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 Solid oxide fuel cells (SOFC) are the most efficient devices for directly 

converting the chemical energy of a fuel into electrical energy. This is one of 

the main reasons why these fuel cells have received a lot of attention from the 

scientific community and from several developers who have invested in the 

use of this technology in various applications. Biogas is one of the products of 

anaerobic decomposition (absence of gaseous oxygen) of organic matter, 

which occurs due to the action of certain types of bacteria. Biogas is mainly 

composed of methane (CH4) and carbon dioxide (CO2) and its use in solid 

oxide fuel cells has been investigated since Biogas is a renewable biofuel. The 

aim of this paper was to perform mathematical modeling of a solid oxide fuel 

cell operating on biogas. The results confirmed that the overall efficiency of 

the system is above 94% and the largest irreversibilities of the system are 

related to heat exchangers. 
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NOMENCLATURE 

 : Bosnjakovic efficiency 

 : Excess air 

cp : Constant pressure 

CV : Volume control 

e : Electron 

EF : Electromotive force 

G : Gibbs free energy 

H : Specific enthalpy 

h0 : Specific enthalpy 

hinput : Input specific enthalpy 

houtput : Output specific enthalpy 

h̅𝑓 : Specific enthalpy of formation 

LHV : Lower Heating Value 

Δḡf : Formation Gibbs energy difference 

ΔH : Enthalpy difference 

Δhf : Enthalpy of formation 

ΔS : Entropy difference 

MM : Molar mass 

n : Number of individual SOFC cells 

Q : Heat transfer rate 

Qcv : Heat transfer rate for control volume 

S : Specific entropy 

S/C : Steam to carbon ratio  

S0 : Specific enthalpy 

T : Temperature 

V : Volume 

W : Work 

Wcv : Work on control volume 

x𝑛 : Number of moles 

ΔG : Gibbs energy difference 

𝐸𝑥 : Exergy current 

𝑒𝑥 : Specific exergy 

𝑒𝑥input : Input specific exergy 

𝑒𝑥output : Specific output exergy 

https://creativecommons.org/licenses/by-sa/4.0/
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𝐸𝑥 : Exergy current 

𝑒𝑥  : Specific exergy 

𝑒𝑥input  : Input specific exergy 

𝑒𝑥output  : Specific output exergy 

𝑚  : Mass flow 

𝑚input  : Input mass flow 

𝑚output  : Output mass flow 

𝜂elec : Electrochemical efficiency 

𝜂thermo  : Thermodynamic efficiency 

𝜂𝑐𝑐  : Efficiency of conventional boiler 

𝜂𝑐𝑜𝑚𝑝 : Compressor efficiency 

𝜂𝑒𝑙ectrical  : 1st Law electricity generation efficiency 

𝜂𝑔𝑙𝑜𝑏𝑎𝑙  : 1st and 2nd Law global efficiency 

𝜂𝑝ratical  : Practical efficiency 

𝜂𝑡𝑒𝑟𝑚ical  : 1st Law Thermal Efficiency 

𝜇𝑓  : Fuel usage factor 

 

 

1. INTRODUCTION  

A fuel cell is a technology that uses hydrogen and oxygen to generate electricity and hot water vapor 

produced by the chemical process in the fuel cell. The electrical energy produced in the fuel cell is highly 

efficient, emits no pollutants, and is silent. Hydrogen is its main fuel. This fuel can be obtained from various 

renewable sources and also from fossil resources, but with much lower environmental impact [1], [2]. 

In the future, fuel cells will be a solution for electricity generation at the point of consumption, in 

industry, households and shopping malls, in addition to being used in cars, airplanes, motorcycles, busses and 

portable devices such as mobile phones and laptops [3]. Biogas is a very interesting fuel for use in fuel cells, 

especially fuel cells that operate at high temperatures such as solid oxide fuel cells (SOFC). Biogas is a gas 

produced by the anaerobic decomposition of organic matter (in the absence of oxygen) under suitable 

conditions of temperature, pressure, and humidity [4], [5]. Biogas consists of methane gas (CH4) and carbon 

dioxide (CO2) and also contains hydrogen sulfide (H2S), nitrogen (N2), water (H2O), and ammonia (NH3) in 

smaller proportions in its composition [6], [7]. 

Recent studies on fuel cells aim to develop systems that use non-traditional fuels. The purpose of 

these new studies is to develop new energy and electricity generators that use renewable fuels for 

applications such as heating in homes, fuel for cars (biomethane), injection in blast furnaces to replace non-

renewable fuels (coke and coal) and noble applications in fuel cells. Solid oxide fuel cells can run on various 

fuels such as hydrogen, syngas, natural gas, biomethane and biogas [8], [9]. 

The solid oxide fuel cell consists of five elements: cathode, anode, electrolyte and two connecting 

elements which are all solid. In this type of device, the electrolyte consists of a ceramic that conducts oxide 

ions from the cathode to the anode. The operating temperature is between 600°C and 1000°C, while the 

oxygen ions, O2
-, are transported through the electrolyte to the anode, where the fuel is oxidized to produce 

water. For hydrogen fuel, the chemical reactions in the solid oxide fuel cell (SOFC) are described in (1) to (3) 

as shown in. These chemical reactions represent the anodic reaction, cathodic reaction, and global reaction, 

respectively [4], [10], [11]. 

