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[> restart;

[> libname := "C:/Users/ab9797/Dropbox/Maple CAD/FromRCorg/Latest",
libname;

libname := "C:/Users/ab9797/Dropbox/Maple_ CAD/FromRCorg/Latest",
| "C:\Program Files\Maple 2016\lib"
[> with(RegularChains):
> with(SemiAlgebraicSetTools);
[ BoxValues, Complement, CylindricalAlgebraicDecompose, Difference, DisplayParametricBox,

DisplayQuantifierFreeFormula, EmptySemiAlgebraicSet, Intersection, IsContained, ISEmpty,
IsParametricBox, LinearSolve, PartialCylindricalAlgebraicDecomposition, Positivelnequalities,
Projection, QuantifierElimination, RealRootCounting, RealRootlsolate, RefineBox, RefineListBox,
RemoveRedundantComponents, RepresentingBox, RepresentingChain,
RepresentingQuantifierFreeFormula, RepresentingRootindex, SignAtBox, VariableOrdering]




L
¥ The System

Sygl%m of inEerest. Taken from Biomodals database as descibed at the start of Section 2 of the paper
> =
k2*x6 - kl*x1*x4 - k16*x1*x5 + k15*x11 = O,
k3*x6 + kb5*x7 + k10*x9 + k13*x10 - k11*x2*x5 - k12*x2*x5 - k4*
x2*x4 = 0,
k6*x7+k8*x8 - k7*x3*x5 = 0,
-k1*X1*x4-k4*x2*x4+k2*x6+k3*x6+k5*x7+k6*x7 = O,
-k11*x2*x5-k12*x2*x5-k16*X1*X5-K7*Xx3*X5+k10*x9+k13*x10+k15*x11+
k8*x8 = 0,

k1*x1*x4-k2*x6-k3*x6 = O,
kd*x2*x4-k5*x7-k6*x7 = 0,
k7*x3*x5-k8*x8-k9*x8 = 0,

k11*x2*x5-k10*x9+k9*x8 = 0O
k12*x2*x5-k13*x10-k14*x10
k16*x1*x5+k14*x10-k15*x11
-k17+x10+x11+x5+x8+x9 = 0,
-k18+x4+x6+x7 = O,
-k19+x1+X10+X11+Xx2+Xx3+X6+X7+x8+x9 = 0

TS?==[—k1x1x4——k16x1x5—kk15x11—kk2x6:O,—k11x2x5——k12x2x5——k4x2x4—%k10x9
+ k13 x10 + k3 x6 +k5x7 =0, -k7 x3 x5 + k6 X7 + k8 x8 =0, -k1 x1 x4 — k4 x2 x4 + k2 x6
+ k3 x6 +k5x7 + k6 x7 =0, -k11x2 x5 — k12 x2 x5 — k16 x1 x5 — k7 x3 x5 4+ k10 x9
+ k13 x10 + k15 x11 + k8 x8 =0, k1 x1 x4 — k2 x6 —k3 x6 =0, k4 x2 x4 —k5 X7 — k6 x7 =0,
k7 x3 x5 —k8x8 —k9x8=0, k11 x2 x5 —k10x9 + k9 x8 =0, k12 x2 x5 — k13 x10 — k14 x10
=0, k16 x1 x5 + k14 x10 — k15x11 =0, -k17 +x10 +x11 + x5 +x8 +x9 =0, -k18 + x4
+x6 +x7=0, -k19 +x1 +x10 +x11 +x2 +x3 +x6 + X7 +x8 +x9=0]

I 1.
o

[9 of the parameters have been measured accuretley.
> sl := {kl1 = 0.2e-1, k11 = 0.1le-1, k12 = 0.1le-1, k15 = 0.86e-1,
kl6 = 0.11le-2, k3 = 0.1le-1, k4 = 0.32e-1, k7 = 0.45e-1, k9 =
0.92e-1}%;
nops(%) ;
sl := {k1=0.02, k11 =0.01, k12 =0.01, k15 =0.086, k16 =0.0011, k3 =0.01, k4 =0.032, k7
=0.045, k9 =0.092}

9
[ Another 7 have been estimated with confidence
>s2 :={k10 =1, k13 =1, k14 = .5, k2 =1, kb =1, k6 = 15, k8
= 1};
nops (%) ;
s2:= {k10=1,k13=1,k14=05,k2=1,k5=1,k6 =15, k8 =1}
i 7
The remaining 3 are estimated as below, but with less confidence.
> s3 := {k17 = 100, k18 = 50, k19 = 200}%};
nops((%) ;
s3 := {k17 =100, k18 =50, k19 =200}
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We will proceed with one free parameter, k19. Hence we substitute the others in and convert to
rational numbers

> TSX := subs(sl,s2, [k17=100, k18=50], TS):
convert(TSX, rational):
TSY := map(X->X*10000, %);
TSY := [-200 x1 x4 — 11 x1 x5 + 860 x11 + 10000 x6 =0, -320 x2 x4 — 200 x2 x5 4 10000 x10
-+ 100 x6 + 10000 x7 + 10000 x9 =0, -450 x3 x5 + 150000 x7 + 10000 x8 =0, -200 x1 x4
— 320 x2 x4 + 10100 x6 + 160000 x7 =0, -11 x1 x5 — 200 x2 x5 — 450 x3 x5 + 10000 x10
-+ 860 x11 4 10000 x8 + 10000 x9 =0, 200 x1 x4 — 10100 x6 =0, 320 x2 x4 — 160000 x7 =0,
450 x3 x5 — 10920 x8 =0, 100 x2 x5 + 920 x8 — 10000 x9 =0, 100 x2 x5 — 15000 x10 =0,
11 x1 x5 + 5000 x10 — 860 x11 =0, -1000000 + 10000 x10 + 10000 x11 + 10000 x5
-+ 10000 x8 + 10000 x9 =0, -500000 + 10000 x4 + 10000 x6 + 10000 x7 =0, -10000 k19
-+ 10000 x1 + 10000 x10 + 10000 x11 + 10000 x2 + 10000 x3 + 10000 x6 + 10000 x7
i -+ 10000 x8 + 10000 x9 =0]
We need to place an ordering on the variables.
> indets(TSY);
i {k19, x1, x10, x11, x2, X3, x4, x5, X6, X7, x8, X9}
We must have the parameter at the end (so we see how differing this affects the others). We simply
place the others in the label ordering
> vars := [x11, x10, x9, x8, x7, x6, x5, x4, x3, x2, x1, k19];
R:=PolynomialRing(vars):
vars := [x11, x10, x9, x8, X7, X6, X5, x4, x3, X2, x1, k19]

