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ABSTRACT

Analytical tools are valuable to study gravitational collapse. However, solutions are hard to find due to the highly non-linear
nature. Only a few simple but powerful tools exist so far. Two examples are the spherical collapse model (SCM) and stable
clustering hypothesis (SCH). We present a new analytical tool based on the elementary step of inverse mass cascade in dark
matter flow, i.e. a two-body collapse model (TBCM). TBCM plays the same role as harmonic oscillator in dynamics and can be
fundamental to understand structure evolution. For convenience, TBCM is formulated for gravity with any potential exponent n in
a static background with a fixed damping (n=-1 for Newtonian gravity). The competition between gravity, expanding background
(or damping), and angular momentum classifies two-body collapse into: 1) free fall collapse for weak angular momentum, where
free fall time is greater if same system starts to collapse at earlier time; 2) equilibrium collapse for weak damping that persists
longer in time, whose perturbative solutions lead to power-law evolution of system energy and momentum. Two critical values
Bs1 = 1 and By» = 1/3x are identified that quantifies the competition between damping and gravity. Value B, only exists for
discrete values of potential exponent n = (2 — 6m)/(1 + 3m) = -1,-10/7... for integer m. Critical density ratio (A. = 187?)
is obtained for n=-1 that is consistent with SCM. TBCM predicts angular velocity o« Hr=3/? for two-body system of size r.
The isothermal density is a result of infinitesimal halo lifetime or extremely fast mass accretion. TBCM is able to demonstrate
SCH, i.e. mean pairwise velocity (first moment) (Au) = —Hr. A generalized SCH is developed for higher order moments
(Au?™1y = —(2m + 1){(Au®™)Hr that is validated by N-body simulation. Energy evolution in TBCM is independent of particle
mass and energy equipartition does not apply. TBCM can be considered as a non-radial SCM. Both models predict the same

critical density ratio, while TBCM contains much richer information.
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1 Introduction Collisionless systems often show properties strongly suggesting com-
2 Equations of motion in comoving and transformed systems mon physical principles that control the system motion and evolu-
3 Analytical solutions for TBCM in expanding background tion. The self-gravitating collisionless fluid dynamics (SG-CFD) is

3.1 Analytical formulation of TBCM model

3.2 Numerical solutions and three distinct regimes for TBCM
3.3 Free fall collapse and free fall time in expanding background
3.4 TBCM model in the simplest form and perturbative
solutions for equilibrium collapse

3.5 Ciritical Bs for equilibrium collapse and critical density

3.6 Solutions for energy, virial quantity, and angular momentum
3.7 Two-body angular velocity wy, angle of incidence Oy,

and halo kinetic energy

the study of motion of collisionless matter under its own gravity. The
large-scale gravitational collapse of dark matter is an example of SG-
CFD and the basis of standard models for the formation of large-scale
structures. Structure formation starts from the gravitational collapse
of small-scale density fluctuations and proceeds hierarchically in a
"bottom-up" fashion with small structures merging into large struc-
tures. The same process can be described by a halo-mediated inverse
mass cascade, where halos (building blocks) pass their mass onto
larger and larger halos, until halo mass growth becomes dominant

4 Connections with existing theories over the mass propagation (Xu 2021a). Halos are necessary to form
4.1 Stable clustering hypothesis (SCH) from TBCM and for collisionless system with long-range interaction to maximize sys-
generalized SCH for pairwise velocity tem entropy (Xu 2021c,d). The merging of halos is an elementary
4.2 Connections with violent relaxation step in mass cascade and the focus of current paper.

4.3 Connections with spherical collapse model (SCM) The hierarchical merging of structures is a fundamental and com-

5 Conclusions plex step for structure formation. In a finite time interval At, the hier-
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archical merging might involve multiple substructures merging into
a single large structure. However, for an infinitesimal interval dr, that
process should involve the merging of two and only two substructures
(Mo et al. 2010). In this regard, the two-body gravitational collapse
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is an elementary and fundamental step for hierarchical structure for-
mation during mass cascade. While the two-body problem in static
background (no space expansion) without damping is well-known, a
comprehensive understanding of the two-body collapse (TBCM) in
expanding background seems not fully developed. In fact, the TBCM
can be a powerful analytical tool to study the non-linear structure for-
mation and provide many insights into the energy and momentum
evolution of N-body system (Xu 2022h). This is made possible with
analytical solutions of TBCM by transforming the original two-body
system in a comoving expanding background to an equivalent trans-
formed system in a static background with a fixed damping. Results
analytically obtained in the transformed system can be equivalently
transformed back to the original comoving system.

Despite the great success of large-scale N-body simulations for
structure formation, there are always motivations for finding ana-
lytical approaches to gravitational collapse. However, this can be
extremely difficult due to the highly non-linear nature of structure
formation. Nonetheless, a few simple but powerful analytical tools
exist for structure evolution. The first example makes use a spherical
symmetry of an over-density to formulate the gravitational collapse,
i.e. a spherical collapse model (SCM). Developed by Gunn & Gott
(Gunn & Gott 1972) and Gunn (Gunn 1977) in 1970s, the first SCM
model provides solutions for the collapse of a spherical mass shell
surrounding an over-density with an uniform density. The self-similar
spherical collapse model was later developed in 1980s to allow for
a non-uniform initial density and collapse of new shells (Fillmore &
Goldreich 1984; Bertschinger 1985). The idea of SCM model was
further developed to consider the effect of non-radial orbit by intro-
ducing an additional constant centrifugal force due to the non-radial
motion (White & Zaritsky 1992; Nusser 2001). The SCM predicts
the critical density ratio of halos that has been widely used for the
development of halo mass functions and density profiles (Press &
Schechter 1974; Cooray & Sheth 2002). Similar predictions were
also extended to the ellipsoidal collapse (Sheth et al. 2001; Sheth &
Tormen 2002).

The second example assumes that on a sufficiently small scale,
the clusters of mass particles are bound and stable with a fixed
mean physical separation between particles, i.e. a stable clustering
hypothesis (SCH) (Peebles 1974; Davis & Peebles 1977). There
is no stream motion between particles in physical coordinate. In
this sense, the peculiar motion cancels out the Hubble flow and
the hypothesis equivalently states that the mean (first order moment)
pairwise peculiar velocity is proportional to the separation r (physical
distance) as (Auy) = —Hr. The stable clustering hypothesis is a
fundamental assumption for the nonlinear gravitational collapse at
small scales. Combined with pair conservation equation (Peebles
1980), the hypothesis can be used to predict the dynamic evolution of
density correlation function on small scales. While directly proving
SCH based on fundamental rules seems challenging, there have been
many attempts to verify this assumption with N-body simulations
(Efstathiou et al. 1988; Colombi et al. 1996). The limited resolution
of simulations makes it difficult to achieve a sufficiently high accuracy
at small sales where this assumption is valid. This paper provides a
proof of original stable clustering hypothesis (SCH) based on the
analytical solution of two-body collapse model (TBCM) and extends
SCH to high order moments of pairwise velocity.

The mass and energy cascade (Xu 2021a,e) involve a series of el-
emetary two-body collapse, i.e. a chain reaction description (see Xu
2021a, Fig. 8). Understanding the cascade process is critical for the
development of halo energy and momentum evolution (Xu 2022e¢,h)
and the statistical theory for dark matter flow (Xu 2022f,g,i). In ad-
dition, the two-body collapse based mass and energy cascade are
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also potentially relevant to the dark matter particle mass and proper-
ties (Xu 2022j), MOND (modified Newtonian dynamics) theory (Xu
2022k), and baryonic-to-halo mass relation (Xu 20221).

In this paper, the elementary step of mass cascade (two-body
collapse model — TBCM) is mathematically formulated to provide
another useful analytical tool and more insights into the structure
formation and evolution. The TBCM model can demonstrate the
standard stable clustering hypothesis on small scale for the first mo-
ment of pairwise velocity. A generalized stable clustering hypothesis
(GSCH) can be subsequently derived for high order moments of pair-
wise velocity. The connections of TBCM with other analytical tools,
including violent relaxation and spherical collapse model (SCM), are
also discussed in detail. Both leads to the same prediction of critical
halo density ratio, while TBCM contains much richer information.

The rest of the paper is organized as follows: Section 2 introduces
the equations of motion for the dynamics of a N-body system. Equiv-
alence is established between the original comoving system in ex-
panding background and a transformed system in static background.
The elementary gravitational collapse (TBCM model) is formulated
and analytically solved in Section 3, along with the applications of
TBCM to identify distinct regimes and critical values. Connections
with stable clustering hypothesis, violent relaxation and spherical
collapse models are discussed in Section 4.

2 EQUATIONS OF MOTION IN COMOVING AND
TRANSFORMED SYSTEMS

In this section, the equivalence is first established between a comov-
ing system in expanding background and a transformed system in
static background. The self-gravitating of a system of N collisionless
particles in expanding background can be studied by solving gov-
erning equation of motion (see Peebles 1980, p. 44) in a comoving
system (comoving coordinates X and physical time 7) as

dzxi+ dei _ Gmyp N X — Xj
dr? dt a3

. )
77 [xi = x|
where X; is the comoving coordinate of N particles with equal mass
mp and G is the standard gravitational constant. The Hubble constant
H (t) = d/a, where a is the scale factor.

