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In this study a historical perspective of the mass continuity equation for fully developed laminar flow in the lumen
side of a hollow-fiber membrane contactor is presented with respect to the lumen-wall boundary condition (BC). It
is shown that the constant wall concentration case (Dirichlet boundary condition) imposed by the Graetz-Lévéque
postulations is a sub-case of the mixed Neumann-Dirichlet linear BC largely overestimating the performance of
such contactors. For the linear BC the analytical solution derived by the separation of variables method is revisited
proving that it is very accurate and practical even in the region very close to the entrance of the computational
domain. The analysis is extended by incorporating and solving nonlinear lumen-wall BCs with the method-of-
lines approach by discretizing the radial domain using the Gauss-Jacobi orthogonal collocation and integrating
the resulting initial-value differential-algebraic system. The analytical solution, the derivation of the collocation
matrices and the numerical solution are presented with the aid of the open-source SageMath and the commercial

package Maple.

1. Introduction

Membrane-based processes are gaining attention as an alternative
to industrial well-established processes because of membrane modules’
high mass transfer area (known a priori), modular design, easy scale-up
[Gabelman and Hwang, 2006, Pantoleontos et al., 2010] and straight-
forward modelling of their flow behavior [Pantoleontos et al., 2010,
Pantoleontos et al., 2017]. As shown in relevant experimental and sim-
ulation studies these membrane processes span over the whole chemical
engineering curriculum, namely (membrane-based) extraction, perme-
ation, pervaporation, reaction, perstraction, absorption, desorption and
others [Qin and Cabral, 1997, Qin and Cabral, 1998]. In the following
sections the model formulation of such processes is established along
with the associated hypotheses taking as guide the membrane-based gas
absorption process and mainly focusing on literature references on car-
bon capture.

This study builds upon the analytical solution of the mass con-
tinuity equation with the linear-lumen-wall BC [Pantoleontos et al.,
2010] to demonstrate the implications of using reduced cases, such as
the constant-concentration BC. Literature references of membrane or
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transport processes largely overlooked or excessively cited are incorpo-
rated and discussed throughout the text, so that analogies of the original
mass transfer problem are manifested; mass transfer features and math-
ematical terms are underlined in association with the Graetz-Lévéque
postulations, such as reaction in the lumen side, mass transfer resis-
tances (e.g. membrane wetting), the difference between gas and liquid
flow in the lumen side with respect to the Graetz dimensionless number,
entrance-region versus separation-of-variables analytical solutions and
others.

Apart from the linear-BC case numerical analysis is extended to non-
linear BCs, for which the method of lines is applied by discretizing the
radial domain using the Gauss-Jacobi-Lobatto orthogonal collocation
method and integrating the resulting initial-value differential-algebraic
system. All cases demonstrations are provided in a step-by-step hands-
on approach with the aid of current computational tools, such as the
open-source [SageMath, 2021] and the commercial software [Maple,
20211, so that the reader may directly validate the code and compare
with other available approximations.
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Nomenclature

A; ;s B;; collocation matrices

ay parameters for the nonlinear BCs, k=1..4

C concentration of the diffusing component in the lumen
(mol/m3)

Co lumen initial concentration of the diffusing component
(mol/m?3)

Cy Fourier coefficients of the analytical solution

C? shell-side concentration at the module end where the
lumen fluid enters

Cs, concentration of the diffusing component in the solvent
of the shell side (mol/m3)

¢ lumen dimensionless concentration

C,e lumen mixed-cup concentration (mol/m?)

