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ABSTRACT
The halo-mediated inverse mass cascade is a key feature of the intermediate statistically steady state for self-gravitating
collisionless dark matter flow (SG-CFD). A broad spectrum of halos and halo groups are necessary to form from inverse
mass cascade for long-range interaction system to maximize its entropy. The limiting velocity (X), speed (Z), and energy (E)
distributions of collisionless particles can be obtained analytically from a maximum entropy principle. Halo mass function,
the distribution of total mass in halos, is a fundamental quantity for structure formation and evolution. Instead of basing
mass functions on simplified spherical/elliptical collapse models, it is possible to reformulate mass function as an intrinsic
distribution to maximize system entropy during the everlasting statistically steady state. Starting from halo-based description of
non-equilibrium dark matter flow, distributions of particle virial dispersion (H), square of particle velocity (P), and number of
halos (J) are proposed. Their statistical properties and connections with velocity distribution (X) are well studied and established.
With H being essentially the halo mass function, two limiting cases of H distribution are analyzed for large halos (H∞) and
small halos (H𝑠), respectively. For large halos, H∞ is shown to also be a maximum entropy distribution. For small halos, H𝑠

approximates the P distribution and recovers the Press-Schechter mass function. The full solution ofH distribution is determined
by the velocity distribution (X) that maximizes system entropy and the exact model of halo velocity dispersion.
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1 INTRODUCTION

The large-scale nonlinear structure formation and evolution is essen-
tially a self-gravitating collisionless fluid dynamics problem (SG-
CFD) for dark matter flow. The gravitational instability leads to the
self-organizing of collisionless dark matter particles into structures

★ E-mail: zhĳie.xu@pnnl.gov; zhĳiexu@hotmail.com

on different scales. The formation of halo structure is a major man-
ifestation of the nonlinear gravitational collapse (Neyman & Scott
1952; Cooray & Sheth 2002). For long-range interaction system, it
is necessary to form halos and halo groups of different size to max-
imize system entropy (Xu 2021c). The distribution of total mass in
all halos, i.e. halo mass function, is one of the most fundamental
quantities for analytical and/or semi-analytical modeling of structure
formation and evolution.
The first landmark of mass function might be the Press-Schechter

(PS) formalism (Press & Schechter 1974; Bond et al. 1991) that al-
lows one to predict the shape and the evolution of the halo mass
function. The PS model assumes objects collapse spherically and
grow hierarchically from small, initially Gaussian density fluctua-
tions. Objects will collapse at some mass scale once the smoothed
linear density contrast on that scale exceeds a threshold value 𝛿𝑐 .
This value can be analytically derived by examining the nonlinear
collapse of a spherical top-hat over-density (Tomita 1969; Gunn &
Gott 1972) or the two-body collapse problem, an elementary step in
inverse mass cascade (Xu 2021d,a).
The spherical collapse model, a simple but very powerful ana-

lytical tool for the non-linear evolution of structures, predicts the
value of 𝛿𝑐 on the order of unity and independent of the collapsed
object size or mass. The exact same threshold value 𝛿𝑐 can be also
obtained by a recently proposed two-body collapse model (TBCM)
that mimic the harmonic oscillator model for dynamics (Xu 2021d).
The threshold values 𝛿𝑐 corresponds to the density of growing ha-
los with extremely fast mass accretion. Such halos should have an

© 2022 The Authors

ar
X

iv
:2

11
0.

09
67

6v
2 

 [
as

tr
o-

ph
.C

O
] 

 1
1 

Ju
l 2

02
2



2 Z. Xu

isothermal density profile (Xu 2021d). In practice, halos have finite
mass accretion rate and density profile cannot be isothermal due to
halo deformation along radial direction. The effect of mass cascade
on halo density is also formulated (Xu 2021b), where a random walk
of collisionless particles in a dynamically varying halo is presented.
When a normalized variable 𝜈 = 𝛿2𝑐/𝜎2𝛿 (𝑚ℎ) is introduced, the

PS mass function can be written compactly as

𝑓𝑃𝑆 (𝜈) =
1

√
2𝜋

√
𝜈
𝑒−𝜈/2, (1)

where 𝜎2
𝛿
(𝑚ℎ) is the density fluctuation when density field is

smoothed at halo mass scale 𝑚ℎ . The multiplicity mass function
is expressed as 𝑓𝑚

𝑃𝑆
(𝜈) = 2 𝑓

𝑃𝑆
(𝜈) 𝜈. Bond et al. (Bond et al. 1991)

provided an alternative derivation of the PS model using an excur-
sion set approach (Extended PS or EPS model). The excursion set
formalism puts the theory on a firmer footing by removing the fudge
factor introduced in the original PS model. Two assumptions were
made in EPS: i) the threshold overdensity was computed using the
spherical collapse model; ii) the linear overdensity at a given location
in space is assumed to vary with a smoothing scale as a random walk
process when a sharp k-space filter is used for the smoothing.
However, when compared to numerical simulations, it was found

that both PS and EPS models do not exactly match the results of
N-body simulations (Jenkins et al. 2001). While agree with the sim-
ulation data at current epoch reasonably well, both models over-
predict the number of low-mass halos and underpredict the number
of massive halos. There are also significant errors at high redshifts
(Springel et al. 2005). Further improvement was achieved by relax-
ing the first assumption in EPS model and computing the density
threshold for ellipsoidal collapse (Sheth et al. 2001; Sheth & Tormen
1999). In contrast to the spherical collapse where the threshold 𝛿𝑐 is
independent of the mass scale, the ellipsoidal collapse model gives
a mass-dependent overdensity threshold (a moving barrier). This
modification considerably complicates the original model derivation
but was shown to yield a better agreement with simulations. The
modified PS model (ST model) can be compactly written as:

𝑓𝑆𝑇 (𝜈) = 𝐴
√︂
2𝑞
𝜋

(
1 + 1

(𝑞𝜈)𝑝
)
1
2
√
𝜈
𝑒−𝑞𝜈/2, (2)

where the normalization condition requires:

𝐴 =

√
𝜋

Γ (1/2) + 2−𝑝Γ (1/2 − 𝑝) . (3)

The best fitted parameters from simulation is 𝐴 = 0.3222, 𝑞 = 0.75,
and 𝑝 = 0.3 (Sheth & Tormen 2002). It is obvious that with 𝐴 = 0.5,
𝑞 = 1.0, and 𝑝 = 0, the ST mass function reduces to the original PS
function in Eq. (1). Both ST and PS model satisfy the normalization
condition

∫ ∞
0 𝑓 (𝜈) 𝑑𝜈 = 1 that requires all mass belongs to halos.

Since the halo formation and evolution is an extremely compli-
cated nonlinear process, direct numerical simulations become cru-
cial to drive the development of theory. Many forms of empirical
mass functions were also proposed by fitting to the high-resolution
simulation data (Warren et al. 2006; Reed et al. 2007). For example,
a universal mass function covers a wide range of simulations with
different cosmologies and redshifts (Jenkins et al. 2001),

𝑓𝐽𝐾 (𝜈) = 0.315
2𝜈

exp[−
��ln (√

𝑣/𝛿𝑐
)
+ 0.61

��3.8], (4)

where 𝛿𝑐 = 1.6865 at 𝑧 = 0. It should be noted that these empirical
mass functions might not satisfy the normalization constraint and
can be difficult to extrapolate beyond the range of fit.
Recently, a new form of (double-𝜆) mass function is proposed

based on the inverse mass cascade theory for dark matter flow, a type
of SG-CFD (Xu 2021a). The mass and energy cascades (Xu 2021a,e)
is a fundamental feature to understand the evolution of halo energy
and momentum (Xu 2022e,h) and develop the statistical theory for
dark matter flow (Xu 2022f,g,i). In addition, it is also potentially
relevant to the dark matter particle mass and properties (Xu 2022j),
MOND (modified Newtonian dynamics) theory (Xu 2022k), and
baryonic-to-halo mass relation (Xu 2022l).
Mass cascade has two distinct regimes: 1) propagation rangewhere

mass is simply propagated by halos to larger scales for halos of mass
𝑚ℎ < 𝑚

∗
ℎ
; 2) deposition range where mass is actively consumed to

grow halos for halos of mass 𝑚ℎ > 𝑚∗
ℎ
, where 𝑚∗

ℎ
is a characteristic

mass scale. Entire mass cascade can be formulated by the random
walk of halos in mass space, where halos migrate via merging with
"single mergers". The waiting time 𝜏𝑔 of random walk (halo lifetime
𝜏𝑔) is dependent on a geometry parameter 𝜆 as 𝜏𝑔 ∼ 𝑚−𝜆

ℎ
(Xu

2021a). In this theory, mass function can be analytically obtained
without relying on any specific spherical /elliptical collapse models.
Two different values of parameter 𝜆 for two regimes of inverse mass
cascade lead to a new simple mass function, the so-called double-λ
mass function (see Xu 2021a, Eq. (98)).