For growing halos from continuous mass accretion, an effective
gravitational potential exponent n, ~ —1.3 can be different from
-1 for standard gravitational potential due to the finite halo surface
energy (see Xu 2021b, Eq. (96)). This hints that it might be beneficial
by looking at a general potential with an arbitrary exponent n. The
maximum entropy distributions of velocity and energy in SG-CFD
have been developed for the long-range power-law potential with
any exponent n in (Xu 2021c). In this paper, we assume the same
power-law gravitational potential V;, with an arbitrary exponent of n
for particle-particle interacting, i.e. Vj, (r) = —Gnmi, /r~". Here G,
is a generalized gravitational constant (G, = G when n = —1). The
equation of motion with arbitrary exponent n reads

dzxi dx; nGpmp N X; — Xj
+2H— = —. 2)
2 3 Z 2=
dt a @ g xi-x "

Let’s introduce a new transformed time scale s as ds/dt = aP, where
p is an arbitrary exponent. The original Eq. (2) can be equivalently
transformed to

d’x;  dx;

N

nGym X; —X;

s At -Pry_ P J

ds2 + ds (p+2)a™PH= a3+2p Z 2-n" G
i [xi = xj|




Obviously s = ¢if p = 0 and Eq. (3) isreduced to Eq. (2). Specifically,
p = —2 eliminates the first order derivative and s is the time variable
for integration of N-body simulation that allows for a symplectic
(phase space volume preserving) integrator. Time scale s becomes

conformal time if p = —1. Another special case can be identified
with p = —3/2 for a matter-dominant model,
dH 3 81Gpy (a)
2 _ 2.3 _ 2 2 _ Yy
Hy =Ha", E__EH’ and H =— 4)

where H( is the Hubble constant at the present epoch (a=1) and
Py (a) is the physical density of the homogeneous background.
For p = —=3/2 with Eq. (4), Eq. (3) now becomes
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F;
72 nGnmpZ 2 e (5
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where F; is the resultant force on particle i in comoving system.
Clearly, the scale factor a does not explicitly appear in Eq. (5) and
the Hubble constant Hy can be considered as a constant damping
that is time-invariant. The original Eq. (2) in expanding background
is now equivalently converted to a transformed system in static back-
ground with a constant damping H(/2 (Eq. (5)) evolving with a new
time scale s. The transformed system consists of a comoving spatial
coordinate x; and a transformed time scale s.

The particle velocity v; for transformed system can be written as,
vi = % = a3/2% =a'y, 6)
while the peculiar velocity u; in physical time ¢ can be related to the
new velocity v;,

dx; _ dr; -172
—_— — = H P =
dt ~ dt fi=a

where r; = ax; is the physical coordinate of particle i.

In this section, the original equation of motion (Eq. (2)) for a co-
moving system in expanding background is equivalently transformed
to Eq. (5) for a transformed system with a constant damping in static
background. While two systems are essentially equivalent, analytical

solutions can be more accessible in the transformed system for the
sake of convenience.

Vi, @)

3 ANALYTICAL SOLUTIONS FOR TBCM IN EXPANDING
BACKGROUND

The two-body gravitational collapse is a fundamental and elementary
process. Halos are often created by two-body collapse of two smaller
halos with comparable or very different masses (for example, halos
merging with a single merger). By this mean, halos pass their mass to
larger and larger halos such that two-body gravitational collapse is an
elementary step for inverse mass cascade (Xu 2021a). Therefore, it
should be very instructive to solve a simple two-body collapse model
(TBCM) in expanding background.

3.1 Analytical formulation of TBCM model

Solutions are well-known for two-body problem in a static back-
ground without damping. Here we focus on the two-body collapse in
expanding background. Again, the two-body interaction is assumed
to be a general power-law with an exponent n. We first analytically
solve the TBCM model in transformed system (static background
with a constant damping) for convenience. Results can be readily
transformed back to the original comoving system.
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Figure 1. Schematic plot of a two-body gravitational collapse in expanding
background. The two-body system consists of two masses m; and my with
a separation of 2r, where r is the displacement vector. Here vy, v, and v are
the velocities of two masses and the displacement vector, respectively.

As shown in Fig. 1, the two-body system of two masses m and m;
with a separation of 2r in expanding background can be equivalently
written as (in transformed system from Eq. (5)),

H G

)+ o2% = L ®)
2 @t Ir|

.  Ho. nGym; r

Xy + —Xp =— ST ®
2 2rt-n |r|

where X1 and x; are position vectors of two masses and v; = X; (j=1,
2) is the velocity in transformed system with time derivative with
respect to s. The displacement vector is defined as r = (x] — xp) /2
and r is the magnitude of vector r. The equation of motion for the
center of mass can be obtained by multiplying Egs. (8) and (9) with
my and my, respectively, and adding them together,

..  Hp..
R+70R:0, (10)

where R = (m x| + mpXp) /(m + my) is the position vector of the
center of mass. Similarly, the equation for displacement vector r can
be obtained by subtracting Eq. (9) from Egq. (8),
H G +
s Ho. _m n(ml1 m) o
2 2(2r)i |r|
Position vectors can be expressed in terms of r and R as (11)

X] = R+2m2r/(m1 +m2) = R+/ﬂ',

2-pwr,

where ¢t = 2my/(m + my) is a dimensionless constant.

We assume a fixed center of mass at the origin o (see Fig. 1)
such that R = 0 and Eq. (10) is trivial by properly choosing the
initial positions and velocities of two masses. The dynamics of the
original problem is now reduced to the motion of a point mass subject
to gravity and a constant damping Hy/2 (Eq. (11)). This equation
exactly mimics a one degree-of-freedom harmonic oscillator, i.e.

i+ (¢c/m)i = —(k/m)r, (12)

X2=R—2m1r/(m1+m2)=R—

where ¢ is damping and k is a spring constant. Just like the funda-
mental role of harmonic oscillator (Eq. (12)) in dynamics, we will
demonstrate the similar role of two-body collapse model plays in
self-gravitating collisionless dark matter flow.

Since two-body motion is planar, let’s try a general solution for
the displacement vector r in the x-y plane, where the Cartesian com-
ponents of displacement vector r and its velocity v read

x=r(s)cos(w(s)s) and y=r(s)sin(w/(s)s), (13)
Vx =X =Fcos (ws) — rsin (ws) (w + sw)

and (14)

vy =y = Fsin (ws) +rcos (ws) (w + s0) .
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Both radius r (s) and frequency term w (s) are functions of time s.
From Eq. (11), the position and velocity of two masses can be

related to that of the displacement vector ras

x;=pur and xp=-(2-pr, (15)

vi=ur and vy=—-(2-pu)r. (16)

For example, the position (x1) and velocity vectors (v{) of mass m

in x-y plane can be found as,

x1 = ur(s)cos(ws) and y; = ur(s)sin(ws) a7
Vil = uvyx = ur cos (ws) — pr sin (ws) (w + sw)
and (18)

Vyl = @vy = pisin (ws) + pr cos (ws) (w + sw) .
The initial positions of two masses m| and m, are set as
ri(s=0) = x| = pri,r2 (s =0) = [xp| = (2 - ri, 19

where r; = r (s = 0) is the magnitude of the displacement vector r,
X;1 and X; are the initial position vectors of two masses. The initial
velocities of masses m| and m, can be set as,

vx1 (s=0)=0 and vy (s=0)=v; =pv;, (20)
vx2(5=0)=0 and vy (s=0)=vp=-2-wv;, (21)
where v; is the initial velocity of the displacement vector r in y
direction. These initial conditions satisfy a zero linear momentum
with mv;1 + mpv;p = 0. Obviously, R = 0 is a trivial solution for
Eq. (10) with these initial conditions (Egs. (19), (20), (21)).

A special case is that the initial speed v; of vector r satisfies

-nGuri myp +myp

C= = 22
Vi =Vri (2ri)17” ) (22)
where the corresponding speeds of two masses v;1 and v; are
2 2
Vit _ —nGnmy Vio _ —nGpmy 23)

il (2! kil 2t

Here v,; is the circling velocity of the displacement vector r if there is
no damping. For this special case, the two-body system is stable with
both masses circling around the center of mass if the background
is static (Hp = 0). More specifically, the initial system is in a virial
equilibrium (2KE — nPE = 0) with

_ Gy (my +my) _ GyM
Vi TV = s Fn = as Fn
i i

24

where constant ag = —n/22_" and M = m{ + my is the total mass of
the system.

Without loss of generality, we will try to solve the two-body col-
lapse problem with an arbitrary initial velocity v; for displacement
vector r. Substituting the assumed solution (Eq. (13)) into Eq. (11)
gives rise to two coupled equations for two unknown functions: radius
r (s) and frequency w (s),

2

H,
iy 20 ,z_m =r(w+sa))2=r(m) ., (25)

2 2(2r)t _ ds

"———\/-'——"_/ 3
! 2
P 1]0ln(w+sw) Hy
R i S S V) I 2
r 2 [ ds * 2 (26)
with initial conditions,
or

V|S=0 =r and (a) o =0. (27)
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Three forces contribute to the equation of motion for  (s) in
Eq. (25), i.e. the damping force (term 1), the gravitational force
(term 2), and the frequency force (term 3). Term 3 (frequency force)
origins from the angular momentum as we will show in Eq. (30).
The competition among three forces dominates the evolution of r ().
Let’s now introduce a frequency function as

-1/2

F(s) = (w+s0) V%= (M) . (28)
Os

The radius r () can be obtained by solving Eq. (26),

r(s)= (riv,-)l/2 F (s) exp (—%Hos) . (29)

A single equation for radius r (s) can be easily obtained by substi-
tution of Eq. (29) for frequency function F (s) into Eq. (25),

Ho. nGp(mi+my) _ (rivi)®
2 2 (2}") 1-n - 73

The frequency force (term 3 in Eq. (25)) is now related to the ini-
tial angular momentum (7;v; on the right hand side (RHS)) and is
exponentially decaying with time s. Complete solution of Eq. (30)
depends on five parameters, i.e. the exponent n, damping Hyy, initial
conditions r; and v;, and system mass M = mj + my. This equa-
tion mimics the spherical collapse model (SCM) but with a non-zero
angular momentum on RHS. Comparison is discussed in Section 4.3.