Cr. dimensionless lumen mixed-cup concentration

D diffusion coefficient of the diffusing component in the
lumen (m?2/s)

G,, G,”  Graetz numbers

Ha solv Henry’s constant of the dissolved gas (Pa:m/mol)

Jl'fl‘ﬂ Jacobi polynomials of N-th degree with a, g, coeffi-
cients

Kext combined (shell and membrane) mass transfer coeffi-
cient (m/s)

m equilibrium coefficient

n number of eigenvalues of the analytical solution

N interior collocation points

N¢ number of fibers

Nu Nusselt number

Pe Péclet number

Pni2(P)  N+2 degree (node) polynomial

Qg volumetric flowrate at the lumen’s inlet (m3/s)

r radial distance (m)

? dimensionless radial distance

R gas constant (Pa:m3/mol/K)

R¢ fiber radius (m)

Ry, membrane mass transfer resistance (s/m)

R, shell-side mass transfer resistance (s/m)

Shaygso logarithmic averaged overall Sherwood number

Shayg, logarithmic averaged lumen Sherwood number

Sh,, Sherwood number at the fiber wall

Sh, local lumen Sherwood number

T temperature (K)

u lumen average velocity (m/s)

u, lumen axial velocity (m/s)

w; Lobatto weights of the orthogonal collocation method

zZ axial distance (m)

2 dimensionless axial distance, inverse Gz number

I'(x) gamma function

A, eigenvalues of the analytical solution

M (a, b,x) Kummer’s function

2. Theory
2.1. Model formulation

Guided by the membrane-based gas absorption process, the flowing
behavior is depicted in Figure 1, where the gas mixture flows in the
fiber (lumen) side and the absorbing medium outside of the fibers, in
the shell side, in counter-current mode of operation. For this type of pro-
cess the membrane does not introduce any selectivity to one gas species
over the other: the extent of the separation of the mixture depends on
the solubility difference of the species into the selected shell-side liquid
solvent [Rongwong et al., 2012], and especially on whether gas-liquid
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reactions take place. The following assumptions are made to describe
the fluid flow within the fiber and the transport of the diffusing compo-
nent through the membrane pores: (a) isothermal operation; (b) New-
tonian fluids physical properties; (c) fully developed, laminar flow in
the lumen (fiber); (d) applicability of Henry’s law; (e) since the velocity
profile is fully developed, the velocity term in radial direction is zero
[Skelland, 1974]; (f) the axial molecular diffusion is neglected once the
Peclet number is greater than 100 [Kim and Stroeve, 1988].

Considering the assumptions above, the continuity equation in a
fiber (lumen side) for a single component becomes:

i () ]S =02 ()

with the associated boundary conditions (see also Figure 1): C(z, r) =C,

aC

— =0 2

or z,r=0 ( )

(symmetryboundaryconditionatthefibercenter) 3)
oC

—Dgquf = K,[C(z.r = R;) —mC, ] )

where u is the average velocity in the lumen, C is the concentration of
the diffusing component, C, is the initial concentration, D is the diffu-
sion coefficient of the diffusing component and Cg, is the concentration
of the diffusing component in the solvent of the shell side.

Figure 1 also shows where each boundary condition is located. The
BC at r=R; (inner radius of a fiber) of Equation (4) is a mixed Neumann-
Dirichlet (or frivolously, Robin [Gustafson and Abe, 1998]) BC: it is lin-
ear if the mass transfer and the diffusion coefficients do not depend on
the lumen concentration, or the shell-side concentration, C;,, does not
vary with z-direction. For nonlinear or integro-differential lumen-wall
BCs the reader is referenced to Qin and Cabral [1998] and Pantoleontos
et al. [2010, 2017] (and references mentioned therein), while a set of
nonlinear BCs is discussed and solved in subsequent sections of this
work. Furthermore, the linear BC (4) is further analyzed in the follow-
ing section with the aid of the Graetz-Lévéque postulations in order to
enunciate the arguments and the motivation of the current study.

The term m is the partition coefficient of the diffusing component
corresponding to equilibrium conditions between the lumen and shell
fluids depending on the physical properties of the fluids — cf. membrane-
based extraction [Pantoleontos et al., 2010, Mavroudi et al., 2003]. The
relationship between gas-solvent dimensionless partition coefficient, m,
and Henry’s constant, Hy sy, for a solute is given by the following ex-
pressions [Vallero, 2014]:

C _HA,solv
C,. RT

K84

m= 5)
where Hy o, is the Henry’s constant of the dissolved gas (indicative
units: Pa'm3/mol), R is the gas constant (Pa-m?3/mol/K), and T is tem-
perature (K).