 

𝐻2 + 02− → 𝐻2𝑂 + 2𝑒−  (1) 

 
1

2
𝑂2 + 2𝑒− → 𝑂2−  (2) 

 

𝐻2 +
1

2
𝑂2 → 𝐻2𝑂 (3) 

 

Looking at the cell structure, there are basically 2 types of solid oxide fuel cells: planar or tubular. 

The planar model has square or rectangular flat cell modules consisting of an interconnector, an anode, an 

electrolyte, and a cathode. In the tubular model, the electrode (cathode or anode) is in the form of a long tube 

with a porous wall and on the outside of this tube is the electrolyte and another electrode. The tubular model 

is the most widely used and researched, so the technology of the tubular model is more advanced and 

widespread than that of the planar model. The tubular model is most suitable for large area applications [12]. 

Figure 1 illustrates a tubular solid oxide fuel cell. 

The solid oxide fuel cell can be fed with biogas by direct or indirect injection. In indirect feeding, 

the biogas is upgraded beforehand to form a hydrogen-rich gas mixture [13], [14]. This indirect injection 

technique is also known as reformed biogas injection. In this context, biogas reforming processes contribute 

to fuel cell performance because this reformed gas has properties and operating requirements that minimize 

equipment degradation [12], [15]. 
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Figure 1. A schematic of single cathode-supported tubular SOFC 

 

 

There are three processes for reforming a fuel: 1) steam reforming, 2) partial oxidation, and 3) 

autothermal reforming. Steam reforming is a simple technology with low production cost and is probably the 

most widely used method for H2 production [7], [16], [17]. The chemical reactions of biogas steam reforming 

are listed as shown in. 

 

𝐶𝐻4 + 𝐻2𝑂 → 𝐶𝑂 + 3𝐻2 ∆𝑓𝐻° = 206 [kJ/mol] (4) 

 

𝐶𝑂 + 𝐻2𝑂 → 𝐶𝑂2 + 𝐻2 ∆𝑓𝐻° = −41 [kJ/mol] (5) 

 

𝐶𝐻4 + 2𝐻2𝑂 → 𝐶𝑂2 + 4𝐻2 ∆𝑓𝐻° = 165 [kJ/mol] (6) 

 

Steam reforming of biogas begins with (4), in which the hydrocarbon molecule decomposes to 

carbon monoxide and hydrogen after reacting with steam in a catalytic bed. This reaction is endothermic and 

occurs only at high temperatures. At the same time, the carbon monoxide reacts with the water vapour to 

form carbon dioxide and hydrogen as shown in (5). The overall reaction is shown in (6). In (4) to (6) can take 

place outside the fuel cell in a special reformer or inside the fuel cell, since the temperature required for the 

chemical reaction corresponds to the operating temperature of the fuel cell [14]-[19]. 

Fuel reforming can be direct or indirect. In fuel cells, fuel reforming takes place at the inlet of the 

cell without the need to install an external device. In indirect internal reforming, the electrochemical 

reactions take place spatially separated while the cell provides heat through radiation or direct physical 

contact, whereas in direct internal reforming, the fuel mixture (hydrocarbon/steam) is admitted directly into 

the anode compartment and the fuel is reformed in the porous anode layer.  

The supply of steam to ensure the reforming reaction is carried out with an auxiliary device for 

steam generation, e.g. by a recovery boiler heat recovery steam generator (HRSG) or it is also possible to use 

the steam generated by the fuel cell electrochemical reaction and the anodic exhaust gas recirculation device 

[3], [4], [20]-[22]. The first method can be used in both external and internal reforming and requires a steam 

supply directed to the anode. The disadvantage of this method is the high cost of implantation in the power 

generation system. The second alternative is to use the steam generated during the electrochemical reaction 

by means of an ejector located near the gas outlet of the anode compartment. Steam must be directed to the 

focal point before both enter the cell.  

Therefore, anodic recirculation is only an internal reforming process. Although the steam reforming 

process is able to produce a hydrogen-rich gas mixture and contribute positively to the operating efficiency, it 

also presents a problem point in terms of durability, namely the deposition of carbon in the fuel cell [17]-

[23]. The risk of carbon deposition on the anode surface at high operating temperatures can reduce the fuel 

cell performance and lifetime. The parameters that affect carbon deposition are the steam-to-carbon (S/C) 

ratio and the temperature of the reforming reaction. The S/C ratio is explained by the molar flux of steam 

(𝑛H2O) used in the reaction and the molar flux of methane (𝑛CH4) of the fuel, as shown in (7). 

 
𝑆

𝐶
=

�̇�𝐻2𝑂 

�̇�𝐶𝐻4
 (7) 

 

Fuel reforming is carried out between 400°C and 1000°C, but it is necessary to operate at higher 

temperatures so that the risk of carbon deposition is lower. According to literature [8], [17], there are several 

works describing the ternary diagram of the molar composition of carbon, hydrogen and oxygen (C-H-O), 
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which illustrates the experiments of the composition of chemical components during the reforming of biogas. In 

their experiments, it is observed that the higher the temperature during fuel reforming, the larger the equilibrium 

range of elemental composition (C-H-O) and the lower the probability of carbon deposition problems.  

In the literature, several authors recommend the use of a steam to carbon ratio of 1.5 to 5 to avoid 

carbon deposits. In a study [24], [25] to analyze the molar fractions of biogas steam reforming products at 

three different steams to carbon ratios (S/C=2, 3, and 4), it was found that the H2 concentration is inversely 

proportional to the steam to carbon ratio, while the mass flow rate is directly proportional to the steam to 

carbon ratio. That is, even though the H2 concentration in the reformed mixture decreases, when the steam to 

carbon ratio increases, the hydrogen production is higher because more hydrogen is added to the process in 

the form of steam (H2O) [8], [24]. The author confirmed the results of the experiment by analyzing the 

amount of hydrogen produced in relation to the amount of methane consumed in the fuel reforming process 

[25]. The results of this experiment can be seen in Table 1. 
 

