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Abstract

The propagation of high-frequency elastic-flexural waves through an ice shelf was
modeled by a full 3-D elastic model. This model based on the momentum equations that
were written as the integro-differential equations. The integro-differential form implies
the vertical integration of the momentum equations from the current vertical coordinate
z to the ice surface like, for instance, in the Blatter-Pattyn ice flow model. The sea water
flow under the ice shelf is described by the wave equation. The numerical solutions were
obtained by a finite-difference method. Numerical experiments were undertaken for a

crevasse-ridden ice shelf with different spatial periodicities of the crevasses.
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1. Model description and field equations

1.1 Basic equations

The movement of the elastic continuum substance (in a gravitational field) is described
by the well-known momentum equations, e.g. [1], [2]. Here, these equations are applied

for the description of an ice shelf vibrations. These equations are
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where (XYZ) is a rectangular coordinate system with X axis along the central line, and Z
axis is pointing vertically upward; U,V and W are two horizontal and one vertical ice
displacements, respectively; o is the stress tensor; and p is ice density. The ice shelf is of
length L along the central line. The geometry of the ice shelf is assumed to be given by
lateral boundary functions y; ,(x) at sides labeled 1 and 2 and functions for the surface
and base elevation, h;,(x,y), denoted by subscripts s and b, respectively. Thus, the

domain on which Egs. (1) are considered is 2 ={0<x <L, y;(x) <y < y,(x),
hy(x,y) <z < hs(x,¥)}.
The depth-integrated model implies the vertical integration of the momentum equations

(1) from the current vertical coordinate z to the ice surface like, for instance, in the Blatter-

Pattyn ice flow model, e.g.,[3],[4]. The integration yields the following equations
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\ O0<x<Lyy,(x)<y<y,(x); hy(x,y) < z < h(x,y).

Sub-ice water is assumed to be an incompressible inviscid fluid of uniform density.
Another assumption is that water depth in the cavity below the ice shelf changes gradually
in the horizontal directions. Thus, the ice-front and other such features are not considered
here. Moreover, the ice is considered to be a continuous solid elastic plate. Under these
three assumptions, sub-ice water flow is independent of z in a vertical column.
Manipulating the governing equations of the shallow sub-ice water layer yields the wave

equation [5]:
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where p,, is sea water density; d,(x, y) is the depth of the sub-ice water layer; W, (x, y, t)
is the vertical deflection of the ice-shelf base, and W}, (x,y,t) = W(x,y, hy(x,y),t); and

P'(x,y,t) is the deviation of the sub-ice water pressure from the hydrostatic value.

1.2 Boundary conditions

The boundary conditions are: (i) a stress free ice surface (Appendix A); (ii) the normal
stress exerted by seawater at the ice-shelf free edges (Appendix A and Appendix B)
and at the ice-shelf base (Appendix B); and (iii) rigidly fixed edges at the grounding line

of the ice-shelf.



In this model, the boundary conditions at the ice-shelf free edges are considered in the

form of the linear combination [6]
a, F;(U,V, W)+ a, ®;(U,V,W)=0, i =1,2,3, (4)
where:

@) F;(U,V,W) = 0 is the typical and well-known form of the boundary conditions
where, for example, the condition on the ice-shelf surface is expressed as
0, Nx = 0 (71 is the unit vector normal to the surface);

() @;(U,V,W) = 0 is the approximation based on the integration of the typical
boundary conditions into the momentum equations (1);
and

(iii) the coefficients a; and «, satisfy the condition a; + a, = 1.

Thus, these boundary conditions (4) are the superposition of the typical boundary

conditions (see Appendix A) and those based on the integration of the basic/typical

boundary conditions into the momentum equations (see Appendix C). Thus, the

boundary conditions formulated here are notable because they are "mixed".
The boundary conditions to the sea water layer correspond to the frontal incident wave.
They are

6)) atx=0:a=0;

.. P/
(i) aty=y,y= Vi, = 0;

(iii) atx =L:P' = A, pyg e'“t, where 4, is the amplitude of the incident wave.

1.3 Discretization of the model



The numerical solutions were obtained by a finite-difference method, which is based on

the standard coordinate transformation x,y,z — x,n = %,E = (hy — 2)/H, where H is
27 )1

the ice thickness (H = hy — h;). The coordinate transformation maps the ice domain Q
into the rectangular parallelepiped I1 = {0 < x < L; 0 <1 < 1;0 < ¢ < 1}, which presents

simplification to the numerical discretization.