𝑓𝐷𝜆 (𝜈) =
(
2√𝜂0

)−𝑞
Γ (𝑞/2) 𝜈𝑞/2−1 exp

(
− 𝜈

4𝜂0

)
, (5)

with values of 𝜂0 = 0.76 and 𝑞 = 0.556 for the best fit to simulation.
Because of the simplicity, the PS-EPS-ST mass functions are still

the only and the most popular analytic models for the formation,
distribution, and evolution of halos. However, the theoretical basis
of this approach is at best heuristic. First, the entire derivation re-
quires a threshold overdensity that must be calculated based on a
simplified (if not over simplified) collapse model (either spherical or
ellipsoidal collapse models). Second, the linear density field is re-
quired to identify collapsed structures that is deeply in the non-linear
regime. Finally, a specific smoothing filter (the sharp k-space filter)
is required for the random walk of a local overdensity.
In principle, halo mass function should be an objective and intrin-

sic property of self-gravitating collisionless system involving long-
range interactions, independent of the choice of collapse models or
smoothing filters. A different view of halo mass functions seem to
be necessary and enlightening. The mass function is a probability
distribution due to the random walk of halos in mass space, a direct
result of the inverse mass cascade (Xu 2021a).
Since inversemass cascade is necessary for self-gravitating system

to generate a broad spectrum of halos and maximize system entropy
(Xu 2021c), mass function should also be a direct result of entropy
maximization for non-equilibrium dark matter flow at statistically
steady state. It is natural to ask what is the fundamental role of mass
function from a statistical mechanics point of view. Instead of devel-
oping new mass functions, In this paper we focus on revealing the
intrinsic connections of mass function with other maximum entropy
distributions in dark matter flow. This represents a new point of view
of halo mass function and its role in statistical mechanics, where
mass function is proposed to be an intrinsic distribution to maximize
the entropy of non-equilibrium system.

2 LIMITING PROBABILITY DISTRIBUTIONS IN DARK
MATTER FLOW

2.1 The problem settings

Consider a self-gravitating fluid consisting of N collisionless parti-
cles interacting through a two-body power-law potential 𝑉 (𝑟), i.e.
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Figure 1.The schematic plot of all halos of different size at statistically steady
state. Halos are grouped and sorted according to the number of particles
𝑛𝑝 in the halo with increasing size from left to right. Every halo group
is characterized by a halo virial dispersion 𝜎2𝑣

(
𝑛𝑝

)
and a halo velocity

dispersion 𝜎2
ℎ
that is relatively independent of halo size.

𝑉 (𝑟) ∝ 𝑟𝑛, where n is an exponent of potential with 𝑛 = −1 for the
standard gravitational interaction. The spatial distribution of colli-
sionless particles at statistically steady state is made up of distinct
halos with a range of different sizes. A full statistical description of
the entire system requires the knowledge of the distribution of halo
size, the distribution of particles in individual halos, and the spatial
clustering of halos. The distribution of the halo size (mass function)
is the focus of current paper.
The halo description of the statistically steady state (mostly stud-

ied for 𝑛 = −1) is a natural result of entropy maximization for
self-gravitating collisionless system with long-range interaction (Xu
2021c). This description is presumably extended to the collisionless
flow with exponent 𝑛 ≠ −1 but the interaction is still long-range.
Figure 1 is a schematic plot of the halo picture by sorting the halos
according to their sizes from smallest to largest halos. Each column
is a group of halos of the same size. The statistics can be defined
on three different levels: 1) individual halos; 2) group of halos of
the same size (columns in Fig. 1); and 3) global system including all
particles from all halos.
At the halo group level, the virial equilibrium is assumed. Halo

group of size 𝑛𝑝 has a halo virial dispersion 𝜎2𝑣 (the average temper-
ature of all halos in the same group),

𝜎2𝑣 ∝ 𝐺𝑚ℎ

𝑟−𝑛
ℎ

∝ 𝑚1+𝑛/3
ℎ

= 𝑚
1/𝛽
ℎ

∝ 𝑛1+𝑛/3𝑝 = 𝑛
1/𝛽
𝑝 , (6)

where 𝑚ℎ = 𝑛𝑝𝑚𝑝 ∝ 𝑟3
ℎ
is the mass of halos in the same group,

𝑛𝑝 is the number of collisionless particles in halo, 𝑚𝑝 is the mass
of a single particle, 𝑟ℎ is a characteristic (virial) size, and 𝛽 is the

exponent between halo mass and halo virial dispersion𝑚ℎ ∝
(
𝜎2𝑣

)𝛽
.

At the group level, particle velocity of all particles in the same
halo group follows Maxwell-Boltzmann statistics due to the virial
equilibrium (Xu 2021c). Gaussian velocity distribution is expected
for particles in the same group. The total particle velocity dispersion
can be decomposed into:

𝜎2 (𝑚ℎ) = 𝜎2𝑣 (𝑚ℎ) + 𝜎2ℎ (𝑚ℎ) , (7)

with two separate contributions from the halo virial dispersion 𝜎2𝑣
and halo velocity dispersion 𝜎2

ℎ
, respectively. Here 𝜎2

ℎ
is the one-

dimensional halo velocity dispersion that is defined as the dispersion

(variance) of halo velocity for all halos in the same group, i.e. the
temperature of halo group due to the motion of halos (see Xu 2021c,
Eqs. (2) and (3)). In principle, both velocity dispersions can be func-
tions of halo size 𝑛𝑝 or mass 𝑚ℎ . The two dispersions, 𝜎2𝑣 and 𝜎2ℎ ,
scale very differently with halo size. Here 𝜎2𝑣 ∝ (𝑚ℎ)1/𝛽 , while 𝜎2ℎ
is relatively independent of halo size (see Fig. 2).
At the global system level, the self-gravitating system can be char-

acterized by the total number of collisionless particles N and the
one-dimensional velocity dispersion 𝜎20 of all particles (a measure
of the total kinetic energy of entire system).

2.2 Limiting probability distributions and their relations

For system described above, several limiting probability distributions
can be identified:

(i) 𝑋 (𝑣): Distribution of one-dimensional particle velocity v;
(ii) 𝑍 (𝑣): Distribution of particle speed (the magnitude of the veloc-
ity vector);
(iii) 𝐸 (𝜀): Distribution of particle energy 𝜀 including potential and
kinetic energy;
(iv) 𝐻 (𝜎2𝑣 ): Distribution of particles with a given virial dispersion
𝜎2𝑣 ; Particle virial dispersion is the virial dispersion 𝜎2𝑣 of the halo
group they belong to.
(v) 𝐽 (𝜎2𝑣 ): Distribution of number of halos with a given virial dis-
persion 𝜎2𝑣 ; Halo’s virial dispersion is the virial dispersion 𝜎2𝑣 of the
halo group they belong to.
(vi) 𝑃(𝑣2): Distribution of square of one-dimensional velocity v;

First three (the X, Z and E) distributions have been discussed
in previous paper (Xu 2021c), while the rest three (the H, J, and P)
distributions will be studied in this paper. Among these distributions,
the relationship between the distributions X and H can be expressed
as an integral transformation,

