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Abstract

Designing materials with advanced functionalities is the main focus of contemporary
solid-state physics and chemistry. Research efforts worldwide are funneled into a few high-end
goals, one of the oldest, and most fascinating of which is the search for an ambient temperature
superconductor (A-SC). The reason is clear: superconductivity at ambient conditions implies
being able to handle, measure and access a single, coherent, macroscopic quantum mechanical
state without the limitations associated with cryogenics and pressurization. This would not
only open exciting avenues for fundamental research, but also pave the road for a wide range
of technological applications, affecting strategic areas such as energy conservation and climate
change. In this roadmap we have collected contributions from many of the main actors
working on superconductivity, and asked them to share their personal viewpoint on the field.
The hope is that this article will serve not only as an instantaneous picture of the status of
research, but also as a true roadmap defining the main long-term theoretical and experimental
challenges that lie ahead. Interestingly, although the current research in superconductor
design is dominated by conventional (phonon-mediated) superconductors, there seems to be a
widespread consensus that achieving A-SC may require different pairing mechanisms.

In memoriam, to Neil Ashcroft, who inspired us all.

Keywords: superconductor, superconductivity, hydrides, electron—phonon interaction, ,
crystal structure prediction, novel superconductors
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Figure 23. SCDFT predicted critical temperatures for a set of conventional electron phonon superconductors and comparison with

experimental values. Details can be found in reference [142].

high-T. structures thermodynamically stable at much lower
pressures. Therefore, if we were able to perform crystal struc-
ture searches in the quantum energy landscape, we would
probably find new high-7. compounds at much lower pres-
sures and put experimental colleagues on the right track
for finally reaching high-temperature and ambient pressure
superconductivity.
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16. Extending the predictive power of DFT for
superconductors: toward nonadiabatic
electron—phonon coupling
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16.1. Status

Over the past 30 years DFT has enjoyed enormous popular-
ity as an accurate yet computationally feasible method for the
ab initio calculation of normal-state electronic properties. The
discovery of high-temperature superconductors motivated an
extension of DFT to superconductivity in order to predict prop-
erties such as the superconducting critical temperature (7.) and
the gap at zero temperature [ 140]. Within SCDFT, a supercon-
ducting material is fully described in terms of two quantities:
the ordinary electron density and the superconducting order
parameter. This additional density is determined by solving a
BCS-like gap equation, where the screened Coulomb repulsion
and the phonon-mediated attraction between the electrons are
incorporated via the xc potentials, which are universal func-
tionals of the two densities. Compared to traditional many-
body Eliashberg theory, SCDFT yields two major advantages:
the numerical simplicity of the gap equation, and the absence
of any empirical parameter like the Coulomb pseudopotential.

The basic Hohenberg—Kohn and Kohn—Sham theorems
of SCDFT were proved by Oliveira, Gross and Kohn in
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the late 1980s. A first approximation to the xc functionals
was derived on the basis of many-body perturbation theory
by employing the optimized effective potential method in
the exchange-only approximation [141]. However, in addi-
tion to neglecting vertex corrections, as justified by Migdal’s
theorem, the phononic part of the functional also neglected
the dressing of the electronic Green’s function, which made
it of questionable accuracy for treating phonon-mediated
superconductivity. Recently, a new functional that retains the
accuracy of Migdal’s approximation has been derived from
the parametrization of the Eliashberg self-energy for a sim-
ple Einstein phonon spectrum [142]. This functional has
enabled accurate density functional calculations of experimen-
tal superconducting gaps without resorting to expensive GW
calculations. For all the materials tested so far, the 7.’s and
gaps predicted by the new functional turn out to be in excel-
lent agreement with the experimental data, while the numerical
effort is significantly lower than solving the full Eliashberg
equations (figure 23).

16.2. Current and future challenges

SCDFT is presently a powerful tool, but its predictive power
is limited to conventional phonon-driven superconductors.
Although this proves sufficient to describe room temperature
superconductivity in the high pressure regime, at atmospheric
pressure pairing mechanisms of purely electronic origin are
believed to be essential for achieving high 7. (100 K).

