivation and comparison.
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1 INTRODUCTION

The dark matter problem originates from the mass discrepancy be-
tween required amount from Newtonian gravity (dynamical mass)
and the directly observed amount of baryonic mass. The flat rotation
curves of spiral galaxies directly point to this discrepancy: total mass
predicted by Newtonian gravity is much greater than the observed
mass from luminous matter (Rubin & Ford 1970; Rubin et al. 1980).
The standard ΛCDM model interprets this mismatch by postulating
the existence of dark matter halos that galaxies reside in. Thus, the
baryonic-to-halo mass relation (BHMR) represents a fundamental
relation to describe this mass discrepancy. The total baryonic mass

★ E-mail: zhĳie.xu@pnnl.gov; zhĳiexu@hotmail.com

is defined as the sum of the mass from stars (stellar mass) and cold
gas. The stellar mass is intimately coupled to the depth of halo poten-
tial, and thus to the mass of halos. The stellar-to-halo mass relation
(SHMR) should be related to the BHMR and reflect the accretion and
feedback processes in galaxy formation (Wechsler & Tinker 2018).

The stellar-to-halo mass ratio is the greatest in halos with a critical
size 𝑚ℎ𝑐 ∼ 1012𝑀� and is much smaller for both smaller and larger
halos (Moster et al. 2013, 2010; Girelli et al. 2020). The empirical
SHMR can be obtained by a halo abundance matching approach, in
which galaxy properties can be linked to dark matter halos from N-
body simulations (Guo et al. 2010; Behroozi et al. 2010). Darkmatter
(DM), if exists, is believed to be cold, collisionless, dissipationless,
non-baryonic, and barely interacting with baryonic matter except
through gravity. In addition, darkmatter should be sufficiently smooth
on large scales with a fluid-like behavior, i.e. the dark matter flow
that is best described by self-gravitating collisionless fluid dynamics
(SG-CFD). This paper focus on the derivation of BHMR that can be
determined from the nature of dark matter flow.

First, the baryonic mass 𝑚𝑏 can be related to the flat rotation
velocity 𝑣 𝑓 through a baryonic Tully-Fisher relation 𝑣4𝑓 = 𝐺𝑚𝑏𝑎0

(BTFR), where 𝑎0 ≈ 1.2 × 10−10𝑚/𝑠2 is an empirical constant of
acceleration and G is the gravitational constant. This empirical rela-
tion was originally established for rotation velocity (Tully & Fisher
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Figure 1.Schematic plot of direct energy cascade in hydrodynamic turbulence
that is mediated by eddies of different scales. By contrast, halos of different
sizes facilitate the inverse mass/energy cascade in dark matter flow.

1977). Similar scaling was also found for the velocity dispersion 𝜎
of stars (Faber & Jackson 1976), i.e. 𝜎 ∝ (𝑚𝑏)1/4. The BTFR is a
natural result of the modified Newtonian Dynamics (MOND) (Mil-
grom 1983). As an ad hoc empirical theory, MOND successfully
explains the shape of rotation curves (McGaugh & de Blok 1998),
the baryonic Tully-Fisher relation (McGaugh et al. 2000; Lelli et al.
2019), and many others. This motivates the search of a fundamental
theory explaining the MOND paradigm.
One potential theory is to consider MOND as an effective theory

describing the dynamics of baryonic mass suspended in dark mat-
ter flow that involves fluctuations in both velocity and acceleration
with typical scales 𝑢 and 𝑎0 (Xu 2022k). In dark matter flow, the
halo-mediated inverse energy cascade from small to large mass sales
involves a constant rate of energy cascade Y𝑢 ≈ −4.6 × 10−7𝑚2/𝑠3
that can be related to both fluctuations as Y𝑢 = −𝑎0𝑢/(3𝜋)2, where
factor 3𝜋 is from the angle of incidence. With 𝑢0 ≡ 𝑢(𝑧 = 0) ≈
354.61𝑘𝑚/𝑠 from N-body simulation, the scale of acceleration fluc-
tuation 𝑎0 (𝑧 = 0) ≈ 1.2 × 10−10𝑚/𝑠2 can be easily obtained. The
acceleration fluctuation seems successfully explain the origin of crit-
ical MOND acceleration 𝑎0. In this regard, the BTFR might also be
a direct manifestation of the fluctuating dark matter flow.
Second, the halo mass 𝑚ℎ can be related to the halo virial radius

𝑟ℎ with a scaling 𝑚ℎ ∝ (𝑟ℎ)3 (Eq. (18)). This can be obtained
from a spherical collapse model (Gunn & Gott 1972) or a two-body
collapse model or TBCM (Xu 2021d), where a constant density ratio
Δ𝑐 = 18𝜋2 between mean halo density and background density can
be identified such that 𝑚ℎ ∝ Δ𝑐 (𝑟ℎ)3.
Finally, the BHMR (the relation between 𝑚𝑏 and 𝑚ℎ) can be

obtained only if the relation between flat rotation velocity 𝑣 𝑓 and
halo virial radius 𝑟ℎ is known. This relation may be determined from
the mass and energy cascade in dark matter flow.
Apparently, both dark matter flow and hydrodynamic turbulence

share some common features including the randomness, nonlinear-
ity, and multiscale nature (Xu 2022a). The homogeneous isotropic
incompressible turbulence has been well-studied for many decades
(Taylor 1935, 1938; de Karman & Howarth 1938; Batchelor 1953).
Turbulence consists of eddies (the building blocks) with a typical
velocity u and size l on different scales. The classical picture of
turbulence is an eddy-mediated cascade process (Fig. 1), where the
kinetic energy of large eddies feeds smaller eddies, which feeds even
smaller eddies, and so on to the smallest scale [ (dissipation scale).
Below scale [, the viscous dissipation becomes dominant (i.e. the
dissipation range). Greater than scale [, there exists a range of length
scales with a scale-independent constant rate Y (unit:𝑚2/𝑠3) at which

energy is passing down the cascade (i.e. the inertial range):

Y ≈ 𝐴0
𝑢2

(𝑙/𝑢) , (1)

where the kinetic energy is transferred by the amount of 𝑢2 in a period
of eddy turnaround time 𝑙/𝑢. Here 𝐴0 is a numerical constant. The
smallest (Kolmogorov) length scale [ = (a3/Y)1/4 is determined by
both Y and fluid viscosity a. This process, a direct (kinetic) energy
cascade, can be best described by a famous poem (Richardson 1922):

"Big whirls have little whirls, That feed on their velocity;
And little whirls have lesser whirls, And so on to viscosity."

However, the darkmatter flow is unique because of its collisionless
nature and long-range interaction (Xu 2022a). First, the long-range
interaction leads to the fluctuation in acceleration that might explain
the critical MOND acceleration 𝑎0 (Xu 2022k). In addition, a broad
size of halos are required to be formed to maximize system entropy
in systems with long-range interactions (Xu 2021c,e). These halos
(counterpart to "eddies" in turbulence) facilitate an inverse mass
cascade from small to large mass scales that is not present in hydro-
dynamic turbulence (Fig. 1). The inverse mass cascade leads to new
understandings of halo mass functions and internal structures (den-
sity profiles etc.) based on the random-walk of halos in mass space
and random-walk of particles in size-varying halos (Xu 2021b,a).
From this description, the mass cascade in dark matter flow can be
described by a similar poem with "whirls" replaced by "halos":

"Little halos have big halos, That feed on their mass;
And big halos have greater halos, And so on to growth."