So far, by solving the continuity equation (1) with the associated BCs
(2)-(4) the lumen concentration variation in two dimensions is fairly de-
fined. For the original case depicted in Figure 1, the external mass trans-
fer coefficient, K., includes all relevant mass transfer resistances and
regions of transport between the membrane and the shell-side boundary
layer, from where the lumen (gas) mass transport resistances end, i.e. the
membrane itself, including any partial wetting imposed by the penetrat-
ing liquid into the membrane pores [Cao et al., 20211, and the shell-side
concentration boundary layer including any enhancement factor in the
case of a reactive mixture:

1

=R, +R; 6)
ext

where R, and R are the membrane and the shell-side mass transfer

resistances, respectively. An additional mass transfer resistance in such
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Figure 1. A single hollow fiber flow pattern with gaseous mixture flowing in the lumen-side and counter-current mode of operation depicting the corresponding

boundary conditions (adapted from [Pantoleontos et al., 20171]).

processes is imposed by liquid penetration into the membrane pores, so
that the membrane resistance needs to be further resolved into its con-
stituent parts accounting for the extent of wetting, the gas-filled portion
and the liquid-filled part of the pores resistance [Pantoleontos et al.,
2017] and references mentioned therein. It has to be noted that the
same mathematical formulation holds (with exactly the same sign in
the lumen-wall BC) if the gas flows in the shell side and the liquid flows
in the lumen side provided that no reaction takes place in the lumen
side.

The lumen-side gas mixture average velocity for a cylindrical fiber
is found by
wm— ©)

2
Nf”R/

where Q, is the volumetric flowrate at the lumen’s inlet and Ny is the
number of fibers.

In the preceding analysis, the shell-side concentration of the diffus-
ing component from the lumen through the membrane pores is supposed
to be constant, a major assumption in the postulated model: for the gen-
eral case of shell-side non-constant concentration one has to solve the
mass balance in the shell side, which in principle derives an integro-
differential lumen-wall BC [Qin and Cabral, 1997].

The shell-side mass transfer coefficient from which the shell-side re-
sistance, Ry, is calculated can be found from relevant correlations tak-
ing into account the configuration of the module (e.g. either parallel or
cross-flow modules). Analytical solutions for the shell side for parallel
flow modules using Happel’s free surface model and Dirichlet BCs at the
fiber’s outer diameter can be found in [Zheng et al., 2003]. For cross-
flow modules the determination of the hydraulic diameter must take
into account the void area of the mixing flow space, while the mean
shell-side velocity is calculated by a much more complicated expression
taking also into account the porosity, ¢, of the bed, i.e. the interstitial
velocity (see e.g. [Schoner et al., 1998, Mahmud et al., 2000]).

Following Qin and Cabral [1997] and Cooney et al. [1974] the
dimensionless variables #=r/R/, ¢=(C- mC})/(Cy —mC}), z=
zD/(4uRi) = 1/GZ, Shy, = 2K, R, /D are introduced, so that the pre-
ceding system of partial differential equations (1)-(4) is rendered dimen-
sionless:

92C
a2

_ 29C _20C
e - T ®

0,/ =1 9
aC

G0 (10
aC _ ShW s

Ei,l 2 C( b an

Membrane processes subject to assumptions (a)-(f) that can be de-
scribed by Egs. (8)-(11) are categorized by Qin and Cabral [1997].
It is worth mentioning that for these processes the same mathemati-
cal methodology and solutions are applied. The dimensionless lumen

mixed-cup concentration, C; , depends only on 2 and is defined as
Qin et al. [1996]:

C, .(z)—mC* 1 .
ne(2) ~ =4/ (1- #*)rC(zor
(O 0

_— 12
G (12)