[ We now add the positivity conditions for variables and remaining parameter:
> TSZ = TSY:
for 1 from 1 to nops(vars) do:

var :-= vars[i]:
TSZ = [op(TSzZ), var>0]:
od: TSZ;

[ -200 x1 x4 — 11 x1 x5 + 860 x11 + 10000 x6 =0, -320 x2 x4 — 200 x2 x5 + 10000 x10 + 100 x6
+ 10000 x7 + 10000 x9 =0, -450 x3 x5 + 150000 x7 + 10000 x8 =0, -200 x1 x4 — 320 x2 x4
+ 10100 x6 + 160000 x7 =0, -11 x1 x5 — 200 x2 x5 — 450 x3 x5 + 10000 x10 + 860 x11
<+ 10000 x8 + 10000 x9 =0, 200 x1 x4 — 10100 x6 =0, 320 x2 x4 — 160000 x7 =0, 450 x3 x5
— 10920 x8 =0, 100 x2 x5 + 920 x8 — 10000 x9 =0, 100 x2 x5 — 15000 x10 =0, 11 x1 x5
+ 5000 x10 — 860 x11 =0, -1000000 + 10000 x10 + 10000 x11 + 10000 x5 + 10000 x8
+ 10000 x9 =0, -500000 + 10000 x4 + 10000 x6 + 10000 x7 =0, -10000 k19 + 10000 x1
+ 10000 x10 + 10000 x11 + 10000 x2 + 10000 x3 + 10000 x6 + 10000 x7 + 10000 x8
410000 x9=0,0 <x11,0 <x10,0 <x9,0 <x8,0 <x7,0 <x6,0 <x5 0 <x4,0<x3,0
<x2,0 <x1,0 <kl19]

:So TSZ is the system to solve.

We start by triangularizing the system. We use the lazy variant, which produces the highest dim
| component and unevaluated function calls for the others.
| > Lrt = LazyRealTriangularize( TSZ, R, output=record):
> nops([Lrt]);
;

:One solutions component and 6 unevaluated calls. First we look at the unevaluated calls.




VY The unevaluated calls

[ The second solution component may be dismissed easily as the input has both k19=0 and k19>0 in
|it. These are in compatible so the compoentn evaluates to NULL
> Lrt[2];

%LazyRealTriangularize( [k19 =0, -500000 + 10000 x4 + 10000 x6 + 10000 x7 =0, -1000000
<+ 10000 x10 4+ 10000 x11 4 10000 x5 + 10000 x8 + 10000 X9 =0, x5 + x4 —x3 —x2 —x1
+ k19 — 150 =0, -10000 k19 + 10000 x1 + 10000 x10 + 10000 x11 + 10000 x2 + 10000 x3
-+ 10000 x6 + 10000 x7 + 10000 x8 + 10000 x9 =0, -2 x1 x4 + 101 x6 =0, 200 x1 x4
— 10100 x6 =0, 100 x2 x5 — 15000 x10 =0, 320 x2 x4 — 160000 x7 =0, 450 x3 x5 — 10920 x8
=0, 11 x1 x5 4+ 5000 x10 — 860 x11 =0, 100 x2 x5 + 920 x8 — 10000 x9 =0, -450 x3 x5
+ 150000 x7 4 10000 x8 =0, 101 x4 x2 + 1000 x4 x1 4+ 50500 x4 — 2525000 =0, 2 x4 x1
+ 101 x7 + 101 x4 — 5050 =0, -200 x1 x4 — 11 x1 x5 + 860 x11 + 10000 x6 =0, -200 x1 x4
— 320 x2 x4 4+ 10100 x6 4 160000 x7 =0, -320 x2 x4 — 200 x2 x5 + 10000 x10 + 100 x6
+ 10000 x7 + 10000 x9 =0, x4 X2 — x3 X2 — x2% — x2 X1 + x2 k19 + 150 x10 — 150 x2 = 0,
15 x4 x3 — 15 x32 — 15 x3 x2 — 15 x3 x1 + 15 x3 k19 + 364 x8 —2250x3=0, -11 x1 x5
— 200 x2 x5 — 450 x3 x5 + 10000 x10 + 860 x11 + 10000 x8 + 10000 x9 =0, 69 x4 x3
+ 182 x4 x2 — 69 x32 — 251 x3 x2 — 69 x3 X1 + 69 x3 k19 — 182 x2° — 182 x2 x1 + 182 x2 k19
+ 18200 X9 — 10350 x3 — 27300 x2 =0, - 1000 k19 x1 x2 — 101 k19 x2° 4 1000 x1° x2
+ 1101 x1 x2° + 1000 x1 X2 X3 4 101 x2° + 101 x2° x3 — 50500 k19 x2 + 200500 x1 x2
+ 65650 x2° + 50500 x2 X3 — 150000 x1 + 5050000 x2 =0,

16838105723097694257603469 x1° — 24078605201553273505077988 x1° k19

+ 8176202638735769127032169 x1* k192 + 7723967969644977896148686580 x1°

— 7723411665463544477701499460 x1* k19 + 1465408757440589841803452380 x1° k19°
+ 1232154357941338876156606812900 x1* — 798169557586805582842481309800 x1° k19
+ 85462524901276846107251669400 x1° k19° + 83152655240002767729550477640000 x1°
— 35266411401427656834572095140000 x1% k19

+ 1631685649719702672282505500000 x1 k19

+ 2556805354853318332197489636000000 x1°

—721989571100461862477342320000000 x1 k19

+ 28843755938318780823218400000000000 x1
—7013104139459910876520500000000000 k19 =0, -10 k19 x2 — 27 k19 x3 + 10 x1 x2

+ 27 x1 X3 4 10 x2° + 37 x2 X3 — 10 X2 X4 + 27 x3° — 27 x3 x4 — 600 k19 4 600 x1 + 600 x11
+ 2100 X2 + 4650 x3 — 600 x4 + 30000 = 0, 232763663752113237974029404420089 x2 x1°
— 332853615301041845577671639990228 x2 x1* k19