In x, n, ¢ variables Eq. (2) is rewritten as
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\ 0<x<L;0<n<10<&<1.

1.4 Equations for ice-shelf displacements

Constitutive relationships between stress tensor components and displacements

correspond to Hooke's law, e.g., [2], [7]:

v
oij = m(uij +tT uu5ij) , (6)

where u;; are the strain components, E - Young's modulus, v - Poisson's ratio.

1.5 Ice-shelf harmonic vibrations. The eigenvalue problem.



(The content of this item is the same like in the description of the previous
model/versions)

It is assumed that for harmonic vibrations all variables are periodic in time, with the
periodicity of the incident wave (of the forcing) given by the frequency w, i.e.,

$(x,y,2,t) = ¢(x,y,2) e'", 7)
where ¢ = {U,V, W, g},

where we are interested in the real part of the variables expressed in complex form.

This assumption also implies that the full solution of the linear partial differential Egs.
(2), (5) is a sum of the solution for the steady-state flexure of the ice shelf and solution (7)
for the time-dependent problem. In other words, solution (7) implies that the
deformation due to the gravitational forcing can be separated from the vibration problem,
i.e. the term pg as well as the appropriate terms in the boundary conditions (4) are absent
from the final equations formulated for the vibration problem, because a time-
independent solution accounting for them applies and is not of interest in this study.
The separation of variables in Eq. (7) and its substitution into Egs. (2), (5) yields the same

2

2
equations, but with the operator 667 replaced with the constant —w?, i.e. we obtain

equation for ¢(x, y, z):

L¢=-w?, (8)
where L is a linear partial differential operator.

The numerical solution of Eq. (8) at different values of w yields the dependence of ¢ on
the frequency of the forcing w. When the frequency of the forcing converges to the
eigenfrequency of the system, we observe the typical rapid increase of
deformation/stresses in the spectra in the form of the resonant peaks.

Note that here, the term “eigenvalue” refers to the eigenfrequency (w,,) of the ice/water

system or corresponding periodicity (T;, = Z—”). As mentioned previously, the term

“eigenvalue” is employed in the same meaning like in a Sturm-Liouville Eigenvalue
6



Problem, e.g. [8]. Eigenvalues (where resonant peaks would be observed) are denoted by
the letters w,, or T,, with the subscript n (or other), which is integer, because the array of
the eigenvalues is a countable set.

Letters w or T without the subscript denote the non-resonant values of frequency or
periodicity of the ice/water system. They are defined by the frequency of the incident wave
(of the forcing).

The eigenvalues can be derived from the equation D(w) = 0, where D is the determinant
of the matrix, which results from the discretization of Eq. (8) and of the corresponding
boundary conditions. However, the probability of the appearance of the forcing at any
specific frequency is practically zero. This can be seen when we consider only events
within the frequency range (w; — Aw, w; + Aw). The probability of a forcing that is within

the frequency range, is non-zero:

plo € (0 — Aw, w; +Aw)} =22, (9)

where Q is the width of the range in omega space, which includes all possible frequencies
of the forcing. Eq. (9) also assumes that the events have equal probabilities in different

parts of Q.

Thus, the probability of the resonant-like motion is higher when the value Aw, which is
defined by the width of the resonant peak, is higher too. Therefore, the width of the
resonant peaks is an important parameter, from a practical standpoint, because it defines
the probability of the suitable resonant-like motion.

Computation of the spectra, such as provided below, thus provides important information
about the width of resonant peaks within the likely range of forcing frequencies found in
nature. By assessing the widths of such peaks, a better understanding of the probability

that any one specific forcing event, at a specific w can be assessed.



2. The output results

In this version the crevasse-ridden ice shelf [9] is considered. The parameters of the

crevasses are listed in the line 27-31 of the program code. They are

a) the spatial periodicity of the crevasses T,
b) the crevasses depth D, ;

¢) the crevasses width W,.

