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ABSTRACT

In this paper, we propose an algebraic framework for orga-
nizing interactive musical systems in temporal space in a
way that helps in their design. The objective is to structure
this space in order to be able to represent the existing and
to open the exploration of new configurations that could
inspire new musical practices. To do so, we propose some
properties of interactive music systems allowing to com-
pare them in a temporal lattice. This framework should
be extended to other musical dimensions and give rise to
optimizations of musical systems according to the desired
performative properties.

1. INTRODUCTION

Until today, many studies and experiments have been car-
ried out to create and use interactive musical systems
(IMS) and many issues were discussed concerning their
design on the software and hardware level as well as con-
cerning their use. This paper proposes a study quite dif-
ferent from the previous ones because it introduces a theo-
retical framework for studying the temporal aspects at the
design level and their implication on the uses, within an
extension of the formal languages framework, which is an
original algebraic approach compared to generalized inter-
vals systems like [1] or geometry/topology of [2]. This
algebraic study focuses on the temporal aspects of interac-
tive musical systems and aims at describing and compar-
ing different systems according to properties related to ex-
pressiveness and playability. In order to do so, we formal-
ize interactive musical systems according to their temporal
dimension only, forgetting any spatial information. That
means that the system knows neither the musical informa-
tion (such as pitches, durations, timbre and volume) nor
the sensors nor even their number. One of the perspectives
of this work is of course to extend it to the spatial dimen-
sion. For this purpose, this model should be confronted
and articulated with the framework proposed in [3].

Thus, an interactive musical system temporality is repre-
sented by a tuple of algebraic objects which are the static
and interactive scores, the interpretation space, the device
language and the mapping function associating the musi-
cian’s playing with the unfolding of the score. These ele-
ments allow to describe representation spaces, and to mea-
sure some properties of the systems. In particular, we pro-
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pose a lattice of interactive scores that allows to organize
this space according to a partial order. Finally, we intro-
duce the notion of playing modes which corresponds to
certain configurations that are distinguished from the mu-
sical point of view. Many playings modes can be defined
with this formalism, whether they are existing or not.

The content of this article is limited to the presentation of
this formalism and its interest to describe playing modes
and measure some properties. The longer term goal is
to automatically compute from a score interactive musical
systems according to the desired playing modes, which de-
pend on given constraints, such as the performer’s motric-
ity or the available devices.

We first present the notation that are useful to formal-
ize the considered objects, then we present the elements
that constitute a temporal interactive musical system and
finally we show how to express playing modes with this
formalism and how to measure properties. We present the
rhythmic mode by using one or more keys to show how
this study can help in the design of a system. The case
of Jean Haury’s Metapiano [4] has strongly inspired this
work and is the subject of a particular development in this
formalism.

2. PRELIMINARIES

In this section we present the definitions and notation that
are used to formalize interactive musical systems. S-words
[5] are used to model the temporal relations between the
beginnings (ON) and the ends (OFF) of the notes of the
score.

Figure 1. The first two bars of a Scherzo of Beethoven
without any articulation

Let us consider the first two bars of the score of
Beethoven’s scherzo in the figure 1. The score is com-
posed of five notes that provides our basic alphabet A =

{A4, B4, F4, C5, D5} Each note in the score is associated
with a sequence of playing intervals. An interval has two
limits, an ON limit and an OFF one. Each is represented
by an occurrence of a letter denoting the note. In order to
discriminate ON and OFF, the occurrences denoting OFF
are overlined, and the rank of each interval in the sequence
is also provided with the corresponding occurrences. Thus,
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any letter of A will occur twice as many times as the num-
ber of intervalles in the sequence. Half the occurrences
- the odd ones are for the beginnings, the other half - the
even one are for the ends and are overlined. In the Figure 1,
the qualitative individual performance of A4 is modeled by
the word : [A4, 1][A4, 1][A4, 2][A4, 2], or, if their is no ambigu-
ity, by A4A4A4A4; the word B4B4 describes the one for B4.
The traditional formal languages theory [6] is not able to
take into account synchronization of events. S-languages
does. A s-letter is a non-empty subset of A. For instance,
the s-letter (A4B4) 1 denotes that the end of the first play
of A4 coincides with the beginning of B4.

This formalism allows to represent the following three
cases of musical articulations :

• Staccato : (A4)(A4)(B4)(B4)

• Legato : (A4)(B4)(A4)(B4)

• Esatto legato : (A4)(B4A4)(B4)

The score in the figure 1 reduced to esatto legato articu-
lations can be represented by the following s-word :
sb = (A4)(A4B4)(B4F4A4C5)(C5D5)(D5F4A4).

The s-language associated to the score describes all the
possible articulations, it is denoted S(A).

3. MUSICAL PIECE

This study is based on traditional scores of notes as they
contain a large quantity of events linked by numerous tem-
poral relations that the interpreter must take into account
during the performance which eventually requires virtuos-
ity. These scores also have a large repertoire. But this study
is also adapted to any style of written music or music on
a support, the notes being able to be more general sound
objects. Thus a piece of electroacoustic music segmented
in sound objects could be represented by a s-word.