𝑋 (𝑣) =
∫ ∞

0

1
√
2𝜋𝜎

𝑒−𝑣
2/2𝜎2𝐻

(
𝜎2𝑣

)
𝑑𝜎2𝑣 , (8)

where the velocity distribution (X distribution) is written as a
weighted average of Gaussian distribution of particle velocity in dif-
ferent halo groups. Particle velocity dispersion 𝜎2 for a halo group
is given by Eq. (7). From Eq. (8), second order moments of X and Z
distributions are related by∫ ∞

−∞
𝑋 (𝑣) 𝑣2𝑑𝑣 =

∫ ∞

0
𝐻

(
𝜎2𝑣

)
𝜎2𝑑𝜎2𝑣 = 𝜎20 . (9)

The mean halo virial dispersion and velocity dispersion for all halos
in the system are (Eq. (7)),〈
𝜎2𝑣

〉
=

∫ ∞

0
𝐻

(
𝜎2𝑣

)
𝜎2𝑣𝑑𝜎

2
𝑣 , (10)

〈
𝜎2
ℎ

〉
≡ 𝜎̄2

ℎ
=

∫ ∞

0
𝐻

(
𝜎2𝑣

)
𝜎2
ℎ
𝑑𝜎2𝑣 , (11)

where 𝜎̄2
ℎ
is the mean halo velocity dispersion of entire system. It is

easy to confirm that the mean velocity dispersion of all particles,〈
𝜎2

〉
=

〈
𝜎2𝑣

〉
+

〈
𝜎2
ℎ

〉
= 𝜎20 . (12)

Next, the relation between J and H distributions can be found from

𝑁ℎ 𝑁̄𝐻

(
𝜎2𝑣

)
𝑑𝜎2𝑣 = 𝑁ℎ𝐽

(
𝜎2𝑣

)
𝑑𝜎2𝑣𝑛𝑝

(
𝜎2𝑣

)
, (13)

where both sides of Eq. (13) describe the number of particles in a
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halo group with a virial dispersion between [𝜎2𝑣 , 𝜎2𝑣 +𝑑𝜎2𝑣 ]. Here 𝑁ℎ
is the total number of halos in the system and 𝑁̄ is the average number
of particles per halo. In Eq. (13), halo size 𝑛𝑝 (𝜎2𝑣 ) is a function of
virial dispersion 𝜎2𝑣 and 𝐻 (𝜎2𝑣 )𝑑𝜎2𝑣 is the fraction of particles with a
virial velocity dispersion between [𝜎2𝑣 , 𝜎2𝑣+𝑑𝜎2𝑣 ]. Here 𝐽 (𝜎2𝑣 )𝑑𝜎2𝑣 is
the fraction of halos with a virial dispersion between [𝜎2𝑣 , 𝜎2𝑣 +𝑑𝜎2𝑣 ].
From Eq. (13), we have

𝐻

(
𝜎2𝑣

)
= 𝐽

(
𝜎2𝑣

)
𝑛𝑝

(
𝜎2𝑣

)
/𝑁̄, (14)

and the average number of particles per halo is

𝑁̄ =

∫ ∞

0
𝐽

(
𝜎2𝑣

)
𝑛𝑝

(
𝜎2𝑣

)
𝑑𝜎2𝑣 . (15)

The P distribution for the square of one-dimensional particle ve-
locity (𝑣2) can be related to the H distribution through an integral
transformation (from Eq. (8)),

𝑃

(
𝑥 = 𝑣2

)
=
𝑋

(√
𝑥
)

√
𝑥

=

∫ ∞

0

1
√
2𝜋𝑥𝜎

𝑒−𝑥/2𝜎
2

︸               ︷︷               ︸
1

𝐻

(
𝜎2𝑣

)
𝑑𝜎2𝑣 , (16)

where term 1 of Eq. (16) is a (one degree of freedom) Chi-square
distribution for a halo group with a given virial dispersion 𝜎2𝑣 or total
dispersion 𝜎2. The Laplace transform of X and P distributions and
the mth order moments can all be related to the H distribution via
Eqs. (8) and (16),∫ ∞

−∞
𝑋 (𝑣) 𝑒−𝑣𝑡𝑑𝑣 =

∫ ∞

0
𝐻

(
𝜎2𝑣

)
𝑒𝜎

2𝑡2/2𝑑𝜎2𝑣 , (17)

∫ ∞

0
𝑃 (𝑥) 𝑒−𝑥𝑡𝑑𝑥 =

∫ ∞

0
𝐻

(
𝜎2𝑣

) 1
√
1 + 2𝜎2𝑡

𝑑𝜎2𝑣 , (18)

∫ ∞

−∞
𝑋 (𝑣) 𝑣𝑚𝑑𝑣 = 2

𝑚/2
√
𝜋

Γ

(
𝑚 + 1
2

) ∫ ∞

0
𝐻

(
𝜎2𝑣

)
𝜎𝑚𝑑𝜎2𝑣 , (19)

∫ ∞

0
𝑃 (𝑥) 𝑥𝑚𝑑𝑧 = 2

𝑚

√
𝜋
Γ

(
1
2
+ 𝑚

) ∫ ∞

0
𝐻

(
𝜎2𝑣

)
𝜎2𝑚𝑑𝜎2𝑣 . (20)

The limiting distribution of one-dimensional velocity (X) reads
(see Xu 2021c, Eq. (32))

𝑋 (𝑣) = 1
2𝛼𝑣0

𝑒
−
√︃
𝛼2+(𝑣/𝑣0)2

𝐾1 (𝛼)
, (21)

where 𝐾𝑦 (𝑥) is a modified Bessel function of the second kind. The
velocity 𝑣0 is a typical scale of velocity and 𝛼 is a shape parameter.
The distribution 𝑋 (𝑣) approaches a double-sided Laplace distribu-
tion with 𝛼 → 0 and a Gaussian distribution for 𝛼 → ∞. For an
intermediate value of 𝛼,

𝑋 (𝑣) = 𝑒−𝛼

2𝛼𝑣0𝐾1 (𝛼)
exp

(
− 𝑣2

2𝛼𝑣20

)
for 𝑣 � 𝑣0 (22)

and

𝑋 (𝑣) = 1
2𝛼𝑣0𝐾1 (𝛼)

exp
(
− 𝑣

𝑣0

)
for 𝑣 � 𝑣0. (23)

The X distribution has a Gaussian core for small velocity 𝑣 (with
a variance of 𝛼𝑣20) and exponential wings for large velocity 𝑣. This
feature is also observed from many large-scale N-body simulations

(Cooray & Sheth 2002). From Eq. (9), we have the second moment
of X distribution

𝜎20 =

∫ ∞

−∞
𝑋 (𝑣) 𝑣2𝑑𝑣 = 𝛼𝐾2 (𝛼)

𝐾1 (𝛼)
𝑣20. (24)

The moment-generating function of X distribution and the nth order
moments can be found as

𝑀𝐺𝐹𝑋 (𝑡) =
∫ ∞

−∞
𝑋 (𝑣) 𝑒𝑣𝑡𝑑𝑣 =

𝐾1

(
𝛼

√︃
1 − (𝑣0𝑡)2

)
𝐾1 (𝛼)

√︃
1 − (𝑣0𝑡)2

, (25)

𝑀𝑋 (𝑚) =
∫ ∞

−∞
𝑋 (𝑣) 𝑣𝑚𝑑𝑣

=
(2𝛼)𝑚/2 Γ ((1 + 𝑚) /2)

√
𝜋

·
𝐾(1+𝑚/2) (𝛼)
𝐾1 (𝛼)

𝑣𝑚0 .

(26)

The P distribution can be easily obtained from Eqs. (16) and (21),

𝑃 (𝑥) = 𝑒
−
√︃
𝛼2+𝑥/𝑣20

2𝛼𝑣0𝐾1 (𝛼)
√
𝑥
, (27)

where 𝑃 (𝑥) approaches a Chi-square distribution of a single DoF
(Degree of Freedom) when 𝛼 → ∞. The mth order moments and
generalized kurtosis for P distribution are,

𝑀𝑃 (𝑚) =
∫ ∞

0
𝑃 (𝑣) 𝑣𝑚𝑑𝑣

=
𝐾1+𝑚 (𝛼)
𝐾1 (𝛼)

Γ (𝑚 + 1/2)
√
𝜋

(
2𝛼𝑣20

)𝑚
,

(28)

𝐾𝑃 (𝑚) = 𝑀𝑃 (𝑚)
(𝑀𝑃 (2))𝑚/2

=
𝐾1+𝑚 (𝛼)
𝐾1 (𝛼)

(
𝐾1 (𝛼)
𝐾3 (𝛼)

)𝑚/2
Γ (𝑚 + 1/2)

√
𝜋

(
2
√
3

)𝑚
.