+ 113024761399450186949390623074789 x2 x1° k192

+ 88646303215205075376308147029677220 x2 x1*




— 80843908028331498139954527761762740 x2 x1° k19

+ 11455232309649034305597048791479020 x2 x1° k192

— 30625833064790009548991419920 x1° + 43795148662369306906962603840 x1* k19
— 14871210647782462053693235920 x1° k19

+ 11682465068391769796632986929072776500 x2 x1°

— 5547251026060433566640620528023877000 X2 x1° k19

+ 290245997063001550130198026458525000 X2 x1 k19°

— 37749979225487731805273686504663200 x1*

+ 16963336293692750919154910690672400 x1° k19

— 1538325448222983229930530049200 x1° k19

+ 619147207587597001268026254404647600000 X2 x12

— 141348286758352762323489548674398500000 x2 x1 k19

— 6815925407229297763234036009365120000 x1°

+ 862702164104208291031357996000020000 x1° k19

— 29370341694954648101085099000000 X1 k19°

+ 14547288529581382252587071541494600000000 x2 x1

— 1247498501818579946626756931775000000000 x2 k19

— 279241219028720368578809336249748000000 x1°

+ 12995812279808313524592161760000000 x1 k19

+ 124749850181857994662675693177500000000000 X2

— 3705960282117523242886769213700000000000 x1

+ 126235874510278395777369000000000000 k19 =0, 0 < k19, 0 < x1,0 < x10, 0 < x11, 0
<x2,0 <x3,0 <x4,0<x50<x60<x7,0<x8 0 < x9], polynomial_ring, output

| =record)
> sol2 := value(Lrt[2]);

sol2 :=
| The same is true for component 3 and 4
> Lrt[3]:
sol3 := value(Lrt[3]);
sol3 :=

> Lrt[4]:
sol4 := value(Lrt[4]);

sol4 :=



However, the other 3 are not trivial and the latter two cannot be evaluated in reasonable time. Let us
| consider their constraints univariate in k19:

> select(X->indets(X)={k19}, [op(Lrt[5DI1I[1D):
evalf(realroot(hhs(®%[1]D)):

[23197989433419579994929k192——89407400615452409453098800k19

— 4822419303419166525491149190000 =0, 0 < k19 ]
[[-12619.24219, -12619.23438], [16473.33594, 16473.34375]]

[ So defining two real values of k19, one positive one negative

> select(X->indets(X)={k19}, [op(Lrt[6DI1I[1]D):;
evalf(realroot(lhs(%[1])));

[505465566622475867655547880786544637953790406059982726185509k194
— 12725780456964391893178560515183873684222178969868366920505134120 k19
+ 1175510330915205241831243213231417517003037315562884193657451445400 k19
— 281867359883676159811192082978541193600292804324596911878337972560000 k19
— 42434363570215587465668423701563932185051066892741207931879307200000000

=0,0 < k19]
[[-87.78125000, -87.77343750], [25084.53125, 25084.53906 ] ]

:Also defining two real values of k19, one positive one negative
> select(X->indets(X)={k19%}, [op(Lrt[7DI1I1D:
evalf(realroot(hhs(%[1]))):;

[351590934502740290936895033267017158736060313940693076650155371250411 k19°
— 213699072852157674283997527746395583273033983170426080574800781989093156
k19°
+ 25374851641220554774259605635053469432582109883965015804077119110958034090
k19®
+ 12972493018300022707027639267804259251235991618029852880330004508564391594\
000 k19’
— 84689459636928024142264272497261234934483724397783490293556363169296870206\
60000 k19°
+ 22310982703374064506703016631726643334214408338758486214236832656638465330\
79600000 k19°
— 37626500890411225829031917319379205201489948552899492596588589551183187344\
4245100000 k19*
+ 39262101548790869407057994985320156500968958361396178908180026842806643766)
783104000000 k19°
— 24926239907430292349743540812702961063096034624515170577798775968424482877\

99337600000000 k19°
+ 70978850735887473459176997186175978425873267246760023212940616924643171868\




478080000000000 k19

—10628711928389858769480771149238982049904341389014953948347496131846703628\
10368000000000000 =0, 0 < k19]

i [[-380., -379.9921875], [409.2500000, 409.2578125]]
| Also defining two real values of k19, one positive one negative

_Hence, the evaluated solution component is valid for all k19>0 except for 3 isolated points, which
| are (to 1dp): 409.3, 16473.3 and 25084.5.

I:We now proceed to study the evaluated solution component, knowing from above that it is valid for all
k19>0 except 3 isolated points.

¥ Investigating the component

(Calculated this way to facilitate printing_to pdf) i
> sol := LazyRealTriangularize( TSZ, R, output=list):
Display(%,R);

[{[600 x11 + (-10 x2 — 27 x3 — 600) x4 + 27 x3% + (-27 k19 + 27 x1 + 37 x2 + 4650) x3
+10 %22+ (-10 k19 + 10 X1 + 2100) x2 — 600 k19 + 600 x1 + 30000 =0, ],
[150 X10 + x4 x2 — X3 x2 — x2° 4 (k19 — x1 — 150) x2=0, ],
[18200 x9 + (69 X3 + 182 x2) x4 — 69 x3° + (69 k19 — 69 x1 — 251 x2 — 10350) X3
— 182 x2° + (182 k19 — 182 x1 — 27300) x2 =0, ],
[364 X8 4 15 x4 x3 — 15 x3° + (15 k19 — 15 x1 — 15 x2 — 2250) x3 =0, |,
[101 x7 — 5050 + (2 x1 +101) x4 =0, |,
[101x6 —2x4x1=0, |,
[X5 + x4 —x3 —x2 —x1 +k19 — 150 =0, |,
[ (101 x2 + 1000 x1 + 50500) x4 — 2525000 =0, |,
[ (101 x2% 4 (1000 x1 4 50500) x2) x3 + 101 x2° + (-101 k19 + 1101 X1 + 65650) x2°
+ (1000 x12 + (- 1000 k19 + 200500) x1 — 50500 k19 + 5050000) x2 — 150000 x1 =0, ],
[ (232763663752113237974029404420089 x1° + (
-332853615301041845577671639990228 k19 + 88646303215205075376308147029677220)
x1* + (113024761399450186949390623074789 k19°
— 80843908028331498139954527761762740 k19
+ 11682465068391769796632986929072776500) x1°
+ (11455232309649034305597048791479020 k19
— 5547251026060433566640620528023877000 k19
+ 619147207587597001268026254404647600000) x1
+ (290245997063001550130198026458525000 k19




