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Abstract: This work is devoted to study the existence of positive solution for a class of p—Laplacian Kirchhoff type
equation with singular nonlinearity:
Ly(uw) = f(@)|u]™ = Aul” 2w in €, P1)
u=0 on 0%,

where © is a smooth bounded domain in R™®(n > 3), A > 0 is a real parameter. Here v € (0,1) is a constant, a,b > 0

such that a+b > 0 are parameters, the weight function f : Q — R is positive and belonging to the Lebesgue space L*(Q)

with a := and p* := & is the Sobolev critical exponent in the Euclidian embedding WP (R") < LP™ (R™).

.
p
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The operator is defined as
p—1
Ly(u) = — <a/ |VulPdz + b) Apu A+ £(z)|ulP2u,
Q

and the operator A, is the p—Laplacian for 1 < p < n. Our approach relies on the variational methods and some

analysis’ techniques.
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1. Introduction and Motivation

In this paper, we study the existence and uniqueness of positive solution to the following nonlinear elliptic

p-Laplacian Kirchhoff equation:

(P1)

Ly(w) = f@)lul ™ = Mul” 2u in Q,
u=20 on 01},

where, throughout this work, © C R"(n > 3) is a smooth bounded domain, A > 0 is a real parameter. Here
v € (0,1) is a constant, a,b > 0 such that a+b > 0 are parameters, the weight function f:Q — R is positive

and p* := % is the Sobolev critical exponent

. ; — _p
and belonging to the Lebesgue space L*(£2) with a := P
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in the Euclidian embedding W1? (R™) < LP" (R"). The operator is defined as

p—1
L,(u) :=— <a/Q |VulPdx + b) Apu A+ £(2)|uP~2u.

Such that £ € L7 (Q)NL>®(2) and the operator A,, is the p-Laplacian which be defined as for all u € W'P(Q) :

Apu = —div (|Vu[P>Vu) = Z 53;4 (|vu|p_26u> .

~
1<i<n ¢ Ow;

The equation (P, ) is related to the stationary analogue of the Kirchhoff equation

Uy — (a/ |VulPdz + b) Apu=g(xz,u) in Q, (P2)
Q

with @ C R"(n > 3) is a smooth bounded domain, which was proposed by Kirchhoff in 1883 in [11] as an

extension of the classical D’Alembert’s wave equation

o2 E [F
P Y
ot2 h 2L J,

ou

oz 0x?

2 2U
d(ﬂ) 0 = g(x’u)v (P3)

for free vibrations of elastic strings. The parameters in above equation have physical significant meanings as
follows: L is the length of the string, F is the area of the cross section, p is the Young modulus of the material,

po is the mass density and is the initial tension.

In 2006, the authors in [8] considered two problems of the Kirchhoff type:

—[M (fy, |Vulrdz)]" ™" Apu = f(z,u) inQ, P2)
u=20 on 02,
and
—[M (/, |Vu|pdx)}p_1 Apu = f(z,u) + Mu|*"2u  in Q, (Ps)
u=20 on 0f). g
Where Q@ C R*(n > 3) is a smooth bounded domain for 1 < p < n,s > p* := 2 and M and f are

n—p
two continuous functions. Using Pass-Montain Theorem, they obtained the existence of positive solutions of
problems (P, ) and (P5 ).

In 2009, the authors in [7] have considered the existence and multiplicity of solutions to a class of

p-Kirchhoff type equation:

{ —[M (g |Vu|17dx)}p_1 Apu = f(x,u) in Q, (Pe)

u=20 on 0f).

They obtained the existence and multiplicity result of non trivial solution of the problem (Ps ).

Recently, the first author, S. Benmansour and Kh. Tahri in [21] showed the existence, nonexistence and

multiplicity results for the following p—Laplacian Kirchhoff equation:

— (a fq, IVulPdz + b) Apu = plulP” ~2u+ Au[P~%u  in Q, )
u=20 on 02, 7
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where € is a bounded domain in R"™(n > 3), A\, u > 0 are real parameters and a,b > 0:a+ b > 0 are positive
constants, Apu is the p—Laplacian operator for 1 < p <n.

