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ABSTRACT

We introduce the notions of 0-(1-2)-primary and almost primary ideals which are the
generalizations of 0-(1-2)-prime ideals in near-rings. Moreover, some characterizations are
also obtained and are demonstrated with suitable examples.
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1 Introduction and Preliminaries

An algebraic system N with two binary operation “+” and “-” is said to be a (right) near-ring,
if it is a group (not necessarily abelian) under addition, semigroup under multiplication and N
satisfies (right) distributive law i.e., forany x, y,z€ N; (x + y) -z = (x - z) + (y - z) [7].
Similarly, a left near-ring can be defined by replacing the right distributive law with left
distributive law. We call a (left) near-ring N is a zero-symmetric, if 0-n =0 forall n € N.
Similarly, an element x of (left) near-ring N is distributive, if (a +b)-x =a-x+ b - x for
all a, b € N, and if its all the elements of N satisfies right distributive property we say that N
is distributive near-ring. The near-ring N is called a distributively generated (d.g), if it contains
a multiplicative sub-semigroup of distributive elements which generates additive group (N, +).
Every distributively generated near-rings are zero-symmetric near-rings. We refer [7] for the
fundamental concepts and notions for near-rings. Let N and N’ be two near-rings and T and
nI' be two N-groups, then ¢p: N — N’ satisfying ¢p(n, + n,) = ¢ (ny) + ¢p(n,); p(nyn,) =
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¢(ny) p(ny); andamap h: yI' = yI' satisfying h(y + &) = h(y) + h(9); h(ny) = nh (y)
are said to be near-ring homomorphism and N-homomorphism, respectively. We call a subset
I of anear-ring N is an ideal if: (i) (I, +) is a normal subgroup of a (N, +), (ii) For eachn €
N,i€l,ni€lie, NI cI,and (iii) (n, +i)n, —nyn, €I for each n;,n, e Nandi € [.
But A. Frohlich [4] showed that for d. g- near-rings the third condition is equivalent to in € I
i.e., IN < I. A proper ideal P of a near-ring N is said to be a prime ideal if for ideals A and B
of N,AB € P= A C PorB c P. Different types of prime ideals have been introduced in the
literature (see [5], [2]&[8]). Almost prime ideals in near-rings have been endorsed by B.
Elavarasan (see [3]). A proper ideal P of a near-ring N is said to be an almost prime if for any
ideals 4 and B of N such that AB € P and AB € P2, we have A € P or B C P [3, page 47].
The author established few relationships between almost prime and prime ideals as well [3].
Notions of 0-(1-2)-prime ideals have been introduced in ([2], [5] & [8]). Following [5], an
ideal P of near-ring is said to be a 0-prime ideal, if for any two ideals I;, I, € N such that
1,1, € P implies I; € P or I, < P [5]. Subsequently, Ramakotaiah and Rao [8] introduced the
concepts of 0-prime, 1-prime and 2- prime ideals of a near-rings. Furthermore, G. Birkenmeier
et al. [2] discussed the connections between prime ideals and type one prime ideals in near-
rings. Following [2], an ideal [ is said to be a type-zero or simply a prime ideal if A and B are
ideals of N, AB < I implies A € I or B < . Further to this, an ideal I of a near-ring is of type-
1(or 1-prime) if x, y € N, xNy € I then x € [ or y € I. Similarly, an ideal P of a near-ring N
is called 2-prime if for any two subgroup K;, K, of (N, +) such that K; K, € P implies that
K, € P or K, € P. It is well-known that 2-prime = 1-prime = 0-prime, but the converse
doesn’t exist in any of the implication. Recently, P-ideals and their P-properties in near rings
have been introduced in [1]. On the other hand,few concepts of nearrings have been shifted
towards seminearrings in [6].

In this note, we introduce the notions of 0-(1-2)-primary ideals and almost primary ideals in a
near-rings. We investigate that 0-prime ideal is always 0-primary but converse is not true. We
also establish that 2-primary = 1-primary = 0-primary ideals but the converse does not hold
true in any of implication. Furthermore, several characterizations are obtained and supported
by suitable examples.