Note that both turbulence and darkmatter flow are non-equilibrium
systems involve energy cascade across different scales (Fig. 1) (Xu
2021f). The mass/energy cascade is an essential feature of interme-
diate statistically steady state for non-equilibrium systems to contin-
uously maximize system entropy. Inspired by Eq. (1), the constant
rate of energy transfer Y𝑢 in dark matter flow might be similarly
determined by the flat rotation speed and halo virial size as

Y𝑢 ∝
𝑣2
𝑓(

𝑟ℎ/𝑣 𝑓

) , (2)

which provides a relation between 𝑣 𝑓 and 𝑟ℎ and eventually facili-
tates the derivation of BHMR.
However, unlike hydrodynamic turbulence that is incompressible

on all scales, dark matter flow is much more complex. It exhibits
scale-dependent flow behaviors, i.e. a constant divergence flow for
peculiar velocity on small scales and an irrotational flow on large
scales (Xu 2022f,i,g). This hints that Eq. (2) might be good only for
a certain range of halo size. In fact, it is good for large halos with
mass 𝑚ℎ > 𝑚ℎ𝑐 (Eq. (22)), where 𝑚ℎ𝑐 is the critical halo size with
the greatest baryonic-to-halo mass ratio (see Eq. (24)).
In addition, the collisionless nature means the absence of viscous

dissipation in dark matter flow such that the smallest length scale for
inertial range ([) is not limited by viscosity (Fig. 1). This enables us to
extend the scale-independent constant Y𝑢 down to the smallest scale
where quantum effects are important, such that dark matter particle
mass, size and other properties might be predicted (Xu 2022j).
In this paper, we first review some unique properties of dark matter

flow, followed by the derivation of baryonic-to-halo mass relation
based on these properties.
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Table 1. Numerical parameters of N-body simulation

Run Ω0 Λ ℎ Γ 𝜎8
L

(Mpc/h) 𝑁
𝑚𝑝

𝑀�/ℎ
𝑙𝑠𝑜 𝑓 𝑡

(Kpc/h)
SCDM1 1.0 0.0 0.5 0.5 0.51 239.5 2563 2.27×1011 36

2 N-BODY SIMULATIONS FOR DARK MATTER FLOW

The basic dynamics of dark mater flow is governed by the colli-
sionless Boltzmann equations (CBE) (Mo et al. 2010) that can be
numerically solved by particle-based N-body simulations (Peebles
1980). The simulation data for this work was generated from large
scale N-body simulations by the Virgo consortium (Frenk et al. 2000;
Jenkins et al. 1998). The currentwork focuses on thematter-dominant
simulations withΩ0 = 1 and cosmological constantΛ = 0. The same
set of simulation data has been widely used in various studies such
as the clustering statistics (Jenkins et al. 1998), the formation of halo
clusters in large scale environments (Colberg et al. 1999), and testing
models for halo abundance and mass functions (Sheth et al. 2001).
Key parameters of N-body simulations are listed in Table 1, where
h is the Hubble constant in the unit of 100𝑘𝑚/(𝑀𝑝𝑐 · 𝑠), 𝑁 is the
number of particles, and 𝑚𝑝 is the particle mass.
Friends-of-friends algorithm (FOF) was used to identify all halos

in simulation that depends only on a dimensionless parameter b,
which defines the linking length 𝑏 (𝑁/𝑉)−1/3, where𝑉 is the volume
of simulation box. All halos in simulation were identified with a
linking length parameter of 𝑏 = 0.2 in this work. All halos identified
were grouped into halo groups of different size according to halo
mass 𝑚ℎ (or 𝑛𝑝 , the number of particles in halo), where 𝑚ℎ =

𝑛𝑝𝑚𝑝 . The total mass for a group of halos of mass 𝑚ℎ is the group
mass 𝑚𝑔 = 𝑚ℎ𝑛ℎ , where 𝑛ℎ is the number of halos in that group.
Simulation results are presented to describe the mass/energy cascade
across halo groups of different mass scales. The relevant dark flow
datasets using this simulation are also provided (Xu 2022b,c,d). All
data files are also available on GitHub (Xu 2022d).

3 MASS CASCADE IN DARK MATTER FLOW

Dark matter flow exhibits unique behaviors due to its collisionless
and long-range interaction nature. The highly localized and over-
dense halos are results of nonlinear gravitational collapse (Neyman
& Scott 1952; Cooray & Sheth 2002) and the building blocks of
SG-CFD. Halos facilitate an inverse mass cascade (Fig. 1) that is not
present in regular turbulence (Xu 2021a). Figure 2 provides a simple
chain reaction description for inverse mass cascade that is local in
mass space, two-way (forward/backward, solid/dash arrows in Fig.
2), and asymmetric process (forward is dominant over backward).
The net mass transfer proceeds in a "bottom-up" fashion from small
to large mass scales (inverse cascade). Halos pass their mass onto
larger and larger halos, until halo mass growth becomes dominant
over mass propagation for halos with a mass 𝑚ℎ > 𝑚∗

ℎ
.

The mass cascade generally involves three stages (Xu 2021a):

(i) The initial stage corresponds to the generation of the single merg-
ers (free radicals) to provide the mass and energy source for halos;
(ii) The propagation stage for halos with a mass 𝑚ℎ < 𝑚∗

ℎ
involving

a sequence ofmerging between singlemergers and halos to propagate
mass along the reaction chain (a propagation range, counterpart to
the "inertial range" in turbulence). The rate of mass transfer from
scale below 𝑚ℎ to above 𝑚ℎ is independent of 𝑚ℎ in this range,

Y𝑚 (𝑎) = Π𝑚 (𝑚ℎ , 𝑎) = −𝑚ℎ 𝑓ℎ (𝑚ℎ , 𝑎) for 𝑚ℎ � 𝑚∗
ℎ
, (3)

Figure 2. Schematic plot of a chain reaction description for inverse mass
cascade. Halos merge with free radicals (single mergers) to cause the next
merging along the chain and facilitate a continuous mass cascade along the
reaction chain. Mass flux function Π𝑚 (𝑚ℎ , 𝑎) can be computed using Eq.
(6). A scale-independent mass flux Y𝑚 (𝑎) is expected for halos smaller than
the characteristic mass (𝑚ℎ < 𝑚∗

ℎ
, i.e. propagation range). Mass cascaded

from small scales is consumed to grow halos at scales 𝑚ℎ > 𝑚∗
ℎ
with a

scale-dependent mass flux Π𝑚 (𝑚ℎ , 𝑎) (deposition range).

where the merging frequency 𝑓ℎ (𝑚ℎ , 𝑎) for a group of halos of the
same mass 𝑚ℎ is proportional to the number of halos 𝑛ℎ (term 1 in
Eq. (4)) in that halo group and the halo surface area (term 2 with a
geometry parameter _ ≈ 2/3 for surface area),

𝑓ℎ (𝑚ℎ , 𝑎) = 𝑓0 (𝑎) 𝑀ℎ (𝑎) 𝑓𝑀
(
𝑚ℎ , 𝑚

∗
ℎ

) 𝑚𝑝

𝑚ℎ︸                            ︷︷                            ︸
1

(
𝑚ℎ

𝑚𝑝

)_
︸   ︷︷   ︸
2

, (4)

where 𝑓0 (𝑎) ∝ 𝑎−1 is a fundamental frequency for the merging
between two single mergers (Xu 2021a).
The halo mass function 𝑓𝑀

(
𝑚ℎ , 𝑚

∗
ℎ
(𝑎)