 

Table 1. Relationships between hydrogen production and consumption of methane 
Temperature [°C] S/C=2 S/C=3 S/C=4 

 700 2.33 2.82 3.15 

 800 2.98 3.27 3.42 

 900 3.15 3.30 3.21 
1.000 3.16 3.27 3.35 

1.100 3.14 3.24 3.31 
1.200 3.13 3.21 3.28 

 

 

This paper aims to evaluate the performance of a cogeneration system and to perform mathematical 

modeling of a solid oxide fuel cell (SOFC) operating on biogas. In addition, a steam reforming process was 

internally investigated in the cell to promote a hydrogen-rich gas mixture for operation. In the technical 

analysis, the first task was to determine the steam to carbon ratio of the internal reforming process, and then 

to determine the efficiencies of the solid oxide fuel cell and perform energetic and exergetic calculations to 

obtain the overall efficiency of the system. 

 

 

2. RESEARCH METHOD  

The system studied in this paper consists of a solid oxide fuel cell that simultaneously generates 

electricity and useful heat (60°C hot water). The high-temperature exhaust gasses from the SOFC are used 

for additional energy generation and for heating and/or cooling (combined heat and power). 

 

2.1.  Cogeneration system 

The selected solid oxide cell model is manufactured by Siemens/Westinghouse. The operating 

parameters of the fuel cell are described in Table 2. The function of the cogeneration unit is to produce 

electricity and hot water from the heat of the exhaust gases. The fuel cell is fed with biogas, which is then 

reformed at the inlet of the cell, producing a hydrogen-rich gas mixture. The system has an anodic 

recirculation system that provides the steam necessary for fuel reforming. The combustor burns unused fuel 

in the anode of the fuel cell, maximising the temperature of the exhaust gases. The combustion uses air from 

the cathode as the air injection rate is provided in excess. The exhaust gases have a temperature of 900°C and 

at the exit of the combustion chamber it exceeds 1,100°C. This heat is used to raise the fuel temperature at 

the anode inlet and generate useful heat (hot water). Two heat exchangers are used to generate hot water. One 

heat exchanger is located at the fuel cell to use the heat, while another heat exchanger is positioned at the end 

of the stream to use the heat from the exhaust gases. The configuration of the system studied is shown in 

Figure 2, while Table 3 provides information on the identification of the substances at each point of the 

system, temperatures, pressures and mass flow rates. 
 

 

Table 2. SOFC operating parameters 
Output power 100 kW 

Cell number 444 

Operating temperature 900°C 

Electromotive force of a single cell 0.701 
Fuel utilization factor 80% 
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Figure 2. Proposed cogeneration system 

 

 

Table 3. Substance, temperature, pressure and mass flow of each stream 
Stream Substance Temperature (°C) Pression (kPa) Mass flow (g/s) 

1 Biogas 25.0 101.325 10.5 

2 Biogas 34.1 116.524 10.5 

3 Biogas 700.0 101.325 10.5 
4 Exhaust gases 900.0 101.325 22.3 

5 Air 25,0 101.325 101.5 

6 Air 40.3 116.524 101.5 
7 Air (SOFC) 900.0 101.325 89,7 

8 Exhaust gases 1173.7 101.325 112.0 

9 Exhaust gases 944.3 101.325 112.0 
10 Exhaust gases 140.1 101.325 112.0 

11 Water 25.0 101.325 526,8 

12 Water 36.4 101.325 526,8 
13 Water 60.3 101.325 526,8 

 

 

2.2.  Biogas composition 

The biogas used in the mathematical modeling contains 60% methane (CH4) and 40% carbon 

dioxide (CO2), according to the parameters shown in Table 4. 

 

 

Table 4. Biogas composition  
Component Volume (%) Molar mass (kg/kmol) Mass (%) Lower Heating Value (LHV) (kJ/kg) 

Methane (CH4) 60 16.04 35,35 50.010 
Carbon dioxide (CO2) 40 44.01 64,35 0 

TOTAL 100 27.23 100 17687.54 

 

 

2.3.  Steam to carbon rate 

The internal steam reforming process in this paper aims to produce the largest amount of hydrogen 

(H2) for the fuel cell electrochemical reaction. According to literature [25], [26], it was shown in an 

experiment that the larger the steam to carbon (S/C) ratio, the larger the mass flow rate of hydrogen present 

in the reformed fuel for the same mass flow rate of methane introduced in the process. Several publications 

[7], [17], [21]-[26] recommend the use of a steam to carbon ratio of 1.5 to 5 to avoid carbon deposits. 

Analysis of the literature shows that when a (S/C ratio=4) is used, the mass flow rate of steam required for 

fuel reforming is greater than the mass flow rate of steam at the anode, making the use of this ratio 

impractical given the cogeneration proposed in Figure 2. 