2 Primary ideals in near-rings

In this section, we introduce and discuss different types of primary ideals of near-rings. We
also investigate some relationships among them.

Definition 1. A proper ideal P of N is called 0-primary if A, B are any two ideal of N such that
AB < P impliesthat A € P or B™ < P forsomen € Z*.

Example 1 Suppose that N = {0, 1, 2, 3, 4, 5, 6, 7} be a right near-ring with addition and
multiplication defined in the tables set 1.
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Tables set 1
+ (0 |11(2(3(4|5]|6|7 + (0 |1 2|3 |41|51|6|7
0 |0(1]|2(3|4|5]|6|7 0 |0|1|2|3|4]|5|6]|7
1|11]0 (3|2 |5 |4 6 1 |1]01(3 (21514 |7 |6
2 1213/0(11|6|7 |4 |5 2 (2 |13|0]11(6 1|7 |4 |5
3 13(2(1(01|7 |65 |4 3 (3|12|1|01|7 |65 |4
4 4 (5|6(7 (01|23 4 4 |516 |70 (1|2 |3
5 |5|41|7 |6 |1|0]3 |2 5 (514|716 |11]0(3 |2
6 |6 7(4(5(2 (3]0 |1 6 |6 |7 41|52 |3 (0|1
7 |7 161|514 (32110 7 |7 16 |54 (3|2 (1]0

Here P ={0,2},1; ={0,1, 2,3} and I, = {0, 1} are ideals of N. Also I;I, = {0} < P implies
I? € P = P is a 0-primary ideal of near-ring N, however P is not a 0-prime ideal.

Proposition 1 Let I be an ideal of a zero-symmetric near-ring N. Then I is a 0-primary ideal
if and only if every zero-divisor in N /I is a nilpotent.

Proof =) Let I be a 0-primary ideal of a near-ring N and consider N/I is a non-trivial. Let
n+1 € N/I be a zero-divisor and n; € N/I. Consider nin +I = (n; + D(n+ 1) =0+1=
nn€el, n, &l =>nkel for some k€ Z*. Hence (n+D¥=nk+1=0+1=>n +I is
nilpotent. <) Suppose N/I is non-trivial and every nonzero zero-divisor in N/I is nilpotent.
Since I # N, let ny, n, € N such that n,.n, € I, then either n;, € I or n; & I, suppose n, & I
then consider (n, + N(ny +1) =ny,.ny +1 =0+1= n,.ny = 0,50n, + I isa zero-divisor
and by assumption (n, + N* =nk¥ +1=0+1=n¥ €1, hence I is a primary (0-primary)
ideal.

Example 2 Let N ={0, a, b, c} be a zero-symmetric near-ring under the addition and
multiplication defined in the tables set 2.
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Tables set 2

eybeld

0 |a |b |c
0|0 [0 |0 |O
a |0 |a |0 |a
b |0 [0 |0 |O
c |0 |a |0 |a

Clearly, P = {0, a} is O-primary ideal and the quotient N/P = {0 + P, b + P} along with
operations given in tables set 3.

Tables set 3

+

0+P

b+pP

0+P

0+P

b+pP

b+P

b+pP

0+P

0+P

b+ P

0+ P

0+P

0+P

b + P

0+P

0+P

Here the zero divisors of N/P are 0 + P and b + P, which are nilpotents. Intersection of any
two 0-primary ideals of a near-ring need not be a 0-primary ideal, we provide an example.

Example 3 Suppose N ={0, a, b, c} be a commutative near-ring with addition and

multiplication defined in the tables set 4.

Tables set 4

+ |0 |a |b |c
00 |a |b |c
ala |0 |c |b
b|b |c |0 |a
c|c |b |a |0

o O o o ©
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Let us consider 0-primary ideals P; = {0, a} and P, = {0, b} of a near-ring N. But P, N P, =
{0} is not a O-primary ideal of N.

Proposition 2 Every 0-prime ideal in a near-ring N is a 0-primary ideal of N.

Proof Let N be a near-ring and P be a 0-prime ideal then for all x, y € N,xy € P = x € P or
y € P, while considering n = 1 the result follows.