However, Eq. (30) is complex to solve analytically. Here we take a
different route by directly solving the frequency function F (s) (in-
stead of r () in Eq. (30)) , where five parameters can be grouped and
significantly reduced to exponent n and two dimensionless numbers
(Egs. (60) and (61)). Equations (25) and (26) are first combined and
rewritten in terms of the frequency function F (s),

P+ exp (—Hps) . (30)

. . 2 n

Vo,
P HOE Ve[ = F4(s), 31)
ro 2r 2 \r
P 1 dF Hy
= 2 32
r F(s) 0s 4 (32)
With the identity
.t . .\ 2
PG, (f) : (33)
r Os r

substitution of Eq. (32) into Eq. (31) leads to a single equation for
frequency function F (s) (no first order derivative involved):

2

62F HO Vi l4n/2 n—1 n-2 -3
E = 1—6F(s) — Vs (Z) F (s) exp (—TH()S) +F 77 (s)
3
1 2
(34)
with initial conditions:
172 OF Ho (r\12
F(s=0)=(’—’) and 2= =—°(’—’) , (35)
Vi 05 |49 4 \v;

from (Eq. (27)), where ys = (vr,-/vi)2 is a dimensionless number
indicating how far the initial system is away from virial equilibrium
(the special case in (Eq. (22)). ys = 1 corresponds to the special case
with initial system in virial equilibrium.

With function F (s) fully determined by the Eq. (34) and initial
condition in (35), the radius r (s) and frequency w () can be solved
subsequently using Egs. (29) and (28). Similarly, three terms (1, 2 and
3) on the RHS of Eq. (34), i.e. the damping force, the gravitational
force, and the frequency force (from angular momentum), contribute
to the evolution of F (s).
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Figure 2. The trajectory of the displacement vector r in x-y plane for three
different n with Hy = 0.4, G, M = 1,r; = 1 and y5 = 1 (or v; = v-;), i.e. the
initial system is in virial equilibrium. The trajectory becomes very complex for
systems with different potential exponents n and a nonzero damping (Hp # 0
stands for expanding background).

3.2 Numerical solutions and three distinct regimes for TBCM

Exact solution of highly nonlinear Eq. (34) is still not available in a
closed form. However, numerical solutions can be easily obtained.
Figure 2 shows typical trajectories of displacement vector r in x-y
plane for three different n = -0.5, -1.0, and -1.5. The trajectories are
for the gravitational collapse of two masses in a transformed system.
Initial systems are in virial equilibrium, where displacement vector
r simply circles around the origin if Hy = 0. The trajectory becomes
very complex for systems with different potential exponent n and a
nonzero damping (Hy # 0 for expanding background).

Figure 3 plots the time evolution of specific kinetic, potential, and
total energy for the same three cases in Fig. 2. Both kinetic and
potential energies of two-body system (K and Pg) vibrate around
their mean values before the final collapse. The oscillation cancels out
for total energy Es = K + Py, which is relatively smooth. A smaller
exponent n tends to have a longer time span of oscillation and smaller
oscillation amplitude. More detailed discussion of energy evolution
and their solutions is presented in Section 3.6.

Figure 4 presents typical trajectories for four different scenarios,
depending on a dimensionless number Ay = Hyr;/(4v;) and the ex-
ponent n. All scenarios have ys = 1 or v; = v, i.e. the special case
considered in Eq. (22). The periodic motion only exists for small A
and-2 < n < 0. The dimensionless number A5 quantifies the compe-
tition between gravity and damping, while the ratio yg = (v;;/ vi)?
quantifies the competition between gravity and angular momentum.
There exists a critical value of A for the existence of periodic motion
that we will identify later. This exactly mimics the critical damping
¢s = 2Vkm for harmonic oscillator in Eq. (12), above which damping
is dominant to eliminate the periodic motion (overdamped system).

Figure 5 shows the time variation of the radius function r (s) of
displacement vector for the same four scenarios in Fig. 4. Three
distinct regimes can be identified for an equilibrium collapse (green
line), i.e. an initial transitional range dominated by the damping force,
an equilibrium range dominated by the competition between the
gravitational and the frequency forces, and a final collapse. System
spends most time in the equilibrium range if an oscillating motion
exists, which corresponds to the statistically steady state in SG-CFD.
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Figure 3. The temporal evolution of energy for a two-body gravitational
collapse for three different exponents n with Hy = 0.4,G,,M =1, r; = 1 and
vs = 1 (or v; = v;;). Both kinetic and potential energy (K and Py) vibrate
around their mean values before the final collapse. The oscillation cancels
out for the total energy Es = K + Ps. A smaller exponent n tends to have a
longer time span of oscillation and smaller amplitude of oscillation.
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Figure 4. Four typical trajectories for different combinations of parameter A
and potential exponent n with ys = 1. The oscillatory motion only exists for
small A5 (weak damping) and—2 < n < 0. The critical value of Ay for an
oscillatory motion will be identified.

Term 1 (damping) on the RHS of Eq. (34) can be dominant over
the other two terms initially. The solution of F (s) for the transition
range can be found as,

12
F(s):(%) exp(%) and 7 (s) =r;. (36)

Since term 1 (damping) is dominant at the transition range, we have
(from Eq. (34)),

H?
T F (1) =

Vi 1+n/2 n_2
Vs (r_) F"1 () exp (—THOSt) ~F73 (1)

L

(37
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Figure 5. The temporal evolution of radius function r () with time s for four
cases presented in Fig. 4. For an equilibrium collapse with oscillating motion
(under damped), three distinct ranges can be identified, an initial transition
range dominated by the damping force, an equilibrium range dominated by
the competition between the gravitational and the frequency forces, and a
final collapse. The equilibrium collase only exists for weak damping with a
small A5, -2 <n <0,and y5 = 1.

to define a transition time s;. After substitution of Eq. (36) into Eq.
(37), we have

A% = |ys —exp (—Hos), (38)

where the dimensionless number A is defined as Ay = Hor;/(4v;)
and the transition time s; is dependent on As and ys. Damping force
is dominant for t < s¢.

For equilibrium range, term 2 (gravitational force) approximately
balances the term 3 (the frequency force) which leads to a mean
frequency function Fy, (s) from Eq. (34),

12

_ ri 2—-n Hpys

F () = 752 (V—) exp(— el ) (39)
l

2+n 4

The actual solution F () vibrates around the mean solution Fy, (s).
The mean solutions for the radius and frequency can be found using
Egs. (29) and (28),

Hys
i (5) =75 1 ri exp (—ﬁ) (40)
1 247 2/04m) 2-n Hys
om ()= s Pl 2 ) “h

Actual radius and frequency solutions should also vibrate about mean
solutions (Fig. 5).

3.3 Free fall collapse and free fall time in expanding
background

The free fall time is the characteristic time it takes for two-body to
collapse under their own gravity. The TBCM model can be used to
estimate the free fall time in expanding background. For small initial
velocity with v; — 0 (vanishing angular momentum) or large expo-
nentn (v,; — oo from Eq. (22)), the parameter y; = (vri/vi)2 — 00,
i.e. a zero angular momentum. This is the free fall of a test particle
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from rest at an initial distance of »; with a fixed damping. Term 2
(gravitational force) in Eq. (34) should be dominant for free fall and
the solution of F (s) is approximately a parabolic function without
oscillatory motion. From Eq. (34) and initial condition in Eq. (35),
equation for F (s) reads

52F sz 0i\3/2
-z %—vs(—‘) F' (s =0) = —ys (—) (42)
ds T T
With initial conditions in Eq. (35), the solution of Eq. (42) is
1/2 2
F(s)~|— -——|— —H 1 43
(5) (W) [ 32(1“_) 2+ LHgs o] @3)

where parameter (quantifies the competition of gravity with damping
for free fall collapse)

—-n-2,.2-n
Hyr; —1/2 _ Asvi 27"
A = =2 Ly 5 O S S— 44
ST gy, T Vri ONZnGy, (my +my) @9

The radius function r(s) can be found from Eq. (29),

2
1 1 (H 1
r(s) = riexp (—ZH()S) [—3—2 (/1—3) s2+ZH0s+1

. (45)

The final collapse (free fall) time s. in time scale s can be estimated
by setting r (s = s¢) =0,

422,
s~ —L 1+ 1+i. (46)
2
Ho 2,

For small 4, (r; — 0, or weak damping Hy — 0, or M — o)
in Eq. (44), s¢ is essentially the free fall time in static background
without damping (from Eq. (46)),

—n,.2-n
Asi 23 nri \/E
. =4V2— =\|—— = — T}, 47
Se ¥ Sel \/_Ho V—nGn (my+mp) ~ 2z " “7)

which is independent of damping H. Here T}; is the orbital period,

2 . 2 2 . 1—”/2
=2 2x Q) T (48)

Vri N-nGp (m) +mp) .

Specifically, for n = —1, we have

3/2
4r; V2
Sel = ———=—=5"Tyis (49)
VG (mi+my) 27
which well approximates the exact free fall time s, in static back-
ground without damping, where

2
7rrl.3/ V2

Sce = —F/——— =
VG (my+my) 8

is the exact free fall time in static background. Note that s.| is
analytically obtained from the approximation Eq. (42) and cannot
fully reduce to the exact free fall time scc.