— 141348286758352762323489548674398500000 k19

+ 14547288529581382252587071541494600000000) x1

— 1247498501818579946626756931775000000000 k19

+ 124749850181857994662675693177500000000000) X2

— 30625833064790009548991419920 x1° + (43795148662369306906962603840 k19

— 37749979225487731805273686504663200) x14 + (

- 14871210647782462053693235920 k192 + 16963336293692750919154910690672400 k19
— 6815925407229297763234036009365120000 ) x1® + (

- 1538325448222983229930530049200 k19°
+862702164104208291031357996000020000 k19

— 279241219028720368578809336249748000000 ) x1% + (

- 29370341694954648101085099000000 k19

4 12995812279808313524592161760000000 k19

— 3705960282117523242886769213700000000000) x1

+ 126235874510278395777369000000000000 k19 =0, |,

[ 16838105723097694257603469 x1° + (-24078605201553273505077988 k19

+ 7723967969644977896148686580) x1° + (8176202638735769127032169 k19

— 7723411665463544477701499460 k19 + 1232154357941338876156606812900) x1*

+ (1465408757440589841803452380 k19° — 798169557586805582842481309800 k19

+ 83152655240002767729550477640000) x1® + (85462524901276846107251669400 k19
— 35266411401427656834572095140000 k19 + 2556805354853318332197489636000000)
x1% + (1631685649719702672282505500000 k19

— 721989571100461862477342320000000 k19

+ 28843755938318780823218400000000000) x1

— 7013104139459910876520500000000000 k19 =0, |,

[x1>0, ],

[k19 > 0 and 23197989433419579994929 k19° — 89407400615452409453098800 k19
—4822419303419166525491149190000 # 0 and

505465566622475867655547880786544637953790406059982726185509 k19*

— 12725780456964391893178560515183873684222178969868366920505134120 k19°

+ 1175510330915205241831243213231417517003037315562884193657451445400 k197
— 281867359883676159811192082978541193600292804324596911878337972560000 k19
—42434363570215587465668423701563932185051066892741207931879307200000000
#+ 0 and

351590934502740290936895033267017158736060313940693076650155371250411 k19*°
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— 213699072852157674283997527746395583273033983170426080574800781989093156
k19®

+ 25374851641220554774259605635053469432582109883965015804077119110958034090
k19®

+ 12972493018300022707027639267804259251235991618029852880330004508564391594)\
000 k19’

— 84689459636928024142264272497261234934483724397783490293556363169296870206\
60000 k19°

+ 22310982703374064506703016631726643334214408338758486214236832656638465330\
79600000 k19°

— 37626500890411225829031917319379205201489948552899492596588589551183187344\
4245100000 k19*

+ 39262101548790869407057994985320156500968958361396178908180026842806643766\
783104000000 k19°

— 24926239907430292349743540812702961063096034624515170577798775968424482877\

99337600000000 k19°

+ 70978850735887473459176997186175978425873267246760023212940616924643171868\
478080000000000 k19
—10628711928389858769480771149238982049904341389014953948347496131846703628\
10368000000000000 + 0, ]]

[ This is a triangular decomposition, meaning that as we read from the bottom up extra variables are
added.

Starting from the bottom we see there are four constraints univariate in k19. That is be greater than
zero and not the root of three polynomials. We recognise these as the polynomials from the
unevaluated function calls.

I.e. the part univariate in k19 is stating that k19 be positive and away from those 3 isolated points.

[ Next let us consider the part that is bivariate in x1 and k19.

We have that x1>0 and that the following polynomial is 0.
> x1pol := 16838105723097694257603469*x1"6+

(-24078605201553273505077988*k19+7723967969644977896148686580)*
x17"5+(8176202638735769127032169*k1912
-7723411665463544477701499460*
k19+1232154357941338876156606812900) *x1"4+
(1465408757440589841803452380*k19"2
-798169557586805582842481309800*
k19+83152655240002767729550477640000)*x1"3+
(85462524901276846107251669400*k19"2
-35266411401427656834572095140000*
k19+2556805354853318332197489636000000) *x1"2+
(1631685649719702672282505500000*k19"2
-721989571100461862477342320000000*
k19+28843755938318780823218400000000000)*x1
-7013104139459910876520500000000000*k19



x1pol := 16838105723097694257603469 x1° + ( - 24078605201553273505077988 k19
+ 7723967969644977896148686580) x1° + (8176202638735769127032169 k19
— 7723411665463544477701499460 k19 + 1232154357941338876156606812900) x1°
+ (1465408757440589841803452380 k19 — 798169557586805582842481309800 k19
+ 83152655240002767729550477640000) x1° + (85462524901276846107251669400 k19>
— 35266411401427656834572095140000 k19 + 2556805354853318332197489636000000 )
x1% + (1631685649719702672282505500000 k19°
— 721989571100461862477342320000000 k19

+ 28843755938318780823218400000000000) x1
—7013104139459910876520500000000000 k19

iThis polynomial is (7) in the paper. It is degree 6 in x1.