Remark 1 Every maximal ideal in near-ring is 0-prime and hence a O-primary ideal = a
maximal ideal is a 0-primary.

Definition 2. An ideal I of a near-ring N is a semi-primary ideal if for any ideal J of N, J2 € I
implies that J < I.

It is well known that in any near-ring the intersection of any prime ideals is a semi-prime ideal.
We also know that a semi-prime ideal of a near-ring N is the intersection of minimal prime
ideals of I in N such that the ideal I can be written as the intersection of all prime ideals
containing I. However, the intersection of two primary ideals need not be a semi-primary ideal
for instance see in example3 i.e., I = {0} is the intersection of primary ideals {0, a} and {0, b}
but is not a semi-primary i.e., P2 € {0} =1, but P, & I.

Definition 3 An ideal P of near-ring N is said to be 1-primary ideal if for any right ideals A, B
of NNABS P=>ACPorB™c Pwheren € Z*.

Example4 Let N = {0, 1, 2, 3, 4, 5, 6, 7} be aright near-ring with addition and multiplication
defined in the tables set 5.

Tables set 5
01234567
+ -10/ 12 3/ 4|5/ 6|7
0{0[1]2/3/456|7
0/0{0[ 0] 0] 0] 0[O O
111 23| 0] 5| 6| 7| 4
1701/0/1/0{110
212(30/1 6|7 45
210020020220
31310/ 1|2/ 74| 5|6
310[3/0 3|0 3[30
4147 6|50 321
4| 4 4] 41 4| 4] 4] 4] 4
4 1 2
>5476103 5| 4{ 5 4 5| 4{ 5| 5| 4
47 21
6/6/547 03 6| 4| 6| 4| 6| 4| 6| 6| 4
4321
71716543 0 7\ 47|47 47 7 4
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Let A ={0, 1, 2,3} and B = {0, 2} be the two right ideals of N. Let P = {0, 4} be an ideal of
Nthen the product AB = {0} € P implies B> < P. Hence P is a 1-primary ideal of near-ring
N.

Definition 4. An ideal P of near-ring N is called 2-primary ideal if A, B are any two N-
subgroups such that AB < P implies that A € P or B™ < P for some n € Z™.

Proposition 3 Let N be a near-ring. Then the following statements are equivalent.
(i) P is a 2-primary ideal of N.

(i) If A is an N-subgroup and B is an ideal of N then AB € P implies A € P or B¥ € P where
n ezt

Proof. (i) = (ii) If P is 2-primary ideal and B is an N-subgroup then (ii) is straightaway.

(ii) = (i) Let A and B be two N-subgroups of N such that AB € P. Let A € P and assume
B¥ € (P:A) = {n € N: An € P} = S.Since S isan ideal of N, we have if r € Sandn,n; € N
thenforalla € A,a(—m+r+n) = —an+ar + an € P,asPisanideal thusa[(n + r) n; —
nn,| = (an + ar)n, —ann, € P which implies Anr € Ar < P. Hence AS < P but we have
assumed that A & P which impliesS € Pso B¥c s c P.

Proposition 4 Let P be a 2-primary ideal and A;,..., A, are N-subgroups. Then A;A4,... Ay S
P implies AT < p forsomei € {1,...,k}andn € Z*.

Proof. Let A;A,... Ay € P and A; € P such that (4,,..., Ax)™ S (P: A;). Thus A,.(P: A;) S
P which implies (P: A;) € P given that P is 2-primary ideal. By using proposition3 (ii), we
get (4,,...,

A, )™ < P. Similarly, we can repeat procedure for A, ¢ P and eventually AT < P forsome i €
{1,..,k}.

Definition 5. An ideal P of a near-ring N is said to be 3-primary ideal if for a, b € N such that
aNb € P =aCSPorb™cPforneZt.