For the (S/C=3) and (S/C=2) scenarios, anodic steam recirculation is effective to perform fuel 

reforming without the need for auxiliary supply. The rate (S/C=3) guarantees a greater production of 

hydrogen since it has a greater mass flow rate [27]. In this configuration, the molar concentrations of the 

internal steam inlets of the reforming have the proportions 1.5/1.0/7.5 for CH4/CO2/H2O (steam). The 

evaluation of the chemical balance of the fuel reforming process was performed using STANJAN software 

provided by Colorado State University. STANJAN is an online platform that uses Gibbs free energy 
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Hot water

Heat exchanger 3Heat exchanger 2

Heat exchanger 1
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minimization algorithms to determine the chemical balance, where it is possible to obtain the molar fraction 

of chemical species in the products. 

The hydrogen production has a higher H2 concentration when the reforming temperature is about 

700°C, considering the above molar fractions. In this paper the fuel cell is operated at 900°C with a slightly 

lower H2 concentration, but the CO concentration is slightly higher. The reformed fuel has the gas 

composition shown in Table 5, while the mass flow result for the (S/C=3) scenario is shown in Figure 3. 

 

 

Table 5. Molar concentrations of reform products 
Component Molar fraction 

Methane (CH4) 0.000 

Hydrogen (H2) 0.094 

Water (H2O) 0.444 
Carbon oxide (CO) 0.098 

Carbon dioxide (CO2) 0.364 

TOTAL 1.000 

 

 

 
 

Figure 3. Stem to carbon rate (S/C=3) 

 

 

2.4.  Calculation of mass flow rates 

Second [28], in a SOFC, when fed with biogas, the reduction of oxygen takes place at the cathode, 

as shown in (8), while the reactions taking place at the anode are represented by (8) to (11). 
 

𝑂2 + 4𝑒− → 2𝑂2− (8) 

 

𝐻2 + 𝑂2−  → 2𝐻2𝑂 + 2𝑒−  (9) 

 

𝐶𝑂 + 𝑂2− →  𝐶𝑂2 + 2𝑒− (10) 

 

𝐶𝐻4 + 𝑂2− → 𝐶𝑂 + 𝐻2 +  2𝑒−  (11) 
 

Considering the methodology proposed for this paper, it is known that the methane concentration is 

practically zero when considering the biogas reform. In (11) does not occur in this study and can be neglected 

to estimate the mass flow rates of the cogeneration system. In (12) to (17) were used to calculate the mass 

flow rates of the fuel cell. According to (12), the number of moles of oxygen is calculated from the number 

of electrons, the number of cells (n) and the intensity of electric current in the circuit (i). 

 

�̇�𝑂2 =
𝑖 ×𝑛

4𝐹
  (12) 

 

�̇�𝑂2 =
�̇�𝑂2 ×𝑀𝑀𝑂2

103   (13) 
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�̇�𝑎𝑖𝑟 =
�̇�𝑂2 ×

0.23
  (14) 

 

�̇�𝑂2 =
𝑖 ×𝑛

2𝐹
= �̇�𝐻2

+  �̇�𝐶𝑂  (15) 

 

�̇�𝐻2
=

�̇�𝑎𝑛𝑜𝑑𝑒+𝑀𝑀𝐻2

𝜇𝑓 + 103 × 0.79  (16) 

 

�̇�𝐶𝑂 =
�̇�𝑎𝑛𝑜𝑑𝑒+𝑀𝑀𝐶𝑂

𝜇𝑓 + 103 × 0.21 (17) 

 

𝜇𝑓 =
�̇�𝑎𝑛𝑜𝑑𝑒

�̇�𝑡𝑜𝑡𝑎𝑙
  (18) 

 

The mass of oxygen can be determined using (13). The mass of oxygen, considering 77% nitrogen 

gas and 23% oxygen gas by mass, is calculated using (14). The excess air used in the study was 100% (=2). 

The molar flux of the fuel at the anode by (15). The molar flux at the anode is equal to the sum of the molar 

flux of hydrogen and carbon monoxide present in the reformed fuel. The respective concentrations were 

considered: H2=0.79 and CO=0.21 to determine these fluxes. The calculations are shown in (16) and (17). In 

order to estimate the mass fluxes of the anode gasses, the fuel utilization factor must be considered since the 

consumption is not complete. The fuel utilization factor is calculated using (18) above. 

 

2.5.  Combustion chamber 

The function of the combustion chamber is to increase the efficiency of the useful heat generation 

system by producing hot water at a temperature of 60°C. The combustion of the combustible waste contained 

in the exhaust gases of the fuel cell anode takes place in the combustion chamber. In this work, an isobaric 

combustion process was considered, where the enthalpy of the products is equal to the enthalpy of the 

reactants. The chemical reactions in the combustion chamber are shown in (19) to (21). 

 

𝐶𝐻4 + 2𝑂2 → 𝐶𝑂2 + 𝐻2𝑂  (19) 

 

𝐶𝑂 +
1

2
𝑂2 → 𝐶𝑂2 (20) 

 

𝐻2 +
1

2
𝑂2 → 𝐻2𝑂 (21) 

 

0.146H2 + 0.039CO + 0.469CO2 + 0.014H2O + 0.370O2 + 2.782N2  

→ 0.509CO2 + 0.16 H2O + 0.278O + 2.782N2 
(22) 

 

The overall reaction and stoichiometric combustion equilibrium are shown in (22). The combustion 

chamber products have the following molar concentrations. anode: 22% H2; 70% CO2; 2% H2O; and 6% CO 

and cathode: 88% N2; and 12% O2. The result of the stoichiometric balance and the molar concentrations of 

the reaction products are: 14% CO2; 4% H2O; 75% N2; and 7% O2. 