The shape of the crevasses was assumed as rectangular (lines 160-180 in the code) or

as triangular (lines 183-210 in the code)

The lines 25512-25606 in the code contain the algorithm, which allows to derive the
wavenumber for the mode obtained for a given frequency of the forcing. The algorithm is
based on the counting of the maxima and the minima in the deflection profile along the
central line. The algorithm is the same as in the previous model/version. The case of the
frontal forcing is considered in the program code.

Some of the modes generated by the model based on the depth-integrated momentum

equations are listed below (Fig.1-20).

The output results of the code are the dispersion spectra (wave number versus

periodicity/frequency of the forcing): lines 25637-25670
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Figure 9. Ice shelf vertical deflections result from the impact of the frontal incident wave.

The parameters of the model @y = 1,a, = 0. T, = 2km; D, = 10m; The periodicity of
the forcing T = 150s.
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Figure 10. Ice shelf vertical deflections result from the impact of the frontal incident
wave. The parameters of the model ¢y = 0.2, a, = 0.8. T.. =2km; D, = 10m; The
periodicity of the forcing T = 150s.
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Figure 17. Ice shelf vertical deflections result from the impact of the frontal incident
wave. The parameters of the model ¢y =1,a, =0. T, =2.5km; D, = 10m; The
periodicity of the forcing T = 400s.
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Figure 18. Ice shelf vertical deflections result from the impact of the frontal incident
wave. The parameters of the model a; = 0.2,a, = 0.8. T, = 2.5km; D, = 10m; The
periodicity of the forcing T = 400s.
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Figure 19. Ice shelf vertical deflections result from the impact of the frontal incident
wave. The parameters of the model ¢y =1,a, =0. T, =2.5km; D, = 10m; The

periodicity of the forcing T = 700s.
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Figure 20. Ice shelf vertical deflections result from the impact of the frontal incident
wave. The parameters of the model a; = 0.2,a, = 0.8. T, = 2.5km; D, = 10m; The

periodicity of the forcing T = 700s.
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Appendix A: Basic boundary conditions on the ice-shelf surface and

on the ice-shelf edges in x, 7, £ variables

(The approximations considered in this item are the same like in the

description of the previous model/versions)

1) The boundary conditions on the ice-shelf surface (stress-free surface) are

expressed as

( ahs ahs

! TOxx 3, ~ Oxy ay + 0y, = 0;
dhs ok B
Tyx5e ~ vy, +0,,=0; (10)

dhs ahs _
—Ozx >, ~ Ozy 3y +0,, =0.

Respectively, using Eq. (6), we obtain the follow boundary conditions on the ice-

shelf surface for the displacements in x, y, z variables

(ARG -G G =0
(1 () (2 ) <0

-G+ -GS Srmla-wg o GrH)l-e

Essentially, Eq. (5) at ¢ = 0 and Eq. (10) are the same equations.

Therefore, in x,n, ¢ variables we can write the equations that express the stress-

free conditions on the ice surface like Eq. (5) at ¢ = 0:
a) the first equation (lines 19194-19469 in the program code) is

, v , oV ) oD
(262 @y +

1-2v

2(1-v) (oU . au , OU
2 m S+ g af} ()Y

= ZV{%Z?} DY + ’6U+f&§—§'+ e M GTIN
{f, aU + T], ow + f’ aw}l] _ 0. (12)

Z 9¢ X 9¢
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b) the second equation (lines 19473-19730 in the program code) is

2(1-v)

(U g QU OV OV N i v
{773’ an +&y 0§ tox T an + & af} (xH)y” + 1-2v {773’ on +& as‘}

d ! 0 ! 0 ! 0
('EYH)U +1 = {a: M a;] T ag} (";y N { $z av!} (53’ )
10 ;0 ;0 L
{s‘za—; + "y% +& a_va}l =0 (3)

¢) the third equation (lines 19734-19963 in the program code) is

(e +5r+n S +a "f;;} Y {5+ g ?;;} (&H) -

2(1-v) (,, OW 2v (U , 0U , U 2v , , OV .
1-2v {fz af} T 1-2v {ax Mx an oy T x af} - 1_2v{ + Sy af} =0; (14)

where the bottom index "1" corresponds to the grid layer located on the ice

shelf surface.