A musical piece consists of a score and a space of inter-
pretation, that is, a set of modifications of the piece that
are allowed by the composer. In this paper a score is rep-
resented by a s-word augmented with musical information.
Each interpretation of a score is also represented by a s-
word so that a space of interpretation is represented by a
set of s-words. The letters of the score could be associ-
ated with spatial musical information, such as pitches, du-
rations and velocities, or any other information allowing to
produce the sound result of the score.

In this study, we separate the question of temporality
from that of the agogic interpretation. The first one is de-
fined in the score, while the second one is defined in the
space of interpretation below.

3.1 Interpretation

An interpretation of a score is a s-word, derived from the
one of the score following rules that the musician must re-
spect. In this article, the musician is not allowed to add
or remove any event, that is, the s-language of interpre-
tations I(sb) is included in S(A). For example, I(sb)
may be defined by the following algebraic formula where
we omit the indices of the occurrences of the intervals :
I(sb) = {A4}{A4, B4}{B4, F4, A4, C5}{C5, D5}{D5, F4, A4}

1 We use parenthesis without comma instead of curly bracket because
s-letters model leibniz’notion of instant, an equivalence classe for simul-
taneousness between instantaneous events. We use {[A4, 1], [B4, 1]} to
mean no order between the two occurences, which covers the three cases
of articulations.

where {a, b} means that a and b are not ordered 2 . In this
article, we consider that the musician cannot interpret the
simultaneity of events by pressing two keys exactly at the
same time. Thus, in this case, I(sb) is simply a language
and the number of its words, that is, the number of inter-
pretations is : |I(sb)| = 1!2!4!2!3! = 576. However, if she or
he could apply esatto legato and synchronism of chords,
I(sb) would be a set of s-words, and the number of inter-
pretations would be |I(sb)| = 1 × 3 × 75 × 3 × 13 = 8775.

3.2 Distance Between Interpretations

The distance between two interpretations i1 and i2 is de-
fined according to the cost of operations applied to i1 and
leading to i2. In a musical context, it is convenient to con-
sider that the costs of these operations increase from the
first to the fifth ones in the enumeration below.

Operations on interpretations.
Let opi =< out, in, pere, peres, pers > where the oper-

ations apply to adjacent s-letters :

• out : output of a letter out of a s-letter into a single s-
letter

• in : input of a single s-letter inside an adjacent s-letter
• pere : permutation of two end events
• peres : permutation of an end event with a start event
• pers : permutation of two start events

Transformation of interpretations. Let i1 and i2 be two
interpretations with the same alphabet, there exists at least
one r = o(r1, r2, ..., rn) being a composition of operations in
opi such that i2 = r(i1). Let us notice that in general r is
not unique.

Cost of transformations. Let us associate a cost to each
operation in opi and let us denote this cost by the function
cost. Let i1 and i2 be two interpretations with the same
alphabet, and let r = o(r1, r2, ..., rn) be a composition
of operations in opi such that i2 = r(i1), the cost of r is
defined to be the sum of the costs of all the operations that
constitute r : cost(r) =

∑
i cost(ri)

Distance between two interpretations. Let i1 and i2 be
two interpretations with the same alphabet, let O be the set
of all r such that i2 = r(i1), then the distance between i1
and i2 is defined to be : ∆(i1, i2) = minr∈O(cost(r)).

3.3 Degree of Freedom

Let s be a score and let I(s) be the space of interpreta-
tion of s. The size of I(s) is related to the degree of free-
dom given to the musician by the composer. Indeed, the
smaller set of interpretations is limited to the score s, and
the largest admits any kind of transformation. Let us de-
note by A∗(s) the latter. Between the two of them, there
exists a lot of possibilities (for example the one given for
sb in subsection 3.1). Let us define the following quantity
to measure the degree of freedom : df(s, I(s)) = |I(s)|

|A∗(s)|

3.4 Lattice of Interpretations

With the operations presented in the preceding subsection,
it is possible to build a lattice [7] starting from the score
and reaching all interpretations by applying all possible
operations. Therefore, an arrow from i1 to i2 would mean
that i2 can be obtained from i1 by applying one of the op-
erations on i1.

2 We can get ab or ba or a and b strictly synchronized
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4. INTERACTIVE SCORE

Let s be a score, an interactive score of s is a coloring
of the s-word s, i.e. a pair (s, i) where i is a s-word in-
cluded in s 3 . Thus, for a given score, there are several
interactive scores that can be defined, depending on the as-
sociated s-word that is included. The smallest is the empty
word noted ϵ and the largest is the one which is equal to
the score s.

4.1 Interactive Points

Given an interactive score (s, i), the s-word i is called the
interaction s-word. The letters of i are called interaction
points. These letters will later be associated to an inter-
action device that will allow to activate them. Thus, the
musician will be able to decide the precise moments of
triggering these events. This will allow her or him to con-
trol the rhythmic and agogic expressiveness of the musical
piece. Moreover, it should be remembered that the inter-
active points that are positioned in the same s-letter corre-
spond to synchronized events on the score. These interac-
tion points will allow the musician to activate these events
in any order of her or his choice, in particular to desyn-
chronize attacks, or chose how to articulate successions of
notes.