 

2.6.  Fuel cell performance 

The technical analysis of the fuel cell has been carried out using the concepts of the 1st and 2nd 

laws of thermodynamics and using the concepts relevant to fuel cells. The reaction between hydrogen and 

oxygen that takes place in the fuel cell produces water and releases electrical energy, which is characterized 

by thermodynamic concepts such as enthalpy and Gibbs free energy. Gibbs free energy theory (G) was 

proposed in 1878 by the American physicist Josiah Willard Gibbs with the aim of evaluating the spontaneity 

of a thermodynamic system. Gibbs free energy (G) is calculated by (23). The variation of Gibbs free energy 

can be calculated from the enthalpies of formation and entropies at a given temperature, as shown in (24). 

The electrochemical reactions of the variation of enthalpies of formation are described in (25) and (26), while 

the variation of entropies is shown in (27) and (28). Enthalpy, (29), and entropy, (30), vary with temperature.  

 

𝐺 = 𝐻 − TS (23) 

 

∆�̅�𝑓 = ∆ℎ̅𝑓 −  ∆TS̅  (24) 

 

∆ℎ̅𝑓 = (ℎ̅𝑓)𝐻2𝑂 − (ℎ̅𝑓)
𝐻2

−
1

2
(ℎ̅𝑓)𝑂2

 (25) 
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∆ℎ̅𝑓 = (ℎ̅𝑓)𝐶𝑂2
− (ℎ̅𝑓)

𝐶𝑂
−

1

2
(ℎ̅𝑓)𝑂2

 (26) 

 

∆S̅ = (S̅)𝐻2𝑂 − (S̅)𝐻2
−

1

2
(S̅)𝑂2

 (27) 

 

∆S̅ = (S̅)𝐶𝑂2
− (S̅)𝐶𝑂 −

1

2
(S̅)𝑂2

 (28) 

 

ℎ̅𝑇 = ℎ̅298.15 + ∫ 𝐶�̅�𝑑𝑇
𝑇

298.15
 (29 

 

𝑆�̅� = S̅298.15 + ∫
1

2

𝑇

298.15
 T × 𝐶�̅�𝑑𝑇 (30) 

 

𝐸𝐹 =
∆�̅�𝑓

𝑛𝐹
  (31) 

 

𝜂Thermodynamic =
∆𝐺

∆𝐻
  (32) 

 

𝜂electrochemical =
𝐸𝐹𝑟𝑒𝑎𝑙

𝐸𝐹𝑚𝑎𝑥
  (33) 

 

𝜂pratical =
𝑊electrochemical

∆𝐻
= 𝜂Thermodynamic  ×  𝜂electrochemical (34) 

 

The electromotive force or open circuit voltage of a fuel cell can be defined by (31). 

Thermodynamic, electrochemical, and practical efficiencies are shown in (32) to (34). Thermodynamic 

efficiency is the maximum possible electrical work divided by the enthalpy of the chemical reaction, 

assuming that this process is reversibly isobaric, according to (32). Electrochemical efficiency is the ratio 

between the real electromotive force and the maximum possible electromotive force in a fuel cell according 

to (33). Practical efficiency is calculated from the ratio of real electrical work by the enthalpy of the chemical 

reaction according to (34). 

 

2.7.  1st and 2nd law of thermodynamics 

The 1st law of thermodynamics establishes the principles of conservation of energy and mass for 

evaluating the efficiency of energy systems. In (35) and (36) present the theory of the 1st law of 

thermodynamics for the steady-state control volume (CV), where kinetic and potential energy changes are 

not considered. 

 
∑ �̇�𝑖𝑛𝑝𝑢𝑡 −  ∑ �̇�𝑜𝑢𝑡𝑝𝑢𝑡 = 0 (35) 

 

∑ �̇�𝑐𝑣 − �̇�𝑐𝑣 + ∑ �̇�𝑖𝑛𝑝𝑢𝑡 × ℎ𝑖𝑛𝑝𝑢𝑡 − ∑ �̇�𝑜𝑢𝑡𝑝𝑢𝑡 × ℎ𝑜𝑢𝑡𝑝𝑢𝑡 = 0 (36) 

 

In this work, the quality of power dissipation or the occurrence of process irreversibilities was not 

considered, although they are widespread. Therefore, to evaluate the quality of the energy involved in the 

process and the irreversibilities of the system, the evaluation according to the principles of the 2nd law of 

thermodynamics was used. 

 

2.8.  Physical exergy 

The 2nd law of thermodynamics allows us to say whether or not a process is possible by exergetic 

analysis and also shows that there is no total equivalence between work and heat. Exergy describes the 

potential of fluids within a control volume to perform work. Exergy analysis makes it possible to determine 

the quality of the cogeneration system, considering exergy losses and dissipation. The physical exergy is the 

maximum amount of work resulting from the most adequate process of a system that is in an initial state until 

it reaches the reference state, through physical processes involving only thermal interactions with the 

medium. The physical exergy is calculated using (37), while (38) ignores the variations in kinetic and 

potential energy. 