[ The remaining constraints are all equations linear in their main variable meaning solutions can be
easily found for other variables once solutions for x1 and k19 are known.
| We print the solution formulae below (given as Table 3 in the paper)

> sol := LazyRealTriangularize( TSZ, R, output=list):

rcPols := map(X->X[4], sol[1][RegularChain][polynomials]):

ind = 11:

TriSol := []:

for var in [x11, x10, x9, x8, x7, x6, x5, x4, x3, x2] do
tmp = op(select(X->has(X,var), rcPols)):
rcPols := remove(X->has(X,var), rcPols):
print(isolate(tmp, var));
TriSol := [op(TriSol), isolate(tmp, var)]

od:
xllz%x4x3+6—10x4x2—%x32—%x3x2—%x3xl+%x3k19—6—10x22
—ix2x1+ix2k19+x4—£x3—1x2—x1+k19—50
60 60 4 2
xloz—Fl0 x2k19+F10x2x1+F10x22+ﬁx3x2—F10x4x2+x2
x9:=—-1%6-x2k19-— 1;220 x3k19-+-1%6-x2x1-+ 1é§20 x3x1-+-1%6-x22—%-I§g%6-x3x2
—ﬁx4x2+%x3z— 1862900 x4x3+%x2+%x3
x8:—% x3k19+%x3x1+%x3x2+%x32—%x4x3+111—8225x3
X7:_E%IX4X1_X4+50
x6=-i%I-x4x1

X5 =-x4 + x3 + x2 + x1 — k19 + 150




= 2525000
101 x2 + 1000 x1 + 50500

(-101 x2° — 1101 x22 x1 + 101 x2° k19 — 1000 x2 x1°

1
X3 =
1000 x1 x2 + 101 x2° + 50500 x2

+ 1000 x2 x1 k19 — 65650 x2% — 200500 x2 x1 + 50500 x2 k19 — 5050000 x2 -+ 150000 x1)
x2 = (14871210647782462053693235920 k19° x1° — 43795148662369306906962603840 k19 x1*

+ 30625833064790009548991419920 x1° + 1538325448222983229930530049200 k197 x1°

— 16963336293692750919154910690672400 k19 x1°

+ 37749979225487731805273686504663200 x1*

+ 29370341694954648101085099000000 k19> x1

— 862702164104208291031357996000020000 k19 x1°

+ 6815925407229297763234036009365120000 x1°

— 12995812279808313524592161760000000 k19 X1

+ 279241219028720368578809336249748000000 x12

— 126235874510278395777369000000000000 k19

+ 3705960282117523242886769213700000000000 x1) /

(113024761399450186949390623074789 k197 x1°

— 332853615301041845577671639990228 k19 x1*

+ 232763663752113237974029404420089 x1°

+ 11455232309649034305597048791479020 k19% x12

— 80843908028331498139954527761762740 k19 x1°

+ 88646303215205075376308147029677220 x1°

+ 290245997063001550130198026458525000 k197 x1

— 5547251026060433566640620528023877000 k19 x1?

+ 11682465068391769796632986929072776500 x1°

— 141348286758352762323489548674398500000 k19 x1

+ 619147207587597001268026254404647600000 x12

— 1247498501818579946626756931775000000000 k19

+ 14547288529581382252587071541494600000000 x1

+ 124749850181857994662675693177500000000000 )

For the variables x2...x11 solutions may be calculated easily from solutions for k19 and x1

|:So we have a triangular solution valid for k19>0 excluding 3 points.
To demonstrate this we recreate the solutions for k19 =200 and 500 given in Table 1 of the paper



L
VY Table 1: Solutions at k19 = 200

At this k19 value only one positive solution to the polynomial in x1,k19
> sol := [k19=200]:

subs(sol, x1pol): realroot(%, 1/100000000): evalft(%);
S:=select(X->X[1]>0, %): S = op(S):

x1 = S[1] + (S[2]-S[1]1)/2;

sol := [op(sol), %]:

for entry in ListTools:-Reverse(TriSol) do
print(subs(sol, entry));

sol := [op(sol), subs(sol,entry)]:

od:
[[-110.4712848, -110.4712848], [ -95.84066958, - 95.84066958 ], [ -46.23133729,

-46.23133729], [90.65124025, 90.651240251]]
x1=190.65124024
X2 =2.673106650
x3 =10.49959369
x4 = 17.85446292

X5 =35.9694777
X6 = 32.05008333
X7 =0.09545375
x8 =15.56311404
X9 =2.393308991
x10 =0.641001666
x11 =45.4330976

¥ Table 1: Solutions at k19 = 500

[ At this value of k19 there are 3 positive solutions to the polynomial in x1,k19
> subs(k19=500, xlpolgz realroot(%, 1/1000000): evalf(%);
SS:=select(X->X[1]>0, %);

[[-90.84580302, -90.84580290], [ -67.76791108, -67.76791096 ], [ -48.53699827,
-48.536998151], [17.63922131, 17.63922143], [122.0339677, 122.0339679], [323.7613771,
323.7613772]]

SS := [[17.63922131, 17.63922143], [122.0339677, 122.0339679], [323.7613771,

323.76137721]]




> sol := [k19=500]:

subs(sol, x1pol): realroot(%, 1/100000000): evalf(%);
S:=SS[1]: x1 = S[1] + (S[2]-S[1])/2;

sol := [op(sol), %]:

for entry in ListTools:-Reverse(TriSol) do
print(subs(sol, entry));

sol := [op(sol), subs(sol,entry)]:

od:
[[-90.84580294, -90.84580294 1], [ -67.76791100, -67.76791100], [ -48.53699823,

-48.53699823 ], [17.63922132, 17.63922132], [122.0339678, 122.0339678 ], [ 323.7613772,
323.76137721]]
x1=17.63922137
X2 =6.976738402
x3 =367.5699821
x4 =36.67719330
x5 =5.5087486
X6 =12.81103231
X7 =0.51177439
x8 = 83.441647
X9 =8.0609625
x10 =0.256220659
x11=2.7324212

> sol := [k19=500]:

subs(sol, x1pol): realroot(%, 1/100000000): evalf(%);
S:=SS[2]: x1 = S[1] + (SI2]1-SI[1D)/2;

sol := [op(sol), %]:

for entry in ListTools:-Reverse(TriSol) do
print(subs(sol, entry));

sol := [op(sol), subs(sol,entry)]:

od:
[[-90.84580294, -90.84580294], [ -67.76791100, - 67.76791100], [ -48.53699823,

-48.536998231, [17.63922132, 17.63922132], [122.0339678, 122.0339678 ], [323.7613772,
323.7613772]]
x1 =122.0339678
x2 = 14.67212818
X3 = 234.9735960
x4 = 14.51017227
x5 = 7.1695197
X6 = 35.06403754
x7 = 0.42579019
X8 = 69.422300
X9 = 7.4387728
x10 = 0.70128074
x11 = 15.2681256