Cre(d) =
since [Koutsonikolas et al., 2021]

fORf 2xru, - C(z,r)or 4
Cp(z2)= ———— =

L - C(z, Ry - \2
— frl1- (—) -C(z,r)or (13)
fORf 2mru,or R? 0 Ry

The logarithmic averaged overall and lumen Sherwood numbers,
Sh andSh, respectively, and the local lumen Sherwood num-

avg,z,0 avg.z’
ber, Sh,, are given by Qin and Cabral [1997]:
In(Cr.(®)
Shypg 2 0(2) = —+ (14)
L L 15)
Shapg 2 (8)  Shgyg . o(2)  Shy
_ZEZ 1
Sh,(2) = — (16)
Cx.(2)-C(z 1)

From the above analysis it is evident that membrane processes (as ev-
ery chemical engineering process) are affected by transport resistances
which are present within the different phases and across the interacting
interfaces: the magnitude of these resistances determines the mathemat-
ical model and its BCs. In the following section a historical review of
the Graetz problem is presented and the inner-wall BC is scrutinized; it
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Table 1
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Application of the “Lévéque correlation” Eq. (17) in the gas-liquid contact membrane literature with emphasis on CO, capture.

Reference

Notes

Kumar et al. [2003]

Dindore et al. [2004]

Dindore et al. [2004]

Dindore and Versteeg [2005];
Dindore et al. [2005]
Atchariyawut et al. [2007]

Lu et al. [2008]
Lin et al. [2009]

Mansourizadeh and Ismail [2009]
Portugal et al. [2009]

Rongwong et al. [2012];
Rongwong et al. [2009];
Rongwong et al. [2013];
Rongwong et al. [2015]
Scholes et al. [2012]

Cui et al. [2015]

Boributh et al. [2011]]
Boributh et al. [2013]
Rahbari-Sisakht et al. [2012]

Wang et al. [2013]

Bougie et al. [2014]; Iliuta et al.
[Tliuta et al., 2015]
Jin et al. [2017]

Li et al. [2017]
Ghobadi et al. [2018]
Nakhjiri et al. [2018]
Xu et al. [2019]

Lee et al. [2020]
Nakhjiri and Heydarinasab [2020]

Cao et al. [2020]
Houlker et al. [2021]

The authors confirm that there are no mass transfer resistances and the Gz number is adequately high, so that the Lévéque correlation used is
valid. CO, capture with water, NaOH. Polypropylene (PP) membranes. Liquid through the lumen side.

The authors find that the Lévéque solution describes very well the experimental behavior of CO, capture with water and propylene
carbonate, but not with n-formyl morpholine. The discrepancy is attributed to wetting. The authors acknowledge the relation of the
correlation application with the absence of external mass transfer resistance. Polytetrafluoroethylene (PTFE) and PP membranes. Liquid
through the lumen.

Pressure conditions up to 20 bar. The authors find that the Lévéque solution describes very well the experimental behavior for propylene
carbonate at elevated pressures, but not at atmospheric conditions. The discrepancy is attributed to wetting. The authors confirm that Gz
number is small for their experimental conditions and they acknowledge the relation of the correlation application with the absence of
external mass transfer resistance. PP membranes. Liquid through the lumen.

CO, capture with water. PP membranes. Liquid through the lumen.

Possibility of membrane wetting. Biogas upgrading using water, NaOH, monoethanolamine (MEA), and NaCl as an additive in the NaOH
aqueous solution. Polyvinylidene difluoride (PVDF) membranes. Liquid through the lumen.

Membrane wetting (resistance-in-series model). CO, capture with methyl-diethanolamine (MDEA). Polymeric membranes. Liquid through
the lumen.

Membrane wetting (resistance-in-series model). CO, capture with piperazine (PZ), MDEA, and aminomethyl-propanol (AMP). PP or PVDF
membranes. Gas mixture through the lumen.

Review of acid gas capture. Generalized by Kreulen et al. [1993] Graetz-Lévéque correlation.

Generalized by Kreulen et al. [1993] Graetz-Lévéque correlation. CO, capture with potassium glycinate. PDMS (polydimethylsiloxane)
membranes. Liquid through the lumen.

Membrane wetting. CO, capture with water, MEA, diethanolamine (DEA), AMP, sodium glycinate (SG), NaCl. PTFE or PVDF membranes.
Liquid through the lumen.