)
is the probability distri-

bution of total halo mass 𝑀ℎ (𝑎) with respect to the halo mass 𝑚ℎ .
The more halos in a group and the larger halo surface area will have
a greater probability (greater 𝑓ℎ) for halos to merge with a single
merger. After substituting Eq. (4), a dimensional analysis for a scale-
independent Y𝑚 (𝑎) in Eq. (3) leads to a simple power-law halo mass
function in propagation range,

𝑓𝑀
(
𝑚ℎ , 𝑚

∗
ℎ

)
∝ 𝑚−_

ℎ

(
𝑚∗
ℎ

)_−1 for 𝑚ℎ < 𝑚∗
ℎ
. (5)

(iii) The termination stage (𝑚ℎ > 𝑚∗
ℎ
) involves the deposition of

the mass cascaded from the scales below 𝑚∗
ℎ
to scales larger than

𝑚∗
ℎ
(a deposition range, counterpart to the “dissipation range” in

turbulence). The dominant mode at this stage is the growth of halos
with a scale-dependent mass flux function Π𝑚 (𝑚ℎ , 𝑎).

The real-space mass flux function can be introduced to quantify
the net transfer of mass from all halos smaller than scale 𝑚ℎ to all
halos greater than 𝑚ℎ ,

Π𝑚 (𝑚ℎ , 𝑎) = − 𝜕

𝜕𝑡

[
𝑀ℎ (𝑎)

∫ ∞

𝑚ℎ

𝑓𝑀
(
𝑚, 𝑚∗

ℎ

)
𝑑𝑚

]
. (6)

The mass transfer function can be introduced to quantify the rate of
change of group mass 𝑚𝑔 (𝑚ℎ , 𝑎) = 𝑛ℎ𝑚ℎ ,

𝑇𝑚 (𝑚ℎ , 𝑎) =
𝜕Π𝑚 (𝑚ℎ , 𝑎)

𝜕𝑚ℎ
=

𝜕𝑚𝑔 (𝑚ℎ , 𝑎)
𝑚𝑝𝜕𝑡

. (7)

Here 𝑀ℎ (𝑎) ∝ 𝑎1/2 is the total mass in all halos and 𝑀ℎ (𝑧 = 0) ≈
0.6𝑁𝑚𝑝 fromN-body simulation (Xu 2021a,f). The totalDMmass in
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Figure 3. The mass flux function −Π𝑚 (𝑚ℎ , 𝑎) (normalized by 𝑁𝑚𝑝/𝑡0)
computed from N-body simulation at two different redshifts z1 and z2 (using
Eq. (6) and dark matter flow dataset (Xu 2022b)), where 𝑚ℎ = 𝑛𝑝𝑚𝑝 . A
scale-independent mass flux Y𝑚 (𝑎) can be found for halo groups smaller
than the characteristic mass 𝑚ℎ < 𝑚∗

ℎ
. The negative mass flux indicates an

inverse mass cascade from small to large mass scales. The propagation and
deposition ranges can be clearly identified.

halos is about 60%of allDMand the rest 40%DMis in singlemergers
that do not belong to any halos (out-of-halo). This information can
be used to estimate the fraction of total baryonic mass in halos and
out-of-halo (see Eq. (34)).
Figure 3 presents the variation of mass flux functions with halo

size computed by Eq. (6) and dark matter flow dataset (Xu 2022b).
Two distinct ranges can be clearly identified, i.e. a propagation range
with scale-independent Y𝑚 ∼ 𝑎−1 for 𝑚ℎ < 𝑚∗

ℎ
and a deposition

range with cascaded mass consumed to grow halos for 𝑚ℎ > 𝑚∗
ℎ
.

The scale-independent mass flux Y𝑚 can be finally written as (see
Xu 2021a, Eq. (54))),

Y𝑚 (𝑎) = −𝑀ℎ (𝑎) 𝐻/2 = −𝑀ℎ (𝑎) /(3𝑡) ∝ 𝑎−1. (8)

Based on the chain reaction description in Fig. 2, the inverse mass
cascade can be further refined in terms of a random walk of halos
in mass space. Halos are migrating in mass space (due to merging
with single mergers) with a given distribution of waiting time (or the
jumping frequency) (Xu 2021a). The Press-Schechter (PS) (Bower
1991; Press & Schechter 1974)mass function turns out to be a natural
result of halo random walk in mass space with a single geometry
parameter λ=2/3 for all halos of different size (Xu 2021a). A double-
λmass function is naturally proposed with different λ for two distinct
(propagation/deposition) ranges, which can be conveniently written
as (see Xu 2021a, Section 5.2),

𝑓𝐷_ (a) =
(
2√[0

)−𝑞0
Γ (𝑞0/2)

a𝑞0/2−1 exp
(
− a

4[0

)
, (9)

where the dimensionless variable a = (𝑚ℎ/𝑚∗
ℎ
)2/3.

Figure 4 presents the comparison between simulation data, double-
λ mass function, PS mass function, and ST mass function from
elliptical collapse model (Xu 2021a; Sheth et al. 2001). The values
of [0 = 0.76 and 𝑞0 = 0.556 give the best fit to the simulation data
that is much better than the PS mass function. The double-λ mass
function will be used to derive the average baryonic mass fraction in
all halos (Eqs. (35) and (36)).
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Figure 4.Comparison between different mass functions (logf(a)) and simula-
tion data at z=0. The PSmass function underestimates the mass in large halos.
The double-λ mass function from Eq. (9) matches both N-body simulation
and the ST mass function.

4 ENERGY CASCADE IN DARK MATTER FLOW

Though mass cascade is not present in hydrodynamic turbulence,
both flows are non-equilibrium systems involving energy cascade
across different scales (Xu 2021f). To quantify the energy cascade in
dark matter flow, peculiar velocity u𝑝 of every halo particle can be
decomposed into halo velocity uℎ and velocity in halo u′

𝑝 (same as
Cooray & Sheth 2002), i.e. u𝑝 = uℎ + u′

𝑝 , where uh =
〈
up

〉
ℎ
is the

mean velocity of all particles in the same halo. Here 〈〉ℎ stands for the
average for all particles in the same halo. The halo virial dispersion
𝜎2
𝑣ℎ
is the variance of velocity u′

𝑝 defined for every halo (see Xu
2021f, Section 4.1),

𝜎2
𝑣ℎ

=

〈(
u
′𝑥
𝑝

)2〉
ℎ

=

〈(
u
′𝑦
𝑝

)2〉
ℎ

=

〈(
u
′𝑧
𝑝

)2〉
ℎ

. (10)

The halo virial dispersion 𝜎2
𝑣ℎ
represents the temperature of that

halo. With all halos grouped according to their size, halo groups are
characterized by the size of halos in that group (𝑛𝑝 or 𝑚ℎ = 𝑛𝑝𝑚𝑝),
mean halo virial dispersion (𝜎2𝑣 ), and halo velocity dispersion (𝜎2ℎ),

𝜎2𝑣 =

〈
𝜎2
𝑣ℎ

〉
𝑔
and 𝜎2

ℎ
=

〈(
u𝑥
ℎ

)2〉
𝑔

=

〈(
u𝑦

ℎ

)2〉
𝑔

=

〈(
u𝑧
ℎ

)2〉
𝑔

, (11)

where 𝜎2
ℎ
represents the mean kinetic energy of halos, i.e. the tem-

perature of a halo group. Halo virial dispersion 𝜎2𝑣 is the mean halo
temperature with 〈〉𝑔 for the average for all halos in the same group.
Therefore, the kinetic energy of halo particles can be decomposed