While for large 4, (r; — oo, or strong damping Hy — oo, or
M — 0) in Eq. (44), the free fall time is proportional to Hy),

Ty (50)

Hy2!=np2n
= 51D
-nGp (m +my)

2 2

oo x s 2=8/lsi _Hori _Ho o

¢ ¢ Hy 212, 8n2
ri

The critical value between two regimes can be obtained from Egs.
(47) and (51) with 501 = sc2, where A ; = V2/2. The free fall time
from Eq. (46) approximates the true free fall time in transformed
system. Figure 6 plots the variation of free fall time (normalized by
Hp) with the dimensionless number 1 ;. The comparison between
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Figure 6. The variation of free fall time s. (normalized by Hj) with dimen-
sionless number A ;. The comparison between numerical solution by solving
the original equation of motion and the analytical approximation is also pre-
sented. The ratio between two is plotted as the correction factor 1. The free
fall time s, (in transformed system with static background and fixed damping)
is proportional to damping Hy for large A ;. The variation of the physical free
fall time 7. (normalized by the free fall time s¢. that is for static background
and no damping) with A; is also plotted on the right axis, which increases
with A_;. The two-body system starting to collapse at an earlier time will
have a longer free fall time. Time ¢, approaches s¢. when s, is small (small
separation or large mass) or when collapse time #; approaches 7.

the numerical solution by solving the original Equation (Egs. (8) and
(9)) and approximation Eq. (46) justifies a correction factor A,

2 5
_ Sl
Se —4/IC—HO 1+ 1+_§,~ ,

where the correction factor (2)

1
de=% for A;—0 and de=3 for Ay — .

Note that s, is the free fall time in transformed system. To trans-
form it back to the original comoving system, the relation between
time scales ¢ and s (ds/dt = a_3/2) is
s=toln(t/t;) and te =t;exp(sc/ty), (53)
where #; = a?/ 210 and . are the start and end of a two-body free
fall in physical time ¢, a; is the scale factor at initial time #;. Here
to is the present physical time with Hyty = 2/3. The free fall time
(tc = to —t;) for a two-body system to fully collapse in expanding
background is,

te = 1 (exp(‘;—c) - 1) ~ 8% (54)

0 Iy

Let’s consider a two-body system with an initial separation of 2r_,
in physical coordinates, the exact free fall time for such a two-body
system in static background without damping should be (same as Eq.
(50), but in a physical coordinate ry; = a;r;),

an/_Z
=X (55)

Sce = .
VG (my +my)

For n = —1, the dimensionless A, can be rewritten in terms of the
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ratio sq¢/t; from Eq. (44),

1,.)3/2
Asi = H M = \/zsce. (56)

o = ~£2ce
N2G, (my+my) 37 1

The free fall time in the original comoving system is given by
(from Egs. (54), (52), and (56))

e~ \2 ) 2
= 61.1%. 11 1+ —|[-1
Sce  3mldgi (CXP [ S " /lzi

2 2
&(Yc_e) 1+ 1+9ﬂ2(i) -1

I Sce

I
= —|eX
Sce 3n2

where two regimes can be clearly identified as,
te = =A¢Sce for A; —0
o s
and (58)

8¢ (sc

2
e
371'2 T) ] for /lsi — 00,

te =1t exp[

The variation of the physical free fall time . with A; is also presented
in Fig. 6 if correction factor A = 1 (the right axis). Conversely, Eq.
(57) can be used to estimate the start time ¢; of a free fall if the free
fall time 7. is known.

The free fall time 7. increases if the same two-body system starts
to collapse at an earlier time #;. This is expected because the Hubble
constant (damping) is greater at earlier time where larger resistance
to the gravitational collapse is expected. Time f. approaches s.e
when s¢. is small (small separation or large mass) or when initial
time 7; approaches fy. Clearly, larger A, (either greater separation
between two body r; — oo or smaller total mass M — 0 in Eq.
(44)) or smaller #; (free fall starts at earlier physical time) will lead
to a much larger free fall time than the exact free fall time in static
background (¢; > Sce).

3.4 TBCM model in the simplest form and perturbative
solutions for equilibrium collapse

Next, the equation for F (s) can be further simplified by introducing
an amplitude function F,(wy,s). The original frequency function
F (s) can be decoupled into the product of the mean solution Fy, (s)
(Eq. (39)) and an amplitude function F, (w,s) as

F () = Fin (5) Fa(wms)

) (ri\'?
_y 1/ (_1) exp(

Vi

2-n Hys (59

Err T)Fa“”m”-

Substitution of Eq. (59) into the original Eq. (34) for F (s) leads to a
very simple equation for the amplitude function F, (x) with respect
to a dimensionless variable x = wy, (s) s,

2

F, 2 F,

0°Fq4(x) _ n a(x) _F:ll—l (x) +F;3(X), (60)
ox2 Q-n? 2 L - L

1
with initial conditions (using Eq. (35)),

-1/(2
Y@m g 9Fa :Bsysl/( "
N >

0X |x=x, 2+n 61)

Fa(xo) =7y

22 54

h == .
where xg B 2-n
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Theratioys = (vi/ vl-)2 with v,.; from Eq. (22), v; is the initial speed,
and the parameter B = 445 = Hyr;/v; is introduced for convenience.
Similarly, Bs; = 415; = Hyri/vyi can be defined (Eq. (44)).

Note that Eq. (60) is exact and is the simplest representation of
original problem (Eq. (11)). Solution is fully determined by three
dimensionless parameters, i.e. n, 85 and y, a significant reduction
from five parameters in original Eq. (30).

For small x or n = =2, term 1 (damping force) on the RHS of Eq.
(60) is dominant and we have the exact solution of

-1/2
,Bsysl/ Z—nx
2 2+n

Fa (x = xg) = ( : (62)

)2/ (2-n)
which is consistent with the transient solution in Eq. (36).

For large x, term 2 (gravitational force) and term 3 (frequency force
due to the angular momentum) are dominant. The trivial solution
F,(x) = 1 can be easily identified for ys = 1 and 85 = 0 (i.e. static
background without damping). If n = —1 and B85 = 0, the original
problem is reduced to the classical two-body gravitational problem
in static background without damping.

Here we focus on a more general case with a weak damping s — 0
and -2 < n < 0 (large x x > xo > 0 from Eq. (61)), where the
competition between terms 2 and 3 leads to an oscillatory solution
vibrating around the mean value F,(x) = 1. It can be easily shown
thatif F; (x) < 1, we have F, 3(x) > F Q’_l (x), the positive curvature
82F,(x)/8x2 > 0 from Eq. (60) brings Fy (x) back to F, (x) > 1; If
Fy(x) > l,wehaveFf(x) < Fg_l(x),curvature(92Fa()c)/c')x2 <0
brings F, (x) back to the region F,(x) < 1; No oscillatory solution
exists for short range force with n < -2.

We are especially interested in the oscillatory solutions with a
weak damping (85 — 0), which is more relevant to the gravitational
collapse in large-scale N-body simulations. For weak damping, a
harmonic function can be used to solve Eq. (60),

Fa(x) = Ag + Ay sin [ks (x — xg) + A3], (63)

where A is the mean value, A; is the amplitude, A3 is the phase
angle, and ks is a dimensionless frequency. Substitution of Eq. (63)
into Eq. (60), the frequency kscan be approximated by,

1/2
ks~ |(n—1) A2 +345% . (64)

To satisfy the boundary conditions (Eq. (61)), we have

AO + Al sin (A3) = 7sl/(2+n)

and o 65)
Bsys 1+

2+n)

Two limiting situations can be identified for weak damping (8s — 0):

ksAjcos(A3z) =

(i) Small initial velocity v; where ys = (v”'/vl-)2 > 1. This is the
free fall collapse and free fall time is discussed in Section 3.3.

(i) Large initial velocity v; where ys = (vyi/ vl-)2 < 1. There
exists a point in the trajectory with a vanishing kinetic energy and
maximum potential (turning point). If this point is considered as the
initial position, the trajectory after this point should be a free fall that
is considered in 1). Therefore, both 1) and 2) will not likely lead to
oscillatory motion.

(iii) A more interesting case is the special case we discussed before,
namely the initial velocity v; ~ v,; and ys = (vr,-/v,-)2 ~ 1 for initial
system close to virial equilibrium.

Case (iii) leads to an equilibrium collapse with oscillatory solu-
tions, as shown in Fig. 5. For this case, Ag = 1 > A (the fluctuation
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is small compared to the mean solution in Eq. (63)), ks = V2+n
(from Eq. (64)), and A3 = 0. Final perturbative solution for the
amplitude function F (x) (first order of B5) reads

Fy(x) = 1+B—Ssin[\/2+n(x—x0)

(2 +n)3/2

B i (65 ().

+ —
2+n)3

where the angle function 6, is (with Eq. (41) for w,, and Eq. (40) for
mean radius 7;;,)

Os (x) = 05 (Wms) = V2 +n (wms — xg)

(66)

_2V2+n2+n |(ry —(2-m/2 | (67)
T By 2-n|\r ’
Or equivalently
2V2+n2+n 2 —n Hys sV
0 = — | -1 =V2+n— (68
)= Xp(2+n 2) ] e O

for Hys < 1, which approximates the angle swept by the displace-
ment vector r within time s if Hys < 1. Obviously solution (66) is
valid only for S5 < (2 + n)3/ 2 such that the amplitude of oscillation
is less than one in Eq. (66) for a positive amplitude function F (x).
This leads to the first critical value of By, just like the critical ¢ for
over damped and under damped system in Eq. (12).

Solutions for B¢ = 0 and n = —1 are well known for two-body
gravitational problem in static background (Kepler’s law). Competi-
tion between gravity, damping, and angular momentum for S5 # 0
and —2 < n < 0 determines the free fall or equilibrium collapse for
gravitational collapse in expanding background.

For a fixed mean radius ry, (s), two-body systems with different
initial separation r; can have different angle 65 that is dependent on
ri (Eq. (67)). Other relevant solutions can be found as,

F(s)=Fu(s)Fq(w(s)s)
(i 3 2 —n Hys Bs .
_(V_z) exp(—2+nT) {1+—(2+n)3/2 s1n(95)},

r(s) =rm (5) Fa (wm (5) 5)

Hys Bs ) (70)
=rjexXp (—2+n) {l + m sin (93)} s

the frequency function w (s) from Eq. (28)

(69)

1 _ _
w(s) = / F2(5) F7% (wm () 5) ds, (71)
and the time derivative of radius (or the radial velocity)
. 0r(s) Hyr; nHys Hyr
=—== - O5) — ——. 72
F= oy T 2em P T a0 T o (72)

Note that the first term on the RHS (right hand side) of Eq. (72) is
from the time variation of angle 8. This term becomes dominant over
the second term with » — 0 but can be averaged out for random 6.
This expression will be used to derive the stable clustering hypothesis
(SCH) in Section 4.1 (Eq. (114)). For a given potential exponent 7,
parameter S controls both the amplitude and period of vibration
(Egs. (68) and (69)).