They established the following results:

Theorem 1.1. Let Q be a bounded domain in R™(n > 3), assume a,b>0:a+b> 0 and p* =4 then the

following assertions are true:

(i). Assume that a > 0,b > 0,0 < p < aK(n,p)? and 0 < X\ < b\1, then the equation (P; ) has no positive
nontrivial solution.

(ii). Assume that a > 0,b > 0,0 < pu < aK(n,p)? and X\ > b\y, then the equation (P; ) has a positive
nontrivial solution.

(iii). Assume that a > 0,b > 0,0 < u < aK(n,p)?, then for any k € Z*, there exists Ay > 0 such that the
equation (P7 ) has at least k pairs of nontrivial solutions for X > Ax > 0.

Some intersting studies for Kirchhoff type problems in a bounded domain of R™(n > 3) by critical points
theory and variational methods can be found in [1], [2], [3], [4], [5], [6], [10], [12], [13], [14], [15], [16], [17], [18], [20],
22], [23].

The following theorem is our main result.

Theorem 1.2. Let @ C R"(n > 3) be a smooth bounded domain and assuming that (H;),<;<, are hold. The

problem (‘P ) possesses a positive solution. Moreover, this solution is a global minimizer solution.

This paper proceeds as follows. In the next section, we prove the energy functional Jy satifies some
geometric conditions. In section 3, by using critical point theory, we get the main result of this paper.

2. Variational Setting

Let X = WO1 P(Q) be the usual Sobolev space, equipped with the norm
1
Jul = ([ 1Vup dz)’
Q

and |ul|, = (/ |u|P dx)% denotes the norm in LP(Q).
Q

A function u € X is said to be a weak solution of problem (P;) if v > 0 in £ and there holds
Oz(a—i—b/ |Vu|pdx)p_1/ |Vu|p_2Vqu0dx+/ ()| ulP~2up dv
Q Q Q

+)\/ quadxf/ f@)u"pde.
Q Q
for all p € X.

We shall look for (weak) solutions of (P;) by finding critical points of the energy functional Jy : X — R given
by

Ja(u) :b,% [(a—i—b/QWuV”dx)p—ap] +%/ﬂ€(m)|u\pdx

A 1
P / PP —— / F(@)la d,
1+qJa 1—vJa
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for all v € X. By analyzing the associated minimization problems for the functional Jy, one can study weak
solutions for (P;). As we know, the functional Jy fails to be Fréchet differentiable because of the singular
term, then we cannot apply the critical point theory to obtain the existence of solutions directly.

Consider A; the first eigenvalue of the problem:

—Apu = A\[ulP2u  in Q,
u=0 on 0f.

According to the work developed by Peral in [19] it has been shown that:

VulPd
AL = inf M
wewdr(@)—{0} Jo lulPdz

the first eigenvalue is isolated and simple and its corresponding first eigenfunction named ¢;is positive.

Let v1 be the first eigenvalue of the following eigenvalue problem:

Ly(u) = v|ulP~?u  in Q,
u=0 on 0f.

Where

p—1
Ly(u) = — (a/ |Vul|Pdz + b) Apu+ 0(z) |[uP~2u.
Q
According to the work developed by the authors of [9] it has been shown that:

fQ uLp(u)dx.

vy =
wewd (@ —{oy Jq lulPda

The first eigenvalue is simple and strictly positive and its corresponding first eigenfunction named V¥, is simple

and strictly positive also, and the operator L, possesses unbounded eigenvalues sequence:
m<rvy<rvys<...<vy, = +00asn — +oo.

Then we have the following proposition as a caracterisation of the values of the sequence (V) -

Proposition 2.1. If v is an eigenvalue of the operator L,, then there exist vy, and uy such that

p—1
V=g <a/ |Vug | do + b) .
)

Throughout this paper, we make the following assumptions:

(H) 0<vy<1,0<g<p*—1.