2) The boundary conditions on the ice-shelf front (x = L) are expressed as

= f(§);
Oyx = 0; (15)
= 0;
where
0,¢< B,
f(&) = " (16)

hs
ng(hs - fH),f = H
In x,n, € variables equations (15) in terms of the displacements are expressed as

a) the first equation (lines 981-1066 in the program code) is

20



2(1-v) (9U xJ 2y (,0v ., 0V Nxf owNxJ _ 2049
1-2v {E + 77x an + $x af} + 1-2v {Uy an + Ey 5}1( {EZ af} E

(&) (17)

b) the second equation (lines 1071-1137 in the program code) is

, 0 , 0 Ny, j
oyttt GG =0 (18)

c) the third equation (lines 1141-1198 in the program code) is

,6U 6W 7! ow ' aw xJ _

where the first superscript "N,." corresponds to the grid layer located at the ice

shelf terminus.

3) The boundary conditions on the ice-shelf lateral edge y = y,(x) are

expressed as

Gux 2 = Oy = FH(E);

Oyx (Zyl Oyy = fy &); (20)
k O_zx%_ Ozy = 0;
where
£ N (21)
. = a 5 hs 21

pwg(h fH) y ;;
and
0, < E;

(&) = i (22)

_pwg(hs - fH):f = %

Respectively, in x,n, & variables equations (20) in terms of the displacements are

expressed as

21



a) the first equation (lines 3123-3292 in the program code) is

O e g 2 (2) 2 2 2 () 4

{SZZ ng}l 1 (%) N {Uy an + Ey a_f + Z_Z + 77x an + $x af}.’l 2(1+V)

S ()

(23)

b) the second equation (lines 3296-3462 in the program code) is

(ot 65+ 5+ ag), (2 -T2 5+ 63,

2v (oU r 0U ’ OU}
1-2v {6x Mx an +x d¢

2 {g "Z,V;} = 2. £1(e); (24)

c) the third equation (lines 3466-3578 in the program code) is
, 0U ,ow  , owbl ray, Y% ; aw |, ot _
G+ i+ 4 ag} () (g Z4n g af} =0. (25

where the second superscript "1" corresponds to the grid layer located at the

ice shelf first lateral edge y = y, (x).

4) The boundary conditions on the ice-shelf lateral edge y = y,(x) look like

Eq. (20) and are expressed as

(_Uxx ‘Zyz + Oxy = fxz &)
! _O'yx% Oyy = fyz &); (26)

dy, .
—Osx + 0., = 0;

where

0, § <
S hs (27)

#
—pwg(hs —EH) —= yz 2
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and

0, < E;
7 = o (28)
ng(hs - EH)’f = ;S

Respectively, in x, 7, & variables equations (26) in terms of the displacements look

like Eqgs (23)-(25) and are expressed as

a) the first equation (lines 11172-11336 in the program code) is

ey (‘312)"—:;{' A COR
e (D) S M e g 2 =T e,

(29)
b) the second equation (lines 11340-11506 in the program code) is

,9U ., U yov | ot ray\b o 20-v) i , av) Ny
{yan+€yaf+ iy +fxaf} (dx)+1—2v{y617 gJ’as} +

2v (U , 0U , U , W 2(1+v)
1-2v {6x Mx an o T éx af} 1-2v {EZ af} fy (f)a (30)

c) the third equation (lines 11510-11621 in the program code) is

S R Al RECEANE ST X

where the second superscript "N, " corresponds to the grid layer located at the

ice shelf second lateral edge y = y,(x).
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Appendix B: The boundary conditions on the ice-shelf base in x,7, ¢

variables

The boundary conditions on the ice-shelf base (the surface under the water

pressure forcing) are expressed as

dhyp dhyp dhyp
| xxa_+ xya_ xz _PE'
ohp ohp . ohyp
Oyx 5y T Oy 5, ~ Oy = —P 55 (32)
dohy dohy _
k zx?‘l' zya__o-zz_ ’

where P is the sum of the hydrostatic pressure and the pressure perturbations result
from ocean swell:

The vertical integration of the momentum equations (1) from the ice base h;, to the ice
surface h,, changing the order between the integration and the differentiation and

accounting for the boundary conditions (10) and (32) yields the following equations

hs an
— f Oxxdz + - f S Oxydz — P2 2 = fhb — 2l dz
l ahb _chgd?v
= ayxd z+ - f , Oyydz =P 52 =p fhb 22 47; (34)
rl hs 02w
— azxdz +-- f . Ozydz + P = pgH + pf, ~7dz;

where P is defined from Eq. (33).