Example. Let (sb, i) an interactive score where sb is the
s-word of the score in figure 1. We can represent the inter-
active score by coloring in red the interaction points within
the s-word of the score : sb = ([A4, 1])([A4, 1][B4, 1])([B4, 1]

[F4, 1][A4, 2][C5, 1])([C5, 1][D5, 1])([D5, 1][F4, 1][A4, 2]). So, the
interaction s-word is the following : i = ([A4, 1])([B4, 1])([C5,

1][D5, 1]). This interactive score has 4 interaction points that
are the 4 letters of i : [A4, 1], [B4, 1][C5, 1][D5, 1]. Finally, we
see that according to the s-word indices, we keep the cor-
respondence between the letters of i and s : i[1] = ([A4, 1]) ⊂

p[1], i[2] = ([B4, 1]) ⊂ p[2], i[3] = ([C5, 1][D5, 1]) ⊂ p[4].

4.2 Degree of Interactivity

The degree of interactivity of an interactive score is = (s, i)

is equal to the number of letters of the s-word i, that is, the
number of interaction points, divided by the total number
of letters of the score : di(is) =

|i|
|s|

Thus, a null degree of
interactivity indicates that there is no interaction point and
that it is therefore impossible to control the progress of the
score, while a degree of interactivity equal to 1 indicates
that all the events of the score, whether they are beginnings
or ends of notes, are activated by the musician.

4.3 Partial Order of Interactive Scores

Let is1 = (s, i1) and is2 = (s, i2), we say that is1 is less
interactive than is2 if and only if i1 is included in i2. is1 <
is2 ⇐⇒ i1 ⊂ i2. Let us notice that if is1 < is2 then di(pi1) ≤

di(pi2).
Thus, for a given s, there is only one interactive score of

minimal order which is (s, ϵ), where ϵ denotes the empty s-
word. There is no possible interaction with this interactive
score. The next higher order interactive scores are those
which admit one interaction point. There are as many of
them as there are letters in s, since this interaction point
can be located on any of these letters.

3 i is said to be included in s if it is obtained by deleting letters of s.

Finally, there is only one maximum order interactive
score which is (s, s), because its s-word of interaction con-
tains all the letters of s. So all possible s-words of interac-
tion for the score s are included in it, by definition. This
order is indeed partial and not total because some elements
are not comparable.

4.4 Example of Lattice

Let us consider the following score : s = (A4)(A4B4)(B4).
It has 4 possible points of interaction. There are 15 inter-
action s-words that can be associated with this score. The
interactive scores can be organised in a lattice according
to the partial order introduced in the preceding paragraph,
where is1 −→ is2 means that is1 < is2. In the following
representation of the lattice, the minimum is located at the
top and the maximum at the bottom. We have omitted the
indexes of the letters in order to save space.

(A4)(A4B4)(B4)

(A4)(A4B4)(B4) (A4)(A4B4)(B4) (A4)(A4B4)(B4) (A4)(A4B4)(B4)

(A4)(A4B4)(B4) (A4)(A4B4)(B4) (A4)(A4B4)(B4) (A4)(A4B4)(B4) (A4)(A4B4)(B4) (A4)(A4B4)(B4)

(A4)(A4B4)(B4) (A4)(A4B4)(B4) (A4)(A4B4)(B4) (A4)(A4B4)(B4)

(A4)(A4B4)(B4)

Minimum

Maximum

5. TEMPORAL INTERACTIVE MUSICAL
SYSTEM

In this section, we define all the elements that constitute in-
teractive musical systems and introduce several quantities
to study their properties. This definition is limited to the
temporal aspect of the interactive musical systems. This is
why they are called temporal interactive musical systems
(TIMS).

5.1 Definition of a TIMS

A temporal interactive musical system is a tuple
< is, I(s),D,m >, where :

• s is a score
• is = (s, i) is a colored s-word representing an interac-

tive score
• I(s) is the space of interpretation of s
• D is the language of the device
• m is a command mapping that associates an interpreta-

tion of s to a word of D
where D and m are defined just below.

5.2 Device Language

In order to interact with an interactive score, it is necessary
to define the physical device that allows the activation of
the interaction points. For discrete controls, we can use
sensors such as buttons or keyboard keys. Depending on
the type of interaction desired, several keys can be hold
down simultaneously.