One mechanism of utmost importance is the spin-
fluctuation mechanism, which is commonly assumed to be
responsible for high-7'. superconductivity in Fe and Cu based
superconductors [143, 144]. Electronic charge fluctuations,
including plasmons [145] and orbital fluctuations [144], may
also favor superconductivity by providing additional contri-
butions to the attractive pairing. Along these lines there has
already been some progress in the construction of a plasmonic
xc kernel [145] and a preliminary functional approximation
including spin-fluctuations [143].

Even though, despite many years of systematic theoret-
ical search, no phononic superconductor with 7, > 39 K
has been found, there might be situations in which the elec-
tron—phonon coupling leads to superconductivity beyond the
predictive capability of conventional theory. One aspect that
has been long overlooked, especially in SCDFT, is the role
of nonadiabatic effects in the dynamics of electrons and
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Figure 24. The Kohn—Sham band structure (orange) in exact factorization-based DFT captures the phonon-induced wiggle in the electronic
spectral function (background blue-white color scale) of the Frohlich model with a parabolic electronic band (dashed yellow) linearly

coupled to a single Einstein phonon with energy 0.1 eV.

phonons. There is indeed experimental evidence that a number
of phononic superconductors are not described by the con-
ventional many-body theory of superconductivity based on
Migdal’s theorem, which breaks down when the energies of
electrons and phonons are comparable. In this regard, a gen-
eralization of the functional construction scheme [142] within
SCDFT, by effectively including vertex corrections to the elec-
tron—phonon self-energy, seems to be particularly appealing.
Evaluating these higher order contributions in a direct many-
body approach is in fact extremely costly due to cumber-
some Matsubara frequency summations. On the other hand, in
SCDFT these sums can be integrated analytically by following
a procedure similar to that used in reference [142].

However, this approach would only involve the electronic
degrees of freedom and is expected to increase the super-
conducting T, for low Fermi velocity [146]. Nevertheless,
nonadiabatic corrections could also significantly affect the
electron phonon coupling strength and the lattice dynamics,
either stabilizing or suppressing the superconducting phase,
depending on the material properties. A way to systematically
include nonadiabatic electron—phonon effects would be to use
a DFT/many-body formalism which does not depend on the
Born—-Oppenheimer (BO) approximation.

16.3. Advances in science and technology to meet
challenges

Standard DFT relies, by its very nature, on the BO approxi-
mation: the ground-state density is calculated from the elec-
trostatic potential of clamped nuclei. Since first-principles cal-
culations of electron—phonon coupling (used, e.g., in SCDFT
and Eliashberg theory [147]) start from DFT calculations of
the electronic structure, the BO approximation is implicitly
assumed. Recently, a generalized DFT framework for the treat-
ment of electrons and phonons has been developed [148] start-
ing from the exact factorization of the electron—nuclear wave
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function into electronic and nuclear components [149]. The
basic electronic variable is the exact (rather than BO) elec-
tronic density, which depends parametrically on the set of
nuclear coordinates. The equations to be solved are gener-
alized KS equations with a nonadiabatic Hartree xc poten-
tial and a nuclear Schrédinger equation with a beyond-BO
PES. Exact phonons are defined by the harmonic expansion
of the latter equation. Results for the Frohlich model show
that already the simplest approximation, in which nonadia-
batic contributions to the PES are added to standard BO-DFT
functionals like LDA or GGA, can reproduce the leading-order
phonon-induced band structure renormalization, including the
renormalization of the Fermi velocity (see figure 24).

Extending exact factorization-based DFT to superconduc-
tivity would establish a beyond-BO SCDFT which would
allow for (i) a seamless description of electron—phonon effects
in the normal state and (ii) the inclusion of nonadiabatic effects
on the superconducting side. The latter effects might be rel-
evant for systems like molecular superconductors or doped
insulators such as Cs3Cgp, BaK,BiO3 and BEDT-TTF.

