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Abstract:

The word “Mathematics” comes from Greek word “Mathema” which means science, knowledge or
learning; mathematiko’s means fond of learning. Today the term refers to specific body of knowledge - the
deductive study of quantity structure, space and change. The basic problems of topology are to determine
whether two given topological spaces are homomorphism or not. Two spaces are not homomorphism is a
different matter. For that, one must show that a continuous function with continuous inverse does not exist.
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Introduction:

The exquisite world of algebraic topology came into existence out of our attempts to solve topological
problems by the use of algebraic tools and this revealed to us the nice inter play between algebra and topology
which causes each tore in force interpretations of the other there by braking down the often artificial sub
division of mathematics into different branches and emphasizing the essential unity of all mathematics. The
homology theory is the main branch of algebraic topology and plays the main role in the classification problems
of topological spaces. The basic problems of topology are to determine whether two given topological spaces
are homomorphism or not. Two spaces are not homomorphism is a different matter. For that, one must show
that a continuous function with continuous inverse does not exist.

Basic Definitions and Examples:
Definition 1.1:

Anon-empty set G together with a binary operation: G X G — G is called a group if the following

conditions are satisfied.
e =xisassociativeie)ax(b*c)=(a*b)*c foralla,b,c€G .
e Thereexistsanelemente € G suchthataxe = e xa foralla € G. e is called the identity element of

G.
e For any element a in G there exists an element a’ € G such that a* a' = a *a = e. a' is called the
inverse of a.
Example:

Consider the ordered pair (Z, +), where Z is the set of all integers and + is the usual addition. We know

that, +is associative. Now
0€eZand forall a €Z
a+0=a=0+a
And so,
0 is the identity
Alsoforalla € Z,—a € Z and
a+(—a)=0=(-a)+a

That is —ais the inverse of a
Hence (Z, +) is a group
Definition 1.2:

A subset H of a group G is called a sub group of G if H forms a group with respect to the binary
operation in G.
Example:

In the symmetric group S5, H, = {e,P;,P,}; H, ={e,P;}; H; = {e,P,}; and H, = {e, Ps}
Definition 1.3:

A group G is said to be abelian if ab = ba for all a,b € G a group which is not abelian is called a non-
abelian group.
Definition 1.4:

The boundary operator @ on the free Abelian group S,(x) generated by all singular n — chains as
follows

0.(@) =0, O 90D = 9. ) 8,()
It is easy to prove that d,,_,0, = 0
92=0
Nothing that S,, (x) is analogous to simplical complex C,, (K) the graded complex
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Sn (x) —{S ()}

0 n
In a sequence .... Spi1(x) —“>S (x) —>Sn 1(x)
Singular Homology
Theorem 2.1:

Prove that the set of all singular n — chains S,, (x) is an abelian group.
Proof:

To prove S, (x) is an abelian group. Let S, (x) = X, ¢/ 1 ¢;
Define the addition of two elements of S,, (x) by

Z"j‘i’j +Zm,-¢,- = Z(nj +m;) ¢,

The zero element of S, (x) is ¥ ¢; and the inverse element of

Z n¢; as Z(—"j)%'

The group axioms are satisfied the clearly the group is an abelian
Hence the proof
Theorem 2.2:
If 9 is the boundary operator then the product of two boundary operators is zero.
i.e.) prove that 90 = 0
Proof:
To prove 90 =0
Let ¢ be a singular n — simplex. It is enough to prove that 3d¢ = 0
Where 0 stands for the identity “The boundary operator
n

2= (-1,
i=0

ap = aZ(—l)f 3,4
=0

Using this condition

= Z i(_l)/ Vé,0,p
=07 =0

If / </ thento prove
07/ 071' = 071' 07/+1
For this,
(0,0; @) (Xguwn ¥ yg) = (0,0: D)) (xg e =)
=@, &) (xge X, 1,0, X, 2)
=@ (g .. ¥; 1,01, ... X;,0,x, . X, 2)
=9, ﬁ/’+l¢)(l’0 ------ Z n-2)
Andsod,d;, = 0,0, 41

Now
3,0,4= ”Zl/Z( VY 3,0,p+= ”Zﬂ Z (1% 3,3,
1 / J/=0/7= 1/ =0/=/+1
ZZ( V'Y 2,0, p+= Z Z (~D'¥3,0,¢
/n %ln 1 —01—/+1
=ZZ( )Y 3,0, 1p+= Z Z -1V 3,9,¢
n/—I _—/l / 01—/+1
=0