𝜎2 (𝑚ℎ , 𝑎) = 𝜎2
ℎ
(𝑎) + 𝜎2𝑣 (𝑚ℎ , 𝑎) , (12)

where 𝜎2
ℎ
is relatively independent of halo mass 𝑚ℎ and 𝜎2𝑣 ∝

(𝑚ℎ)2/3 (Xu 2021f).
Just like the mass cascade in Eq. (6), the flux functions of kinetic

energy from halo velocity dispersion 𝜎2
ℎ
and halo virial dispersion
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Figure 5.The variation of energy flux function−Π𝑘ℎ (𝑚ℎ , 𝑎) for halo kinetic
energy 𝜎2

ℎ
with the size 𝑛𝑝 of halo groups. The flux function Π𝑘ℎ < 0

(inverse cascade) is normalized by𝑁𝑚𝑝𝑢
2
0/𝑡0 and computed from simulation

results at two different redshifts 𝑧1 and 𝑧2 using Eq. (13) and dark matter flow
dataset (Xu 2022b). A scale-independent flux function Y𝑘ℎ can be identified
for propagation range with 𝑚ℎ < 𝑚∗

ℎ
.

𝜎2𝑣 are defined as (see Figs. 5 and 6):

Π𝑘ℎ = −
∫ ∞

𝑚ℎ

𝜕

𝜕𝑡

[
𝑀ℎ (𝑎) 𝑓𝑀

(
𝑚, 𝑚∗

ℎ

) ]
𝜎2
ℎ
(𝑚, 𝑎) 𝑑𝑚,

Π𝑘𝑣 = −
∫ ∞

𝑚ℎ

𝜕

𝜕𝑡

[
𝑀ℎ (𝑎) 𝑓𝑀

(
𝑚, 𝑚∗

ℎ

) ]
𝜎2𝑣 (𝑚, 𝑎) 𝑑𝑚.

(13)

In mass propagation range, the energy flux functions are independent
of mass scale 𝑚ℎ (see Xu 2021f, Eqs. (27) and (48)),

Y𝑘ℎ (𝑎) = 3
2
Π𝑘ℎ =

3
2
Y𝑚

〈
𝜎2
ℎ

〉
= −3
4
𝑀ℎ (𝑎) 𝐻

〈
𝜎2
ℎ

〉
,

Y𝑘𝑣 (𝑎) = 3
2
Π𝑘𝑣 =

15
2
Y𝑚

〈
𝜎2
ℎ

〉
= −15

4
𝑀ℎ (𝑎) 𝐻

〈
𝜎2𝑣

〉
,

(14)

where 〈𝜎2
ℎ
〉 and 〈𝜎2𝑣 〉 are the average 𝜎2ℎ and 𝜎

2
𝑣 for all halo particles

in all halo groups. As expected, both flux functions are proportional
to rate of mass transfer Y𝑚 in Eq. (8), since the inverse mass cascade
facilitates the inverse energy cascade in darkmatter flow. By contrast,
the shape change of vortex (vortex stretching) is responsible for the
energy cascade in hydrodynamic turbulence (Xu 2021f).
Figures 5 and 6 present the variation of energy flux function −Π𝑘ℎ

and −Π𝑘𝑣 with the size 𝑛𝑝 of halo groups. It is computed from N-
body simulation using Eq. (13) and dark matter flow dataset (Xu
2022b). Again, the propagation range with a scale-independent con-
stant rate of energy transfer (Eq. (14)) and dissipation range can be
identified in both figures. The total rate of kinetic energy cascade Y𝑢
(per unit mass) finally reads

Y𝑢 =
Y𝑘ℎ + Y𝑘𝑣

𝑀
= −9
4
𝐻

〈
𝜎2

〉 𝑀ℎ (𝑎)
𝑀

≈ −9
4
𝐻𝑢2 = −3

2
𝑢2

𝑡
= −4.6 × 10−7𝑚

2

𝑠3
,

(15)

where M is the total mass of all N-body system, H is the Hubble
parameter, 𝑡 = 2/(3𝐻) is the physical time and 𝑡0 is present physical
time. The mean dispersion

〈
𝜎2
ℎ

〉
=

〈
𝜎2𝑣

〉
≈

〈
𝜎2

〉
/2, i.e. kinetic

energy is equipartitioned between group temperature 𝜎2
ℎ
and halo
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Figure 6. The variation of flux function −Π𝑘𝑣 (𝑚ℎ , 𝑎) for halo virial energy
𝜎2𝑣 (𝑚ℎ) with size 𝑛𝑝 of halo groups. The flux function Π𝑘𝑣 < 0 (inverse
cascade) is normalized by 𝑁𝑚𝑝𝑢

2
0/𝑡0 and computed from simulation results

at two different redshifts 𝑧1 and 𝑧2 using Eq. (13) and dark matter flow
dataset (Xu 2022b). A scale-independent flux function Y𝑘𝑣 can be identified
for propagation range with 𝑚ℎ < 𝑚∗

ℎ
.

temperature 𝜎2𝑣 . Here
〈
𝜎2

〉
is the one-dimensional velocity disper-

sion of all halo particles and
〈
𝜎2

〉
≈ 𝑢2, where 𝑢2 is the velocity

dispersion of all particles in entire N-body system.
The rate of energy transfer Y𝑢 can also be obtained from the energy

evolution of dark matter flow (see Xu 2022h, Eq. (41)), which is
consistentwith Eq. (15). The rate of energy cascade Y𝑢 is independent
of both redshift and halo mass. It is a key parameter to determine
dark matter particle mass and properties (see Xu 2022j, Eq. (19)), the
critical MOND acceleration (see Xu 2022k, Eq. (14)), dark matter
halo properties (see Xu 2022k, Table 2), and the baryonic-to-halo
mass ratio in this paper.

5 BARYONIC-TO-HALO MASS RATIO FROM MASS AND
ENERGY CASCADE

The baryonic-to-halomass ratio (BHMR) is the ratio of total baryonic
mass (𝑚𝑏 , sum of cold gas and stellar mass) of a galaxy to the
mass of dark matter halo (𝑚ℎ) that galaxy resides in. The theory of
mass/energy cascade can be used to analytically drive the baryonic-
to-halo mass ratio. The SPARC (Spitzer Photometry & Accurate
Rotation Curves) data with ∼175 late-type galaxies were used for
developing the model (Lelli et al. 2019).
First, on the galactic scale, the baryonic Tully-Fisher relation

(BTFR) (Tully & Fisher 1977; McGaugh et al. 2000) is a natural re-
sult of the MOND theory, where the flat rotation velocity 𝑣4

𝑓
∝ 𝑚𝑏 .