Two actions are possible on a key, the press and the re-
lease. Any sequence of actions on a key corresponds to a
sequence of presses followed by releases.
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To describe the language of a key, we associate a letter
x, an occurrence of x for pressing the key, and an occur-
rence of x for releasing the key. One cannot press twice
the same key without releasing it before the second time.
Thus, the key’s language is described with the following
rational expression :

T
1
x = (xx)

∗

If the sensor has n keys, let x1, x2, ... xn, x1, x2, ...
xn the letters corresponding to the presses and releases of
these keys, and let T 1

xi
be the language of the key xi, then

the language of this sensor is defined by the shuffle prod-
uct 4 (denoted by

⊔
) of the languages T 1

xi
of each of these

keys :
T

n
x1,...,xn

=
n⊔

i=1

T
1
xi

In this article, we are interested in languages correspond-
ing to the temporal dimension. To limit this study to this
dimension, we consider that the system does not know the
keys of the device and does not even know how many there
are. Thus, all keys are combined into one generic key. In
this case, the press or the release of a key is associated with
an event in the score, via the s-word of interaction. This
event does not depend on the key, but only on the position
of the press or release in the interaction s-word.

Thus, let us denote T 1
xn the projection language of a n-

key sensor in which all keys are represented by the same
letter x. Thus the press of any key is denoted by x and any
release by x̄. In others words, we consider the trace of the
presses and the releases. The only constraint is that the ith
occurrence of x̄ must occur after the ith occurrence of x.

This language is the set of Dyck words 5 of maximum
height n, that is, the set of well-parenthesized words with
a maximum of n embeddings of parenthesis. However,
for these words, a closing parenthesis is always associ-
ated with the last free opening parenthesis (which has not
yet been associated with a closing parenthesis). It may
therefore be musically useful to study other kind of lan-
guages. Indeed, in the physical play of the keyboard, a
release is rather associated with the press of the key that
is released. However, it should be noticed that the num-
ber of words may differ according to the different associ-
ations of keypresses and releases that are considered. Let
us notice in particular the following Dyck’s word of T 1

x2 :
w = xxxxxx, there exist 4 words of T 2

x1,x2
that corre-

spond to it :
w1 = x1x2x1x1x1x2; w2 = x1x2x1x1x2x1;
w3 = x1x2x2x2x1x2; w4 = x1x2x2x2x2x1;

Because we assume that the first non overlined letter that
is read is x1, the second one x2 and so on. Let us no-
tice here that the word w2 corresponds to the choice of the
command mapping used in the Metapiano that is presented
in 6.4.2.

In the examples of the next section, the languages of the
deviceD that will be considered are chosen among the lan-
guages of this subsection.

5.3 Command Mapping

Let s be a score, is = (s, i) an interactive score and
< is, I(s),D,m > be a TIMS. Let us first define a command
as a colored word of D and let C be the set of commands,
that is the set of all colorings of the words of D.

C = {(w,wi), w ∈ D|wi ⊂ w}

4 The shuffle product of languages L1, L2, ..., Ln is the set of words
obtained by interleaving in all possible ways the words of L1, L2, ...Ln

5 The number of Dyck word of size k is called the Catalan number and
is denoted by Ck/2.

where w is a word in the language of the deviceD and wi
is called the command word.

A command mapping is a function associating an inter-
pretation in I(s) to a command in C :

m : C −→ I(s)

Let us point out that the words w and wi are sequences of
letters corresponding to presses or relesases of keys. Now,
each letter of the command word wi is mapped to a letter
of the interaction s-word i. Thus each letter in wi allows
to activate the corresponding interaction point in i which
itself allows to trigger the corresponding event in the score
s. Let us notice that many choices have to be made in the
design of the function m.

• In the definition of the mapping between wi and i, the
kind of the letter ofwi, that is press or release, is not nec-
essarily related to the kind of the event in the score, that
is start or end of a note. Indeed, a press may activate an
end of note and vice-versa. However, for reasons of mu-
sical ergonomics, the types of the letters should match
each other most of the time.

• To match the letters of wi with those of i, chronologi-
cal order is preferred for reasons of real-time play. But
in some cases, i can have s-letters including several in-
teraction points. Then it is necessary to decide how to
choose the interaction point of i depending on the letter
of wi that the musician has just played.

Let us define the following sets :

• Let C(m) be the domain of m, C(m) ⊂ C
• Let I(m) be the codomain of m, I(m) ⊂ I(s)

Example. Let < is, I(s), T 1
x ,m > be a TIMS. Let us

consider the following interactive score :

is = (A4)(A4B4)(B4)

The interactive s-word of is is i = (A4)(B4)(B4)

Let us define a mapping m reduced to one command c,
so that the set C is defined as follows : C(m) = {c}; c = xxxx

The command word of c is the wordwi defined as follows :

wi = xxx

The mapping m associates the red letters of is with the
red letters of c in a chronological way. More precisely, m
makes the following associations :

• the first x of wi is associated with the interactive point
of the first s-letter of i, that is the event A4. Thus the first
press of a key activates the beginning of the note A4.

• the second x of wi is associated with the interactive
point of the second s-letter of i, that is the event B4.
Thus the second press activates the beginning of the note
B4, as well as the release of the note A4, because those
two events are synchronised in the same s-letter of is.

• Finally the second release is associated with the interac-
tive point of the third s-letter, that is the event B4. Thus
the second release activates the end of the note B4.

• The resulting interpretation is exactly the score s with
the durations that the musician has played.