Hence, The product of two boundaries are zero.
Simplicial Homology Theory:
Theorem 3.1:
if/,, 7/, arethe incidence number of 7zand 72— 1 simplexes respectively. Then the products are
zero.
i.e)l 0/ p1=0
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Proof:
Let/,, 7/ ,_; areincidence number. To prove: 7 ,,/ ,, 1 =
Here the products/ ,, /7, exists. Because the number of columns of / ,, is the number of m — simplexes
which is equal to the number of rows of /7 ,,_;
Let q be the number of m — simplexes then the elements in the 7 “* row and , ¢” column of 7 ,, 7 ., is

defined by
Z?],/( Ph i (D)

It is enough to prove that

If £ ,.,is not incident with 5%, 77 is zero
If $% is not incident with the (72— 1) simplex 7, ; then 77/’?[1 is zero
Since the term,

m m=1
2717( 77/}{' s zero

Unless 5%, is incident with bothz 4,,; and 7, ;
If Ujp1=(q0,91 - 7 1)
Then ‘yk 7 jk l(P”/m—l) and tm+1 - 71/( 77/k 1(7”P” 1)
Where P isthe addltlonal vertex of %4 and ris the
Additional vertex of # ¢, this gives
t§ﬂ+l=_71/(77/kl(ﬁ‘” 1)
= =7 WPy
Where &/, is taken to be the m —simplex 7% (7 «/,_;)

This shows that there exists an m — simplex &7, incident with both ¢ fﬂﬂ and z/, ; having
incidence numbers —z ,’;’-‘1 and 77 respectively. Clearly, +£"is a face of the simplex ¢ ,,;0f the complex K
and so+ /", is a simplex of K. Moreover, S%and + ¢, are the only two simplexes of K which are incident with
bothz %,,, and 2/, ,

Hence to every non — zero term in (1) there corresponds another non — zero term equal in magnitude
but opposite in sign.

Thus,

Which implies that 7,7/ ,,1 =0.
Fundamental Group:
Theorem 4.1.1:
A connected, locally path — connected space X is path connected
Proof:
Let # € XYand
Let H be the set of all points of X which can be joined by a path to a. As « € Z, #is non —empty
If H is closed and open, 7 = X. But H is open. For be /4.
Let & be a path — connected neighborhood of 4. Then any pointz €  can be joined by a path to b and hence
can be joined to a by adding the path froms o a.
Also H is closed. For if 4 € #, let &/ be any path connected neighborhood of 4.
ThenUNH+ @, sav Z€EUNAH.
Nows can be joined toz by a path and z can be joined to a by a path, so by addition of paths again 4 € /Z.
Corollary,
An open connected subset of R is path — connected. we are now in a position to use the ‘addition’ of
paths to associate with any topology space a group [actually, several groups] .
Theorem 4.1.2:
Every continuous mapping / : (x,xg) = (,»,) induces a homomorphism /*: z,(x,.xq) —

(y'.yO)-

Proof:
Foreachloop g @ xy iz X, let £'(g) be the loop at yyin y, defied by #'(g)(2) = f [g(£)]
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This defines a mapping # from Z [X, X,] 2o Z [V, ¥ ] which in turn induces a mapping /* : 7, (x,xg) —
z,(y, o) as follows
/gD = /']
To see that / is well — defined, not that if H is homotopy between g, @ad g, in L [X,Xy], ¢ hen [fof is
a homotopy between [ #'(¢1)] and [ /' (g2)] 72 £ [¥, ¥q]
It remains to shows that # is a homomorphism, for which it suffices to establish. The necessary
algebraic property for /, but

Flg *h) = flog@o)l =/ (g)2x) when 0< x < 1/2

flh@r —D] = f(D@r —1) when 1/,<xr <1
=/ )+ /),
Hence the proof.
Conclusion:
In this paper, “groups in topology” briefly discussed about the homology groups and its computations.

Also it discusses about axioms for the homology groups and some theorem related with homology groups. Also
this paper provides some concept of simpilical homology theory and singular homology. And then it gives some
concept of exact sequence pair and relative homology theory. This paper concluded that the briefly explained
about homology groups and singular homology and also its used in the fields are particularly mathematics,
biology, science and engineering and etc...
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