Essentially, Eq. (34) are considered as boundary conditions on the ice shelf base. In

x,m, & Eq. (34) are expressed as
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ad 1 7 0 1 ' 0 1 ,6h
(afo O'xdef +nx%f0 O—xdeS( +nya_f0 O_xdeE - P a—b =
oh 192U
=pgH—2+p [y -7 HdS;
[7] 1 ' 0 1 ,ah B
55 do OyxHdE + 1 [ oy HAE + ”ya_fo oyyHd§ — P S =

dhy 19%v
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(35)

0 f f f ,
afo oz HdS +7’x%f0 oz HdS +7]y%f0 o,yHdE + P’ =
192w
\ =pJy 5z Hd§.

Respectively, the boundary conditions on the ice base in terms of the displacements are

expressed as:

a) the first equation (lines 19975-20869 in the program code) is

(
(:—xﬂfs;z: ) +_2V( e >)i'+i<::>-
(nai 16—Ud5)> +21(:Z)'<n£c:—n( [ ’aU > +21(1;:)
k k.
(i 2tar)) 25 (s (0 30ae))
(2 (nge2a) +2 (;g(mw )) ;
(h3 s a)) (s zan) + (4200540 +
g k
('7 3 (H kg_r;df)):Jr(”'Y%(Hf f»’c‘Zde)) —p T HED  pg T
g (1 ) 252 ®
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b) the second equation (lines 20873-21743in the program code) is

L ’
a 1, a a 19v
(a(Hfo Ty 3 48 ) +<a Hl; fy—df)>k +(5 (1, a—df)) *
F) L a av b a 1, 0U b
<£(Hfo ’,Can )k +<£ Hf ’I‘af ))k +<n;“a ( f y df)) +
'O (g ter Y b , 9 Loy i'j L v b
Uxa( fo fya_g E) ) + nxan( foa S;) nxa ( f xan ) ) +
i'j l
, 1., 0V 21-v) | 1 ; v 21-v)
(o eu2ae)) +222 1 2 5 L)) 2
5 ij ij
’ 1 ,6V 2V . ,i 10_U 2V
(Uya(H J.0 fyEClE))k + 1-2v ( Yoy ( 0 dx d€)>k 1-2v
5 ij ij
’ 1 ,0U 2v_ , i ,6U 2v_
(Uya(H J.0 nx% E))}( + 1-2v < Yoy (Hf Ex a¢ )>k + 1-2v
i,j

, 9 1,, 0w , Oy 2(14V) _ dhy 2(1+v) 192y Ll
(ma (o, fza—fdf)>k - pr 2 KA gy e 2Oy (1Y )
2(1+v)

; (37)

¢) the third equation (lines 21747-22289 in the program code) is

(200 ) 20 )) (g 2as)), +<%(H y
(e s (na0gesa) s (raoezra)
e woma)) s (naurasrad) s (s uresad)
[

p

Jom S df)) +

; l,].
[ ow , d )W , 2+v)
Ny Jo My oy df)) +<ya_(Hf 53135 ))k TP ===

102w Lj
(fo at? de) 2(1;V); (38)
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Appendix C: The approximation of the boundary conditions on the

edges based on the integration of the basic boundary conditions into

the momentum equations (2)

1) The boundary conditions on the ice-shelf front (x = L)

Accounting for the basic boundary conditions (15)-(16) and for the momentum equations

(5) we can obtain the following equations at the ice-shelf front (x = L):

x—2,J

(o (ff oechiac)” m(ffoxdef) R S (G
(EINIGLT —(E;f(E)H)',f""+p(ff 0 hag)

-1,j F) Ny, j

(ffanydf)xZJ i(fjanydf)Nx + (0 g fy o) ™+

M (e Ny (39)
(&,0mt), " = () ~ o (I S Hag)

i (), =i (), 5 )
\ (&, 0yH ):x - (0,0 ~ (pgHOV + p ( ff‘ztﬁ” de) !