In "deep-MOND" regime, the Newtonian dynamics for a given point
baryonic mass at a distance r to halo center is modified to:

𝐺𝑚𝑏

𝑟2
=

(
𝑣2
𝑓
/𝑟

)2
𝑎0

⇒ 𝑣4
𝑓
= 𝐺𝑚𝑏𝑎0, (16)

where 𝑎0 is the critical MOND acceleration that might originate
from the acceleration fluctuation in dark matter flow (Xu 2022k).
This naturally leads to a flat rotation curve and BTFR in Eq. (16).
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Second, the relation between halo circular velocity 𝑣𝑐𝑖𝑟 and halo
virial size 𝑟ℎ can be obtained using the virial theorem (Xu 2021b),

𝑣2𝑐𝑖𝑟 =
𝐺𝑚ℎ

𝑟ℎ
=

Δ𝑐

2
(𝐻𝑟ℎ)2 (17)

and

𝑚ℎ =
4
3
𝜋𝑟3

ℎ
Δ𝑐 �̄�0𝑎

−3 ⇒ 𝑟ℎ ∝ (𝑚ℎ)1/3 𝑎,

𝑣𝑐𝑖𝑟 = 𝐻𝑟ℎ

√︁
Δ𝑐/2 ∝ (𝑚ℎ)1/3 𝑎−1/2,

(18)

where Hubble constant 𝐻20 = 8𝜋𝐺�̄�0/3 and �̄�0 ≡ �̄� (𝑡 = 𝑡0) =

�̄� (𝑡) 𝑎3 is the mean matter density at 𝑧 = 0. Here Δ𝑐 is the criti-
cal density ratio and Δ𝑐 = 18𝜋2 from the spherical collapse model
or two-body collapse model (TBCM) (see Xu 2021d, Eq. (89))).
Third, with the density ratio Δ𝑐 = 18𝜋2 in Eq. (18), Eq. (15) for

constant rate of energy cascade Y𝑢 can be rewritten as,

Y𝑢 =
3
2
𝑢2

𝑡
=

(3/2) 𝑢2
2𝜋𝑟ℎ/𝑣𝑐𝑖𝑟

, (19)

where 𝑡 = 2𝜋𝑟ℎ/𝑣𝑐𝑖𝑟 is the turnaround time, i.e. the period for DM
particles to circling around the entire halo. Equation (19) describes
the energy cascade in dark matter flow. The specific kinetic energy
of dark matter particles is transferred across scales by (3/2)𝑢2 for
every period of turnaround time t.
Now let us consider the flow of baryonic masses coupled to the

flow of dark matter fluid that mimics a two-phase miscible flow.
Due to the gravitational interaction between two "phases", the rate
of energy cascade Y𝑢 is expected to be the same for the flow of both
phases. In addition, the kinetic energy of baryonic mass has two
contributions, i.e. from flat rotating speed 𝑣2

𝑓
and from the motion of

halos, respectively. Therefore, just like Eq. (19), Y𝑢 can be similarly
related to the flat rotation speed 𝑣 𝑓 and virial radius 𝑟ℎ for the flow
of baryons, but with different expressions for galaxies in small and
large halos, respectively.
Small halos have a low peak height a ≡ 𝛿𝑐/𝜎𝛿 (𝑚ℎ , 𝑧) of density

fluctuation (halos at their late stage with very slow mass accretion)
(Xu 2022e). Halo velocity dispersion (group temperature defined in
Eq. (11))𝜎2

ℎ
is much greater than halo virial dispersion (halo temper-

ature) 𝜎2𝑣 (see Xu 2021f, Fig. 2), i.e. the motion of halos is dominant
over the random motion in halos. In small halos, the peculiar veloc-
ity of dark matter is of constant divergence for dark matter flow in
small halos (Xu 2022f,e), while the proper velocity is incompress-
ible. The baryonic masses are suspended in an incompressible dark
matter fluid and two "phases" are intimately coupled together. The
kinetic energy of baryonic mass in small halos (mostly from 𝜎2

ℎ
) is

transferred by the same amount (∼ 𝑢2) as that of dark matter in Eq.
(19), but with a different turnaround time of 𝑟ℎ/𝑣 𝑓 such that the rate
of energy cascade reads (similar to Eq. (19)),

Y𝑢 = −𝛽 𝑓
𝑢2

𝑟ℎ/𝑣 𝑓
𝑎𝑞 , (20)

where the constant 𝛽 𝑓 and exponent 𝑞 are two parameters to be
determined. With velocity dispersion of entire system 𝑢2 ≡ 𝑢20𝑎

3/2

(Eq. (15)), 𝑟ℎ ∝ 𝑎 (Eq. (18)), and 𝑣 𝑓 ∝ 𝑎0 for virialized small halos,
we would expect 𝑞 = −1/2. Using Eqs. (18), (20) and (14), the halo
circular velocity, halo virial size, and flat rotation speed for small

halos should read,

𝑣𝑐𝑖𝑟 =
4
9

√︂
Δ𝑐

2
𝛽 𝑓 𝑣 𝑓 𝑎

𝑞 ∝ (𝑚ℎ)1/3 𝑎−1/2,

𝑟ℎ =
4
9
𝛽 𝑓 𝑣 𝑓 𝐻

−1𝑎𝑞 ∝ (𝑚ℎ)1/3 𝑎1,

and

𝑣 𝑓 =
9
4𝛽 𝑓

(
2
Δ𝑐

) 1
3
(𝐺𝑚ℎ𝐻)1/3 𝑎−𝑞 ∝ (𝑚ℎ)1/3 𝑎0.

(21)

On the other hand, large halos with a high peak height a are halos
at their early stage with fast mass accretion and an almost constant
halo concentration 𝑐 ≈ 3.5 (Xu 2021b). Halo velocity dispersion 𝜎2

ℎ

is much smaller than halo virial dispersion 𝜎2𝑣 (Eq. (11)), i.e. large
halos are much hotter. In addition, large halos are not incompress-
ible such that two "phases" are not fully coupled. The kinetic energy
transferred by the baryonic mass suspended in large halos is mostly
from the rotational motion 𝑣2

𝑓
. Therefore, just like the energy cas-

cade in turbulence (Eq. (1)), the kinetic energy of baryonic mass is
transferred by the amount proportional to 𝑣2

𝑓
for a turnaround period

𝑟ℎ/𝑣 𝑓 such that the rate of energy cascade reads (see Eq. (2)),

Y𝑢 = −𝛼 𝑓

𝑣2
𝑓

𝑟ℎ/𝑣 𝑓
𝑎𝑝 , (22)

where the constant 𝛼 𝑓 and exponent 𝑝 are two parameters to be
determined. Using Eqs. (18), (22) and (15), the halo circular velocity
and halo size are proportional to 𝑣3

𝑓
for large halos,

𝑣𝑐𝑖𝑟 =
4
9

√︂
Δ𝑐

2
𝛼 𝑓

𝑣3
𝑓

𝑢2
𝑎𝑝 ∝ (𝑚ℎ)1/3 𝑎−1/2,

𝑟ℎ =
4
9
𝛼 𝑓

𝑣3
𝑓

𝐻𝑢2
𝑎𝑝 ∝ (𝑚ℎ)1/3 𝑎1

and

𝑣 𝑓 =

(
3

2√𝛼 𝑓

) 2
3 (
2
Δ𝑐

) 1
9
(𝐺𝑚ℎ𝐻)

1
9 𝑢

2
3 𝑎−

𝑝

3 ∝ (𝑚ℎ)
1
9 𝑎

(1−𝑝)
3 .

(23)

Equating quantities in Eqs. (21) and (23) leads to a critical flat rota-
tion velocity 𝑣 𝑓 𝑐 or critical circular velocity 𝑣𝑐𝑐 , a critical halo size
𝑟ℎ𝑐 , or a critical halo mass 𝑚ℎ𝑐 to delineate two different regimes,

𝑣 𝑓 𝑐 = 𝑢𝑎 (𝑞−𝑝)/2
√︃
𝛽 𝑓 /𝛼 𝑓 ,

𝑣𝑐𝑐 =
4
9

√︂
Δ𝑐

2

√√√
𝛽3
𝑓

𝛼 𝑓
𝑢𝑎 (3𝑞−𝑝)/2,

𝑟ℎ𝑐 =
4
9
𝑎 (3𝑞−𝑝)/2𝑢𝐻−1𝛽 𝑓

√︃
𝛽 𝑓 /𝛼 𝑓 ,

𝑚ℎ𝑐 =
©«
𝛽3
𝑓

𝛼 𝑓

ª®¬
3
2 (
8Δ𝑐

81

) (
𝑢5

𝐺Y𝑢

)
𝑎
3
2 (3𝑞−𝑝) .