(H2) fe L#H(Q) avec f(x) > 0 pour tout x € Q.
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3. Some useful Lemmas

In this section, we will recall and prove some lemmas which are crucial in the proof ofthe main theorem.
Lemma 3.1. The energy functional Jy has a minimum o in X with a < 0.

Proof. Since 0 <y <1, A >0, by the Holder inequality, we have

/Q @l dz < ( /Q f()
< |/l

1)*571*_7 d(ﬂ)p ;,}+’Y (/;2 ‘u|(1—'y)(1p_—,y) d@lp‘—ﬂ

1—
B ||u||%

Furthermore, by the Sobolev embedding theorem, we obtain that

1
ﬁllung < Cllul.
Hense
Tw) == g5+ s at bl + o [ e@lap ds
BT T p? pJo
A 1
+7/ |u\1+qu—7/ f@)|u)t ™7 da.
1+q /o I=7Ja
Hense
1 _
In(w) = 5 (a+ bl = Ol _full™. (1)
D p*—1+~y

where C > 0 is a constant.
This implies that Jy is coercive and bounded from below on X .

Then
a = inf J)\
ueX

is well defined.
Moreover, since 0 <y < 1 and f(x) > 0 for almost every = € Q, we have J,(t6) < 0 for all § # 0 and small

t>0.
Thus, we obtain

a = inf Jy <0.
ueX
The proof is complete. O

The validity of the next lemma will be crucial in the sequel.

Lemma 3.2. Assume that conditions (H1) and (H2) hold. Then Jy attains the global minimizer in X, that
is, there exists u, € X such that
Ia(us) = a < 0.

Proof. From Lemma 1, there exists a minimizing sequence {u,} C X such that

lim Jy(u,) =a <0.

n—00
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Since Jy(un) = Jx(|unl|), we may assume that u, > 0 for almost every = € Q.

By (1), the sequence {u,} is bounded in X .

Since X is reflexive, we may extract a subsequence that for simplicity we call again {u,}, there exists u, > 0
such that

Uy, — Uy weakly in X,
Uy — Us strongly L*(2), 1 < s < p*, (1)
Un () = us(x) p.p. in €,

as n — 00. As usual, letting w,, = u, — u., we need to prove that ||w,|| — 0 as n — co. By Vitali’s theorem,

we find
lim f( )| dm:/f(ﬂ’?ﬂu*P_7 dx (2)
and
lim [ 4(z)|u,|? de = / 0(x)|us|? dx. (3)

Moreover, by the weak convergence of {u,} in X and Brézis-Lieb’s Lemma, one obtains

[unl” = llwn|[” + [Jus|[” + o(1) (4)

(lunll?)? = (lwall)” + (uslP)” + A (Jwnll, [lue]l) + o(1) ()

where o(1) is an infinitesimal as n — oo.

Hence, in the case that 0 < ¢ < p* — 1, from (4)-(7), we deduce that

a= lim Jy(up)

n— oo
P 1 1
gge%ygwm+w%n> 2 [ el da

/wwﬂm ——/f Yun '~ d)

(ap+1
e e e

)‘ / 1+q 1 / 1—
_ Uy, doe — —— o)|uy| "7 dx
e [ @l ds)

A "
(o ety + [ de+ o [ s

(@bl + ) + 5 [ @) do

1 -y i a® 1 P\P
== | @77 de) + lim (0 + (o lwnl?))

1
=Jx(ux) + lim ( —

aP
R, p\p
Jim (=555 4 gt b))

>Jx(us) > uiféfx In(un) =«

which implies
Ia(us) = a.
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In the case that ¢ = p* — 1, it follows from (5)—(8) that

aP 1 -
. 3 _ P\pP - p
a =Jy(us) + nh_}rrolo( e + e (a+ bllwn|[P)P + — [lwn|H-)
>Ja(us) >
which yields
In(us) = a.