In terms of the displacements Eqs (39) are expressed as

a) the first equation on the ice-shelf front (lines 1212-1648 in the
program code) is

1 .2(1—1/)( fsau )x—z'f+L_2(1—v)( ff ,au )x—z,j_l_ 1

2Ax 1-2v 2Ax 1-2v 2 Ax .
2(1- v)( § 210U ) x=2.J ( £V, ) Nx=2j 4
1-2v f 2t dE +2Ax 1-2v fO yan +2Ax
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s 2'] f x_z:j 4
121/( f (’(yaf ) +2Ax 12v( f Sczaf ) T 2ax
2(1-v) faU X‘l’f 4 2(1-v) ¢ Nx‘l'f 4
121/( anx ) _E 121/( f xan ) _E.
2(1-v) g x~LJ £, o Nx—l'j 4
121/( f Ex_df) T 2Ax 121/( fO 3’% ) T 2%

256 5a); M-ﬁm( Jy &5 d )x_l'jz i (5 7 (ymad) -

(o 3 FEmaE) = G o (1 )22 o
where
HG) 0§ <5 "
- +v 41
pwg(h —EH) 2(1 )152%;
7 @ma o< -
- a+v) s 42
: —%pwg(hs—fH)Z-%,gZ%;
0, £<l
2 (¢ F(E)HdE = H
on fo f(f) 3 g (hy — EH) {6h5 _ fg_:} ) 2(1;-1/) £ % (43)

b) the second equation on the ice-shelf front (lines 1652-2524 in the

program code) is

(1 [y LZ‘zg(f%£2)””+i;(f”&)””wﬁ-

(Smya) ™ v (n e gpae) g (B Gee) o

(e 2ag) ™ o () = (W e tag) T =
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, Ny, j
3 L 2a-v) [, § 1 Vg 2(1-v)
( f fx—df) + 1-2v ' ( ( fO ya_ )>k + 1-2v

(1
( Hfffx—df)) + 2

;9 §. 19U
(nya(Hfo m o d ) k

Ny, j
(o) 3 o e or 2

[ e
ad [710) 2v
( 6_ 0 dx dé)) T 1-2v .

Ny,j

Q.)lm

(Hfffy—df)

), 0U , U oW JOV AW oW £92v Nov.j
HEY xa +H€y€x a$+H€y€ } {Ezaf My on +”;3’ af} (fo ot2 Hd”;)
2(1+v)

a2l (44)

c¢) the third equation on the ice-shelf front (lines 2528-3104 in the

program code) is

2Ax ( fff’au )x
(s egpa), "~ (i espa) " o (0 5rae), o

—1,j 1 Nx.j
(i), - eggae), ™ o (0 eae))

§ow “2) g€ ,ow  \NZ 1
toax ( fo ax ) toax (Hfo Uxadf)k toax

Ny, j Ny, j
(13 g5 2a)) (2 (5 6 3 )) {3 2+ ey 2+
k

2omNel  20-v) [, om\Ne) 2y qau )ou | n v | anNe
H(fy) } 1-2v {fz 65} T 12w {6x + ‘fx af My an o T fy } =
92 i)
(pgHER 22 4 p (522 de) ) (45)
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2) The boundary conditions on the ice-shelf lateral edge y = y,(x)

Accounting for the basic boundary conditions (20)-(22) and for the momentum equations

(5) we can write the following equations on the ice-shelf lateral edge y = y, (x):

( (;_xfofo-xdef)i (nxa_ffo_xdef) _E( ) (ff xx(zylHdS;)i‘l‘l'
b (1) (o) =25 () (I o).+ (&', +
(60w 22H) " = (ot = 5 () (U ffx (e)ag) " +

(E’yfxl(s‘)H) +o(fiSiH f) ;

(el o) 535000 (5 o) 5501”1 ) -
s 10 8 35, (1 )55, ()~
i 1) (o), (e G20) 4 (8 20), = () =
= Gl eOmad) -5 000 (i eomad) - 5 ) (1 Emas),
(& S ©H)" +(f'yfy1(€)H) +p(ffade5) ;

at2

(aa_x fog O-ZdeE)i (T]x on IE O-ZXde) 2 (T]'y)i (fog O % de)il '

2Ay
iy (1) (G o) " =555 (0,) (I ), + (&0t +
\ (s"yazx‘ng) — (05" = (pgHOy +p(ffi,tV2VHd€):1;

(46)

where the second superscripts “1-3” in Eq (46) denote respectively the numbers of the

grid layers starting from the lateral edge y = y,(x), moving in the horizontal transverse

direction in the glacier.