(29)

With the help from Eqs. (17) and (25), we can find the equation
for H distribution,∫ ∞

0
𝐻

(
𝜎2𝑣

)
𝑒−𝜎

2𝑡𝑑𝜎2𝑣 =

𝐾1
(
𝛼

√︃
1 + 2𝑣20𝑡

)
𝐾1 (𝛼)

√︃
1 + 2𝑣20𝑡

. (30)

TheH distribution is related to the dimensionless halo mass function
𝑓 (𝜈), as we will show in Section 3. Two limiting situations can be
identified for H distribution from Eq. (17),

𝐻

(
𝑥 = 𝜎2𝑣

)
=
𝑒−𝑥/𝜎

2
0

𝜎20
for 𝑛 = 0 and 𝛼 → 0 (31)

𝐻

(
𝑥 = 𝜎2𝑣

)
= 𝛿 (𝑥) for 𝑛 = −2 and 𝛼 → ∞. (32)

Obviously, 𝐻 (𝜎2𝑣 ) = 𝛿(𝜎2𝑣 ) means only one size of halo with the
smallest virial dispersion 𝜎2𝑣 = 0 exists for short-range interaction
system with 𝑛 = −2. For system with 𝑛 = −1, 𝐻 (𝜎2𝑣 ) is expected to
be between two limiting situations.
This Section summarizes relevant limiting probability distribu-

tions and their relations. This will be used to provide insights into
the halo mass function in next Section. Table 2 listed the relevant
parameters and distributions for different potential exponent n, along
with the statistical properties of distributions in Table A1.
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Table 1. Parameters and distributions for some typical potential exponents n

𝑛 𝛽 𝛼 𝑣20
〈
𝜎2
ℎ

〉 〈
𝜎2𝑣

〉
𝑋 (𝑣) 𝐻

(
𝑥 = 𝜎2𝑣

)
𝑃

(
𝑥 = 𝑣2

)
0 1 0

𝜎20
2 0 𝜎20

𝑒
−
√
2𝑣/𝜎0√
2𝜎0

𝑒
−𝑥/𝜎20
𝜎20

𝑒
−
√
2𝑥/𝜎0

𝜎0
√
2𝑥

-1 3
2

𝐾1 (𝛼)
𝐾2 (𝛼)

=

〈
𝜎2
ℎ

〉
𝜎20

𝜎20𝐾1 (𝛼)
𝛼𝐾2 (𝛼)

∼
𝜎20
2 ∼

𝜎20
2

𝑒
−
√︃
𝛼2+(𝑣/𝑣0)2

2𝛼𝑣0𝐾1 (𝛼)
𝑒
−
√︃
𝛼2+𝑥/𝑣20

2𝛼𝑣0𝐾1 (𝛼)
√
𝑥

-2 3 ∞ 0 𝜎20 0 𝑒
−𝑣2/2𝜎20√
2𝜋𝜎0

𝛿 (𝑥) 𝑒
−𝑥/2𝜎20
𝜎0

√
2𝜋𝑥

2.3 𝐻∞ and 𝐽∞ distributions for 𝜎2
ℎ
= 0 and 𝜎2 = 𝜎2𝑣 (large

halos)

We first consider an extreme case with 𝜎2
ℎ
= 0 and 𝜎2 = 𝜎2𝑣 that

is relevant to large halos. The virial dispersion of large halos is
dominant over halo velocity dispersion with 𝜎2𝑣 � 𝜎2

ℎ
and 𝜎2 ≈ 𝜎2𝑣 .

For this limiting case, the analytical solution of H distribution can
be found from Eq. (30),

𝐻∞
(
𝜎2𝑣

)
=

1
2𝛼𝑣20𝐾1 (𝛼)

· exp
[
−𝛼
2

(
𝜎2𝑣
𝛼𝑣20

+
𝛼𝑣20
𝜎2𝑣

)]
. (33)

The statistical properties of the 𝐻∞ distribution can be easily com-
puted and listed here. The moment-generating function for 𝐻∞ dis-
tribution is:

𝑀𝐺𝐹𝐻∞ (𝑡) =
𝐾1

(
𝛼

√︃
1 − 2𝑣20𝑡

)
𝐾1 (𝛼)

√︃
1 − 2𝑣20𝑡

. (34)

The mth moment of 𝐻∞ distribution and generalized kurtosis are

𝑀𝐻∞ (𝑚) = 𝐾1+𝑚 (𝛼)
𝐾1 (𝛼)

(
𝛼𝑣20

)𝑚
, (35)

and

𝐾𝐻∞ (𝑚) = 𝐾1+𝑚 (𝛼)
𝐾1 (𝛼)

(
𝐾1 (𝛼)
𝐾3 (𝛼)

)𝑚/2
. (36)

The Shannon entropy of the 𝐻∞ distribution is

𝑆𝐻∞ = −
∫ ∞

−∞
𝐻

(
𝜎2𝑣

)
ln

(
𝐻

(
𝜎2𝑣

))
𝑑𝜎2𝑣

= 𝛼
𝐾2 (𝛼)
𝐾1 (𝛼)

− 1 + ln
(
2𝛼𝑣20𝐾1 (𝛼)

)
.

(37)

Table A1 lists statistical properties of 𝐻∞ and P distributions.
Now, let’s find the 𝐽∞ distribution for the number of halos cor-

responding to 𝐻∞ distribution. We first assume a power-law for the
mass-dispersion relation from the virial theorem,

𝑛𝑝

(
𝜎2𝑣

)
= 𝜇𝑁̄

(
𝜎2𝑣/𝑣20

)𝛽
, (38)

where 𝜇 is a normalization constant and exponent 𝛽 = 3/(3 + 𝑛) (Eq.
(6)). The 𝐽∞ distribution can be found using Eq. (14),

𝐽∞
(
𝜎2𝑣

)
= 𝐻∞

(
𝜎2𝑣

) 𝑁̄

𝑛ℎ

(
𝜎2𝑣

) =

𝐻∞
(
𝜎2𝑣

)
𝜇

(
𝜎2𝑣/𝑣20

)𝛽 . (39)

The normalization condition
∫ ∞
0 𝐽∞

(
𝜎2𝑣

)
𝑑𝜎2𝑣 = 1 requires,

𝜇 = 𝛼−𝛽
𝐾𝛽−1 (𝛼)
𝐾1 (𝛼)

. (40)

The final expression for 𝐽∞ distribution is,

𝐽∞
(
𝜎2𝑣

)
=

1
2𝛼𝑣20𝐾𝛽−1 (𝛼)

(
𝛼𝑣20
𝜎2𝑣

)𝛽
exp

[
−𝛼
2

(
𝜎2𝑣
𝛼𝑣20

+
𝛼𝑣20
𝜎2𝑣

)]
(41)

and the mass-dispersion relation is (from Eq. (38))

𝑛𝑝

(
𝜎2𝑣

)
= 𝑁̄

𝐾𝛽−1 (𝛼)
𝐾1 (𝛼)

(
𝜎2𝑣
𝛼𝑣20

)𝛽
. (42)

Similarly, the moment-generating function for 𝐽∞ distribution is:

𝑀𝐺𝐹𝐽∞ (𝑡) =
𝐾𝛽−1

(
𝛼

√︃
1 − 2𝑣20𝑡

)
𝐾𝛽−1 (𝛼)

(√︃
1 − 2𝑣20𝑡

)1−𝛽 . (43)

The mth moment of 𝐽∞ distribution and generalized kurtosis are

𝑀𝐽∞ (𝑚) =
𝐾𝑚+1−𝛽 (𝛼)
𝐾1−𝛽 (𝛼)