 

𝑒𝑥𝑝ℎ𝑦𝑠𝑖𝑐𝑎𝑙 = (ℎ − 𝑇𝑜𝑆 +  
𝑉2

2
𝑔𝑍) − (ℎ0 − 𝑇𝑜𝑆0  +  𝑔𝑍) (37) 
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𝑒𝑥𝑝ℎ𝑦𝑠𝑖𝑐𝑎𝑙 = (ℎ −  ℎ0) − 𝑇𝑜 × (𝑆 − 𝑆0) (38) 

 

𝑒𝑥𝑝ℎ𝑦𝑠𝑖𝑐𝑎𝑙 = 𝑐𝑝 × 𝑇𝑜 × [ (
𝑇

𝑇𝑜
) − 1 − 𝑙𝑛 (

𝑇

𝑇𝑜
) + 𝑙𝑛 (

𝑃

𝑃𝑜
)

[
𝛿−1

𝛿
]

 ] (39) 

 

The reference condition of the temperature and pressure variables was 25°C and 101.3 Pa, 

respectively. Assuming an ideal gas with constant specific heat, the calculation of the physical exergy of the 

gases can be performed using (39). 

 

2.9.  Chemical exergy 

Chemical exergy is the maximum amount of work that can be done when a given substance is 

brought from restricted to unrestricted equilibrium by processes involving only heat and mass transfer with 

the medium. The chemical exergy was calculated using (40), where 𝑥𝑛 is the molar fraction of the mixture 

component and 𝑒𝑛
𝑐ℎ is the standard chemical exergy. The standard exergies for the substances involved in the 

proposed cogeneration system are shown in Table 6. With respect to the flows shown in Table 7, the molar 

concentrations and mass flow calculations were obtained assuming that streams 1, 2 and 3 refer to the biogas 

feeding the SOFC and having in its composition 60% CH4 and 40% CO2 as shown in Table 4, and the mass 

flow was calculated based on (15) to (17). The air feed of the system, according to flows 5 and 6, has in its 

molar composition 79% N2 and 21% O2 and its mass flow was calculated based on (12) to (14). 

The molar fractions and flow rates of streams 4 and 7, representing the exhaust gases from the anode 

and cathode, respectively, were determined based on the stoichiometry of the cell reactions according to (8) 

to (10). For the exhaust gas mixture corresponding to streams 8, 9 and 10, stoichiometric calculations were 

also performed for the combustor based on (19) to (21), where the reactants are the SOFC exhaust gases and 

the balance of products is represented by (22). Finally, there is the production of hot water, streams 11, 12 

and 13, which by evidence the molar concentration is 1 and the mass flow was determined based on the 

concepts of energy conservation according to the 1st law of thermodynamics. 

 

𝑒𝑥𝑐ℎ𝑒𝑚𝑖𝑐𝑎𝑙 = ∑ 𝑥𝑛 × 𝑒𝑛
𝑐ℎ + 𝑅 × 𝑇𝑜 ×  ∑ 𝑥𝑛 ×  𝑙𝑛(𝑥𝑛) (40) 

 

 

Table 6. Standard chemical exergies 
Component Standard Chemical Exergy [kJ/kmol] 

Methane (CH4) 831.650 

Hydrogen (H2) 236.100 

Water (H2O) 900 

Steam (H2O) 9.500 
Carbon oxide (CO) 274.857 

Carbon dioxide (CO2) 19.870 

Oxygen (O2) 3.970 
Nitrogen (N2) 720 

Air 11.690 

 

 

Table 7. Molar concentrations of the proposed system 
Streams Component XH2 XCO2 XH2O XCH4 XCO XN2 XO2 

1 Biogas - 0.4 - 0.6 - - - 

2 Biogas - 0.4 - 0.6 - - - 
3 Biogas - 0.4 - 0.6 - - - 

3 (a) Biogas + Steam - 0.1 0.75 0.15 - - - 

3 (b) Reformed fuel 0.36 0.09 0.44 - 0.1 - - 
4 (a) Chemical reaction products 0.08 0.26 0.64 - 0.02 - - 

4 Exhaust gases 0.22 0.7 0.02 - 0.06 - - 

5 Air - - - - - 0.79 0.21 
6 Air - - - - - 0.79 0.21 

7 Air SOFC - - - - - 0.88 0.12 

8 Exhaust gases - 0.14 0.04 - - 0.75 0.07 
9 Exhaust gases - 0.14 0.04 - - 0.75 0.07 

10 Exhaust gases - 0.14 0.04 - - 0.75 0.07 

11 Water - - 1 - - - - 
12 Water - - 1 - - - - 

13 Water - - 1 - - - - 
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In Table 7, three hypothetical streams were added (3 (a): biogas + steam), (3 (b): reformed fuel) and 

(4 (a): SOFC reaction products). These hypothetical streams were added to complete the development of the 

exergetic analysis considering these three situations. Stream 3 (a) represents the mixture of biogas and steam, 

which is the input for the reforming process that takes place at the inlet of the cell and has the proportions 

1.5/1.0/7.5 for CH4/CO2/H2O steam to satisfy the S/C rate=3. After the reforming of the biogas and before 

the electrochemical reaction of the fuel cell is the hypothetical stream of point 3 (b). The last hypothetical 

stream (stream 4 (a)) represents the products of the cell reaction before the moment of using the steam for the 

anodic recirculation that feeds the reformation, where the molar composition is determined with the 

stoichiometric equilibrium of the electrochemical reactions. 

 

2.10.  Exergy balance 

The evaluation of the energy balance of the system components followed the reactions as shown in 

(41) to (44). Exergetic efficiency, as proposed by Bosnjakovic (1965), was evaluated according to (45). 

Another concept of exergy was also analyzed considering the efficiency of the 2nd law of thermodynamics, 

which is the relationship between the useful work of the system and the exergy flow of the fuel (biogas), 

according to (46) and (47) [21], [27], [29]. The useful work is the power produced by the cell minus the 

auxiliary work done by the compressors, considering an efficiency of 80%, according to (48). The 

compressor outlet temperature was determined using (49) and the specific heat ratio of the air (air) was 

determined using (50). 