An alternative way of capturing non-adiabaticity in the
superconducting state would be to set up a connection
to the recent many-body Green’s function theory beyond
the BO approximation proposed in reference [150]. A first
SCDFT nonadiabatic functional could be derived starting
with the Eliashberg (GW) self-energy diagram, where stan-
dard Green’s functions are replaced by nonadiabatic propa-
gators [150], and then following a similar procedure as in
reference [142].

16.4. Concluding remarks

SCDFT has attained a level of maturity where it allows for
accurate and computationally efficient calculations of 7.’s and
gap functions of phononic superconductors. However, super-
conductors displaying strong nonadiabatic effects, as well as
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Society.

unconventional pairing, are presently out of reach. In our
opinion, these materials are the most promising candidates
for achieving high-temperature superconductivity at ambi-
ent pressure as they belong to a largely unexplored basin of
search. Future developments of SCDFT should thus aim at
their description. With regard to nonadiabatic effects we pro-
pose that SCDFT, as well as the conventional theory of super-
conductivity, may benefit from a change in paradigm where
the starting point is a unified treatment of electrons and nuclei
based on the exact-factorization approach.
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17. Modeling superconducting properties with the
Eliashberg formalism
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171. Status

Advances in electronic structure methods alongside develop-
ments in software packages and computing hardware have
made it possible to model a host of complex materials prop-
erties from first principles. In particular, the research in con-
ventional superconductivity has come a long way from making
rough estimates of the critical temperature (7';) to probing pair-
ing mechanisms and resolving superconducting energy gaps.
Nevertheless, fully ab initio prediction of superconducting
properties remains challenging, and the vast majority of inves-
tigations rely on the semi-empirical McMillan or Allen—Dynes
formulas for estimations of the critical temperature.

A major part of the success achieved in the characteriza-
tion of the superconducting state in materials with conven-
tional pairing can be attributed to the development of the
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many-body Eliashberg theory [151], a generalization of the
Bardeen—Cooper—Schrieffer microscopic theory of supercon-
ductivity. This state-of-the-art theoretical method rests on the
Green’s function formalism and gives direct access to the
frequency-dependent superconducting energy gap as a solu-
tion to a set of self-consistent coupled diagrammatic equations
for the electronic and phononic propagators. The approach has
been particularly useful for solving Eliashberg equations in the
anisotropic, i.e. band and crystal momentum-dependent, form.
With the capability of naturally resolving multiple gaps on the
FS, it has been used to analyze the two-gap structure in MgB,
[151] and other intriguing superconductors.

The accurate anisotropic description is achievable only
with extremely dense electron and phonon meshes to properly
sample the electron—phonon (e—ph) scattering processes in
the vicinity of the FS. The development of a first-principles
interpolation technique based on Wannier functions was
instrumental for overcoming this computational challenge
[152]. The approach takes advantage of the spatial local-
ization of the e—ph matrix elements in the Wannier basis
and enables their efficient interpolation from a given uni-
form coarse grid to a desired arbitrary dense Brillouin
zone (BZ) grid at a significantly reduced computational
cost. So far, the only open-source implementation of the
anisotropic  Eliashberg formalism with Wannier-based
interpolation is available in the EPW code [153]
(https://epw-code.org/) distributed as part of the Quantum
ESPRESSO package (https://github.com/QEF/q-e/releases).
A numerical procedure based on symmetric Helmholtz Fermi-
surface harmonics (HFSH) has also been proposed as a robust
approach to treat the anisotropy of the e—ph interaction in the
Eliashberg equations [154]. The basic idea is to replace BZ
integrals in the k space with inexpensive sums over a few
HFSH coefficients.

While these advances have enabled accurate modeling of
the e—ph anisotropy from first principles, the Coulomb cor-
relations effects in the Eliashberg equations are still treated
predominantly with a single empirical parameter p* that acts
only near the Fermi level. A description of the e—ph and
electron—electron (e—e) interactions on an equal footing will
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