The first release x̄ of the command c is inactive, but it is
necessary so that the word c belongs to the language of the
device D which guarantees that this word can actually be
played by the musician on this device.
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5.4 Expressiveness and Difficulty of a TIMS

Let s be a score, and let ms =< is, I(s),D,m > be a
temporal interactive musical system, let n be the size of
the command words in C(m) and let Dn be the set of the
words of D of size n : Dn = {w ∈ D, |w| = n}. Let us
define the following quantities associated to a TIMS :

• Degree of difficulty : dd(ms) =
|Dn)|−|C(m)|

|Dn|

• Degree of expressiveness : de(ms) =
|I(m)|
|I(s)|

5.5 Improving a TIMS

According to a given objective, there are several ways to
improve a TIMS by changing the definitions of its ele-
ments.

• To increase expressiveness one can increase I(m),
eventually as well as I(s)

• To decrease difficulty, increase C(m) or reduce D
• The decrease of D may imply the decrease of C, thus

may imply the decrease of I(m). So that a balance must
be found between difficulty and expressiveness.

6. PLAYING MODES OF TIMS

In this section, we show several playing modes that can be
defined for TIMS in order to illustrate the formalism and
show how to compare them according to the properties that
were introduced before.

6.1 The Score

In all the examples below, we use the score which is dis-
played in figure 1. There are many ways to represent a
score by a s-word. Let us recall the s-word sb :
(A4)(A4B4)(B4F4A4C5)(C5D5)(D5F4A4).
If we project this s-word on the onset letters, we obtain

the successions of the beginnings of the notes and the syn-
chronizations. We see that all the successions are repre-
sented and that the synchronizations are exact :
(A4)(B4)(F4A4C5)(D5).
In particular, every succession is represented by esatto

legato, whether the notes are actually linked or not, like in
this example : (A4)(A4B4)(B4)

6.2 Rhythmic Mode

This mode allows the musician to play with the rhythm
using one or more keys. Let us first present the TIMS with
one key and second the TIMS with two keys in order to
compare them.

We want to define a TIMS allowing to play sb with a
sequence of eight steps of key presses and releases. Let us
define our TIMS as the following :

ms1 =< is1, I1(sb),D1,m1 >

where the elements is1, I1(sb),D1 andm1 are defined below.

6.2.1 Space of Interpretation

Let us now define the space of interpretation I1(sb) that
we wish to allow the musician to play. This mode provides
only one interpretation in term of s-word, because all the
temporal relations of the score have to be strictly respected.

I1(sb) = {sb}

6.2.2 Interactive Score

In this case, the interactive score has exactly one interactive
point per s-letter. As a consequence, the choice of the letter
carrying the interactive point does not matter in practice.
However, in this example, a maximum of start letters in
the first voice have been selected for musical ergonomic
reasons. The interactive score is defined as follows, the
interactive points displayed in red, every line representing
a bar and omitting the indices for the sake of clarity of the
notation.

is1 = (sb, i1) = (A4)(A4B4)

(B4F4A4C5)(C5D5)

(D5F4A4)

6.2.3 One Key Device

Let us consider that the device is reduced to one key. Thus,
the alphabet is {a, ā} and D1 = T 1

a = (aā)∗

6.2.4 Command Mapping

The command mapping is defined by the set of valid com-
mands C(m1), i.e. the set of commands leading to an
interpretation in I(sb). It is defined as a set of colored
word (w,wi) where w is in D1 and wi ⊆ w, the sub-
word wi being represented by the subword colored in red
below. In this example, we have only one command :
C(m1) = {aaaaaaaa}

The command word wi is mapped to the interaction s-
word i1 of the interactive score is1. Thus the three black
letters are inactive, their purpose is to immerse the com-
mand into the language of the device D1.
Here is how the mapping works :
a −→ A4, a −→ ∅, a −→ A4B4, a −→ ∅, a −→ B4F4A4C5 ,

a −→ ∅, a −→ C5D5, a −→ D5F4A4

The command mapping can be defined as follows :
∀c ∈ D1,m1(c) = ⊥ if c /∈ C(m1) else m1(w) = sb

Thus we have :

• C(m1) = {c}, n = |c| = 8

• I(m1) = {sb}

6.2.5 Properties

This TIMS allows the musician to play a piece of mu-
sic with total respect for the temporal relationships with
the esatto legato that are imposed for the first four notes.
The musician cannot make mistakes so that the difficulty
is minimum. Indeed, the reduction of the device to one key
leads to only one command so that the degree of difficulty
is minimum. The total respect of the relations implies that
there is only one possible interpretation so that the expres-
siveness is at its maximum, while the degree of freedom is
low.

Let us precise the quantities that are useful to measure the
properties of our TIMS. The size of the commands is n =
8, the number of words of the device of size 8 is |D1|8 = 1,
the number of interpretations is |I1(sb)| = 1, and the num-
ber of all possible permutations of the score is |A∗(sb)| =

D(4, 2, 2, 2, 2)
6 with D(4, 2, 2, 2, 2) >> D(2, 2, 2, 2, 2) = 2244361.

|C(m1)| = 1, |I(m1)| = 1.