(24)

where 𝑚ℎ𝑐 is determined by the three quantities, i.e. the velocity
dispersion 𝑢, gravitational constant 𝐺, and constant rate of energy
cascade Y𝑢 (also see Xu 2022k, Table 2 for a similar result derived
from a simple dimensional analysis on large scale).
With parameters in Table 2, Figures 7, 8, and 9 plot the variation

of flat rotation velocity 𝑣 𝑓 with halo circular velocity 𝑣𝑐𝑖𝑟 , halo size
𝑟ℎ , and halo mass 𝑚ℎ from SPARC data (Lelli et al. 2016; Lelli et al.
2019), along with two regimes from Eqs. (21) and (23) for small and
large halos. At z=0, the critical rotation velocity 𝑣 𝑓 𝑐 ≈ 200𝑘𝑚/𝑠,
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Figure 7. The variation of flat rotation velocity 𝑣 𝑓 (km/s) with halo circular
velocity 𝑣𝑐𝑖𝑟 . For small halos, 𝑣 𝑓 ∝ 𝑣𝑐𝑖𝑟 (black solid) with Δ𝑐 = 200
and 𝛽 𝑓 ≈ 0.16 in Eq. (21). For large halos, 𝑣 𝑓 ∝ (𝑣𝑐𝑖𝑟 )1/3 (blue dash)
with Δ𝑐 = 200 and 𝛼 𝑓 ≈ 0.5 in Eq. (23). The critical flat rotation velocity
𝑣 𝑓 𝑐 ≈ 200𝑘𝑚/𝑠 and 𝑣 𝑓 𝑐 ≈ 143𝑘𝑚/𝑠 at z=0.
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circular velocity 𝑣𝑐𝑐 ≈ 143𝑘𝑚/𝑠, and halo size 𝑟ℎ𝑐 ≈ 285𝑘 𝑝𝑐.
The critical halo mass 𝑚ℎ𝑐 ≈ 1.33 × 1012𝑀� is consistent with the
halo mass with the greatest stellar-to-halo mass ratio (Moster et al.
2013, 2010; Girelli et al. 2020). The scaling from SPARC data are in
agreement with predictions in Eqs. (21) and (23).
In fact, the rate of energy cascade in dark matter flow can be of an

intermittent nature in space. The overall rate of energy cascade for
entire system (Y𝑢) is a globally averaged quantity. For different halos
at different locations, the rate of energy cascade of individual halos
can be different, i.e. there can be a distribution of the rate of energy
cascade for all halos. Just like the intermittency in hydrodynamic
turbulence, the intermittency in dark matter flow and its effects on
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large halos, 𝑣 𝑓 ∝ (𝑚ℎ)1/9 (blue dash) with Δ𝑐 = 200 and 𝛼 𝑓 ≈ 0.5 (Eq.
(23)). The critical halo mass 𝑚ℎ𝑐 ≈ 1.33 × 1012𝑀� at z=0.
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Critical halo mass 𝑚ℎ𝑐 ≈ 1.33 × 1012𝑀� . Halos have different rate of
energy cascade (spatial intermittency). The average Y𝑢 ≈ 4.6 × 10−7𝑚2/𝑠3.

flow dynamics are important topics to explore in the future. Figure
10 plots the rate of energy cascade for small (< 𝑚ℎ𝑐) and large halos
(> 𝑚ℎ𝑐) from SPARC data using Eqs. (20) and (22).
Finally, combining the baryonic Tully-Fisher relation in Eq. (16)

and the rate of energy cascade for small halos𝑚ℎ < 𝑚ℎ𝑐 in Eq. (20) ,
along with the expression of halo size 𝑟ℎ from Eq. (18), the baryonic
to halo mass relation for small halos can be analytically derived,

𝑚𝑏 = (𝑀𝑐1)−1/3 (𝑚ℎ)4/3 ,
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where the characteristic mass 𝑀𝑐1 reads

𝑀𝑐1 (𝑎) =
(
𝛽 𝑓 𝑎

𝑞 )12 (
Δ𝑐

2

)4 (
𝑢24𝐻8𝑎30
𝐺Y12𝑢

)
=

(
2
3

)16 (
𝛽 𝑓 𝑎

𝑞 )12 (
Δ𝑐

2

)7 (
𝑢5

𝐺Y𝑢

)
.

(25)

The baryonic-to-halo mass ratio simply reads,

𝑚𝑏/𝑚ℎ = (𝑚ℎ/𝑀𝑐1)1/3 = (𝑚𝑏/𝑀𝑐1)1/4 , (26)

where the baryon fraction 𝑚𝑏/𝑚ℎ ∝ 𝑚
1/4
𝑏
that agrees well with

literature (Chan 2019).
Similarly, combining the baryonic Tully-Fisher Eq. (16), the rate

of energy cascade for large halos 𝑚ℎ > 𝑚ℎ𝑐 in Eq. (22), and Eq.
(18), the baryonic mass is related to halo mass for large halos,

𝑚𝑏 = (𝑀𝑐2)5/9 (𝑚ℎ)4/9 ,

where the characteristic mass 𝑀𝑐2 reads

𝑀𝑐2 (𝑎) =
[(

1
𝛼 𝑓 𝑎

𝑝

)12 (
2
Δ𝑐

)4
Y12𝑢

𝐺5𝐻8𝑎90

]1/5
=

(
2
3

)− 165 (
𝛼 𝑓 𝑎

𝑝 )− 125 (
2
Δ𝑐

) 13
5

(
𝑢5

𝐺Y𝑢

)
.

(27)

The baryonic-to-halo mass ratio 𝑚𝑏/𝑚ℎ ∝ (𝑚ℎ)−5/9 in large halos
also agrees well with relevant study (Moster et al. 2010).
There exists a critical halo mass 𝑚ℎ𝑐 where the baryonic mass 𝑚𝑏

of small and large halos in Eqs. (25) and (27) are equal (the same
critical halo mass as Eq. (24)),

𝑚ℎ𝑐 =

[
(𝑀𝑐1)3 (𝑀𝑐2)5

]1/8
. (28)

With Eq. (15), the critical halo mass can be rewritten as,

𝑚ℎ𝑐 =
16
81

©«
𝛽3
𝑓

𝛼 𝑓

ª®¬
3/2 (

Δ𝑐

2

) (
𝑢5

𝐺Y𝑢

)
𝑎
3
2 (3𝑞−𝑝) . (29)

The critical baryonic mass 𝑚𝑏𝑐 in halos with a critical mass 𝑚ℎ𝑐 is

𝑚𝑏𝑐 =

[
(𝑀𝑐1) (𝑀𝑐2)5

]1/6
=

(
𝛽 𝑓

𝛼 𝑓

)2 (
𝑢4

𝐺𝑎0

)
𝑎2(𝑞−𝑝) . (30)