Example 5 Let N ={0, 1, 2, 3, 4, 5, 6, 7} be a (right) near-ring under the addition and
multiplication defined in tables set 6.
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Tables set 6

+ 0] 1234|567 -1011] 2] 3/4{5| 6|7
00(1]23/4{5/6|7 0/ 0]0{0]010]0]0[0
112/3/0/17 645 110[1]2 3/4{5| 6|7
212(3]0[1/5/4{7 6 21020022200
313/0[12/6 7 54 310[32/15|4 6|7
4147562013 4 0/ 42| 54| 5| 6|7
5(5/6(4(7/0 231 50| 6245|467
6|6/47 51302 6/ 0/ 6/ 0/6/0/0 00
7(7/5/6/4{3/1/2/0 7/017/07/ 2200

Let P = {0, 7} is a left ideal of N which is 3-primary ideal.

Definition 6. A proper ideal P of near-ring is called (completely) c-primary ideal if for a, b €
N suth that ab € P impliesa € P or b™ € P forn € Z*.

Example 6 Let N = {0, 1, 2, 3, 4, 5} whose addition and multiplication are defined in the tables

set 7.

Tables set 7
+ 012345 IKEEERE
olo123 45 0/0[0/0[0/0]0
11123450 1/0/5/1/0/ 51
212134501 204|204 2
31345012 31033033
4450123 4( 0| 2| 4{ 0| 2| 4
cl5ol1 234 5/0/1/5/0 15
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Clearly,P = {0, 2, 4} is a c-primary ideal of Nas 1.3 = 0 € P implies 32 =0 € P and 5.3 =
0=32=0€P.

Now we try to find the relationships among different types of primary ideals. Refer to
example4, it is easy to verify that P = {0, 4} is a O-primary ideal. Thus, every 1-primary ideal
= 0-primary ideal. From example4, we have observed that an ideal P = {0, 4} is 1-primary
ideal but it is not 1-prime ideal. Similarly, from example5, we see that P = {0, 7} is 3-primary
ideal but it is not 3-prime ideal as 3N7 = {0} < P but 3 or 7 doesn’t belong to P. Similarly, in
example6, P = {0, 2, 4} is a c-primary ideal of N which is not a c-prime ideal, however it is
easy to verify that an ideal P is simultaneously 3-primary, 2-primary, 1-primary and 0-primary
ideal . Hence we concluded that

¢ — primaryideal = 3 — primary = 2 — primary = 1 — primary = 0 — primary.

But the converse doesn’t hold true in the above implication. After discussing different types of
primary ideals in a near-ring now we introduce 0-(1-2)-primary near-ring.

Definition 7. A near-ring N is said to be a 0-(1-2)-primary near-ring if {0} is 0-(1-2)-primary
ideal of N.

We can say that a near-ring N is said to be a 0-primary (primary) near-ring, if for any two
ideals A, B of N, AB < {0} implies A < {0} or B™ < {0}. In a similar manner, we can define
1-primary and 2-primary near-rings.

Example 7 Consider the left near-ring N = {0, 1, 2, 3} defined in tables set 8.

Tables set 8
+0/1) 23 EIEE
010123 00000
111/03(2 o000
2121301 >0l 00
313(2/ 10
o 3101011
Let I = {0, 1} and J = {0, 2} be the two right ideals of N such that IJ = {0}

where J2 = {0}. Hence N is a 1-primary near-ring.
Proposition 5 Each 0-prime near-ring is a 0-primary near-ring.
Proof. Immediate.

Example 8 Every integral near-rings are prime near-rings and hence primary (0-primary) near-
rings.
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We have introduced different primary ideals now we discuss the prime radical of these ideal.
Following [7, definition 2.93], if I be an ideal of a near-ring N then the intersection of all prime
ideals containing I is said to be the prime radical and is denoted by (1) i.e., go(I) =0 P,

where P is the prime. Hence, if n € go(I) = 3 k € N:n* € I. In other words, an ideal Iofa
near-ring N is a semiprime ideal in N iff go(I) = I. Likewise rings, we will see that if I is the
0-(1-2)-primary ideal of a near-ring then its prime radical is the corresponding 0-(1-2)-prime
ideal.

Example 9 Refer to examplel, {0, 2} is 0-primary ideal and /{0,2} = {0, 1, 2, 3} which is 0-
prime ideal of N.