• Degree of freedom : df(s, I1(sb)) =
|I1(sb)|

|A∗(sb))|
< 4.45e−07

6 This is a generalized Delannoy number, whose computation is given
by the following recursive formula [see for instance (Durand-Schwer
2008) : Let (p1, p2, · · · , pn) n natural integers, and Pred(p1, . . . , pn)
= {(p̃1, · · · , p̃n) ∈ Nn| if pi ̸= 0, then p̃i ∈ {pi, pi − 1} else
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• Degree of interactivity : di(is1) = |i1|/|s| = 5/12 = 0.416

• Degree of difficulty : dd(ms1) =
|D1|8−|C(m1)|

|D1|8
= 1−1

1 = 0

• Degree of expressiveness : de(ms1) =
|I(m1)|

|I1(sb)|
= 1/1 = 1

6.2.6 Device With More Than One Key

Let us consider now that the device has two keys and let
us consider that those two keys are generic. Thus, the lan-
guage of our device is the projection of the language of two
keys : D2 = T 1

x2

This is the set of Dyck words of maximum height 2. Let
us consider the following TIMS that differs fromms1 only
in the number of keys : ms2 = (s, is1, I1(sb),D2,m1}

This system has the same properties as ms1 except that
the degree of difficulty is much higher. Indeed, the diffi-
culty increases with the number of keys because of the in-
creasing number of possible words of the device. The rea-
son for that is that a lot of words of the device are wrong.
In our example, the number of words of length 8 of the
device is 8 and only one of those words is correct. So the
musician has a 7/8 chance of being wrong. In particular,
all the words beginning by two successive a, that is by two
successive key presses, are wrong. For example, the fol-
lowing word is wrong because of the second letter that we
have colored in red : c′ = aaāāaāaā

In this example, only one word is correct and all other
possible words the musician can play with the device are
wrong. The situation gets worse if the number of keys in-
creases. Moreover we omitted to count the series of presses
and releases that would leave keys pressed at the end. This
further increases the number of wrong words.

There are several ways to reduce the difficulty in order
to improve this TIMS (see subsection 5.5). For example
one may increase the number of right words by changing
the mapping. The actual mapping associates only one word
with the interaction word of the interactive piece, this word
being a series of key presses and releases. We propose the
two following ways to modify the mapping :

• One possibility is not to consider the nature of the action
(press or release) and to associate any serie of actions to
the interaction word. Thus, the word c′ becomes correct
with this mapping, and produces the same result as c.

• Another possibility is to reject every wrong letter. In-
deed, since at any time, the system can predict the right
letter, it may reject all letters that are different from the
right one. The inconvenient of this choice is that the mu-
sician could think that the system is not working well
because it does not always react to her or his actions.
Thus, with this mapping, the word c′ is the beginning of
a correct word. Since the second letter a is rejected, the
second letter ā has to be rejected also, so that the word
has to be extended by 2 correct letters, or even more if
there are more upcoming wrong letters. For example,
the following command is correct with this new map-
ping : aaāāaāaāaā

p̃i = pi, 1 ≤ i ≤ n} − {(p1, · · · , pn)}.

D(p1, . . . , pn) =
∑

Pred(p1,...,pn)

Dn(p̃1, · · · , p̃n)

with D1(0) = 1, Dn(p1, . . . , pn−1, 0) = Dn−1(p1, . . . , pn−1). For
instance, if all pi = 2, then, the sequence (D(p1, · · · , pn))n is the
sequence A055203 of the Sloane’s on-line encyclopedia of integer se-
quences.

6.3 The Metapiano

Another way to reduce the difficulty of the previous TIMS
is to increase its space of interpretation as well as its set of
valid commands. This is the choice made in the Metapi-
ano 7 of Jean Haury [4]. Like the temporal interactive mu-
sical systems we consider in this paper, the Metapiano has
no timing information (rhythm and duration) and cannot
play automatically. In fact, in the score of the Metapiano,
are only associated to the s-letters note pitches and their
belonging to a particular musical voice of polyphony; no
other temporal (duration) or dynamic (velocity) informa-
tion. However, many interpretations can be performed on
a single or multiple sensors, or keyboard key.

Let us define the Metapiano by the following tuple :

mtp = {is2, I2(sb),D9,m2}

Only the score is the same as the previous examples, all
the other elements change. Indeed, the space of interpreta-
tion is open to some permutations of beginning and ending
notes in order to allow to play legato or staccato successive
notes. Therefore, the interactive score admits more inter-
active points in order to allow those permutations, and the
mapping has to be adapted. And D9 is defined below.

6.3.1 Space of Interpretation

The space of interpretation I2(sb) of the Metapiano is a
set of s-words made from the s-word of the score. In this
space, the beginnings of notes are ordered between them
as well as the ends of notes for all the s-words of I2(sb).
Moreover the end of a note always comes after its begin-
ning. To do so, the beginnings and endings of notes that
are in a same s-letter of the s-word s are desynchronised.
More precisely, the s-letters of s containing ending and be-
ginning letters are splitted into two s-letters, one containing
the endings, and the other one containing the beginnings.