> sol := [k19=500]:

subs(sol, x1pol): realroot(%, 1/100000000): evalf(%);
S:=SS[3]:

x1 = S[1] + (S[2]-S[1])/2;

sol := [op(sol), %]:

for entry in ListTools:-Reverse(TriSol) do
print(subs(sol, entry));

sol := [op(sol), subs(sol,entry)]:

od:
[[-90.84580294, -90.84580294], [ -67.76791100, -67.76791100], [ -48.53699823,

-48.536998231, [17.63922132, 17.63922132], [122.0339678, 122.0339678 ], [323.7613772,
323.76137721]
x1 =323.7613772
x2 = 9.496206124
x3 =37.10128319
x4 = 6.729376568
x5 = 13.6294899
X6 = 43.14281634
x7 =0.12780709
x8 = 20.8381138
x9 = 3.21139097
x10 = 0.862856308
x11 = 61.4581492
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I:What now remains is to understand when the number of real positive solutions changes from 1 to 3.
To understand this we need only study the problem in x1,k19. We use CAD to do this.

¥ CAD of (x1, k19)-space

;We decompose against the bivariate polynomial and also x1 (since we require x1>0).
> cad := CylindricalAlgebraicDecompose( [xlpol, x1, ki19],
PolynomialRing([x1, k19]), output=list ): nops(%);
135
k19 axis divided into 11 (5 points identified)
> convert(map(X->X|1][1].,cad), set);
i {1,2,3,4,5,6,7,8,9,10, 11}
[> select(X->X[1][1]=2, cad):
convert(map(X->X[-1]1[-11111, %), set):
evalt(%);

select(X->X[1][1]=4, cad):
convert(map(X->X[-1]1[-1]1[1], %), set):
evalt(%);

select(X->X[1][1]=6, cad):
convert(map(X->X[-1]1[-1]1[1], %), set):
evalt(%);

select(X->X[1][1]=8, cad):
convert(map(X->X[-1]1[-1]1[1], %), set):
evalt(%);

select(X->X[1][1]=10, cad):
convert(map(X->X[-1]1[-11111, %), set):
evalt(%);
{[-379.9930260, -379.9930260]}
{[-87.77612059, -87.77612059]}
{[0.,0.1}
{[409.2533647, 409.2533647 1}
{[25084.53589, 25084.53589 ]}

:So there are two positive values of k19 where solution behaviour changes.

;Cell index 7 describes the k19 axis above 0 and below 409.25 (to 2dp)

> select(X->X[1][1]=7, cad):
map(X->X[-11[-11[21, %):
evalt(%);
nops((%) :

[[-110.5000000, -110.500000017, [ -109.7804117, -109.7804108], [ -102.3453851,
-102.3453851 1], [ -94.91035938, -94.91035843], [ -70.60849333, -70.60849333], [
-46.30662823, -46.30662727], [ -23.15331364, -23.153313641], [0., 0.], [46.85140133,

| 46.85140133], [93.70280266, 93.70280361 ], [94.50000000, 94.50000000]]
| We print the sample points. We see the positive x1 quadrant breaks into three pieced - one solutions




| Cell index 9 describes the k19 axis above 409.25 and below 25084.53 (to 2dp)
> select(X->X[1][1]=9, cad):

map(X->X[-1][-11[2], %):

evalt(%);

nops((%) :

[ [ -79.50000000, -79.500000001], [ -78.65213013, - 78.65212917], [ -64.79583025,
-64.79583025], [ -50.93953133, -50.93953037], [ -50.76832724, -50.768327241], [
-50.59712410, -50.59712315], [ -25.29856157, -25.298561571], [0., 0.], [0.1715278625,
0.1715278625], [0.3430557251, 0.3430566788], [3462.559811, 3462.559811],
[6924.776566, 6924.776567 ], [8974.635913, 8974.635913], [11024.49526, 11024.49526],
[11025.50000, 11025.500001]

[ \We print the sample points. We see the positive x1 quadrant breaks into seven pieced - three
| solutions

;Cell index 11 describes the k19 axis above 25084.53 (to 2dp)

> select(X->X[1][1]=11, cad):
map(X->X[-11[-11[2], %):
evalt(%);
nops(%):

[ [ -79.50000000, -79.50000000], [ -78.42055225, -78.42055130], [ -64.53387451,
-64.53387451], [ -50.64719772, -50.647196771], [ -50.64719057, -50.64719057], [
-50.64718437, -50.64718342], [ -25.32359171, -25.32359171], [0., 0.], [0.08641815186,
0.08641815186], [0.1728363037, 0.1728372574 ], [6885.445583, 6885.445583 ],
[13770.71833, 13770.71833], [17796.62871, 17796.62871], [21822.53910, 21822.53910],
[21823.50000, 21823.50000]]

[ \We print the sample points. We see the positive x1 quadrant breaks into seven pieced - three
| solutions

|:And so we observe the crucial breaking point at k19 = 409.25

The final sections repeat the above analysis for different parameter values and free parameters. These
calculations all proceed similarly to the above and so are not annotated. We note that some of them can

take up a few minutes to run, so be patient. These results were summarised at the end of Section 2.1.2
in the paper.
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¥ Chainging k17 from 100 to 95

[> TSX := subs(sl,s2, [k17=95, k18=50], TS):

convert(TSX, rational):

TSY = map(X->X*10000, %):
vars = [x11, x10, x9, x8, x7, x6, x5, x4, x3, x2, x1, k19]:
R:=PolynomialRing(vars):

TSZ -= TSY:
for 1 from 1 to nops(vars) do:
var :-= vars[i]:
TSZ = [op(TSzZ), var>0]:
od: TSZ:
sol := LazyRealTriangularize( TSZ, R, output=list):
rcPols := map(X->X[4]., sol[1][RegularChain][polynomials]):
TriSol := :

for var in [x11, x10, x9, x8, x7, x6, x5, x4, x3, x2] do
tmp := op(select(X->has(X,var), rcPols)):
rcPols := remove(X->has(X,var), rcPols):
#print(isolate(tmp, var));
TriSol := [op(TriSol), isolate(tmp, var)]
od:
x1pol := op(select(X->has(X,x1), rcPols)):
cad := CylindricalAlgebraicDecompose( [x1lpol, x1],
PolynomialRing([x1, k19]), output=list ):
m = max(convert(map(X->X[1][1],cad), set));
m:= 15
for 1 from 2 by 2 to m-1 do:
select(X->X[1][1]=1, cad);
convert(map(X->X[-1]1[-11111, %), set):
print(i, evalt(%));
od:
, {[-373.3438030, -373.3438030]}

