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Dark matter, 1f exists, accounts for five times as much as ordinary baryonic
matter. Therefore, dark matter flow might possess the widest presence in
our universe. The other form of flow, hydrodynamic turbulence in air and
water, 1s without doubt the most familiar flow 1n our daily life. During the
pandemic, we have found time to think about and put together a systematic
comparison for the connections and differences between two types of flow,
both of which are typical non-equilibrium systems.

The goal of this presentation is to leverage this comparison for a better
understanding of the nature of dark matter and its flow behavior on all
scales. Science should be open. All comments are welcome.

Thank you!
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Structural (halo-based) approach: Statistics (correlation-based) approach:

m Data https://dx.doi.org/10.5281/zenodo.6541230 n Data https://dx.doi.org/10.5281/zenodo.6569898
Inverse mass cascade in dark matter flow and effects on halo mass The statistical theory of dark matter flow for velocity, density,
functions https://doi.org/10.48550/arXiv.2109.09985 and potential fields

2. Inverse mass cascade in dark matter flow and effects on halo deformation, https://doi.org/10.48550/arXiv.2202.00910
energy, size, and density profiles https://doi.org/10.48550/arXiv.2109.12244 2. The statistical theory of dark matter flow and high order

3. Inverse energy cascade in self-gravitating collisionless dark matter flow and kinematic and dyr.1ami.c relations for velocity and density
effects of halo shape https://doi.org/10.48550/arXiv.2110.13885 correlations https://doi.org/10.48550/arXiv.2202.02991

| 4. The mean flow, velocity dispersion, energy transfer and evolution of rotating ~ ©: '€ scale and redshift variation of density and velocity
and growing dark matter halos https://doi.org/10.48550/arXiv.2201.12665 distributions in dark matter flow and two-thirds law for

_ pairwise velocity https://doi.org/10.48550/arXiv.2202.06515
5. Two-body collapse model for gravitational collapse of dark matter and _ _ _
generalized stable clustering hypothesis for pairwise velocity 4. Dark matter particle mass and properties from two-thirds law

https://doi.org/10.48550/arXiv.2110.05784 and energy cascade in dark matter flow
https://doi.org/10.48550/arXiv.2202.07240

https://doi.ora/10.48550/arXiv.2202.04054 5. The origip of MOND.acceIeration and deep-MOND from

acceleration fluctuation and energy cascade in dark matter

88 /. The maximum entropy distributions of velocity, speed, and energy from flow https://doi.ora/10.48550/arXiv.2203.05606
' statistical mechanics of dark matter flow _ _
https://doi.org/10.48550/arXiv.2110.03126 6. The baryc_:nlc-to-halo mass relation from mass and energy
cascade in dark matter flow
8. Halo mass functions from maximum entropy distributions in collisionless https://doi.ora/10.48550/arXiv.2203.06899

dark matter flow https://doi.org/10.48550/arXiv.2110.09676
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Evolution of energy, momentum,
and spin parameter in dark
matter flow and integral
constants of motion
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Review: In freely decaying turbulence, there is no Due to the formation and virilization of halos,
energy injection on large scale and total energy is the kinetic energy in dark matter flow
continuously decaying with time. continuously increases with time. In this regard,

dark matter flow is a freely growing turbulence.
= Both integral scale / (energy-contained scale) and y9 g

energy dissipation rate € vary with time. What is the large-scale dynamics of dark matter flow?

e
= What is the large-scale dynamics of freely decaying 1OW d0 energy/momentum evolve with time"

turbulence? How does energy evolve with time?
= Goal 1: Formulate large scale dynamics in

1’ Th dark matter flow (how energy and momentum
e=A =A4— y? ~ 1717 evolves?)
(1/u) [
Loitsyansky integral invariant » | ~ t2/7 " Goal 2: qurqv, momentum and spin
(integral of velocity correlation): parameter in halos
\ s 5 0s o 1
j<u-u >1' dr ~u”l” = const = Goal 3: Formulate integral “constants” on large
and halo scales (are they still constants?)
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Equation of motion in a comoving
system with expanding background