Let us project the s-word of the score sb on the two kinds
of letters, as we did in the subsection 6.1, and consider
the two sequences of s-letters, on the left are the s-letters
corresponding to a projection on the onset letters, and on
the right to the projection on the offset letters :
a1 = ([A4, 1])
a2 = ([B4, 1])
a3 = ([F4, 1][A4, 2][C5, 1])
a4 = ([D5, 1])

a1 = ([A4, 1])

a2 = ([B4, 1])

a3 = ([C5, 1])

a4 = ([D5, 1][F4, 1][A4, 2])

Now the ai are considered as letters in an alphabet and
we consider words without synchronization.
The temporal constraints between those letters in the space
of interpretation are the following :

• For 1 ≤ i ≤ j ≤ 4, the s-letter ai comes before the s-letter aj

• For 1 ≤ i ≤ j ≤ 4, the s-letter ai comes before the s-letter aj

• All the s-letters containing an ON letter x comes before
the s-letter containing the OFF letter x̄.

The temporal relations can be represented graphically by
the lattice which is displayed on figure 2, where the arrows
denote a temporal precedence relationship.

7 see for example the small fugue of Förster:
https://youtu.be/FdMWvQpQnPM or Beethoven Great Fugue Op.
133 https://youtu.be/0hDlWxA6SlY
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Figure 2. The lattice representing I2(sb)

In particluar, this lattice indicates that a2 and ā1 may be
performed in any order but not synchronized, and both af-
ter a1 and before ā2.

The language corresponding the lattice is the set of the 14
possible articulations between the notes of the score :

I2(sb) = {a1ā1a2ā2a3ā3a4ā4, a1ā1a2a3ā2ā3a4ā4, a1a2ā1ā2a3ā3a4ā4,
a1a2ā1a3ā2ā3a4ā4, a1a2a3ā1ā2ā3a4ā4, a1ā1a2a3ā2a4ā3ā4,
a1ā1a2ā2a3a4ā3ā4, a1a2ā1ā2a3a4ā3ā4, a1a2ā1a3ā2a4ā3ā4,
a1a2a3ā1ā2a4ā3ā4, a1ā1a2a3a4ā2ā3ā4, a1a2ā1a3a4ā2ā3ā4,
a1a2a3ā1a4ā2ā3ā4, a1a2a3a4ā1ā2ā3ā4}

Figure 3 illustrates the temporal relations between three
successive notes according to this space of interpretation.
In this figure, for x and y being a letter ai or ai with 1 ≤
i ≤ 3, an arrow going from a letter x to a letter y denotes
that y is played just after x.

Figure 3. The five possible articulations of three notes and the quali-
tative temporal relations between the three associated intervals : the left-
most one for a1, the middle one for a2 and the last one for a3

6.4 Interactive Score

There are many possibilities to define the interactive score.
Let us consider the following one which is quite close to
the previous examples.

is2 = (s, i2) = (A4)(A4B4)

(B4F4A4C5)(C5D5)

(D5F4A4)

In this interactive score, three interaction points have
been added compared to the previous examples so that the
endings of the three first notes are interactive. The interac-
tion s-word i2 has 8 letters. This way, the parity between
the beginnings and the ends of notes in i2 is restored and
the mapping will be simplified.

6.4.1 Device of the Metapiano

The Metapiano is usually played on a 9-key keyboard
whose keys are generic. This number has been chosen for
reasons of musical ergonomics, especially for fast playing.
Let us base the study with such a device keys. Thus, the
language of our device is the projection of the language of
nine keys :

D9 = T
1
x9

6.4.2 Command Mapping

In this mapping all the letters are active, so that the com-
mand word is always equal to the whole command. In
other words, all the letters are red. The set of valid com-
mands C(m2) is the set of all the words of length 8 that can
be obtained from the device with a succession of presses
and releases of any key and when all the keys are relaxed
at the end. However, the words that do not have as much a
as a are not in this set. This set can be obtained from the
word (aa)4 by swapping the a letters with the a letters to
bring them to the left or simply from I2(sb) by erasing the
indices.

C(m2) = { aāaāaāaā, aāaaāāaā, aaāāaāaā, aaāaāāaā, aaaāāāaā,
aāaaāaāā, aāaāaaāā, aaāāaaāā, aaāaāaāā, aaaāāaāā,
aāaaaāāā, aaāaaāāā, aaaāaāāā, aaaaāāāā}

The mapping between a command word and the interaction
s-word proceeds as follows.

• the ith letter a of the command word corresponds to the
ith beginning letter of the interaction s-word.

• the ith letter a of the command word corresponds to the
ith ending letter of the interaction s-word.