It is easy to verify that if I is a 0-(1-2)-primary ideal then its prime radical is a 0-(1-2)-prime
which we have already seen in example9. On the other hand, the converse doesn’t hold true
i.e., if the prime radical of an ideal I is 0-(1-2)-prime then it is not necessary that I is a 0-(1-
2)-primary ideal.

Proposition 6 Let I be the both primary and semiprime ideal of a near-ring N. Then I is a
prime ideal.

Proof. Immediate.

It is well known that an ideal I of a nearring N is said to be a completely prime (or c-prime) if
a,b € N,ab €l impliesae€lorbel.

Definition 8. Let Q be a c-primary (completely primary) ideal of a nearring N such that \/— =
P, where P is a c-prime ideal of N. Then we call Q a cP-primary ideal.

Definition 9. Let Q be a cP-primary ideal of a near-ring N. For x € N — Q, we have (Q: x) =
{a € N:ax € Q}.

Proposition 7 Let Q be a cP-primary ideal of a near-ring N and let n € N. Then we have the
following.

(i) Ifn € Q, then (Q:n) = N.
(i) If n € Q, then (Q:n) is cP-primary ideal and /(Q:n) = P.
(iii) If n ¢ P, then (Q:n) = Q.

Proof. Proof is omitted because it is similar to that of rings.

Remark 2 Let Q be a cP-primary ideal of a near-ring N such that,/(Q: n) is c-prime and /Q; =
P;, then it must be contained in the set \/(Q:n) where n € N.

We illustrate proposition7 and remark?2 in the below example.

Example 10 Refer to examplel, we have Q = {0, 2} is 0-primary ideal. Then the only possible
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0-prime ideal of N containing Q is the ideal P; = {0, 1, 2, 3} and hence a prime radical of Q
implies Q is a P-primary. On the other hand, let 3 € N and consider (Q:3) ={n € N: 3n €
Q} = {0, 1, 2, 3}, which is clearly a 0-prime ideal of N. Hence (Q: 3) is an associated 0-prime

ideal of a O-primary ideal Q. Thus, every associated prime ideal must be contained in /(Q: x).
3 Almost primary ideal in near-ring

In this section, we introduce and discuss some generalizations of primary ideals of near-rings.
We initiate with the following definition.

Definition 10. A proper ideal P of a near-ring N is said to be an almost primary ideal if for
ideals I and J of N, I] € P — P2, we have I € P or J™ € P for some n € Z*.

Theorem 1 Let P be the proper ideal of a near-ring N. Then the followings are equivalent.
(1) P be an almost primary ideal of N.

(2) For any ideals I and J of N, (IJ) € P such that (IJ) € P2 =1 & P2 or J®" C P.
(3)Foranyi,jEN,i ¢ Pand ™ ¢ P forsomen € Z* = (i)(j) € P? or (i)(j) & P.
Proof. (1) & (2) is trivial.

(1) © (3) Let P be an almost primary. Let (i)(j) € P — P? then (i) € P or ()™ € P implies
i€Porj"ePp.

(2) & (3) is immediate.
Example 11 Let N = {0, 1, 2, 3, 4, 5, 6, 7} be aright near-ring whose tables are given below.
Tables set 9

S[[AE[RN[—[S[+
N OV U WIN|RO|O
U [(O|WIN |-
QN ||k [O|lw NN
AN |N|(R|O|w|w
W R ([ON|ON U [ |
RlWIN|O|IN ||V ul|ut
NO|W(ik |||y
OIN|R WD [OV|UT[I|

OO |C|O|OC|OC|O|O|O

NN WIN|R (O
O|IOININ|INIOIN[O|N
N[ |Uul|RrINDNWO|W
NIOUI|A|UNIN|H[O|bd
NIO(H|U|DH N1 O|U1
SISOV O[OV OO
OIOININ |V (O|IN OV

AN EEEAE YN =

An ideal I = {0, 2} is an almost primary ideal. However, I is not a prime ideal and also I is
neither a weakly prime nor an almost prime ideal. On the other hand, / = {0, 6} is a weakly
prime and almost prime but not an almost primary ideal in N.
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Remark 3 Every weakly prime ideal is not an almost primary ideal.

Remark 4 Every O-primary ideals and idempotent ideals in a near-ring are almost primary
ideals. But the converse doesn’t hold true in all cases.