d’x. dx. Gm, & X, —X, Potential with an arbitrary
i I ! 2 —n
4t +2H di B e Z 3 exponent of n for particle- Vp (7”) = —Gnmp /7”
77X, _Xj‘ particle interacting
= 2 Introduce a new = |f p=-2, sis the time variable for
| . o nGm. &, X —X, , p=-2,
| d ’2‘1 +2H ax, =——1F Z J__ transformed time scale s integration in N-body simulation.
[ dt a X, —X ‘ ) dS/dt — g” = Transformed system: fixed
I J — .
‘ damping and no scale factor a;
°X. nGm &, X —X,
d )i’ X, “(p+2)a"H = ot > 1 | Peculiar velocity in comoving:
ds ds a X — X H:—3H2/2 u _adX,- dr, Hr, = a—1/2
P = _3/2 ‘ Matter dominant -« H? = 87Gp, (a)/g, ’ dt dt
mdx YooX, —X, F H? = H24° Velocity in time scale s:
= nG m, = — - B dx, Y) dx, 2
dS U — m vV, = =da =a U,
j#i ‘X X. ‘ p ds dt
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Starting from equation of motion in transformed system: Specific potential energy (radial moment):

d’x, H, dx. YooX, —X, F. 1 & Potential energy
1 == Ly L=n Z L = ! P =—Z¢(X) =a"P, ®m  ijphysical
— n 2 g ; physica
ds 2 ds g X — X, m, N 5 ’ coordinate
Express force as potential gradient: Dot Specific kinetic energy of entire system:
t x| dx OP 0 (a’xi product B
= L — S — * — | on both Peculiar
ds® 2 ds OX, ds ) .. K, = v, = u; =ak ,®= kinetic
 Bezesns : sides: 2N i=1 2szl energy
§= Time evolution of energy in s: Exactly same as ~ecall solution ¢ Two-bod
G(P + K ) damped oscillator. + LAl SUILUTON IO WO=DOtY
S S H K =0 Need additional collapse model (TBCM):
= Os 07 olation to close exponential evolution of energy
& |ime evolution of energy in t: | ‘
&0k aap ) H(2K, sa P ) =0
: f p T y) ( p A y) - Hs Hys
& With n=-1 K =aexp| - P = pexp| —
V 1+ 8/« 1+ f/a
4 . )+H(2K L p ): 0 Standard cosmic
| p Ty p Ty

Ot energy equation
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Transformation back to comoving system: 10°¢ ,
3/2 —o—K (3)
— (0 = - =P @
ds/dt=a" & s=1 1n(t/t,) e i

[ |——V,@72K (@)P (a)

& Exponential in s corresponds to power-law in ¢
—h—E (2)=K (2)+P (a)

_ exp(tH,s)— (a/a,)

: Power-law time evolution for energy in terms of rate of % [

energy cascade ¢, g [

— 2(2+8/a) _(2+B/a)  Power-law for
K — A 3 (1+ﬂ/0!) = —& a (1+ﬂ/a) Peculiar 104 |

P ! o kinetic energy S

- P =4"P zég an_(1+ﬂ/a) Power-law for
’ Coa potential energy =

B N-body simulation Early time: K, o« a; Early time: K o t; 02—t S

a

Effective exponent for virial theorem: o . . : :
% The variation of kinetic and potential energies with

2K 10 . Mostly from Halo scale factor a from a N-body simulation. Both

«~ p 7 surface energy energies exhibit a power-law scaling. .
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Starting from equation of motion in transformed system:  Specific virial quantity (radial moment):

— 5 voox - X, 1 & Peculiar
— d X, + HO dX = nG m Z Fi Gs :_Zvi ‘X = a1/2 le X, = al/zG virial
— e 2 ds X, =X m, N7 " quantiy
- . . Specific angular momentum
Express force as potential (Ps) gradient: ) pot product P | b p Peculiar
e Jx 1 dx. OP on both sides  Hj =—ZXZ-><V,- —ZX xwa'" =a"H, angular
Ly S =) °X. N 5 momentum
ds® 2 dS OX, ’
= Time evolution of virial quantity in s: Taking cross product on both sides
s ——dG. 1 2
4~ H .G =2K. —nP dx +1 dx, OF, —0 XX,
ds 2 ds® 2 dS OX,
@ Time evolution of virial quantity in ¢ Time evolution of angular momentum in s:
= -'.' I‘fﬁi‘::'- —na " dH H
a de _|_HG B ZCZKP na })y — _ZX x S ZX )(F O