 

𝐸�̇�𝑖𝑛𝑝𝑢𝑡
�̇� + 𝐸�̇�𝑖𝑛𝑝𝑢𝑡

�̇� + ∑ �̇�𝑒𝑖𝑛𝑝𝑢𝑡 = 𝐸�̇�𝑜𝑢𝑡𝑝𝑢𝑡
�̇� + 𝐸�̇�𝑜𝑢𝑡𝑝𝑢𝑡

�̇� + ∑ �̇�𝑒𝑜𝑢𝑡𝑝𝑢𝑡 + 𝐼 ̇ (41) 

 

𝐸�̇��̇� = 𝑊 (42) 

 

𝐸�̇��̇� = 𝑊 × (
𝑇−𝑇𝑜

𝑇
 ) (43) 

 

𝑒𝑥 = 𝑒𝑥𝑝ℎ𝑦𝑠𝑖𝑐𝑎𝑙 +  𝑒𝑥𝑐ℎ𝑒𝑚𝑖𝑐𝑎𝑙  (44) 

 

𝜓 =
∆�̇�𝑥𝑜𝑢𝑡𝑝𝑢𝑡

∆�̇�𝑥𝑖𝑚𝑝𝑢𝑡
 (45) 

 

𝜂 =
�̇�

�̇�𝑥𝑓𝑢𝑒𝑙
 (46) 

 

𝜂 =
�̇�𝑆𝑂𝐹𝐶−(�̇�𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑜𝑟1−�̇�𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑜𝑟2)

�̇�𝑓𝑢𝑒𝑙×𝑒�̇�𝑓𝑢𝑒𝑙
 (47) 

 

�̇�𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑜𝑟 =
�̇�×𝑐𝑝×(𝑇𝑜𝑢𝑡𝑝𝑢𝑡−𝑇𝑖𝑛𝑝𝑢𝑡)

𝜂𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑜𝑟
 (48) 

 

𝑇𝑜𝑢𝑡𝑝𝑢𝑡 = 𝑇𝑖𝑛𝑝𝑢𝑡 × [1 + (
1

𝜂𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑜𝑟
)] × [(

𝑃𝑜𝑢𝑡𝑝𝑢𝑡

𝑃𝑖𝑛𝑝𝑢𝑡
)

(
𝛿𝑎𝑖𝑟−1

𝛿
)

− 1] (49) 

 

𝛿𝑎𝑖𝑟 = [
1

1−(
𝑅𝑎𝑖𝑟

𝐶𝑝𝑎𝑖𝑟
)
] (50) 

 

2.11.  System efficiency 

The electrical, thermal and global efficiencies of the system were calculated using (51) to (55). The 

amount of heat recycled to produce hot water was calculated using (53) and the lower heating value (LHV) of 

the biogas was calculated by proportionality of the composition of the mass of methane in the biogas using (54). 

 

𝜂𝑒𝑙𝑒𝑐𝑡𝑟𝑖𝑐𝑎𝑙 =
�̇�𝑢𝑠𝑒𝑓𝑢𝑙

�̇�𝑓𝑢𝑒𝑙×𝐿𝐻𝑉𝑓𝑢𝑒𝑙
 (51) 

 

𝜂𝑡𝑒𝑟𝑚𝑖𝑐𝑎𝑙 =
�̇�𝑢𝑠𝑒𝑓𝑢𝑙

�̇�𝑓𝑢𝑒𝑙×𝐿𝐻𝑉𝑓𝑢𝑒𝑙
  (52) 
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�̇�𝑢𝑠𝑒𝑓𝑢𝑙 = �̇�𝑤𝑎𝑡𝑒𝑟 × (ℎℎ𝑜𝑡 𝑤𝑎𝑡𝑒𝑟 − ℎ𝑐𝑜𝑙𝑑 𝑤𝑎𝑡𝑒𝑟) (53) 

 

𝐿𝐻𝑉𝑏𝑖𝑜𝑔𝑎𝑠 = %𝑚𝑎𝑠𝑠𝐶𝐻4
× 𝐿𝐻𝑉𝐶𝐻4

 (54) 

 

𝜂𝑔𝑙𝑜𝑏𝑎𝑙 =
�̇�𝑢𝑠𝑒𝑓𝑢𝑙+�̇�𝑢𝑠𝑒𝑓𝑢𝑙

�̇�𝑓𝑢𝑒𝑙×𝐿𝐻𝑉𝑏𝑖𝑜𝑔𝑎𝑠
 (55) 

 

𝜂𝑔𝑙𝑜𝑏𝑎𝑙 = 𝜂𝑒𝑙𝑒𝑐𝑡𝑟𝑖𝑐𝑎𝑙 + 𝜂𝑡ℎ𝑒𝑟𝑚𝑎𝑙 (56) 

 

 

3. RESULTS AND DISCUSSION 

The results of the mathematical modeling and the technical performance of the fuel cell were 

analyzed based on the parameters described in Table 2 and according to the methodology presented in the 

experimental chapter. The results of the efficiencies as well as the Gibbs free energy are described in Table 8. 

The fuel cell achieved a thermal efficiency of 71.3%, an electrochemical efficiency of 74.4%, and a practical 

efficiency of 53.1%. The effect of temperature on the electromotive force of a fuel cell has a negative effect 

on the maximum voltage. The values for the temperatures of 700°C and 1,100°C are 1.016 and 0.868 of the 

electromotive force, respectively. The behavior of the maximum electromotive force as a function of 

temperature can be seen in Figure 4. 