2, {

4, {[-250.9856093, -250.9856093 ]}

6, {[-84.47461554, -84.47461554 ]}
8, {10, 0.1}

10, {[213.8741115, 213.8741115]}

12, {[369.9168535, 369.9168535]}

14, {[25093.73877, 25093.73877 ]}

for ind in [9,11,13,15] do
select(X—>X[1][1]=ind, cad):
map(X->X[-11[-11[2], %):
select(X->X[1]>0, %);

print(ind, "Num sols = ", (nhops(%)-1)/2);

od:

9,"Numsols=",1
11, "Numsols =", 1
13, "Num sols =", 3
15, "Num sols =", 3

jSo breaking point is 369.91
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¥ Chainging k17 from 100 to 105

> TSX = subs(sl,s2, [k17=105, k18=50], TS):
convert(TSX, rational):
TSY = map(X->X*10000, %):
> vars = [x11, x10, x9, x8, x7, x6, x5, x4, x3, x2, x1, k19]:
R:=PolynomialRing(vars):
> TSZ = TSY:
for 1 from 1 to nops(vars) do:

var :-= vars[i]:
TSZ = [op(TSzZ), var>0]:
| od: TSZ:
> sol := LazyRealTriangularize( TSZ, R, output=list):
rcPols := map(X->X[4]., sol[1][RegularChain][polynomials]):

TriSol :
for var in [x11, x10, x9, x8, x7, x6, x5, x4, x3, x2] do
tmp := op(select(X->has(X,var), rcPols)):
rcPols := remove(X->has(X,var), rcPols):
#print(isolate(tmp, var));
TriSol := [op(TriSol), isolate(tmp, var)]

od:
> x1pol := op(select(X->has(X,x1), rcPols)):
> cad := CylindricalAlgebraicDecompose( [xlpol, x1, ki19],
PolynomialRing([x1, k19]), output=list ):
> m = max(convert(map(X->X[1][1].,cad), set));
m:= 11
> for 1 from 2 by 2 to m-1 do:
select(X->X[1][1]=1, cad);
convert(map(X->X[-1][-11[1], %), set):
print(i, evalt(%));
od:
2, {[-386.6380072, -386.63800721}
4, {[-91.09778311, -91.097783111]}
6, {0, 0.1}
8, {[450.0767880, 450.07678801]}
10, {[25075.33300, 25075.33300]}
> for ind in [7,9,11] do
select(X->X[1][1]=ind, cad):
map(X->X[-11[-11[2], %):
select(X->X[1]>0, %);
print(ind, "Num sols = ", (nhops(%)-1)/2);
od:
7,"Numsols=",1
9, "Numsols =", 3

11, "Num sols =", 3

jSo breaking point is 450.0
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¥ Setting k19 = 200 and allowing k17 free
[> TSX := subs(sl,s2, [k19=200, k18=50], TS):

convert(TSX, rational):

TSY = map(X->X*10000, %):
vars = [x11, x10, x9, x8, x7, x6, x5, x4, x3, x2, x1, k17]:
R:=PolynomialRing(vars):

TSZ -= TSY:
for 1 from 1 to nops(vars) do:
var :-= vars[i]:
TSZ = [op(TSzZ), var>0]:
od: TSZ:
sol := LazyRealTriangularize( TSZ, R, output=list):
rcPols := map(X->X[4]., sol[1][RegularChain][polynomials]):
TriSol := :

for var in [ill, x10, x9, x8, x7, x6, x5, x4, x3, x2] do
tmp = op(select(X->has(X,var), rcPols)):
rcPols := remove(X->has(X,var), rcPols):
#print(isolate(tmp, var));
TriSol := [op(TriSol), isolate(tmp, var)]
od:
x1pol := op(select(X->has(X,x1), rcPols)):
cad := CylindricalAlgebraicDecompose( [x1lpol, x1, k17],
PolynomialRing([x1, k17]), output=list ):
m = max(convert(map(X->X[1][1],cad), set));
m:= 17
for 1 from 2 by 2 to m-1 do:
select(X->X[1][1]=1, cad);
convert(map(X->X[-1][-11[1], %), set):
print(i, evalt(%));
od:
2, {[-2.611357213 10°, -2.611357213 10°]}
4, {[-91.84759563, -91.84759563 ]}
6, {[-71.02799821, -71.027998211}
8, {[-2.657982707, -2.657982707 1}
10, {[0.,0.1}
12, {[95.85755288, 95.85755288 ]}
14, {[8894.131078, 8894.131078]}

16, {[13633.03132, 13633.03132]}



> for ind in [11,13,15,17] do
select(X->X[1][1]=ind, cad):
map(X->X[-11[-1]1[2], %):
select(X->X[1]>0, %);
print(ind, "Num sols = ", (nhops(%)-1)/2);
od:
11, "Numsols =", 1

13, "Numsols=",1
15, "Numsols=", 1
17, "Numsols=",1

jSo this time there is no bistability!
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¥ Setting k19 = 500 and allowing k17 free

> TSX := subs(sl,s2, [k19=500, k18=50], TS):
convert(TSX, rational):
TSY = map(X->X*10000, %):

> vars = [x11, x10, x9, x8, x7, x6, x5, x4, x3, x2, x1, k17]:
R:=PolynomialRing(vars):

> TSZ = TSY:
for 1 from 1 to nops(vars) do:

var :-= vars[i]:
TSZ = [op(TSzZ), var>0]:
| od: TSZ:
> sol := LazyRealTriangularize( TSZ, R, output=list):
rcPols := map(X->X[4]., sol[1][RegularChain][polynomials]):