The temporal evolution in transformed system with time scale s
can be equivalently transformed back to the evolution in original co-
moving system with physical time ¢ (Eq. (53)), where s = £y In (¢/t;).
Here #; (or a;) is the initial time (or initial scale factor) and ¢ is the



physical time of the present epoch. The exponential evolution with
time s is equivalent to a power-law evolution with physical time ¢,

exp (tHos) — (a/a;)" . (73)
Transforming back to comoving system, the mean separation r,
rm o exp (~Hos/(2 +n)) = (afa;) ™/ (74)

following a power-law can be obtained from Eq. (40) for the equilib-
rium range in Fig. 5. Stable clustering hypothesis (SCH) refers to a
comoving separation rp, o< a~! or a fixed proper separation frozen
in the physical time ¢. Clearly, only the equilibrium collapse with
n = —1 will lead to the stable clustering in expanding background
(Eq. (74)).

3.5 Critical S5 for equilibrium collapse and critical density

For convenience, numerical constant 8y = 415 = Hgr;/v; is intro-
duced to quantify the competition between expanding background
and gravity. Two critical values of 8¢ can be identified from TBCM
model and its solutions.

Let’s consider a two-body system that starts to collapse at an initial
physical time #; with a corresponding Hubble constant H; and scale
factor a;. The evolution of angle function 6 and separation r in time
scale s (Egs. (68) and (70)) can be equivalently transformed back to
the evolution in physical time ¢, where

1 (2+n)3/2 2—-n Hpys
b ()= 2=n [“P(2+n'7)‘1]
—n 75
L2 @) (1) | 7
" Bs 2-n (E) )
aj\1/(2+n) Bs )
r(t)=r; (;) {1+msm [Os (t)]} (76)
Specifically, forn = -1,
r (1) = ry (%) {1 + By sin [% (é - 1)]}
and amn
2 [t
95 ([) = 3ﬁv (Z - l) .

The first critical value of B5 can be identified for the existence of
an equilibrium range (under damped in Fig. 5) from Eq. (76),

Hoyric

Bs1 = =(2+n)’2, (78)

ic
which leads to a critical initial separation r;. or initial velocity v;.
when combined with Eq. (22),

1 1/(2-n)

-nGy (my +myp)
rie =z | = o3

H2 (2+n)~
and (79)

1 [-nGy (my +mp)]Y/ 2~
]n/(an) :

Vie =

=2 :
[HO (2+n)732

Both r; and v;. are only dependent on the system mass, the damping
Hj and the potential exponent n. Form| = my = 2.27x 10" Mgy /b,
ric =0.29Mpc/h and vic = 29km/s. This is the maximum separa-
tion and the corresponding velocity for the existence of an equilib-
rium two-body collapse.
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For systems that evolve from initial virial equilibrium (the special
case ys = (vyq /v,-)2 = 1), the equilibrium collapse exists only if
Bs < Bs1 = (2+n)3/2 (orrj < ric Orvj = vy > vjc), where gravity
is sufficiently large to balance expanding background in order to form
the equilibrium collapse. For 85 > B1 = (2+ n)3/ 2, gravity is too
weak to establish an equilibrium collapse and system is over damped.

Next, the second critical value of S5 can be obtained by considering
a continuous growth of a halo starting from ¢ = 0 to ¢ = 7 with an
infinitesimal lifetime and extremely fast mass accretion. This halo is
formed by continuously growing via a sequence of two-body collapse
(merging) events with single mergers with an infinitesimal waiting
time. This is a good approximation for large halos as the lifetime of
halo g o m;lz/ 3 (see Xu 2021a, Eq. (45)). Therefore, halos with an
infinitesimal lifetime have no time to relax and should always follow
the mean solutions of radius r,, and frequency Fj,. The phase angle
should vanish in Eq. (76) such that

sin [65 (1)] =0 forany ¢ € [0,19], (80)

where 7 (t) = ry; in Egs. (70) and (76) from ¢t = 0 to ¢ = fy without
oscillation. Let us assume the first merging event occurs at time #;.
With #; — 0, we can safely assume that k = ¢/¢; is an integer. From
Eqgs. (75) and (80),

, |2 @+’ 2
sin [65 (#)] = sin [E% (k3<2+"> - 1) =0. (81)
The second critical value of 85 can be identified from Eq. (81) for
any arbitrary integer k,

(2 +n)3/2

Q-mr (82)

Bs2 =

Note that there exists a constant value of S, satisfying Eq. (81) for
any integer k if and only if

2-n 2—6m 10 8
m=—3(2+n) and n=—1+3m=—,—7,—§-~—2
with m=1,2,...00,and (83)
2 1 1
ﬁsZ

== —, —...0.
3emV1+3m 37 3xV7

The parameter S5 for halos with infinitesimal waiting time should
always satisfy By = Bs2. The time derivative of angle 6 (angular
speed) can be easily obtained from Eq. (75),

db _2V2+n _ (2-n)2n
dt |z 3Bsat  (2+n) 3t

(84)

from which we can find the period 7 for large halos formed at any
instant time #,

- 2r :3(2+n)t:i. (85)

dbg/dt 2-n) m

Specifically, for large halos with an infinitesimal lifetime and n = —1,
halos formed at any instant 7 from a two-body collapse with a single
merger has a period of T = ¢ (the orbital period of outer region of
halos should be comparable to the current physical time ?).

Two numerical constants g (in Eq. (24)) and Bs = Hyr;/v; are
closely related to the density ratio of two-body system to the back-
ground. The critical density ratio A, = 1872 (usually derived from
spherical collapse model) can be simply derived by our two-body
collapse model (TBCM) as follows:

Let’s consider halos start equilibrium collapse at physical time ¢;
with a corresponding Hubble constant H; (Hg = Hl.za?) and scale
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factor a;. The two numerical constants are defined as

Hyr; Hyr; Hiry;
Bs = vi 72 - "y
L uial_ l
and (86)
2,-n 207wl Mghtl
go = Sl M Tty T
§ Gmy, Gmyp, Gymy,
. . -1/2 .
Here ay is the virial constant from Eq. (24) , u; = via; is

the peculiar velocity at time #;, v; is the velocity in transformed
system with time scale s, and ry; = a;r; is the separation in physical
coordinate at time #;. Large halos with infinitesimal lifetime are
synchronized. All halos are generated at the same time ¢ and both
constants @ and S5 should approach constant values (Egs. (82) and
(24)), i.e a direct delta distribution. For small halos with a finite
lifetime, there can be a distribution of values of @ and B since
small halos are generated at different initial time #; can co-exist at the
same time ¢. The mass dependence of both parameters is presented
in a separate paper (see Xu 2022h, Fig. 2).

Note that HZ = 8nGpy (1) /3, where py (1) is the physical density
of background, Eq. (86) can be used to derive a ratio A, of the
physical density of halos to the background density at time ¢;,

_ ops(t) Py () 1 G
T Bpy (1) Py ) 2 1+n°
a; Py (t;) Py das s Gar;

87

Here py is the mean physical density of halo. Comoving density ps
of the two-body system is

M

_ 38
4 (2}’,-)3 /3 (88)

ps (ti) =

where M = mj + m, and the halo size is r;, = 2r; because of
m| < my (large halo merges with a single merger where the mass
of a single merger is much smaller) and u = 2 (in Eq. (11)).

The critical density can be computed based on two critical values
Bs1 and Bgo. For gravitational collapse of a two-body system with
n=-1,G = Gn,as = -n/227" = 1/8 (Eq. (24)),and B < By = 1,
only the system with a physical density py (;) > 2py (¢;) (from Eq.
(87)) will lead to an equilibrium collapse. Systems with a physical
density py (#;) < 2py (#;) will have a free fall collapse that can be
completed in a much short period (Fig. 5).

For n = —1, the density ratio A of large halos with an infinitesimal
lifetime and Bs = By, is (from Egs. (87), (82), and a5 = —n/2% M),

-n N2
—2 2-n) 72 = 1872 for n=-1. (89)
n(2+n)?

_ Py (t:) _ 1 _
Py (t;) 4ars,8§2

Ac

Surprisingly, this critical density ratio is consistent with the predic-
tion from spherical collapse model (SCM) and reveals deep connec-
tions between TBCM and SCM models. More discussion will be
presented in Sections 4.3.

3.6 Solutions for energy, virial quantity, and angular
momentum

We can demonstrate that the specific kinetic and potential energies
(per unit mass) for two-body collapsing system are evolving expo-
nentially in the time scale s (or equivalently a power-law with respect
to a in the original comoving system using Eq. (73)). The specific
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kinetic energy reads (from Egs. (17), (18), and (28))

K =; lm (v2 +v2 )+lm (v2 +v2)
ST my +mo) |2 L\WVx1 TV M2 \Vx2TVy2

5 (90)
- M 3 i +r2F ()74
(my+mp)” '~ —o—
1 2
The first term (term1) on the RHS represents the contribution from
the radial motion that is small when compared to the second term.

The ratio between two terms on the RHS of Eq. (90) can be obtained
from Egs. (32) and (69),

2 2 2
JdlnF Hy B 2-n
== -2 s s - -Hps|.