Membrane wetting (resistance-in-series model). CO, capture with MEA, K,CO,. PP and PTFE membranes. Either gas or liquid mixture
through the lumen.

Membrane wetting (resistance-in-series model). CO, capture with DEA. PVDF membranes. Liquid through the lumen.

Membrane wetting. CO, capture with water or MEA. PP or PVDF membranes. Gas or liquid through the lumen.

Membrane wetting. CO, capture with water, NaOH. Porous asymmetric polyetherimide (PEI) membranes. Liquid through the lumen
(400<Gz<1500).

Membrane wetting. Generalized by Kreulen et al. [1993] Graetz-Lévéque correlation. CO, capture with MEA, DEA, MDEA. PP hollow fibers.
Liquid through the lumen.

CO, capture with either 2-amino-2-hydroxymethyl-1,3-propanediol (AHPD)+ PZ, or MEA, MDEA, AMP. PTFE membranes. Liquid through
the lumen.

Biogas upgrading by removing CO, and H,S using water, potassium sarcosine (PS), MEA, KOH and K,CO;. PVDF membranes. Gas mixture
through the lumen.

Elevated pressures. CO, capture with polyethylene glycol dimethyl ether (Selexol). PTFE membranes. Liquid through the lumen.

CO, capture with MEA and DEA. PTFE membranes. Gas mixture through the lumen.

Lévéque correlation in the shell side. Biogas upgrading using MEA and triethanolamine (TEA). PP membranes.

The Lévéque correlation is suggested to be used in the shell side. The cited references [Yang and Cussler, 1986, Gabelman and Hwang, 1999]
do not indicate that this correlation is used in the shell, but in the fiber.

The pre-exponential parameter in Eq. (17) is substituted for 1.615 [see Eq. (18)]; also, a typographical error in the exponent (1/2 instead of
1/3). Stripping of CO, from MEA solution. Ceramic hollow fiber membranes. Liquid with dissolved CO, either through the shell or the lumen.
Lévéque correlation in the shell side. CO, capture with potassium lysinate (PL) amino acid solution.

Membrane wetting. CO, capture with 4-diethylamino-2-butanol (DEAB). PTFE membranes. Liquid through the lumen.

Extended discussion of the application of the Lévéque correlation including mass transfer correlations in the shell side. CO, capture with
water. PP membranes. Liquid through the lumen.

is shown that the problem can be reduced to a constant wall concen-
tration BC under certain and fundamental requisites. Afterwards, the
dimensionless problem with the linear BC is analytically solved, while
extensions into nonlinear BCs are also presented.

2.2. The cult of the Lévéque correlation

Membrane contactors’ literature features stock models for the de-
scription of the flow behavior within the fibers, which are summa-
rized as the Graetz-Lévéque (or merely Lévéque) correlation(s) by a
vast number of researchers [Rongwong et al., 2012, Kumar et al.,
2003, Dindore et al., 2004, Dindore et al., 2004, Dindore and Ver-
steeg, 2005, Dindore et al., 2005, Atchariyawut et al., 2007, Lu et al.,
2008, Lin et al., 2009, Mansourizadeh and Ismail, 2009, Portugal et al.,
2009, Rongwong et al., 2009, Rongwong et al., 2013, Rongwong et al.,
2015, Scholes et al., 2012, Cui et al., 2015, Boributh et al., 2011,
Boributh et al., 2013, Rahbari-Sisakht et al., 2012, Wang et al., 2013,
Bougie et al., 2014, Iliuta et al., 2015, Jin et al., 2017, Li et al., 2017,
Ghobadi et al., 2018, Nakhjiri et al., 2018, Xu et al., 2019, Lee et al.,
2020, Nakhjiri and Heydarinasab, 2020, Cao et al., 2020, Houlker et al.,

2021] as Table 1 demonstrates (limited to gas-liquid contact membrane
literature with emphasis on CO, capture):

Sh=162-Gz'3 an

Apart from the historical interest, as the “Lévéque correlation” be-
comes ubiquitous in the membrane modelling canon - see also a review
by Wang et al. [2017] - it is the underlying assumptions leading to the
analytical expressions that are binding when applying them to a spe-
cific problem. As the main uncertainty lies on the BC at the inner wall
which describes the flux through the (membrane) wall and implicitly
determines the flow along the fibers, it needs to be carefully assigned:
for the following discussion the mixed Neumann-Dirichlet BCs Egs. (4)
and - equivalently in dimensionless form — (11) will be the reference
case, from which the Dirichlet BC may be derived.