Example 12 An ideal P = {0, 2} in examplel is an idempotent ideal and also an almost primary
ideal. Now we provide an example of an almost primary ideal which is not a prime ideal in a
near-ring.

Example 13 In examplel we have a prime ideal P = {0, 1, 2, 3} of a near-ring N. Let S = {4,
5} be a multiplicative closed setin N. We notethat PN S = @andalsoPs NN ={0,1, 2,3} =
Pand Ps NN = {x € N: xs € P, for x € S}. On the other hand, if we take an almost primary
ideal P = {0, 2} of N andS = {4, 5} be a multiplicative set of N. Then P = {0, 2} is an almost
primary ideal of N but not a prime ideal.

Remark 5 If P is an almost primary ideal of N and S is a multiplicative set of N with PN S =
¢ then P is an almost primary ideal in N.

Proposition 8 Let P be a nonzero almost primary ideal of N and (P?: P) € P then P is primary
ideal.

Proof. Let P be an almost primary ideal and (P?: P) € P. Suppose that P is not a primary ideal
of N, then there exist x € P and y™ ¢ P such that < x >< y®" >C P. If < x >< y™ >¢ P?
we are done and hence < x >< y™ >C P — P2, Consider< x > (< y®" > +P) S P. If<x >
(<y > +P) & P%, thenwe have x € P or y™ € P, acontradiction. Otherwise < x > (< y™ >
+P) < P?then < x > P < P? implies x € (P?: P) € P.

Theorem 2 Let N; and N, be any two near-rings with identity and P be a proper ideal of N;.
Then P is an almost primary if and only if (P X N;) is an almost primary ideal of N; X N,.

Proof. Suppose that P be an almost primary ideal of N, and let (I; X J;) and (I, X J,) be the
ideals of N; x N, such that (I; X J;)(I; X J,)™ € (P X Ny) and (I; X J;) (I X J,)™ € (P X
N,)2. Then (I,13 X JJ3) € (P x N,) and (LI} X J{J%) € (P? X N,),so LI} € Pand LI} &
P? which implies I; € P or I}} € P. Conversely, suppose that (P x N,) is an almost primary
ideal of N; X N, and let A and B be ideals of N; such that AB € P and AB & P?. Then (4 X
N,)(B X N,) € (P X Ny) and (A X N,)(B X N,) € (P X N,)?. By assumption, we have (4 X
N,) € (P X Ny)or(BxN,) S (PxN,).SOAS PorB™"CP.

Proposition 9 If P be an almost primary ideal of a near-ring N such that an ideal I < P, then
; is an almost primary ideal of ?

Proof. Let (a+1)(b+1) €=~ (D?and (a+ 1) ¢~ .Thenab € P ,ab+1 & (-)*and a ¢
P. At the present, if ab € P? then for some n € Z*, we have ab = ¥, a;, b;, where a;b; € P
for all i, and we have ab+1=3", a;b; +1 =3Y", (a; + D(b; +1) € ?? = (D% a
contradiction arises, so ab & P? and hence b™ € P, for some m € Z*, it implies (b + D™ €
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P P . . . R
- Thus Tlsan almost primary ideal of -

Example 14 In examplell, P = {0, 2} is an almost primary ideal. The ideal which are subsets
of P are only {0} and P itself. According to proposition9 g = {0 + P} and % ={0+P,1+P,

4 4+ P, 6 + P}. For near-ring %,the addition and multiplication tables are given below.

Tables set 10

+ |(0+P1+P4+P6+P - |0+P1+P4+P6+P
0+PO0O+P1+P4+P6+P 0+P0+PO+PO+PO+P
1+P1+P2+P6+P4+P 1+P0O+P1+P4+P6+P
4+P4+P6+P0+P1+P 4+ P 0O+P4+P4+P6+P
6+P6+P4+P1+PO0+P 6+P0+P6+PO0+PO+P

Since (6+P) (4+P)=0+P eg, which implies (6 + P)2=0+P eg, hence g IS a

. . . N P . . . N
primary ideal in S>> pisan almost primary ideal of >
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