] ( as 4) (2+n)2exp( 2+n 09)

C2))

[ i
rF (s)72

For small S, this ratio is exponentially decaying with time s and
proportional to ,Bg (second order). By neglecting the high order term
(term 1) and using Egs. (69) for F (s) and Eq. (70) for r (), the final
expression of the specific kinetic energy reads

2
(2 +n)32

N

2mlsz,~2 (—nHos)

h (my +my)? 2+n

sin 03} . (92)

Similarly, the specific potential energy reads (with the expression
of r from Eq. (70) and v% from Eq. (24)),

_Gnmlmz 1
@2r)™ (my +m3)

2mymyv? exp [ ="HoS
2+n

Py =

) 25 (93)

+
no (2+n)’?

e 3 sinfy | .
(my +ma)

Total energy for two-body system and each individual mass are

(2+4/n)m sz% —-nHys
Es=Kg+Ps = >
(ml +m2) 2+n (94)
-Q+mymim, G, —nHys
= ex ,
(my+my)  (2r)l7 Pl
—nm% (-2) Vlg —-nHys
Egy=|——+ -m
my+my —_— |n(my+my) 24n
Kineti potential
inetic (95)
)
_ nms Guri -nHys
TNmyrm, 2 (2r)t 24+n )’
[ — .
potential
kinetic
—nm% (=2) V,Z -nHys
Es2 = —mj €x
mi +my n(mp +my) 2+n
(96)

Gnri o (—nHos)

@yt 24

—nm%
mp +my

respectively. As shown in Fig. 3, both K and Py vibrate about their
mean solutions with an amplitude proportional to the parameter S5
to the first order. The specific energy £ does not vibrate due to the
cancellation of first order perturbation in K and P (Eq. (94)).



By considering an ensemble of many two-body systems with ran-
domly distributed angles 6, the ensemble average of kinetic and
potential energies of these two-body systems are

(Ky) = 2mymyv? (—nHos)
o) =
(my +mp)? 2+n
and 97
(Py) = 4"1]"12‘/12 . (—nHos)
S/ — )
n(my +mp)?* 2+n

where first order perturbations are averaged out. The average kinetic
and potential energy satisfy the virial equilibrium, where 2 (Kg) —
n (Pg) = 0 in the equilibrium range.

The system spends most time in the equilibrium range with an
exponential evolution of energy in time scale s (from Egs. (92),
(93) and (97)). Equivalently, energy follows a power-law evolution
in physical time 7, i.e. (Kg) oc t and (Ps) o t for n=-1, that will
provide some clues for the energy evolution in large scale N-body
system, as discussed in a separate paper (see Xu 2022h, Fig. 1a).
More importantly, this also hints a constant rate of energy cascade
€, in dark matter flow (Xu 2022h, 2021e).

More interestingly for n=-1, the evolution of specific energy of
two individual particles (Eqs. (95) and (96)) is the same for both
particles regardless of their masses, where Eg = Eg1 = Eg. For a
two-body system with unequal mass m| # my, the specific energy
is independent of particle mass (Eg; = Egp), while the total energy
is proportional to particle mass. The energy equipartition does not
apply for the two-body system in equilibrium range, where there is no
energy transfer between two particles. The energy evolution does not
depend on individual mass, which seems consistent with the concept
of violent relaxation. More discussion is presented in Section 4.2.

The temporal evolution of the specific virial quantity G5 (mass
averaged radial velocity moment) can be found from Eqgs. (13) and
(14), where G is defined as,

G = 2 MiXi cVi  MmX| Vi +mpXp -V
s m; - my +my
(98)
4m1m2 4m1m2 .
= ) . = 27'}".
(my +my) (mq +my)

Using Eqgs. (70) and (72) for radius r and 7, the specific virial quantity
G can be written as,

_ dmimy { H()r[2
s 2
(my +mj)

2
Hoyr? 2Hn:
Y exp |- 05 11+ Bs sin O
2+n 2+n (2+n)3/2
99)

Similarly, the specific angular momentum of the two-body system
can be obtained as,

miX| X V| +myXp XV dmim
Hs — 1X1 1 242 2 _ 112 21‘XV
mjp +myp (my +my)
dmym _ - dmimavir, 1 R
—%rzF 2(s)zz—’zexp —EH()S Z.
(my +my) (my +my)

(100)

The angular momentum Hy decays exponentially at a rate of Hy/2
that is independent of the potential exponent n.

0S Bs .
2+n) exp( 2 ) (cosb‘s + 2(2+n)3/2 sm295)
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3.7 Two-body angular velocity w;, angle of incidence 6y,
and halo kinetic energy

The two-body collapse model (TBCM) and its solutions are pre-
sented. The two critical density ratios are identified. Rich information
contained in TBCM model can be used to provide more insights into
the structure formation and energy evolution. This section presents
several additional applications of TBCM.

The first example is about the two-body angular velocity w; that
can be found from the kinetic energy solution with

1
5 (s +my 2= 2) @32 = (my +mo) K. (101)

2
With r from Eq. (70), u = 2my /(m| + my) from Eq. (11), and kinetic
energy from Eq. (92), the angular velocity wy in transformed system
is obtained from Eq. (101),

V. —_
ws ® r—l’ exp [—2 (22 +nn) Hos] . (102)
For n = —1, angular velocity wy in original comoving system (with
vs = 1 and ry, in Eq. (40) and Eq. (73) for transformation) is,

P2

Wy = wsg =wsa % = ;g—er;?/Z, (103)
where the two-body angular velocity w; ~ H r,;?/ s inversely pro-
portional to the mean separation r, and is proportional to the Hubble
parameter. This can be confirmed by N-body simulation in separate
papers (see Xu 2021e, Fig. 15) (also see Xu 2022e, Fig. 3).

The second example is about the angle of incidence Oyr, i.e. the
angle between particle velocity and the vector of separation. The
virial quantity G5 (Egs. (98) and (99)) represents the relative motion
of two particles in the radial direction, while Hg (Eq. (100)) stands
for the relative motion in the tangential direction. Terms involving
05 in Eq. (99) can be averaged out when averaging over many two-
body systems with random angle 6. The angle 8y, between the
displacement vector r and its velocity vector v can be computed
using Egs. (99), (100), Eq. (70) for r, and the transformation between
time scales s = 7o In (¢/t;),

vy r-v Gy
t (6 = = — = —
B T N
n-2
. Hor; ox n-2 Hes) = — Bs a \2(n+2)
e P\ T T g :
(104)

where v, is the radial velocity and v.;, is the circular velocity. For
Bs = Bso, i.e. halos with an infinitesimal lifetime, the angle Oyy is
slightly > 7/2 (i.e. cot (fyr) =~ cos (fyr)) due to the gravitational
interaction. Equation (104) predicts that for two-body system, the
angle Oyy between the pairwise velocity Au = uj; — up and their
separation vector Ar = r| — r satisfies

Y 3/2
a m
cot (Oyr) = —fs (a_) =—Ps (—) s

i ri

(105)

where ry;, is the mean separation and Oy — 7/2 with time ¢ or
a. For two-body collapse between large halos with an infinitesimal
lifetime and a single merger, 85 = B> and cot (6yr) = —1/(37)
such that the angle between the velocity v of that single merger at
halo surface and its position vector r from halo center should be
Oyr ~ 96.06°, which is consistent with the result for halos with an
isothermal density profile (see Xu 2021b, Eq. (31)). The ratio of
radial velocity of single merger to its circular velocity is always a
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constant v, /veir = Bs2 = 1/3n. This angle represents the angle of
incidence when single merger merges with halos. It is relevant to the
interpretation of critical acceleration ag for MOND theory (modified
Newtonian dynamics) (see Xu 2022k, Fig. 8 and Eq. (12)).

Finally, halo with an isothermal density profile can be a direct
result of infinitesimal waiting time such that the radial flow vanishes
(see Xu 2021b, Section 3.3). This point can also be demonstrated by
the application of TBCM model to derive the halo energy. The last
example is to derive the kinetic and potential energy for large halos
with an infinitesimal lifetime.

Let’s consider a halo of mass M with a specific peculiar kinetic
energy Kj, that is continuously growing via elementary two-body
merging with a single merger of mass dM during an infinitesimal
time dt. Since dt =~ 0, the change of total kinetic energy of two-body
system in transformed system will be (M +dM) - K (s = 0) with
K from Eq. (92). The incremental change of the specific peculiar
kinetic energy in comoving system from a single merging event is

Kg(s=0) 2M v 2M GnM
dKj, = % = mdM;’ = mdM . asa:7, (106)
where the last equality is from the fact that v% =asG,M/r;7" (Eq.
(24)) and r; is the comoving length of the displacement vector. Since
dt = 0, the merging is instantaneous. The halo mass M « rl.3 and
the halo kinetic energy Kj o G,M/ri7"" o« M 41/3 for halos of
different mass at the same redshift (virial theorem). From Eq. (106)

dinKy 2asGyM 1_'_n
dinM ~ Kpar" - 3’

(107)

The final expressions for halo kinetic and potential energy are: (using
the virial theorem 2K, — n, Py, = 0, where n, = —1.3 is an effective
exponent due to halo surface energy and n, ~ —1.5 for halos with an
isothermal density (see Xu 2021b, Eq. (96))

6as G,M 12 as GuM
K, = — d Py,= —= . 108
h=3%n ar;" an h (3+n) ne ary" (108)
The one-dimensional velocity dispersion
2 4as GpM
o2 = = 1% In? (109)

3 h_3+nari_"’

with g = —n/227" defined in Eq. (24). Specifically, for n = —1,
3GM 3GM 3GM _3GM _ 3 GM

Ky =2 . = p,== = —, (110)
8 ar, 8 Tyi 4 rp 4 near; 2ne rp
and halo virial dispersion
2
2 Vi 1GM GM
2 i 2
:—K :2—:2.:——:— 111
Tv 3oh a “i 4 ar; 2rp a1
where ry = ari = rp /2 is the length of displacement vector in

physical coordinate and ry, is halo size. For large halos merging with
a single merger such that my > mj, u = 2, and ryi = rp /2 (from
Egs. (11) and (15)). Here v% = GM/8r; (Eq. (24)). Surprisingly, the
halo kinetic and potential energies can be derived simply based on the
elementary two-body collapse for large halos with an infinitesimal
lifetime, where halo density profile information is not even required.