= This is for open system without boundary.
= Extra care is needed for N-body systems with periodic boundaries 149
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Nothwest 1 N€ evolution of momentum on halo and large scale
| Virial quantity in entire N-body system: 10" g i il et T Ten
— 1 & 1 Subscript | j
t =—— G, = —Zui X, =—G, - “p” for Comoving A 5
= P N a Py 0¥k 1
i = “py” for physical coordinate _ §
Angular momentum in entire N-body system: P
& 1 =
Hp:—.lxl.xui:ngy % | ;
— = = [ | ]
—— Decompose both position x and velocity u: =27 3
= ' ' 34 :
X =X, +X. u =u, +u. o F - -
l Z o —o—G [ —w—(M,<G,>Nm )’
Halo virial quantity (radial momentum): ; ’ —e—H P e (M,<H, >N Y
1 n, | | 1 m*; -o -Gi}_ —1—{{{}]1}]:
| O, (x,u,) P SRS k. e
e p i=l 1% 107 i0” t0’
Halo angular momentum: » 2 .,
, 1 o, 1 On large scale pr oc a”’ Onhaloscale (G, )oca” oct
H =— (x Xu ) =—H (see here for (Consistent with
he h 5/2 3/2
n, = v a proof) ‘pr‘ xa previous results) <‘Hh ‘> xa ot
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= |dentify all halos of different sizes

= Group halos according to halo size n, or mj,

= Compute mean square radius r, for each halo

= Compute halo virial kinetic energy ¢,? for each halo
= Compute intra-halo potential energy @,

= Compute the group average and std.

Halo velocity:

—— Haloviial _, 1 ¥ 2 1
g é ol=—>lu-u| u,=—>u, |
= Kinetic energy: 371p kzl‘ ‘ n, ; 10 |
2 2
gt oD%y g g =2
— S — c = T v -
’ o, Gmh (Dh
| Angle of Ratio of kineticto ~ Critical Halo

incidence potential energy density ratio virial ratio

6(a 57, [2)"
.8 A,

1 1/3
7/g :(Easﬁszch 7/CD =

The variation of energy in halos

i
L B
'\-\.L‘_-
L] l--ﬁh—'_
L —‘2{35} —Etd{ns]
E

-

* <a > Ts
10 . = e

10” 10° 10° 10° 10

Halo size n =m, ‘'m
P rﬂh P

Small halos of same size are generated at different
time (large std). Large halos are synchronized and

generated at the same time (small std).
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Compute mean square radius r, for each halo
Compute halo virial kinetic energy o, for each halo
Compute radial momentum G,, for each halo
Compute angular momentum H,, for each halo
Compute the group average and std.

. * —1 L 1/2
G,=-t,0,1,a ‘Hh‘ =1,0,r,a
n*zth:wf:_y o _E _K+2,

) (Dh (Dh ' ’ 62 62
/Ip = al/za:n:«/ z:
3/2
2 (mm 2
A =J_( ), =£z0.0884

p

2 (m+m,)’ 16

The variation of momentum in halos

103§

Mpc'h KM/s

—
—
=)

T L — T T T L — T T T

—<[H, >

101 102 102
Halo size I:Lp

The variation of momentum with halo size
from a N-body simulation.
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1 S e e
| g Ml
1w -
[ # #* _‘:T_I*::'
| S ) e A =0.031 f
#® # =0. or
P
| — S —_—) =
Std(ﬂs) std ZS) A large halos
M | L L M B | i 1] _H:l-E{lD § i i I....I1 i i i |....l=|:'E i i i |....|3 i |.|||..i
10° 101 102 103 108 i ! 10 10
1 P
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Table 2. Relevant parameters for halo energy, momentum and spin from theory and simulations

H# *

Type of halos Yo Ve Yy A, % p:
Eq.(54) Eq.(54)
Two-body halos 2
(theory) 1/4 1/2 1.0 187 1/24 J3 / (37)
Large halos 0.936 0.567 2
(NEW) Eq.(49) Eq(48) 1.3 187 0.230 0.095
Large halos 1 \/37/3 15 1872 \/?:/6 ﬂ.l'2/3/(3:?1')
(isothermal)  Eq.(45) Eq.(43) Eq.(54) Eq.(54)
n, z. 7. T S (my)  fo(my) A,
Eq.(68) Eq.(68)  Eq.(63) Eq.(63) Eq.(63) Eq.(63) Eq.(70)
Two-body halos
heons) 10 -15 NE) V3/(37) 37 1 J2/16
Large halos ) )
(NFW) 1.3 0.81 0.151 0.103 1.59 1.08 0.031