(
𝛼𝑣20

)𝑚
, (44)

𝐾𝐽∞ (𝑚) =
𝐾1+𝑚−𝛽 (𝛼)
𝐾1−𝛽 (𝛼)

(
𝐾1−𝛽 (𝛼)
𝐾3−𝛽 (𝛼)

)𝑚/2
. (45)

2.4 𝐻∞ distribution from maximum entropy principle

Interestingly, 𝐻∞ distribution (Eq. (33)) can be obtained directly
using the maximum entropy principle without resorting to X distri-
bution. We can show that 𝐻∞ distribution is actually a maximum
entropy distribution satisfying three constraints,∫ ∞

0
𝐻∞

(
𝜎2𝑣

)
𝑑𝜎2𝑣 = 1, (46)

∫ ∞

0
𝐻∞

(
𝜎2𝑣

)
𝜎2𝑣𝑑𝜎

2
𝑣 =

〈
𝜎2𝑣

〉
, (47)

∫ ∞

0
𝐽∞

(
𝜎2𝑣

)
𝑑𝜎2𝑣 =

∫ ∞

0

𝐻∞
(
𝜎2𝑣

)
𝜇

(
𝜎2𝑣/𝑣20

)𝛽 𝑑𝜎2𝑣 = 1. (48)

The third constraint is from the normalization condition of 𝐽∞ distri-
bution that must be satisfied by 𝐻∞ distribution. The entropy func-
tional of 𝐻∞ distribution can be constructed as:

𝑆

[
𝐻∞

(
𝜎2𝑣

)]
= −

∫ ∞

0
𝐻∞

(
𝜎2𝑣

)
ln𝐻∞

(
𝜎2𝑣

)
𝑑𝜎2𝑣

+ 𝜆1
(∫ ∞

0
𝐻∞

(
𝜎2𝑣

)
𝑑𝜎2𝑣 − 1

)
+ 𝜆2

(∫ ∞

0
𝐻∞

(
𝜎2𝑣

)
𝜎2𝑣𝑑𝜎

2
𝑣 −

〈
𝜎2𝑣

〉)
+ 𝜆3

©­­«
∫ ∞

0

𝐻∞
(
𝜎2𝑣

)
𝜇

(
𝜎2𝑣/𝑣20

)𝛽 𝑑𝜎2𝑣 − 1ª®®¬ .
(49)
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Table 2. Numerical parameters of N-body simulation

Run Ω0 Λ ℎ Γ 𝜎8
L

(Mpc/h) 𝑁
𝑚𝑝

𝑀�/ℎ
𝑙𝑠𝑜 𝑓 𝑡
(Kpc/h)

SCDM1 1.0 0.0 0.5 0.5 0.51 239.5 2563 2.27×1011 36

The variation of entropy functional (Eq. (49)) with respect to the
𝐻∞ distribution should vanish, which leads to a maximum entropy
distribution

𝐻∞
(
𝜎2𝑣

)
= 𝑒𝜆1−1 exp ©­«𝜆2𝜎2𝑣 + 𝜆3𝜇

(
𝑣20
𝜎2𝑣

)𝛽ª®¬ . (50)

Obviously, with three Lagrange multipliers

𝜆1 = 1−ln
(
2𝛼𝑣20𝐾1 (𝛼)

)
, 𝜆2 = −1/

(
2𝑣20

)
, 𝜆3 = −𝜇𝛼2/2, (51)

and 𝛽 = 1 or potential exponent 𝑛 = 0, Eq. (50) reduces to the
𝐻∞ distribution in Eq. (33). The 𝐻∞ distribution is essentially a
maximumentropy distribution satisfying three constraints (Eqs. (46)-
(48)) with 𝛽 = 1 or equivalently 𝑛 = 0. With 𝑛 = 0 and 𝛼 = 0, the
𝐻∞ distribution in Eq. (33) also reduces to the H distribution in Eq.
(31). i.e. the H distribution for 𝑛 = 0 is also a maximum entropy
distribution. For large halos with 𝜎2𝑣 → ∞, 𝐻∞ distribution in Eq.
(33) reduces to

𝐻∞
(
𝜎2𝑣 → ∞

)
=

1
2𝛼𝑣20𝐾1 (𝛼)

· exp
(
−
𝜎2𝑣
2𝑣20

)
, (52)

which is an exponential distribution for large halos with mean 2𝑣20.

3 HALO MASS FUNCTION FROM MAXIMUM ENTROPY
DISTRIBUTIONS

3.1 The simulation data

The numerical data used in this paper are public available and gener-
ated from N-body simulations carried out by the Virgo consortium.
A comprehensive description of the data can be found in (Frenk et al.
2000; Jenkins et al. 1998). The current study was carried out using
the simulation runs with W = 1 and the standard CDM power spec-
trum (SCDM) to focus on the matter-dominant gravitational collapse
of collisionless particles. The same set of data has been widely used
in a number of studies from clustering statistics (Jenkins et al. 1998)
to formation of cluster halos in large scale environment (Colberg
et al. 1999), and test of models for halo abundances and mass func-
tions (Sheth et al. 2001). The friends-of-friends algorithm (FOF) was
used to identify halos that depends on just one parameter b, which
defines the linking length 𝑏

(
𝑁𝑝/𝑉

)−1/3. Halos are identified with a
linking length 𝑏 = 0.2 in this work. Some key parameters of N-body
simulations are listed in Table 2.
Two relevant datasets from this N-boby simulation, i.e. halo-based

and correlation-based statistics of dark matter flow, can be found at
Zenodo.org (Xu 2022a,b), along with the accompanying presentation
slides, "A comparative study of dark matter flow & hydrodynamic
turbulence and its applications" (Xu 2022c). All data files are also
available on GitHub (Xu 2022d).

3.2 Halo virial dispersion and halo velocity dispersion

Equation (7) defines two temperatures, namely halo temperature from
virial dispersion 𝜎2𝑣 (average temperature of all halos in the same

10
0

10
1

10
2

10
3

10
4

Halo size n
p

10
-2

10
-1

10
0

10
1

Halo velocity dispersion 
h
2/u

0
2

Halo virial dispsersion 
v
2/u

0
2

Total velocity dispersion 2/u
0
2

Halo velocity dispersion (Fitted)

Halo virial dispersion (Fitted)

Figure 2. The variation of halo virial dispersion and velocity dispersion (halo
and group temperature) with halo size from a N-body simulation. Obviously,
𝜎2𝑣 � 𝜎2

ℎ
for massive halos and 𝜎2𝑣 � 𝜎2

ℎ
for small halos. The halo

velocity dispersion increases with halo size as 𝜎2𝑣 ∝ 𝑚2/3
ℎ
. The halo velocity

dispersion for halo groups slowly decreases with the halo size up to 𝑚ℎ ≈
600𝑛𝑝 , followed by a sharp drop to zero for large halos. To a first order
approximation, one may assume that 𝜎2

ℎ
is independent of the halo size.

group) and a halo group temperature from the motion of halos (ve-
locity dispersion 𝜎2

ℎ
). Figure 2 plots the variation of two velocity

dispersions and the total dispersion 𝜎2 with the halo size 𝑛𝑝 using
simulation data at redshift z=0. In Fig. 2, two dispersions have very
different dependence with the halo size. Obviously, 𝜎2𝑣 � 𝜎2

ℎ
for

massive and hot halos and 𝜎2𝑣 � 𝜎2
ℎ
for small and cold halos.