On the other hand, the halo potential energy can be obtained for

halos with a power-law density profile of py, (r) ~ r™™,

/Orh % [/prh (x) 47rx2dx] on (y) 47ry2dy _ 3-m %

Or” pn (x) drx2dx

P, =-

(112)
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The potential energy from an isothermal profile with m=2 (Eq. (112))
is exactly consistent with that from the TBCM model in Eq. (110) (the
effective potential exponent n, = —1.5 for isothermal density (see
Xu 2021b, Eq. (96)). This fact indicates that the isothermal density
profile of large halos is a direct result of extremely fast mass accretion
or infinitesimal lifetime. In reality, halos have a finite lifetime, and
the density profile cannot be exactly isothermal.

4 CONNECTIONS WITH EXISTING THEORIES

Solutions developed for TBCM model in Section 3 provide signifi-
cant insights into existing theories. In this Section, TBCM model is
applied to demonstrate the stable clustering hypothesis (SCH). The
generalized stable clustering hypothesis (GSCH) is proposed with
an interesting scaling for high order moments of pairwise velocity.
Finally, connections with violent relaxation and standard spherical
collapse model (SCM) are also discussed.

4.1 Stable clustering hypothesis (SCH) from TBCM and
generalized SCH for pairwise velocity

The stable clustering hypothesis is a fundamental assumption and
one of the few key analytical tools for deeply nonlinear regime of
gravitational collapse (Peebles 1980). The dynamic evolution of the
density correlation function can be predicted based on this hypoth-
esis and pair conservation equation. The hypothesis states that on
sufficiently small scales, there is no stream motion between particles
in the physical coordinate. In this case, the peculiar motion cancels
out the Hubble flow. The hypothesis equivalently states that the mean
pairwise peculiar velocity Auy (first order moment) is proportional to
the proper separation r between pair of particles, i.e (Aup) = —Hr.
The structure is bound and frozen and the mean particle separation r
(in physical coordinate) is a constant on sufficiently small scales. In
this section, the TBCM model is applied to demonstrate the stable
clustering hypothesis and extend it to high order moments of Auj .
The temporal evolution with time scale s can be equivalently trans-
formed to the evolution with physical time ¢, where s = tyIn (¢/1;)
with #; and f( being the initial and current physical time (Eq. (53)).
The evolution of comoving size ry, o« exp (—Hys) o a~lforn=-1
in the equilibrium range can be obtained from Eq. (40), which means
a stable clustering frozen in physical coordinate with a fixed proper
separation. The stable clustering is only possible for n = —1 in ex-
panding background (Eq. (40)). The peculiar pairwise velocity for
particle pair with equal mass is defined as (see Xu 2022f, Fig. 1)
Aug (2r) = (u) —wp) - 212X (113)
Ixi —Xs]
which can be directly related to the virial quantity (radial momentum)
Gy (s) derived in Eq. (99). After converting velocity to peculiar
velocity with Eq. (6), the pairwise velocity is (from Eq. (72)),

. G
aVPAuy = Avy =25V 05 ) oy
r r
2H0r,' —I’lHQS 0 ZH()}’ (114)
= e cosfy — ——,
2410 P\ 240 ST 24n
Therefore, for n = —1 (using Eq. (74)),
2H 2Hor; nt
Auy = — ar % cos Bga > a2
2+n 2+n t (115)

1

=-2Har +2Hyr;a; 2 cosfs = —2Har + 2fsu; cos bs.

Pairs of particles at time a with a separation r can be formed



at different initial time a; with random initial separations r; and
peculiar velocity u;. Angles 65 at a given time a can be treated
as a random variable (Eq. (67)). Like our treatment of kinetic and
potential energies in Eq. (97), the mean peculiar pairwise velocity
for many pairs of particles (ensemble average) is

(Aup) = —2Har + 2 (Bgu;i cos bs) . (116)

We may safely assume that Sg, u;, and angle 6 are independent
random variables for a sufficiently large number of pairs. The second
term on the RHS of Eq. (116) should vanish as {cosfs) = 0. The
first order moment of pairwise velocity is therefore proportional to
the separation 2r for » — 0 such that

(Aup) = —2Har = -2a~"?Hyr. (117)

Equation (117) is often presented as a direct result of stable clustering
hypothesis. There have been many attempts to verify this relation with
N-body simulations (Efstathiou et al. 1988; Colombi et al. 1996),
while here we are able to directly demonstrate this result using the
two-body collapse (TBCM) model.

Similar argument can be extended to higher order moments of
pairwise velocity. For second order moment, namely the pairwise
velocity dispersion, we have (from Eq. (115))
<Au%>(r—>0)=4< ful?coszes> >0 (118)
that is dependent on the exact distributions of SBs, u;, and 5. The
non-zero pairwise velocity dispersion is an important signature of
the collisionless flow, while (Au? ) (r — 0) = 0 for collisional hy-
drodynamics where pairs of particles are fully correlated with » — 0
(see Xu 2022i, Table 3). For a uniform distribution of 65 between [0,
27, (cos2 0 s) = 1/2. For particle pairs that will form an equilibrium
range (stable clustering), a necessary condition is,

b g a)
(aud) > 0 =203 (") =2 (B22). (120)

The higher order moments of pairwise velocity with » — 0 can be
similarly derived from Eq. (115), where the even and odd moments
can be obtained up to the first order of r,

(Audm) (r = 0) = @HoY™ (2 (a7™) (cos?™65) . (121)

<Au2Lm+1> (r = 0) = =2Har (2Hy)*™ <rl-2m> (a;™) <cos2m 0s> .
(122)

A simplified relation is found between the odd and even pairwise
velocity moments with r — 0,

(82) = @m 1) (M) (A ) = oo+ 1) () (-2Har),
(123)

which reduces to the standard stable clustering hypothesis (Eq. (117))
for m = 0. Equation (123) can be considered as a generalized sta-
ble clustering hypothesis for pairwise velocity that can be directly
confirmed by N-body simulations.

In N-body simulation, all particle pairs with a given separation
r were identified. The moments of pairwise velocity is computed
as the average for all pairs of particles with the same r ((also see
Xu 2022i, Fig. 24)). Figure 7 presents the plot of Eq. (123) from
N-body simulation, i.e. the ratio between odd and even moments
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10° N 2 ;
<AuL>/[<AuL><AuL>]

<Aui>/[<Aui><AuL>]

<Auz>/[<Aui><AuL>]

<Auz>/[<Aui> <Au,>]

Figure 7. The ratio between (2m+1)th odd and (2m)th even order moments
of pairwise velocity from N-body simulation. This ratio is predicted by gener-
alized stable clustering hypothesis (GSCH in Eq. (123)) to be (2m+1). Com-
parison between prediction of GSCH and N-body simulation is presented in
Fig. 8 for high order moments of pairwise velocity.

108

—&—From GSCH Egq. (123)
—6—From N-body simulation

10°C .
10° 10"
(2m+1)

Figure 8. The comparison of predicted ratio from generalized stable cluster-
ing hypothesis in Eq. (123) and those from N-body simulation (Fig. 7) for
(2m+1)th moments of pairwise velocity. The deviation might require further
study using N-body simulations with higher resolution to sample the statistics
of particle pairs on small scale.

of pairwise velocity (Aui’"*l) / ((AMZL’")(AM L)). Figure 8 presents
the comparison of that ratio with predicted value of 2m+1. The
deviation from prediction for higher order moments might come
from the spatial intermittence of energy cascade and require N-body
simulations with higher resolution to reduce the large fluctuation at
small r in Fig. 7. The spatial intermittence of energy cascade in dark
matter flow leads to different rate of energy cascade for different
halos and affects the small scale dynamics (see Xu 20221, Fig. 9).
The 2mth order generalized kurtosis of the PDF (Probability Dis-
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tribution Function) of pairwise velocity Auy is defined as,
2 2\™
Ko = (a3 /{8 )" (124)

Let’s assume the second order moment has a general form of (AuzL) =

auu%aﬁ” when r — 0, where u(z) is the one-dimensional velocity
dispersion of the entire N-body system at present epoch. The high
order moments and generalized kurtosis of the pairwise velocity for
r — 0 can be obtained as (from Eq. (123)),

<Au2L'"> = KymaumaPum, (125)

H,
<Au2Lm+l> = =2 2m + 1) KypaMu2m 1 aPem=3 200 o (126)
up

} s Hor

Kopet (r) = =2Q2m + 1) Kpppay, 2a” <0, (127)

uo
where oy, By, and Ky, fully determine all these moments. Simula-
tions suggest @, =2 and g3, = 3/2.

The limiting velocity of dark matter particles follows a X distribu-
tion with a Gaussian core and exponential wing to maximize system
entropy (see Xu 2021c, Fig. 4), while the probability distribution of
pairwise velocity Auy with r — 0 can be different with kurtosis
K>, analytically derived (see Xu 2022i, Section 5.2). The general-
ized stable clustering hypothesis (GSCH) from TBCM model shows
that on small scale with r — 0, the odd moments of Auj are always
proportional to r while the even order moments are independent of
the separation r. Especially, the second moment of pairwise velocity
(pairwise velocity dispersion) follows a two-thirds law (Au%) o 23
on small scale (Xu 2022i) that might be used to derive dark matter
particle mass and properties (Xu 2022j).