In terms of the displacements Eqs (46) are expressed as
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a) the first equation on the ice-shelf lateral edge y = y,(x) (lines 3591-6461

in the program code) is

. i1
2(1-v) (@ §ou bl oa-v) (o £ U 2(1-v) |
1-2v ( ( f ))k o < ( f xan ))k T
; i1 ; i1 ; i1
' 6U ’ aV 2 a , OV
(RO astar)) v (2 i) + 25 (G(rKs5e) -
£ " 2w £ " ey
2v , OW 2(1-v ’ 6U 2(1-v
1-2v ( (Hf Z 0¢ df)) + 1-2v < ( fO ox )>k + 1-2v .
a-v) £ .
2(1-v , P 6U 2v
< ) T 1-2v ( ( f f )>k T 1-2v .
E i1 ; i1
d , ov 2v P OV v
<77 6_ 0 Ny an dE)>k + 1-2v < (Hf Ey a¢ )>k + 1-2v

% ' 21(::) (nly)i (H%fof g: ) "o % ' 21(1_;:) (n’y)i '

i1
d E , au
6_ 0 xan df)

CEINETIN —%'Zfi—;?-(n’y)( Bhege) ()
(e e, s (1) (P2 6 500) o 2 ()
(e e Geae), v () (Hhm 5ae) "5 () - (i g 5ae)
v (1) (0 5a) o () (i) ()

(55 e5eae), —si () (imrae) "= (0,) - (65 0), =y

(r,) (1 5 5), 55 () - (1 myag) " =g () (1 e

2(1-v)
1-2v

, 0U

{Hf __I_fo , aU+H(Ex)ZaU} , oV , oW

o {HEm, S+ HES S+ HE, aé_} ¥

1-
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2(1-v) { dy, 0U dy, , ou dy, } { dy, , v
1-2v Hg(y dx 0x P Ey MNx on on Ey S;x ¢ 1- Ey dx Ny an o T

1 QY1 g OV 1 dy1 IaWi IaU ; OW ~
HE Re s+ HE ey —{ag o g T 6 af} ~

—i(n'y)i(fjﬁ}(é)Hdé)Zl+(f'yfxl<f>H) o ([ 2Hag) "2 (g

2Ay

where

R ( > E<E (48)

(&) = 0, g (he — EH) - dy1_2(1;v)’62%; 4
0, <E

[ R@maE=] DU (49)

’ =5 Pwg(hs —§H)? - T2 0= £ 2 8.

b) the second equation on the ice-shelf lateral edge y = y;(x) (lines 6466-

9236 in the program code) is

‘1 i1
20-v) (3 (v (§3U YU 20-v) (0 [, dys (€ ,a_U 21-)
1-2v (x( fO dx ))k + 1-2v <6x( f df))}{ + 1-2v
i1

i1
dyi &, 6U 2v dyi '3 , OV 2v
<ax ( 3 f x af )>k + 1-2v <6x ( 3 f an )) + 1-2v .

k

i1 i1
3} dy1 , av 2v_ dyi &, 6W i,1 ] 2(1-v) .
ax &y aE df)) tTin <ax( f 2% aE ))k 2Ay ( ) 1-2v

dy faU 3 L1 2(1-v) dy; ré aU i1 20— v)
H 1fO ox ) E.(n,x) . 1-2v ( lf , ) 2Ay ( ) 1-2v

dys § 1 OV L1 2v dy, € 6W i1
HEE [y &y 5t ds ) R UP R e ) ()"

(500
(
(e e 2td) =g ()" i (W my Seae) = () 2
(5
CIN

m20de) " ()" (S gy 2ag) e () ()
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M e Srae) o B ) (H fny Srae) 7 2 ()
Hi e gea) vt () (1G5 ae), v ()

(
Chr
(
(
(1 fmpae) "ty () (6 5pae) 55 25 ()
(
(
(
(
{

b)) (1 g Sa)” R o)