The (large) halo virial dispersion 𝜎2𝑣 ∝ 𝑎−1 (𝑚ℎ)2/3 and a con-
venient fitting formula is provided in (Bryan & Norman 1998). The
halo velocity dispersion 𝜎2

ℎ
for halo groups slowly decreases with the

halo size up to𝑚ℎ ≈ 500𝑚𝑝 , followed by a sharp decrease to zero for
large halos. For a first order approximation, one may assume that 𝜎2

ℎ

is independent of the halo size. Hence, 𝜎2
ℎ
(𝑚ℎ) = 𝜎2ℎ𝑐 is a constant

for all halo groups of different sizes, where 𝜎2
ℎ𝑐
is the background

temperature of entire system. The mean halo velocity dispersion 𝜎̄2
ℎ

is defined in Eq. (11) and 𝜎2
ℎ0 = 𝜎2

ℎ
(𝑚ℎ = 0) is the largest halo

velocity dispersion for smallest halo with 𝑚ℎ = 0. From simulation
data at z=0, the average and largest halo velocity dispersion are found
as (Xu 2021e),

𝜎̄2
ℎ
= 0.57𝑢20 and 𝜎2

ℎ0 = 0.65𝑢
2
0, (53)

where 𝑢20 = 354.6𝑘𝑚/𝑠 is the one-dimensional velocity dispersion
of the entire system at z=0. A better fit to the simulation data can be
obtained for both velocity dispersions at 𝑧 = 0 is,

𝜎2𝑣 (𝑚ℎ) = 0.03𝑛
2/3
𝑝 𝑢20 = 0.03

(
𝑚ℎ/𝑚𝑝

)2/3
𝑢20 (54)

and

𝜎2
ℎ
(𝑚ℎ) = 0.375

[
1 − tanh

(
𝑚ℎ/𝑚𝑝 − 500

600

)]
𝑢20. (55)

A characteristic mass scale 𝑚∗
ℎ
can be defined at which the halo

virial dispersion equals the mean halo velocity dispersion,

𝜎̄2
ℎ
(𝑎) =

〈
𝜎2
ℎ
(𝑚ℎ , 𝑎)

〉
= 𝜎2𝑣

(
𝑚∗
ℎ
, 𝑎

)
, (56)
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where a is the scale factor and 𝑚∗
ℎ
(𝑎) is a mass scale that is about

2 × 1013𝑀�/ℎ at z=0, or an equivalent halo size of 𝑛∗𝑝 ≈ 80. Halos
with mass greater than the critical mass (𝑚

ℎ
> 𝑚∗

ℎ
) are hotter than

the halo group (𝜎2𝑣 > 𝜎2ℎ). Large halos are much rarer compared to
halos with mass smaller than the critical mass 𝑚∗

ℎ
.

3.3 Halo mass functions from simulations and existing models

In this section, connections between H distribution and halo mass
function will be presented. With mean velocity dispersion 𝜎̄2

ℎ
in Eq.

(56), a dimensionless variable 𝜈 can be defined as,

𝑣 =

(
𝑚ℎ

𝑚∗
ℎ

)2/3
=
𝜎2𝑣 (𝑚ℎ)

𝜎2𝑣
(
𝑚∗
ℎ

) =
𝜎2𝑣 (𝑚ℎ)
𝜎̄2
ℎ

. (57)

From linear theory, the variable 𝜈 can be related to the variance
𝜎2
𝛿
(𝑚ℎ , 𝑧) of the density fluctuation when smoothed by a tophat

filter with a size of halo of mass 𝑚ℎ ,

𝜈 ∝ 𝑣2𝑝 =

[
𝛿𝑐

𝜎
𝛿
(𝑚ℎ , 𝑧)

]2
, (58)

where 𝛿𝑐 = 1.686 is the critical density from spherical collapse
model or two-body collapse model (Xu 2021d) and 𝑣𝑝 is the peak
height of halos. With Eq. (57), theH distribution can be equivalently
transformed to a new distribution 𝑓 (𝑣)

𝑓 (𝑣) = 𝐻
(
𝑣𝜎̄2
ℎ

)
𝜎̄2
ℎ
, (59)

which is exactly the dimensionless halo mass function. In simulation,
we first compute the H distribution. All particles in the same halo
group are given a virial dispersion 𝜎2𝑣 of that group and this oper-
ation is performed over all particles from all halos identified in the
simulation. The H distribution is just the fraction of particles with a
given virial dispersion between

[
𝜎2𝑣 , 𝜎

2
𝑣 + 𝑑𝜎2𝑣

]
. Halo mass function

𝑓 (𝑣) can be obtained from H distribution using Eq. (59).
The mass function obtained this way with 𝜎̄2

ℎ
= 0.57𝑢20 is pre-

sented in Fig. 3 as the solid line along with the PS, ST, JK and
Double-λ mass functions from Eqs. (1)-(5). Both Double-λ and ST
models reasonably match the simulation results. The PS mass func-
tion underestimates themass in large halos and overestimate themass
in small halos. The fitted JK mass function matches the simulation
only for a given range of halo mass that is used for fitting. The P and
𝐻∞ distributions are also plotted in the same figure that approximate
the PSmass function for small and large halos. This will be discussed
in next section.

3.4 Halo mass function for small halos with 𝜎2𝑣 = 0 and 𝜎2 = 𝜎2
ℎ

The limiting case for large halos was discussed in Section 2.3. For the
other limiting case, i.e. small halos with virial dispersion 𝜎2𝑣 → 0,
the H distribution can be approximated by a P(x) distribution with
𝑥 = 𝜎2𝑣 , i.e. 𝐻 (𝑥) ≈ 𝑃(𝑥). Let’s revisit the relation between P and H
distributions (Eq. (16)). If term 1 in Eq. (16) for P distribution, i.e.
a one DoF Chi-square distribution, can be approximated by a direct
delta function for small 𝜎2, 𝜎2𝑣 and 𝑥,
1

√
2𝜋𝑥𝜎

𝑒−𝑥/2𝜎
2
≈ 𝛿

(
𝑥 − 𝜎2𝑣

)
, (60)

such that H can be approximated by P as (using Eqs. (16) and (27))

𝐻

(
𝑥 = 𝜎2𝑣

)
≈ 𝑃

(
𝑥 = 𝑣2

)
=

𝑒−𝛼

2𝛼𝑣0𝐾1 (𝛼)
√
𝑥
exp

(
− 𝑥

2𝛼𝑣20

)
(61)
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f
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( )

f
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( )

f
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( )

f
D

( )

P( ) (Eq. (64))

f
H ( )

 (Eq. (65))

Large halos

Figure 3. The mass function obtained from a N-body simulation from H
distribution (the solid blue line). The other four mass functions, i.e. PS,
ST, JK and Double-λ models, are also presented in the same figure. Both
Double-λ and ST models reasonably match the simulation results. The PS
mass function underestimates the mass in large halos and overestimate the
mass in small halos. The fitted JK mass function only matches the simulation
for a certain range of halo mass. The P and 𝐻∞ distributions are also plotted
that approximate the PS mass function for small and large halos.

for𝜎2𝑣 → 0. This can be interpreted as: most particles with a small 𝑣2
reside in small halos with a small virial dispersion 𝜎2𝑣 . In the limiting
situation, all particles in the smallest halos with 𝜎2𝑣 → 0 will also
have 𝑣2 = 0 if the halo velocity dispersion 𝜎2

ℎ
also approaches zero.

Therefore, the fraction of particles with a square speed 𝑣2 → 0 is the
same as the fraction of particles with 𝜎2𝑣 → 0 if 𝜎2

ℎ
→ 0 for small

halos. This is of course a quite crude approximation, as we know that
𝜎2
ℎ
(𝑚ℎ) → 𝜎2

ℎ0 ≠ 0 for small halos with 𝑚ℎ → 0 (Fig. 2).
Nonetheless, the H distribution for small halos can be reasonably

approximated by the P distribution for small halos, where particle
velocity follows the Gaussian core of the X distribution (Eq. (22))
with a variance of 𝛼𝑣20. The final distribution based on Eq. (61) is

𝐻𝑠

(
𝜎2𝑣

)
=

1√︃
2𝜋𝛼𝑣20𝜎

2
𝑣

exp

(
−
𝜎2𝑣
2𝛼𝑣20

)
, (62)

a (one degree of freedom) Chi-square distributionwith amean of 𝛼𝑣20
that is consistent with PSmass function in Eq. (1). The dimensionless
mass function can be found using Eqs. (62) and (59),

𝑓𝐻𝑠 (𝜈) =
1√︁
2𝜋𝛾𝜈

exp
(
− 𝜈

2𝛾

)
, (63)

where 𝛾 = 𝛼𝑣20/𝜎̄
2
ℎ
is a dimensionless parameter of order unity.