Thus
inf  Jy(upn) = Jx(us)

un€X

and this completes the proof of Lemma 2. The proof is complete.

We are now in a position to prove Theorem 2.

4. Proof of Theorem 2
We only need to prove that u, is a weak solution of (P;) and u, > 0 in Q. Firstly, we show that u, is a weak

solution of (P;), From Lemma 1, we see that

min Jy(un) = Jx(us), Voe X

un€X

thus
Iy (s + t@) |10 = 0.
This implies that
Oz(a—l—b/g|Vu|pdac)p_1/Q|Vu|p_2Vqu0dac+/§Z€(x)\u|p_2u<pdm

(6)
+ /\/ uwlpdr —/ f@)u "V pde.
Q Q
for all ¢ € X, Thus, u, is a weak solution of (P ).
Secondly, we prove that u, > 0 for almost every x € ).
Since Jy(ux) = a < 0, we obtain u, >0 and u, # 0.
Then, V¢ € X and ¢ > 0 and t > 0, we have
0< J)\('LL* + t(b) - JA(U*)
- t
@ IV (u, + D) — [Vue|
=—— 4+ — b dx)P
bp? + bp? (a+ /Q t z)
L[ bt 80 = bt
+—- | {z dx
o ) (x) ; (7)
1+q _ , 1+q
n A / (uy + to) U
1+4q Ja t
1 . t 11—y _ i*’Y
—— | f(x) (1 + £9) Y da.
1-— Y JQ t
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Using the Lebesgue Dominated Convergence Theorem, we have

p __ P
lim 1/E(:r)wdaﬁ:1/é(:z:)uﬁfflgzbd:c. (8)
t—0t p Jq t pJa
and
1 . 14+q _ i-&-q
lim / (1, + t6) Y dm:/u‘iqbdx. (9)
t—0+ 14+4q Jq t Q
For any x € 2, we denote
wy () + top(z)]1 — w7 (x
g(t):f()[ )+ to(z)] (z)

Then

/ - w (@) = [1t(@) + w(@)][us (2) + t(2)]

<0
t2(1—7) -

which implies that g(¢) is non increasing for ¢ > 0.

Moreover, we have

lim g(t) = ([us(2) + t¢(@)]" ) i=0 = f(2)u; " (@)$(x).

t—0+

for every z € Q, which may be 400 when u,(z) =0 and ¢(z) > 0.

Consequently, by the Monotone Convergence Theorem, we obtain

(e +10) 7 —us™?
X

d:r:/f(x)u*_"’dx.
Q

which may equal to +o0.
Combining this with (8 and 9), let ¢t — 0, it follows from (7) that

O§(a+b/ |Vu*|pdz)p71/ |V, P2 Vu, Ve dx
Q Q (10)
+/€(9€)|u*|p_2u*¢dx+)\/ugqﬁdx—/f(x)u:"’qbdx.
Q Q Q

Then, we have

[ f@psds
Q
1
S(a—i—b”u*Hp)p_l/ |Vu*|p_2Vu*V¢dx+];/é(m)u€_1¢dx+/\/uz¢da:
Q Q Q

for all ¢ € X with ¢ > 0.
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Let ¢1 € X be the first eigenfunction of the operator —A, with ¢; >0 and ||¢1]| = 1.
Particularly, taking ¢ = ¢7 in (6), one gets

1
/f(w)u;”qﬁl dx S(a—i—b”u*Hp)p_l/ |V, [P~ 2Vu, Ve dm—i—f/f(x)u’j_zu*(bl dx
Q Q pJa
+)\/ ulepy dr
Q

S(a—i—b”u*Hp)p_l/ |Vu*|p_lv¢1dx+l/é(x)u£_1¢1 dx
Q p

Q

+ A [ uleidr
Q

<(a+ bllu*Hp)p*l[(/Q |V, | P0G dfﬂ)(/Q [V |” dz)]

([ oy )P ([ (90 dny?