HISE 2ae)” () () 2 ()

k' _ﬁlﬁ'(n’y)l(liﬁf”‘a_udf) _ﬁ'%'(n’y)l'

i3 _
Hfogf,a_wdf) +2(1 v)_{Hf,%aU f, dy1 , 6U+ fglc%f, aU} n 2v_

X dx ox

X 1-2v Mx an X a¢ 1-2v

d , 6V d aV d ow d BU , d , BU
ngﬂ gr 3’1{71 H{TI 3’1{71 } { fr ayi r 2y fy Y1€y

X dx yan Y o¢ X dx °Z% 9¢ Y ax My an
dY1 av 1] dY1 , aV 1] dY1 ) aV dyl ) ou dyl ow dyl 1] ow
HE 22 =g 2
éy dx 0 + éy dx fy dx fx &), dx fZ af dx 0x dx Mx an +

g 2 (2 f;:(aﬂdé)ﬁf )" (S R ©mag)” -

3

i 010" (5 7 Omat) |+ @ e om) + (2, Bom), o (15 5 mag)| 252

at2 E
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where f1(¢) and | 05 fA(§)HdE are defined by Eq (48) and Eq (49), respectively, and

%fogfxl(g)Hdg =
0, &<
ohs _ LOH) dy; 2(14+v) 1 , a2 Gy, 20 gt (51)
—pwg(hs — SZH){ - E}ET—— wg(hs — EH)* - = ,.’52;;
f FL(E)HaE 0§ <5
Jy i (E)Hdé = lpwg(h s Z(HV),EZ%. (52)

c) the third equation on the ice-shelf lateral edge y = y;(x) (lines 9240-

11150 in the program code) is

(30 300 "+ (30 2200) (00 2200)
<aa_x Hfff,’czvg §)>:1+<n (Hff Zf;l; €)>:1 < (Hffaw )>"'1+
(i

k
i,1 .
M ai N ;Z:’&)) +<n;:—n(HfE€£ZV; f)) —j-(n’y)l-

HS 6% f)ﬁf—%'(m)l (i 5rae), —55 ()

i,1

k

% , oW

H [y & 58 d ) +{Héxf;§g’+Hf <+ HEm S +H<fx)2"’W}l + (e 2 o+
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dy, oW dy, , ow dy, } 2(1—v) . {fl a_W}i'1 2 {OU , 0U
z
23

ny dx 0x o T ny Mx on o T ’fygfx X3 1-2v 1-2v ox nx% +

, U 1 2(1+v) £ 02w Y1)
S+ yan+fya€} ~ (pgHE}" - p(Jy G Hag) 25 (53)

As in the case of obtaining of Eqs (46), accounting for Eqs (26)-(28) and for the

momentum equations (5) we can write the following equations on the ice-shelf

lateral edge y = y, (x):

( (2 owetids),” + (2 I oeettds) "+ 5 (o )(ffaxdef)lN” i
‘%(ﬂ’y)N"(ff%de) T ()" (I o) (),
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o
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+
2=

(54)
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where indices, "N, — 2", "N, — 1", and "N,,", denote respectively the numbers of the grid
layers, moving from "N,, — 2" in the horizontal transverse direction and ending at the ice

lateral edge y = y,(x).

In terms of the displacements equations (54) are expressed as

a) the first equation on the ice-shelf lateral edge y = y,(x) (lines 11635-

14507 in the program code) is

. iN
201-v) (@ faU LNn 2a-v) (2 £ U o 21-v) |
1-2v ( ( f ))k + 1-2v < ( f xan )>k + 1-2v
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(H_f ) +E 1-2v (77 Y) ( f Ey ¢ ) +E 1-2v (T’ JI)
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(55)
where
y 0, § <
() = (56)
) ~pwg(hs — §H) - dyz-z(lE”) 2
o 0, &<
Jy fA(&)Haé = gt = EH- dyz e o (57)
W E ) =74 .

b) the second equation at the ice-shelf lateral edge y = y,(x) (lines 14511-

17265 in the program code) is
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c) the third equation on the ice-shelf lateral edge y = y,(x) (lines 17269-

19180 in the program code) is
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Appendix D: Equations (5) in terms of the displacements

In terms of the displacements Eqs (5) are expressed as

a) the first equation (lines 22304-23431 in the program code) is
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b) the second equation (lines 23437-24511 in the program code) is
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c) the third equation (lines 24517-25274 in the program code) is
9 §gr U 9 £ ow Ly L v
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