Clearly, the mass function in Eq. (63) reduces to PS mass function
with 𝛾 ≈

〈
𝜎2𝑣

〉
/𝜎̄2
ℎ
≈ 1.

For comparison, P distribution can be normalized as (Eqs. (27))

𝑃

(
𝜈 =

𝑣2

𝜎̄2
ℎ

)
=
𝑒−
√
𝛼2+𝛼𝜈/𝛾

2𝐾1 (𝛼)
√
𝛼𝛾𝜈

. (64)

Similarly, the 𝐻∞ solution we obtained in Section 2.2 (Eq. (33)) for
𝜎2
ℎ
= 0 can be rewritten as

𝑓𝐻∞ (𝜈) = 1
2𝛾𝐾1 (𝛼)

· exp
[
−𝛼
2

(
𝜈

𝛾
+ 𝛾
𝜈

)]
. (65)
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Figure 3 presents the 𝑃 (𝜈) and 𝑓𝐻∞ (𝜈) in the same plot with 𝛼 =

1.33 and 𝛾 = 1 from simulation. As expected, the distribution 𝑃 (𝜈)
approximates the PS mass function for small halos and 𝑓𝐻∞ (𝜈)
approximates the mass function for large halos. A better fitting may
be obtained by adjusting the values of parameters 𝛼 and 𝛾.

3.5 Halo mass function from maximum entropy distributions

With two limiting situations discussed in Section 2.3 for large halos
and Section 3.4 for small halos, now let’s revisit the equation for H
distribution to have more insights. The dimensionless mass function
𝑓 (𝜈) should satisfy (from Eqs. (30) and (19))∫ ∞

0
𝑓 (𝜈) 𝑒−(𝜈+𝑣ℎ)𝑡𝑑𝜈 =

𝐾1
(
𝛼
√︁
1 + 2𝛾𝑡/𝛼

)
𝐾1 (𝛼)

√︁
1 + 2𝛾𝑡/𝛼

, (66)

and∫ ∞

0
𝑓 (𝜈) (𝜈 + 𝜈ℎ)𝑚/2 𝑑𝜈 = 𝛾𝑚/2 𝐾(1+𝑚/2) (𝛼)

𝐾1 (𝛼)
, (67)

where 𝜈ℎ = 𝜎2
ℎ
/𝜎̄2
ℎ
is a normalized halo velocity dispersion.

In principle, the dimensionless mass function 𝑓 (𝜈) can be ob-
tained by solving Eq. (66) for a given model of 𝜈ℎ , parameters 𝛼,
and 𝛾. A special case 𝜈ℎ = 0 leads to the solution of mass function
𝑓 (𝜈) in Eq. (65), i.e. the limiting case for large halos. However, it is
challenging to solve Eq. (66) for function 𝜈ℎ ≠ 0, where no closed-
form solution can be available. A constant halo velocity dispersion
can be a good approximation such that 𝜎2

ℎ
(𝑚ℎ) ≈ 𝜎2ℎ𝑐 . Here 𝜎

2
ℎ𝑐
is

an effective halo velocity dispersion,

𝜈ℎ (𝑚ℎ) =
𝜎2
ℎ
(𝑚ℎ)
𝜎̄2
ℎ

≈ 𝜆 =
𝜎2
ℎ𝑐

𝜎̄2
ℎ

, (68)

where 𝜆 ≈ 1 is expected. For a constant normalized dispersion 𝜈ℎ ,
an approximation for Laplace transform of 𝑓 (𝜈) from Eqs. (66),∫ ∞

0
𝑓 (𝜈) 𝑒−𝜈𝑡𝑑𝜈 ≈

𝐾1
(
𝛼
√︁
1 + 2𝛾𝑡/𝛼

)
𝐾1 (𝛼)

√︁
1 + 2𝛾𝑡/𝛼

𝑒𝜆𝑡 , (69)

where the mass function 𝑓 (𝜈) is fully determined by three dimen-
sionless parameters (𝛼, 𝛾 and 𝜆).
Among three parameters,𝛼 is a shape parameter that is only depen-

dent on the potential exponent n. Parameters 𝛾 and 𝜆 are dimension-
less constants that should be independent of the redshift z. Therefore,
the dimensionless halo mass function 𝑓 (𝜈) should be independent
of redshift once the statistically steady state is reached. The mass
function 𝑓 (𝜈) should also maximize the system entropy because it
can be directly related to X distribution that maximizes the system
entropy (Eq. (17)).
For the purpose of comparison, we also present the moment func-

tions for dimensionless PS (Eq. (1)), ST (Eq. (2)) and Double-λ ((5))
mass functions,∫ ∞

0
𝑓𝑃𝑆 (𝜈) 𝜈𝑛𝑑𝜈 = 2𝑛

Γ (1/2 + 𝑛)
√
𝜋

, (70)∫ ∞

0
𝑓𝑆𝑇 (𝜈) 𝜈𝑛𝑑𝜈 =

(
2
𝑞

)2
Γ (1/2 + 𝑛) + 2−𝑝Γ (1/2 + 𝑛 − 𝑝)

Γ (1/2) + 2−𝑝Γ (1/2 − 𝑝) ,

(71)∫ ∞

0
𝑓𝐷𝜆 (𝜈) 𝜈𝑛𝑑𝜈 =

(4𝜂0)𝑛 Γ (𝑞/2 + 𝑛)
Γ (𝑞/2) . (72)

The Laplace transform of three mass functions are∫ ∞

0
𝑓𝑃𝑆 (𝜈) 𝑒−𝜈𝑡𝑑𝜈 =

1
√
1 + 2𝑡

, (73)
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Figure 4. The transformed function 𝐹𝑋 (𝑡) for three different analytical
mass functions (t is a transformation variable and is not the physical time),
compared against the analytical expression in Eq. (66) with 𝛼 = 4/3, 𝑣20 =

1/3𝜎20 , and 𝛾 = 0.8, 0.85 and 0.9. The transformed functions 𝐹𝐷𝜆 (𝑡) and
𝐹𝑆𝑇 (𝑡) almost coincide and match the target from Eq. (66) better than the
PS mass function.

∫ ∞

0
𝑓𝑆𝑇 (𝜈) 𝑒−𝜈𝑡𝑑𝜈 =

√
𝑞√︁

𝑞 + 2𝑡

√
𝜋 + Γ (1/2 − 𝑝) (1/2 + 𝑡/𝑞)𝑝

√
𝜋 + 2−𝑝Γ (1/2 − 𝑝)

,

(74)∫ ∞

0
𝑓𝐷𝜆 (𝜈) 𝑒−𝜈𝑡𝑑𝜈 =

1
(1 + 4𝜂0𝑡)𝑞/2

. (75)

Next, a comparison among various mass functions is presented.
Instead of directly solving Eq. (66) which is challenging, we compare
a transformed function 𝐹𝑋 (𝑡) for given mass function 𝑓𝑋 (𝜈),

𝐹𝑋 (𝑡) =
∫ ∞

0
𝑓𝑋 (𝜈) 𝑒−(𝜈+𝑣ℎ)𝑡𝑑𝜈, (76)

where subscript 𝑋 is the abbreviation of the mass function model, i.e.
𝑋 = 𝑃𝑆, 𝑆𝑇, 𝐷𝜆. The function 𝜈ℎ (𝑚ℎ) in Eq. (68)) can be obtained
using the fitting function in Eq. (55). The transformed function 𝐹𝑋 (𝑡)
is computed by numerically integrating Eq. (76) for three analytical
mass functions. The exact 𝐹𝑋 (𝑡) in Eq. (66) for different 𝛾 and
𝛼 = 4/3 is also plotted for comparison
Figure 4 plots the transformed function 𝐹𝑋 (𝑡) for three different

mass functions, compared against the analytical expression in Eq.
(66) with 𝛼 = 4/3, 𝑣20 = 1/3𝜎20 , and 𝛾 = 𝛼𝑣20/𝜎̄

2
ℎ
= 0.8, 0.85 and

0.9. The transformed functions 𝐹𝐷𝜆 (𝑡) and 𝐹𝑆𝑇 (𝑡) almost coincide
and agree better with the target 𝐹𝑋 (𝑡) from Eq. (66) than the PSmass
function. More study will be required for an exact solution of 𝑓 (𝜈)
from Eq. (66), which will rely on an accurate model for halo velocity
dispersion 𝜎2

ℎ
or dimensionless dispersion 𝜈ℎ .