TriSol :
for var in [x11, x10, x9, x8, x7, x6, x5, x4, x3, x2] do
tmp := op(select(X->has(X,var), rcPols)):
rcPols := remove(X->has(X,var), rcPols):
#print(isolate(tmp, var));
TriSol := [op(TriSol), isolate(tmp, var)]

od:
> x1pol := op(select(X->has(X,x1), rcPols)):
> cad := CylindricalAlgebraicDecompose( [xlpol, x1, ki17],
PolynomialRing([x1, k17]), output=list ):
> m = max(convert(map(X->X[1][1].,cad), set));
m:= 21
> for 1 from 2 by 2 to m-1 do:
select(X->X[1][1]=1, cad);
convert(map(X->X[-1][-11[1], %), set):
print(i, evalt(%));
od:
2, {[-2.611056006 10°, -2.611056006 10°]}
4, {[-137.6954999, -137.69549991}
6, {[-73.61489489, -73.614894891}
8, {[0.,0.1}
10, {[0.6164194692, 0.61641946921}
12, {[55.09668286, 55.09668286 ]}
14, {[85.98772184, 85.98772184 1}
16, {[110.8692721, 110.86927211}

18, {[8893.842566, 8893.842566 ]}

20, {[13469.76024, 13469.76024 ]}



> for ind in [9,11,13,15,17,19,21] do
select(X->X[1][1]=ind, cad):
map(X->X[-11[-11[2], %):
select(X->X[1]>0, %);
print(ind, "Num sols = ", (nhops(%)-1)/2);
od:
9, "Numsols=",1

11, "Numsols=", 1
13, "Numsols=",1
15, "Num sols =", 3
17, "Numsols=", 1
19, "Numsols =", 1
21, "Numsols =", 1

| jSo this time there is bistability for k17 greater than 85.99 but less than 110.87
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¥ Setting k19 = 200 and allowing k18 free
[> TSX := subs(sl,s2, [k19=200, k17=100], TS):

convert(TSX, rational):

TSY = map(X->X*10000, %):
vars = [x11, x10, x9, x8, x7, x6, x5, x4, x3, x2, x1, ki18]:
R:=PolynomialRing(vars):

TSZ -= TSY:
for 1 from 1 to nops(vars) do:
var :-= vars[i]:
TSZ = [op(TSzZ), var>0]:
od: TSZ:
sol := LazyRealTriangularize( TSZ, R, output=list):
rcPols := map(X->X[4]., sol[1][RegularChain][polynomials]):
TriSol := :

for var in [x11, x10, x9, x8, x7, x6, x5, x4, x3, x2] do
tmp := op(select(X->has(X,var), rcPols)):
rcPols := remove(X->has(X,var), rcPols):
#print(isolate(tmp, var));
TriSol := [op(TriSol), isolate(tmp, var)]

od:

x1pol := op(select(X->has(X,x1), rcPols)):
cad := CylindricalAlgebraicDecompose( [x1lpol, x1, k18],
PolynomialRing([x1, k18]), output=list ):
m = max(convert(map(X->X[1][1],cad), set));
m:= 17

for 1 from 2 by 2 to m-1 do:

select(X->X[1][1]=1, cad);

convert(map(X->X[-1][-11[1], %), set):
print(i, evalt(%));
od:
2, {[-123.3420386, -123.3420386 ]}
4, {[-71.93371102, -71.933711021]}
6, {[-69.13335740, -69.133357401}

8, {[0.,0.1}

10, {[0.5365879183, 0.53658791831}
12, {[0.9162006659, 0.9162006659 1}
14, {[51.83277400, 51.832774001}

16, {[6436.018741, 6436.018741]}



> for ind in [7,9,11,13,15,17] do
select(X->X[1][1]=ind, cad):
map(X->X[-11[-11[2], %):
select(X->X[1]>0, %);
print(ind, "Num sols = ", (nhops(%)-1)/2);
od:
7,"Numsols=",1

9,"Numsols=",1
11, "Numsols =", 1
13, "Numsols=", 1
15, "Numssols =", 1
17, "Numsols=",1

B iSo this time there is no bistability!



L

¥ Setting k19 = 500 and allowing k18 free
[> TSX := subs(sl,s2, [k19=500, k17=100], TS):

convert(TSX, rational):

TSY = map(X->X*10000, %):
vars = [x11, x10, x9, x8, x7, x6, x5, x4, x3, x2, x1, ki18]:
R:=PolynomialRing(vars):

TSZ -= TSY:
for 1 from 1 to nops(vars) do:
var :-= vars[i]:
TSZ = [op(TSzZ), var>0]:
od: TSZ:
sol := LazyRealTriangularize( TSZ, R, output=list):
rcPols := map(X->X[4]., sol[1][RegularChain][polynomials]):
TriSol := :

for var in [x11, x10, x9, x8, x7, x6, x5, x4, x3, x2] do
tmp := op(select(X->has(X,var), rcPols)):
rcPols := remove(X->has(X,var), rcPols):
#print(isolate(tmp, var));
TriSol := [op(TriSol), isolate(tmp, var)]
od:
x1pol := op(select(X->has(X,x1), rcPols)):
cad := CylindricalAlgebraicDecompose( [x1lpol, x1, k18],
PolynomialRing([x1, k18]), output=list ):
m = max(convert(map(X->X[1][1],cad), set));
m:= 21
for 1 from 2 by 2 to m-1 do:
select(X->X[1][1]=1, cad);
convert(map(X->X[-1]1[-11111, %), set):
print(i, evalt(%));
od:
, {[-205.6521320, -205.65213201]}

2, {

4, {[-68.09991250, -68.09991250]}
6, {[-43.27661084, -43.27661084 ]}

8, {10, 0.1}

10, {[0.5521414522, 0.55214145221]}
12, {[1.479376353, 1.479376353]}
14, {[44.43445109, 44.434451091}
16, {[58.32899443, 58.32899443]}
18, {[64.20774832, 64.20774832]}
20, {[6744.969650, 6744.969650] }



> for ind in [9,11,13,15,17,19,21] do
select(X->X[1][1]=ind, cad):
map(X->X[-11[-11[2], %):
select(X->X[1]>0, %);
print(ind, "Num sols = ", (nhops(%)-1)/2);
od:
9, "Numsols=",1

11, "Numsols=", 1
13, "Numsols=",1
15, "Num sols =", 3
17, "Numsols=", 1
19, "Numsols =", 1
21, "Numsols =", 1

jSo bistability between 44.43 and 58.32