L hal
(i:;ti;;”g 15 05 2/3/(37)  2/3/(37) 1 1 1/(187)
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The virial quantity (radial momentum) and angular momentum are intimately related to integral
= constants for dynamics of dark matter flow. Starting from the velocity correlation function R,, defining

x for all particle pairs withr

Energy spectrum is Fourier transform of R,:

i £ (k)= % [ R, (r)hrsin (k) dr

Velocity correlation

s = Integral constant |, is the derivative of spectrum at long wave-length limit (large scale):

2 (_1)1+m/2 0"E : . .
]m =47 U oc g Wwith Eu (k — O) oC |, is related to the linear
m  Ok" | _, momentum. This leads to a k*
_ velocity spectrum on large scale.
= Assume linear 3
i ‘._L'":-_'_ : . . udx — O
£ momentum vanishes: %

\ 4

I, :j<u.u>dr =111_I)I()10;"-VJ‘V<u.u>dX dax :;1_13301/ (;IVudX ) =0 » 8](2 g = ()




: 15_:1-'.“ G = lj X lldX3

s T=-M:M
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Defined in comoving coordinates:

Virial
guantity
1 1
M:_J‘ X ® udx’ Momentum g _
|4 tensor | A
Contraction of

momentum tensor

I, =2 tim (1)) = fim [—\H\z +(M: I)”_‘k’k}V

V—o0 V—o0

.

H:ij' x xudx® Angular
y

momentum

S

3 Inertial
J. X ® xdx tensor G50 G 0 0
M= 0 G3 0 M=O G/20 0 00
_ _ 0 0 Gf3 0 o 0 0
U, , is mean divergence ]
ar=3 a=2 a=1

ar=3 If structure collapsing into a point,
ar=2 if collapsing into a filament (N-body)
‘ aor=1 if collapsing into a plane.

[For incompressible flow with vanishing

& | divergence (u, =0), 1, is related to the
B | angular momentum of entire system

1= Jim (1) )

For dark matter flow with
vanishing H on large scale, Both

a,T =a,(M:M)~G* > H

M and | are diagonal. |, is related ‘

to the virial quantity (radial 2. )

momentum) of entire system. I, = _Q_;T}O«G >V)
T
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Integral constant on large scale: 10° ' SRmREEe
—— 2 2 : T\ |
P === I, __a_Tllfl—IEo«G >V):II/1_1£O(<(M.I)U/¢,k>V) M?E-
‘ 108 F
) o _ SN
s <G >:—7T<(M:I)uk,k> =
1= 2 | S
—n lJ‘ I — 1(L 5 Inertial tensor %
. , it ARk = 3\ 2 ) “7 onlargescale  E 1ot}
= I: - [ +G2
5 e l YU dX35 M :$ Virial quantity 10° F o1
) = y v on large scale : >T
. ¥ et 10l ——Eq. (98)
O g irial quantity is | —4a—Tq (99
G = EL Uy 4B related to divergence 101 = (- )- N—— : -
3 or density contrast 107 };'1 10°

Time variation of momentum with scale
factor a from N-body simulation 157
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On small (halo) scale, velocity field is of constant divergence
& and matter density is non-uniform.

(1)) = [ E vy, ]

V —o0 V—oo

:— | Momentum tensor:

' G/3 -H|[2 0
—_— M:—J XQup, dx” = ‘HV2 G/3 0
m, *V
0 0 G/3

Inertial tensor:

Halo radial and angular
J. momentum are equal

dx’ 25.
=38 G=JH|=—;
T=M:M-= (le —‘H‘j - aT:Gzz 6 ¢

3 T 243/ /G’
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Large scale dynamics Comoving/transformed system Rate of energy cascade
Integration constants Radial/angular momentum Spin parameter
Velocity correlation function Velocity spectrum function Effective potential exponent

= The energy and momentum evolution of N-body system is analytically derived. This is
made possible by introducing a new time scale s.

= The kinetic and potential energy of N-body system increase linearly with time with a
constant rate of energy production €.

= For entire N-body system, the radial momentum scales as G, ~a*?, while angular
momentum H, ~a>2.

= The specific momentum (radial and angular) in halos scale as ~ a3?

» At same redshift, the analytically derived halo spin parameter decreases with halo mass,
l.e. A, =0.09 for typical two-particle halos and A, =0.031 for large halos.

= The spin parameter of a given halo is a constant of time for early-stage halos with faster
mass accretion and increases with time for late-stage halos with slower mass accretion.

= The radial/angular momentum are closely related to integral “constants” | that is defined

as integral of velocity correlation or the mth derivative of energy spectrum at small k.
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