Thus, the word c′ that was considered wrong in the exam-
ple 6.2.6 becomes correct with this mapping. This word is
the third one of the set of commands C(m2) above. Here
is how the mapping works with this word :
a −→ A4, a −→ B4, a −→ A4, a −→ B4, a −→ C5F4A4, a −→ C5,

a −→ D5, a −→ D5F4A4

We notice that the permutations of the letters in the com-
mand word imply permutations of the corresponding s-
letters of the score via the interaction s-word. Since the
device does not allow to release a key before it has been
pressed, the temporal constraints between the a and a let-
ters are always respected. Moreover the genericity of the
keyboard keys implies that permutations between the let-
ters a are not possible since they are not distinguishable. It
is the same for the letters a. Thus, all the words of the set
D9 of size 8 are in C(m2) and vice-versa.

The interpretation resulting from the execu-
tion of this command word is the following :
(A4)(B4)(A4)(B4)(C5F4A4)

(C5)(D5)(D5F4A4). Let us examine the distance of this
interpretation to the score sb. We can see that the out
operation must be applied three times to the score sb2 in
order to obtain this interpretation. From left to right, the
first application was made on the letter B4, the second one
on the letter B4 and the last one on the letter C5. Thus,
the distance of this interpretation to the score is equal to
three times the cost of the out operation.

6.4.3 Properties

This TIMS allows the musician to play a piece of music
with respect for some temporal relationships between the
events and with the possibility of swapping some events of
the score. The mapping is such that its domain is equal to
the set of words of length 8 of the device language, that is
the 4th number of Catalan. The number of words that the
musician can play on the device is much higher, because
she or he can play prefixes of Dyck words of longer size.
For example she or he can do more presses than the num-
ber of beginnings of notes of the score. So the musician
can play some wrong words. At last, in this example, the
codomain is equal to the interpretation space.
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Let us precise the quantities that are useful to measure the
properties of our TIMS. Let us denote by |D9|8+ the num-
ber of words of size 8 that are prefixes of longer Dyck
words. This number is much higher than |D9|8. n = 8,

|D2|8+ ≥ C4, |I2(sb)| = C4, |A∗(sb))| > 2244361, |C(m2)| = C4,

|I(m2)| = C4, where C4 is the 4th number of Catalan, that is
14.

• Degree of freedom : df(s, I2(sb)) =
|I2(sb)|

|A∗(sb))|
< 6.23E-06

• Degree of interactivity : da(is1) = |i2|/|s| = 8/12 = 0.66

• Degree of difficulty : dd(ims1) =
|D9|8+−|C(m2)|

|D9|8+
> 0

• Degree of expressiveness : de(ims1) =
|I(m2)|

|I2(sb)|
= 1

It can be seen that in the two cases of TIMS considered,
the rhythmic mode and the Metapiano, the degree of ex-
pressiveness is at its maximum. They both take advantage
of the device to allow the musician to explore all the space
of interpetation allowed by the composer. The metapiano
offers a larger space of interpretation, which is expressed
by the greater degree of freedom than the rhythmic mode.
The Metapiano requires more gestures from the musician,
which is expressed by a higher degree of interactivity. Fi-
nally it is a little more difficult to play than the rhythmic
mode because the musician must anticipate the end of the
score to stop all the notes in time.

7. CONCLUSION

In this paper we have presented an algebraic framework to
describe the temporal aspects of interactive musical sys-
tems. For this purpose we have limited our study to sys-
tems using generic discrete control sensors. Indeed, we
have eliminated all spatial knowledge concerning the musi-
cal information but also the sensor information. Thus, only
the information concerning the temporal relations between
the static events of the score and the real time events of the
performance are considered. This study allows to dissoci-
ate the temporal constraints coming from the written score,
from those coming from the interpretation domain opened
by the composer to the musicians, and those coming from
the sensors. The formal definition of these spaces opens
the possibility to study them, to browse them, to measure
them, and to compare various solutions for designing tem-
poral aspects of interactive musical systems. Some exam-
ples are provided in this article, but many others could be
studied and new system models could be identified.

This study opens the way to several new perspectives.
One of them is to complete the study of playing modes that
show musical interest. Distinguished playing modes could
be formalized and integrated into interactive sequencers
such as OSSIA score [8, 9]. Some questions arise, for ex-
ample, how to simplify the playing of a score for a mu-
sician with a motor disability while ensuring a satisfac-
tory degree of expressiveness? This requires detecting mo-
ments of interest in the score to place the points of interac-
tion so that the interpretation is fluid and expressive. For
this purpose, it could be useful to focus on models of ex-
pressivity like [10].

The extension to the space domain of this model can be
done in several steps. First of all, a recognition of the de-
vice keys and the notes of the score will allow to know
at any time which key is released and consequently which
note is to be finish. This step may allow to model the sec-
ond version of the Metapiano, which gave rise to the devel-
opment of the Midifile Performer [11]. The study in [12]
presents also various playing modes that are of interest.

Finally, a major objective is to be able to optimize TIMS
according to certain criteria, in particular playability and
difficulty, in order to find the best solutions in the alge-
braic spaces defined here according to the objectives of the
design of interactive musical systems.
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