/\u 19GE) ) 55 /|v¢1v’dx%
<Cat vy [V VD d) ([ Vo] da))
oty )T ([ (ForP day?
/\u 195 da) T /|V¢I\de%
<(at b7y 1900V d) ([ 9617 do)?]
/z ¥ dz) %’77?1(/9% /|V¢1|pdx%
/\u |95 dg) 5 /|v¢1\1’dx%

<(a+bllu[")P~ ([fus]P~ 1)(||¢51||)+H€H IIU*IIP o1

[

+ Al e,

<00

which implies that w, > 0 for almost every x € Q.

Moreover, according to Lemma 2, we have

I (us) :ulg’(J)\(u).

Thus u, is a global minimizer solution.
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Assuming that ¢ and 1 are two distint weak solutions of problem (1), then we test equation (V' F') by (¢ —1)

[ oo == [ 1@lel (o= v = [ o 2olo - v)ao (12)
Q Q Q

and

| m@)e—ws = [ f@ll = v = [ 1P oo - )i (13)
Q Q Q

Then we have

[ Lot@)o —v)dz = GallelP + 07" [ (96l 290 - vido
Q Q
z)|pP2 — x
+ [ f@lepeto - v)a

and

[ La@)to — )z =(alloll + b7 [ [6p2VuT (o~ )da
Q Q
+ / U P (e — ¥)de.
Q
From (12), one obtains

/ Ly(¢)(p —¥)dx =
Q

(allell? + )"~ {Ilwll” - /Q VelP 2 VpVide (14)

+ [ @lerde - [ tlePovds
Q Q
and also, from (13), one obtains

JRECIEEE
Q

(all [P + by~ [W n /Q VP2V ide (15)

- [t + [ t@lupopds,
Q Q

10
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Combining (14) and (15), we have

[ a(o)o = v~ [ Lo~ v)da =
Q Q

loll” (allol? + B~ + I[P (allb]” + )~
~(allgl? + 1) /Q VP2 VoVide — (allp|? + b7 /Q VP2V oV ide

+ / @) (ol + llP) der — / o) (P~ + 9P ~2) pid.

With the same computation for the right term, we have

/ Lyp(p)(p — ¢)dx — /QLp(zb)(cp —)dx =

Q
f@) (Jel ™ = [177) (¢ — ¥)da (16)

Q

A [ (1P 20 =10 20 (0~ )i

Put
Q1. %) = llell” (alll” + b)P ™" = (allll” +b)p_1/Q|V<P|”_2V¢V¢dw,

Qa(p,9) = 1P (all 7 + )" — (all||” +b)" /Q [VYIP 2V Vida,

and
Qa(o0) = [ o) (lol? +10P) dx = [ £(o) (o2 + 6P ~2) i
Q Q
Using Holder inequality, we have
Qi(, %) > llel”~" (allel” + )"~ (llell = 11D,
Q2(,%) = [P~ (allgllP + )" (Il = llel)

and

Qs(e, %) > (lelly — 1%11) el [lelB™t = IwlB~] -

We divided in three cases:
1. Case if ||¢|| — [|¥]| > 0, then

Q1(e,v) — Q2(p, 1) + Qs(p,v) > 0.

2. Case if || — [[[| <0, then
Q1(p,¥) — Qa2(p,¥) + Qs(p, 1) < 0.

3. Case if ||| — ||¢|]| = 0, then
Ql(@a ¢) - Q2(<)07 w) + Q3(<)O7 7@ 2 0.

11
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Since v € (0,1) and p > 0, it is well known the following inequalities:

. (@ —?) (z —y) 2 0,
Vw7y>0.{(x,y_ N (y—a) > 0.

Thus

/ Ly()(p — ¢)dz — / Ly(¥)(p — b)dx > 0.
Q Q

Consequently, we obtain a contradiction with the equation (16).
Then

p=1.

This completes the proof of the theorem 1.2.
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