With the critical acceleration 𝑎0 related to the rate of energy cascade
as 𝑎0 (𝑎) = −Δ𝑐Y𝑢/(2𝑢)(Xu 2022k), the critical baryonic mass is

𝑚𝑏𝑐 =
2
Δ𝑐

(
𝛽 𝑓

𝛼 𝑓

)2 (
𝑢5

𝐺Y𝑢

)
𝑎2(𝑞−𝑝) . (31)

Since 𝑚𝑏 ∝ (𝑚ℎ)4/3 for small halos and 𝑚𝑏 ∝ (𝑚ℎ)4/9 for large
halos (see Table 2 and Fig. 12), there exist a maximum baryonic-to-
halo mass ratio for halos with critical mass 𝑚ℎ𝑐

𝐴 (𝑧) ≡ 𝑚𝑏𝑐

𝑚ℎ𝑐
=

(
𝑀𝑐2
𝑀𝑐1

)5/24
=

2/Δ𝑐(
𝛼 𝑓

)1/2 (
𝛽 𝑓

)5/2 𝛾 𝑓 𝑎
− 5𝑞+𝑝2 , (32)

where 𝛾 𝑓 is a dimensionless redshift-independent constant that sets
the scale of baryonic-to-halo mass ratio (see Eq. (15) and relation
Y𝑢 = −𝑎0𝑢/(3𝜋)2 (Xu 2022k)),

𝛾 𝑓 =
Y3𝑢

𝐻2𝑢5𝑎0
=
81
8Δ𝑐

≈
(
3
4𝜋

)2
= 0.057. (33)

The maximum baryonic-to-halo mass ratio is 𝐴 (𝑧 = 0) ≈ 0.076with
all relevant parameters listed in Table 2.
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Figure 11. The time variation of the baryonic-to-halo mass ratio (BHMR)
in all halos (red diamond), the baryonic-to-DM ratio in out-of-halo (green
circle), and the fraction of baryonic mass in halos (black square) that increases
approximately ∝ 𝑎1/2. At z=0, the average BHMR in all halos is ∼0.024, the
baryonic-to-DM ratio in out-of-halo is∼0.434, and the∼7.6% of total baryons
are in halos.

6 REDSHIFT EVOLUTION OF FRACTION OF BARYONS

A rough estimate for the fraction of total baryonic mass in all halos
can be made here. It is well known that the overall cosmic baryonic-
to-DM mass ratio (including both halos and out-of-halo) is ∼18.8%
in standard ΛCDM model. By dividing entire system into the halo
subsystem (masses in all halos) and out-of-halo subsystem (masses
not belong to any halos), the baryonic-to-DM mass ratio in out-of-
halo subsystem 𝐴𝑏𝑜ℎ (𝑧) reads

𝐴𝑏𝑜ℎ (𝑧) = 0.188 − 𝐴𝑑ℎ (𝑧) 𝐴𝑏ℎ (𝑧)
1 − 𝐴𝑑ℎ (𝑧) , (34)

where 𝐴𝑑ℎ (𝑧) is the fraction of total cosmic dark matter that resides
in halo subsystem and 𝐴𝑏ℎ (𝑧) is the average baryonic-to-halo mass
ratio in halo subsystem for all halos of different size.
At z=0, due to continuous inverse mass cascade (Xu 2021a),∼60%

of dark matter forms halos and ∼40% dark matter does not belong
to any halo (out-of-halo), and 𝐴𝑑ℎ (𝑧) ≈ 0.6𝑎1/2 with total halo
mass 𝑀ℎ (𝑧) ∝ 𝑎1/2 (see Xu 2021a, Table 2). First, for simplicity,
let us assume the baryonic-to-halo mass ratio in halo subsystem
is just the maximum ratio 𝐴 (𝑧), i.e. the average ratio 𝐴𝑏ℎ (𝑧) ≡
𝐴 (𝑧) ≈ 0.076, the minimum baryonic-to-DM mass ratio in out-of-
halo system 𝐴𝑏𝑜ℎ (𝑧) is ∼35.6% from Eq. (34) and a maximum
fraction 0.6𝐴𝑏ℎ (𝑧) /0.188 ≈ 24.3% of total baryonic mass are in
halo subsystem (all halos).
More accurate estimate can be derived using the halomass function

(e.g. Eq. (9)) and Eqs. (25) and (27) to find the average baryonic-
to-halo mass ratio 𝐴𝑏ℎ (𝑧) for all halos. The baryonic-to-halo mass
ratio can be separated into two contributions 𝑓1 from small and 𝑓2
from large halos, respectively,

𝑓1 =

∫ a𝑐

0
𝑓𝐷_ (a) (𝑀𝑐1)−1/3

(
a3/2𝑚∗

ℎ

)1/3
𝑑a

=

(
𝑚∗
ℎ

𝑀𝑐1

)1/3 (
2√[0

)
Γ (𝑞0/2)

[
Γ

(
1 + 𝑞0
2

)
− Γ

(
1 + 𝑞0
2

,
a𝑐

4[0

)]
,

(35)
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𝑓2 =

∫ ∞

a𝑐

𝑓𝐷_ (a) (𝑀𝑐2)5/9
(
a3/2𝑚∗

ℎ

)−5/9
𝑑a

=

(
𝑀𝑐2
𝑚∗
ℎ

)5/9 (
2√[0

)−𝑞0
Γ (𝑞0/2)

(a𝑐)
𝑞0
2 − 56 𝐸𝑖

(
11
6

− 𝑞0
2
,
a𝑐

4[0

)
.

(36)

where dimensionless variable a = (𝑚ℎ/𝑚∗
ℎ
)2/3with a critical value

of a𝑐 = (𝑚ℎ𝑐/𝑚∗
ℎ
)2/3. Here Γ(𝑥, 𝑦) is an upper incomplete gamma

function and 𝐸𝑖(𝑥, 𝑦) is a two-parameter exponential integral func-
tion. The following identity of integration is used,∫ a𝑐

0
a𝑠 exp

(
− a

4[0

)
𝑑a = (4[0)1+𝑠 Γ

(
1 + 𝑠,

a𝑐

4[0

)
, (37)

∫ ∞

a𝑐

a𝑠 exp
(
− a

4[0

)
𝑑a = (a𝑐)1+𝑠 𝐸𝑖

(
−𝑠, a𝑐

4[0

)
. (38)

With relevant parameters listed in Table 2, Figure 11 presents
the time variation of baryonic-to-halo mass ratio (BHMR) in halo
subsystem (Eqs. (35) and (36)) that reaches a constant value of
𝐴𝑏ℎ (𝑧 = 0) ≈ 0.024 and the baryonic-to-DM ratio in out-of-halo
subsystem (∼43.4% from Eq. (34)). Since total mass of dark matter
in all halos 𝑀ℎ (𝑧) ∝ 𝑎1/2, the total baryonic mass in all halos should
be 0.024𝑀ℎ (𝑧) ∝ 𝑎1/2.
At z=0, with about 60% of DM in halos, the fraction of total

baryons residing in halo subsystem (0.6𝐴𝑏ℎ (𝑧) /0.188) is estimated
to be ∼7.6%. This theoretical estimation agrees well with that from
various large astronomical surveys (Read & Trentham 2005), where
baryons in galaxy Ω𝑏,𝑔𝑎𝑙 ≈ 0.0035 and total baryons Ω𝑏 ≈ 0.046
such that the fraction Ω𝑏,𝑔𝑎𝑙/Ω𝑏 = 0.076. That fraction increases
with time as ∝ 𝑎1/2 (Fig. 11), while majority of baryons (92.4%) are
not residing in any halos. Consequently, we have the mass fraction
for baryons and dark matter in both halos and out-of-halos (subscript
"oh"): Ω𝑏,𝑔𝑎𝑙 = 0.0035, Ω𝑏,𝑜ℎ = 0.0425, Ω𝑑𝑚,ℎ𝑎𝑙𝑜 = 0.147, and
Ω𝑑𝑚,𝑜ℎ = 0.098. The baryonic mass function of galaxies can be
subsequently derived with halo mass function and baryonic-to-halo
mass relation established.
Note that combining results for small and large halos together (Eqs.