 

 

Table 8. SOFC technical performance results 
𝜂𝑡𝑒𝑟𝑚𝑖𝑐𝑎𝑙 𝜂𝑐ℎ𝑒𝑚𝑖𝑐𝑎𝑙 𝜂𝑝𝑟𝑎𝑡𝑖𝑐𝑎𝑙 G (kW) H (kW) S (kW) 

71.3% 74.4% 53.1% -168.9 -234.0 -0.06 

 

 

 
 

Figure 4. Maximum electromotive force x temperature 

 

 

The operating temperature of the selected fuel cell is 900°C, so the maximum possible electromotive 

force will be 0.942. The enthalpies, entropies and exergies of each point in the system are shown in Table 9. 

The enthalpy and entropy values were used to evaluate the cogeneration system according to the 1st law of 

thermodynamics and are shown in Table 10. From the efficiencies of electricity and useful heat generation, 

the overall efficiency is 94.5%. The SOFC efficiency for electricity generation of 52.9% confirms the 

expectation of being greater than Carnot cycles on average, as the cell converts chemical energy directly into 

electrical energy.  

The electrical efficiency added with the thermal efficiency of 41.6% gives an overall efficiency of 

94.5% for the proposed system. It also confirms the expected result of the overall efficiency of the system 

compared to other published studies using SOFC for cogeneration whose efficiencies are around 90%. 

According to the 2nd law of thermodynamics and the exergy values presented in Table 9, the exergy balance 

was performed in each control volume, and the respective irreversibilities and rational efficiency results are 

presented in Table 11. Heat exchanger 2 was the component with the lowest Bosnjakovic efficiency, at 

46.8%; on the other hand, the compressors were the components with the highest Bosnjakovic efficiency, 

both above 98.4%. 
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Table 9. Molar concentrations of the proposed system 

Streams Component 
Thermodynamic 

Exergy (kJ/kg) 

Electrochemical 

Exergy (kJ/kg) 

Total Exergy 

(kJ/kg) 
Enthalpy 

(kJ/kg) 
Entropy 

(kJ/kg.K) 
1 Biogas 0.0 18576.0 18576.1 220.0 7.2 
2 Biogas 12.3 18576.0 18588.4 232.4 7.3 
3 Biogas 1013.3 18576.0 19589.4 978.9 8.7 

3 (a) Biogas + Steam 1242.5 6505.0 7747.4 1612.5 11.8 
3 (b) Reformed fuel 3246.9 7426.0 10673.2 1978.5 13.9 
4 (a) Chemical reaction products 1464.1 1426.0 2890.1 1483.6 10.3 

4 Exhaust gases 2060.0 2388.0 4447.9 1141.9 7.5 
5 Air 0.0 406.0 406.3 298.6 6.9 

6 Air 12.3 406.0 418.6 313.9 6.9 
7 Air SOFC 468.5 447.0 915.1 1230.8 8.3 

8 Exhaust gases 837.2 213.0 1050.2 1414.0 8.5 

9 Exhaust gases 625.4 213.0 838.4 1118.9 8.3 
10 Exhaust gases 18.9 213.0 231.9 119.1 7.0 

11 Water 0.0 50.0 50.0 105.0 0.4 

12 Water 0.9 50.0 50.9 151.8 0.5 
13 Water 8.0 50.0 58.0 251.2 0.8 

 

 

Table 10. Efficiencies according to the 1st law of thermodynamics 
𝜂𝑡𝑒𝑟𝑚𝑖𝑐𝑎𝑙 𝜂𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑐ℎ𝑒𝑚𝑖𝑐𝑎𝑙 𝜂𝑔𝑙𝑜𝑏𝑎𝑙 

41.6% 52.9% 94.5% 

 

Table 11. Exergy balance, irreversibility and rational efficiency of equipment 
Equipment Input Exergy (kW) Output Exergy (kW) Irreversibility (kW) Exergy Efficiency (%) 

Combustion chamber 181.3 117.6 63.7 64.9% 

Compressor 1 194.7 194.7 0.07 99.9% 

Compressor 2 43.2 42.5 0.7 98.5% 
Heat exchanger 1 402.5 258.9 143.6 64.3% 

Heat exchanger 2 120.7 56.5 64.2 46.8% 

Heat exchanger 3 312.3 299.0 13.2 95.8% 

 

 

4. CONCLUSION 

It can be concluded that solid oxide fuel cells are suitable for power generation from both energy 

and cogeneration point of view. The present paper presented a possibility of application of SOFC with 

internal steam reforming of biogas has been presented, where the high operating temperature and anodic 

steam recirculation can be used to produce hydrogen. Moreover, it is found that the steam to carbon rate used 

in internal steam reforming has a direct relationship with the production of hydrogen, i.e., the higher the 

steam to carbon rate, the greater the mass of hydrogen of the products will be at constant biogas mass flow 

rate. Regarding the technical aspect, the overall efficiency of the system was over 94%, considering the 

concepts of the 1st law of thermodynamics, where the electrical efficiency was 52.9% and the thermal 

efficiency was 41.6%. With respect to the exergy flows studied, the largest irreversibilities relate, in 

descending order, to the heat exchanger 2 (hot water generation point using the heat of the exhaust gases), to 

the heat exchanger cell assembly and to the combustion chamber. 
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