4.2 Connections with violent relaxation

The violent relaxation is originally proposed for the collisionless
system with a time-dependent potential to explain the absence of
tendency to segregate different masses during the relaxation (Lyn-
denbell 1967). The TBCM model can be considered as a special
example of violent relaxation involving only two masses. The evo-
lution of mean separation ry, (s) (Eq. (40)) do not involve particle
mass. Particle mass only affects the frequency term wy, (s) through
initial velocity v; (Eq. (41)). The characteristic time of relaxation (in
scale of s) is only dependent on H), regardless of particle mass (see
energy evolution in Eqgs. (92) to (97)). Two particles with unequal
masses collapse at the same rate with the same characteristic time of
relaxation such that this type of relaxation does not lead to mass seg-
regation. We may examine the energy transfer between two particles
during a two-body collapse. The initial ratio of kinetic and potential
energy between two particles are (from Egs. (20) and (21))

2
Ksin _ ™MV1i _ myp? _my Psiy
Ko mpv3,  mp(2—p)?  mi Psiz

=1. (128)

The kinetic energy of two particles evolves during the two-body
collapse is (from Eq. (90)),

1 1
Kyi = gmi (v +02,) = gmu? [+ r2F ()74 (129)

and

1 2 2\ _1 2[2 ., 20 -4
Koo = 3m) (szwyz)_zm(z-ﬂ) |72 +2F (74| (130)
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Obviously, the ratio of kinetic energy between two particles is
time-invariant and equals the initial ratio in Eq. (128). The potential
energy of two particles also evolves with a constant ratio of 1. There
is no energy transfer between two particles with unequal mass. There-
fore, the energy equipartition does not apply here for particles with
different masses. For comparison, during a collisional relaxation, the
relaxation time of massive particles is less than that of light particles
(inversely proportional to particle mass for a two-body relaxation
process (Leigh et al. 2013). The energy equipartition enables trans-
ferring of kinetic energy between different particles such that massive
and light particles share the same kinetic energy. Therefore massive
particles have small velocity and tend to fall to the center of structure
(Spitzer 1969).

4.3 Connections with spherical collapse model (SCM)

The spherical collapse model (SCM) solves the motion of spherical
shells of matter surrounding an over-density, where many important
insights can be obtained for highly-nonlinear gravitationally col-
lapsing objects (Gunn & Gott 1972). This section will reveal some
fundamental connections between TBCM and SCM. The equation
of motion for a SCM model in physical coordinates reads

R GM

R (131)
where R is the radius of the spherical shell and M is the mass enclosed
by that shell. The initial velocity of mass shell is assumed to be
Hubble flow,

dR -

| = HiRi = Hoxia '? (132)
dt |, !
where x; = x (+ =0) is the initial radius in a comoving system.
Solution to Eq. (131) can be written in a parametric form,
R=A(1-cosf) and t=B(6-sinb), (133)

where two constants A and B are related to the initial radius x; in
comoving coordinates,

xi=x(t=0=A(120)*3/2 and A3 =GMB>. (134)

For a direct comparison, the SCM model (Eq. (131)) can be equiva-
lently expressed in the transformed system with comoving coordinate
x and transformed time scale s,

2
0*x Hydx GM Hj
—t+———+— = —x. 135
052 2 Os x2 2 * (135)

By setting x = 2r (SCM models a spherical over-density with
uniform mass distribution), the SCM Eq. (135) can be rewritten as

o’  Hoor GM _ Hér
ds2 2 ds  2(2r)? T2
——
1
The TBCM model presented in Section 3.1 (Eq. (30)) describes
a two-body system in an expanding background with uniform back-
ground density. The equation reads

(136)

GM _ (riv)?

0%r  Hy or
0 0 )2 == exp (—Hys), (137)
r

m-'- 2 6s+

2

where M = m| +my is the total mass of two-body system. The SCM
model essentially describes a self-gravitating system in an otherwise
empty universe (Eq. (131)). The energy is conserved for SCM model



in physical coordinates. By comparing the SCM Eq. (136) with the
TBCM Egq. (137), the original SCM model has an extra force term
on the RHS (term 1 in Eq. (136)) that is due to the absence of a
uniform background density. The TBCM model has a time-varying
frequency force due to the angular momentum (term 2 in Eq. (137)).

The original SCM can be considered to describe exactly a two-
body collapse in an otherwise empty universe, with one-dimensional
radial motion only and zero angular momentum. The initial con-
ditions for original SCM model (Eq. (136)) is an initial separation
ri = x;/2 (Eq. (134)) and a zero initial velocity in a transformed sys-
tem. The modified non-radial SCM model introduces an additional
constant centrifugal force to indirectly account for the effect of non-
radial motion White & Zaritsky (1992); Nusser (2001), while it still
models a self-gravitating system in an otherwise empty universe.

Equivalently, the proposed TBCM model in expanding back-
ground can be considered as a spherical non-radial collapse model
describing the gravitational collapse of a mass shell with a non-zero
angular momentum and non-radial orbits (non-radial spherical col-
lapse model). Both models predict a critical halo density ratio of
Ac = 1872 to the background density. However, the original SCM
model cannot predict the existence of an equilibrium range (stable
clustering for n = —1). In SCM model, the system is out of virial
equilibrium initially and reaching the virial equilibrium at the criti-
cal density, where effect of halo mass accretion cannot be explicitly
considered.

For comparison, the TBCM model allows the existence of an equi-
librium range for S5 < B4, where the initial density is at least twice
the background density (Eqgs. (78) and (87)). The TBCM model can
be considered as the elementary step for mass accretion/cascade. Ha-
los with an infinitesimal lifetime (due to the fast mass accretion) ap-
proach a critical density with a ratio of A.. = 1872 to the background,
where B converges to the critical value 85y = 1/37 (Egs. (82) and
(87)). The stable clustering hypothesis (SCH) can be demonstrated by
the TBCM model and generalized to high order moments of pairwise
velocity. Richer information on halo energy/momentum/structure can
be obtained from a TBCM model.

5 CONCLUSIONS

A transformed system for equation of motion is proposed by intro-
ducing a different time scale s for the motion of collisionless particles
in expanding background (Eq. (5)). The equivalence with the orig-
inal comoving systems is established. A two-body collapse model
(TBCM) for gravity with an arbitrary exponent n is formulated in
the transformed system (Eq. (11)). Results obtained can be readily
translated back to the original system. A complete analysis of TBCM
model is provided with governing equations for radius function (Eq.
(30)) or frequency function (Eq. (34)). The original five model pa-
rameters, i.e. the potential exponent n, Hubble constant Hy), initial
size r; and velocity v;, and system mass M = mj + my, can be
grouped into three dimensionless parameters n, B¢ = Hyr;/v;, and
Vs = (vr,'/vi)2 (Egs. (60), (61)). Here v,; is the circling velocity
for a given r; and M, and n in static background without damping.
The competition between gravitational force, expanding background
(damping), and angular momentum classifies the two-body collapse
into two regimes (Fig. 5): 1) a free fall collapse without oscillatory
motion for weak angular momentum; and 2) an equilibrium collapse
with oscillations for weak damping, when By < 1, -2 < n < 0 and
vs ~ 1. Two regimes are studied as follows.

For free fall collapse, the free fall time 7. in an expanding back-
ground can be analytically derived as a function of the free fall time
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Sce in static background and the beginning time #; of free fall (Fig.
6 and Eq. (57)). The two-body collapse can have a greater free fall
time 7. if two-body system begins to collapse at an earlier time #;
due to larger Hubble parameter (or damping) H.

For an equilibrium collapse, solutions identify three distinct
regimes (transitional, equilibrium, and final collapse in Fig. 5). An
exponential evolution of two-body system size, energy and momen-
tum can be obtained in transformed system (Fig. 4, Egs. (76), (92),
(93), (94), (99) and (100)), or equivalently a power-law evolution in
the original comoving system. A critical value of 85 < By (Eq. (78))
is required for the existence of an equilibrium range. Equivalently, a
maximum system size or a minimum initial velocity can be identified
(Eq. (79)).

The second critical value of 85 = 52 (Eq. (82)) can be identified
for large halos with an infinitesimal lifetime (due to fast mass accre-
tion). Large halos tend to be synchronized and generated at the same
time with small dispersion in their properties. Conversely, small ha-
los tend to have longer lifetime with more diversified properties at
a given redshift. The two-body angular velocity (Eq. (103)), typical
orbital period (Eq. (85)), the angle of incidence (ratio between ra-
dial and circular velocity) (Eq. (104)), and the critical density ratio of
1872 (Eq. (89)) can all be derived from the TBCM model. Isothermal
density profile is also a direct result of an infinitesimal lifetime.

Finally, the TBCM model demonstrates the stable clustering hy-
pothesis (SCH) for an equilibrium collapse, where mean pairwise
velocity is proportional to separation (Eqs. (114) and (117)). A gen-
eralized stable clustering hypothesis (GSCH) is also developed for
higher odd and even order moments that are related by mean pairwise
velocity (Egs. (121), (122), (123) and Figs. 7 and 8). The two-body
collapse in expanding background is independent of particle masses,
where the energy equipartition does not apply. Compared to the
original spherical collapse model (SCM), the TBCM model can be
naturally considered as a spherical non-radial collapse model with
non-zero angular momentum (Eqgs. (136) and (137)). Both models
predict the same critical halo density ratio of 1872, while the origi-
nal SCM model cannot predict a stable clustering. The TBCM model
also suggests a power-law energy evolution on large scale that will
be further investigated (Xu 2022h).

DATA AVAILABILITY

Two datasets underlying this article, i.e. a halo-based and correlation-
based statistics of dark matter flow, are available on Zenodo (Xu
2022a,b), along with the accompanying presentation slides "A com-
parative study of dark matter flow & hydrodynamic turbulence and its
applications" (Xu 2022c). All data files are also available on GitHub
(Xu 20224).
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