(25) and (27)), the baryonic-to-halo mass ratio can be conveniently
modelled by a double-power-law that is similar to the empirical
models for stellar-to-halo mass ratio from astronomical observations
(Moster et al. 2010; Girelli et al. 2020),

𝑚𝑏

𝑚ℎ
= 2

1
𝑚 𝐴 (𝑧)

[(
𝑚ℎ

𝑚ℎ𝑐 (𝑧)

)−𝑚
3
+

(
𝑚ℎ

𝑚ℎ𝑐 (𝑧)

) 5𝑚
9

]− 1
𝑚

, (39)

where parameter 𝑚 adjusts the sharpness of the transition between
two regimes. The redshift dependence of maximum stellar-to-halo
mass ratio roughly follows ∝ 0.046𝑎0.38 (Girelli et al. 2020). By
assuming the baryonic-to-halo mass ratio 𝐴 (𝑧) in Eq. (32) follows
the same scaling as the stellar-to-halo mass ratio, we should have
𝑝 = 7/4 for 𝑞 = −1/2. Another reasonable option can be 𝑝 = 3/2
for 𝑞 = −1/2, but will require more observation data to confirm. For
halos smaller than 𝑚ℎ𝑐 , the accretion of dark matter is much slower
than baryons such that the baryonic-to-halo mass ratio increases
with time. For halos greater than 𝑚ℎ𝑐 , the accretion of dark matter
is still dominant over baryons such that the baryonic-to-halo mass
ratio remains constant or slowly decreases with time. Therefore, the
critical mass 𝑚ℎ𝑐 with the greatest baryonic-to-halo mass ratio 𝐴(𝑧)
should decrease with time.
Figure 12 plots the variation of baryonic mass with halo mass
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Figure 12. The variation of baryonic mass 𝑚𝑏 (𝑀�)with halo mass for
153 halos from SPARC data. Model from Eq. (39) is plotted, where 𝑚𝑏 ∝
(𝑚ℎ)4/3 for small halos𝑚ℎ < 𝑚ℎ𝑐 . For large halos𝑚ℎ > 𝑚ℎ𝑐 , the baryonic
mass𝑚𝑏 ∝ (𝑚ℎ)4/9and agrees with the stellar-to-halo mass ratio required to
reproduce the stellar mass function (see Moster et al. 2010) (blue dash line).

Table 2. Parameters for deriving baryonic-to-halo mass ratio

Δ𝑐 200 𝑝 7/4 𝑀𝑐1 3.01 × 1015𝑎−9/4𝑀�
Y𝑢 4.6×10−7𝑚2/𝑠3 𝑞 −1/2 𝑀𝑐2 1.29 × 1010𝑎−9/20𝑀�
𝐻0 1.62 × 10−181/𝑠 𝛼 𝑓 0.5 𝑚ℎ𝑐 1.33 × 1012𝑎−9/8𝑀�
𝑢0 354.61𝑘𝑚/𝑠 𝛽 𝑓 0.16 𝑚𝑏𝑐 1.01 × 1011𝑎−3/4𝑀�
𝑎0 1.2×10−10𝑚/𝑠2 𝑚 4 𝐴 (𝑧) 0.0761𝑎3/8

[0 0.76 𝑞0 0.556 𝑚∗
ℎ

4 × 1013𝑎3/2𝑀�

for 153 halos from SPARC data. The derived model in Eq. (39) is
also plotted (solid black) for comparison. The stellar-to-halo mass
ratio required to reproduce the observed stellar mass function is also
presented in the same figure (dash blue) (Moster et al. 2010). For
large halos, the stellar mass follows the same power-law as baryonic
mass derived in Eq. (39).
All current analysis is based on the baryonic Tully-Fisher relation

with an exact exponent 4 in Eq. (16). However, similar analysis can
be extended to a different scaling of baryonic Tully-Fisher relation
with a slightly different exponent.

7 CONCLUSIONS

Main focus of this paper is to apply the unique properties of self-
gravitating collisionless dark matter flow (SG-CFD) to derive the
baryonic-to-halo mass relation for halos of different size. In dark
matter flow, the long-range interaction requires a broad size of halos
to be formed to maximize system entropy. Halos facilitate an inverse
mass cascade from small to large mass scales and an inverse (kinetic)
energy cascade with a constant rate of energy transfer Y𝑢 ≈ −4.6 ×
10−7𝑚2/𝑠3. The mass/energy cascade represents an intermediate
statistically steady state of darkmatter flow.Unlike the hydrodynamic
turbulence that is incompressible on all scales, dark matter flow also
exhibits scale-dependent flow behaviors on different scales.
The baryonic fluid in halos interacts with dark matter fluid through

gravity and should share the same rate of energy cascade as that of
dark matter flow. The kinetic energy of baryons is dominated by the

Vol. 000, 1–10 (2022)
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motion of halos for small halos, and dominated by the rotational
motion of barons for large halos. Combining the energy cascade
from the motion of baryons and the baryonic Tully-Fisher relation,
the baryonic-to-halo mass ratio can be analytically derived with a
maximum ratio ∼0.076 for halos with a critical mass of ∼ 1012𝑀�
at z=0. That ratio is much smaller for both smaller and larger halos.
For galaxies/halos with a flat rotation velocity 𝑣 𝑓 , baryonic mass

𝑚𝑏 , halo mass 𝑚ℎ , and halo size 𝑟ℎ , two regimes can be clearly
identified: for small incompressible halos 𝑚ℎ < 𝑚ℎ𝑐 , we have Y𝑢 ∝
𝑣 𝑓 /𝑟ℎ , 𝑣 𝑓 ∝ 𝑟ℎ and 𝑚𝑏 ∝ (𝑚ℎ)4/3. While for large halos 𝑚ℎ >

𝑚ℎ𝑐 , we have Y𝑢 ∝ 𝑣3
𝑓
/𝑟ℎ , 𝑣 𝑓 ∝ 𝑟

1/3
ℎ
and 𝑚𝑏 ∝ (𝑚ℎ)4/9. The

spatial intermittency of energy cascademight be demonstrated by the
variation of Y𝑢 between different halos. Its effects on the dynamics
and evolution of individual halos should be explored in the future.
Combined with the double-λ halo mass function, the average

BHMR ratio in all halos (∼0.024 at z=0) can be analytically de-
rived, along with its redshift evolution. The fraction of baryons in
all galaxies is only ∼7.6% at z=0 and increases with time ∝ 𝑡1/3.
Majority of baryons (92.4%) are not residing in any halos.

DATA AVAILABILITY

Two datasets underlying this article, i.e. a halo-based and correlation-
based statistics of dark matter flow, are available on Zenodo (Xu
2022b,c), along with the accompanying presentation slides "A com-
parative study of darkmatter flow&hydrodynamic turbulence and its
applications" (Xu 2022a). All data files are also available on GitHub
(Xu 2022d).
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