4 CONCLUSIONS

Halo mass function is a fundamental quantity for structure forma-
tion and evolution. Instead of basing mass functions on simplified
spherical or elliptical collapse models, this paper attempts to inter-
pret mass function as an intrinsic distribution to maximize system
entropy of the everlasting statistically steady state in self-gravitating
collisionless dark matter flow (SG-CFD).
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The limiting velocity (X), speed (Z), and energy (E) distributions
were previously obtained analytically from amaximum entropy prin-
ciple (Xu 2021c). In this paper, distributions of particle virial dis-
persion (H), square of particle velocity (P), and number of halos (J)
are proposed along with their connections with maximum entropy
distribution (X). The H distribution for particle virial dispersion is
essentially the halo mass function. By studying two limiting cases of
H distribution for large and small halos, we demonstrate that 𝐻∞ for
large halos is also a maximum entropy distribution. For small halos,
𝐻𝑠 can be approximated by the distribution of square of particle
velocity (P). The 𝐻𝑠 distribution recovers the Press-Schechter mass
function for small halos. The full solution of H distribution depends
on the limiting distribution (X) that maximizes system entropy and
the exact models for mass dependence of halo dispersion (Eqs. (17)
and (66)). Future work includes better model of dispersion and more
accurate solutions for H distribution.

DATA AVAILABILITY

Two datasets underlying this article, i.e. a halo-based and correlation-
based statistics of dark matter flow, are available on Zenodo (Xu
2022a,b), along with the accompanying presentation slides "A com-
parative study of darkmatter flow&hydrodynamic turbulence and its
applications" (Xu 2022c). All data files are also available on GitHub
(Xu 2022d).
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Table A1. Statistical properties of 𝐻∞ and P distributions

Distribution Name 𝐻∞ (𝑥) 𝑃 (𝑥)
Support [0, +∞) [0, +∞)

PDF 1
2𝛼𝑣20𝐾1 (𝑎)

· exp
[
− 𝛼2

(
𝑥

𝛼𝑣20
+
𝛼𝑣20
𝑥

)]
𝑒
−
√︃
𝛼2+𝑥/𝑣20

2𝛼𝑣0𝐾1 (𝛼)
√
𝑥

CDF 𝛼
4𝐾1 (𝛼)

∑∞
𝑛=0

(−1)𝑛𝛼2𝑛
𝑛!4𝑛 Γ

(
−1 − 𝑛,

𝛼2𝑣20
2𝑥

)
1

𝛼𝐾1 (𝛼)

[
𝐽𝛼

(√︃
𝛼2 + 𝑥/𝑣20

)
+

√︃
𝑥

𝑣20
exp(−

√︃
𝛼2 + 𝑥/𝑣20 )

]
Mode 𝛼𝑣20 0
Mean 𝐾2 (𝛼)

𝐾1 (𝛼)
𝛼𝑣20

𝐾2 (𝛼)
𝐾1 (𝛼)

𝛼𝑣20

Variance
[
𝐾3 (𝛼)
𝐾1 (𝛼)

− 𝐾2 (𝛼)2

𝐾1 (𝛼)2

] (
𝛼𝑣20

)2 [
3𝐾3 (𝛼)
𝐾1 (𝛼)

− 𝐾2 (𝛼)2

𝐾1 (𝛼)2

] (
𝛼𝑣20

)2
Moments 𝐾1+𝑛 (𝛼)

𝐾1 (𝛼)

(
𝛼𝑣20

)𝑛 𝐾1+𝑛 (𝛼)
𝐾1 (𝛼)

Γ(𝑛+1/2)√
𝜋

(
2𝛼𝑣20

)𝑛
Generalized kurtosis 𝐾1+𝑛 (𝛼)

𝐾1 (𝛼)

(
𝐾1 (𝛼)
𝐾3 (𝛼)

)𝑛/2 𝐾1+𝑛 (𝛼)
𝐾1 (𝛼)

(
𝐾1 (𝛼)
𝐾3 (𝛼)

)𝑛/2
Γ(𝑛+1/2)√

𝜋

(
2√
3

)𝑛
Entropy −1 + 𝛼𝐾2 (𝛼)

𝐾1 (𝛼)
+ ln

(
2𝛼𝑣20 𝐾1 (𝛼)

)
ln

(
2𝛼𝑣20 𝐾1 (𝛼)

)
+

(
𝛼 + 1

2𝛼

)
𝐾0 (𝛼)
𝐾1 (𝛼)

− 12 (𝛾 + ln 2 − ln 𝛼) + 1

Moment-generating function
𝐾1

(
𝛼

√︃
1−2𝑣20 𝑡

)
𝐾1 (𝛼)

√︃
1−2𝑣20 𝑡

∑∞
𝑛=0

(
2𝑛
𝑛

)
𝐾1+𝑛 (𝛼)
𝐾1 (𝛼)

(
𝛼𝑣20 𝑡
2

)𝑛
Characteristic function

𝐾1
(
𝛼

√︃
1−2𝑖𝑣20 𝑡

)
𝐾1 (𝛼)

√︃
1−2𝑖𝑣20 𝑡

∑∞
𝑛=0

(
2𝑛
𝑛

)
𝐾1+𝑛 (𝛼)
𝐾1 (𝛼)

(
𝑖
𝛼𝑣20 𝑡
2

)𝑛
Maximum Entropy Constraints 𝐸

(
𝑥

2𝑣20
+
𝛼2𝑣20
2𝑥

)
= 𝛼

𝐾2 (𝛼)
𝐾1 (𝛼)

− 1

Here 𝐽𝑠 (𝑥) function is defined as the integral:

𝐽𝑠 (𝑥) =
∫ 𝑥

𝑠

𝑒−𝑡
√︁
𝑡2 − 𝑠2𝑑𝑡, 𝐽𝑠 (𝑠) = 0 and 𝐽𝑠 (∞) = 𝑠𝐾1 (𝑠)

(A1)

𝑃 (𝑡) =
∫ ∞

0
𝑋 (𝑥) 𝑒𝑥𝑡𝑑𝑥 =

𝑣0𝑡𝑒
−𝛼 (1 + 𝛼) + 𝐽

𝛼

√︃
1−(𝑣0𝑡)2

(𝛼)

2𝛼𝐾1 (𝛼)
[
1 − (𝑣0𝑡)2

] +
𝐾1

(
𝛼

√︃
1 − (𝑣0𝑡)2

)
2𝐾1 (𝛼)

√︃
1 − (𝑣0𝑡)2

(A2)

𝑀𝑍 (𝑡) =
∫ ∞

0
𝑌 (𝑥) 𝑒𝑥𝑡𝑑𝑥 = 2

[
𝑃 (𝑡) + 𝑡 𝜕𝑃

𝜕𝑡

]
Euler Constant 𝛾 ≈ 0.5772

(A3)

J function is defined as the integral:

𝐽 (𝑥) =
∫ 𝑥

1
𝑒−𝑡

√︁
𝑡2 − 1𝑑𝑡 =

∞∑︁
𝑛=0

(−1)𝑛 Γ
(
3
2

)
Γ (2 − 2𝑛, 1) − Γ (2 − 2𝑛, 𝑥)

Γ (1 + 𝑛) Γ (3/2 − 𝑛)

where Γ (𝑥) is gamma function and
Γ (𝑎, 𝑥) is an incomplete gamma function.
𝐽 (1) = 0 and 𝐽 (∞) = 𝐾1 (1)

(A4)

Constant 𝜅 =

∫ ∞

1
𝑒−𝑡

√︁
𝑡2 − 1 ln (𝑡) 𝑑𝑡 ≈ 0.5333 (A5)
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