Consider the case when the dimensionless number K,,R,/D (Sher-
wood number) has a very large — infinite — value at the boundary,
that is, zero transport resistance. Intuitively, if the fluid in motion
has no resistance to overcome, it gets the same concentration value
at both sides of the non-resistant wall, accounting for the equilibrium
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coefficient, C(z,r = R;) = mC, : a Dirichlet BC (see also discussion in
[Kooijman, 1973, Shah and London, 1978]).

The equivalent heat transfer problem with the corresponding Dirich-
let BC (along with the assumptions (a)-(f) still holding) has been studied
in principle and solved by Graetz in 1883, who derived an infinite se-
ries solution. Since the calculation of the required eigenvalues was very
tedious back then, Graetz was able to derive the first three eigenval-
ues [Knudsen and Katz, 1958], while Brown later on presented eleven
eigenvalues [Brown, 1960]. Interestingly and most revealingly, the ana-
lytical solution presented by Pantoleontos et al. for Egs. (8)-(11) (mixed
Neumann-Dirichlet BC) with Shy, equal to 10'* (practically infinity)
derives exactly the same eigenvalues with those presented by Brown
[Pantoleontos et al., 2010, Brown, 1960] (see also relevant discussion
regarding Brown’s solution and values in [Kooijman, 1973, Kays and
Crawford, 1993, Glasgow, 2010, Ghiaasiaan, 2011]): thus, it is also nu-
merically confirmed that the mixed Neumann-Dirichlet BC case when
the wall resistance is zero is reduced to the Graetz problem imposing
the Dirichlet BC (see also discussion in Qin et al. [1996]). Eloquently, if
assumptions (a)-(f) can adequately postulate the flow model, one should
use the “general-case” BC (4), calculate the physical properties of the flu-
ids, determine the membrane and shell-side transfer coefficients etc., so
that the value of the combined mass transfer coefficient, K, and the as-
sociated dimensionless Shyy are established: if they are calculated to be
very large, then the Dirichlet BC — Graetz problem — naturally emerges.

The tricky part of the separation-of-variables method which yields
the analytical solution in terms of the infinite-series expansion (in-
cluding the analytical solution derived by Pantoleontos et al. for the
“general-case” BC (4) [Pantoleontos et al., 2010]) is that for small 2-
values (2 < 0.01, that is, high Gz numbers), quite a lot of eigenvalues
need to be determined for the accurate calculation of the logarithmic av-
eraged overall and local lumen Sherwood numbers [Pantoleontos et al.,
2010] - in the remaining length six eigenvalues are enough. (In the
subsequent sections it is shown that this analytical solution on which
the current study is based is still very accurate and practical for 2 >
0.000025, and apparently it should be used with certainty in all practi-
cal situations for this kind of processes).

Lévéque alleviated this shortcoming by presenting an analytical so-
lution using the similarity transformation [Salazar et al., 1988], which
is valid only in the entrance region - still using the Dirichlet BC at
r=R¢ [Churchill, 2013], while BC (3) is no longer needed [Shih and
Tsou, 1978]. (The ingenuity of Lévéque to apply this particular trans-
formation is vividly described by Churchill, [2000]). Newman extended
Lévéque solution (adding two more terms) for mass transfer in fully
developed laminar flow in cylindrical coordinates — still with constant
wall concentration as a BC and valid only for the beginning of the mass
transfer region [Newman, June 1967], that is, for small % values:

1/3 -1/3
Nu:1.6151~<L> —1.2—0.28057~(L> (18)
z/(ZRf) z/(ZR/-)

where Nu is the average Nusselt number — as denoted by Newman -
referring to the concentration difference at the inlet, and Pe is the mass
Péclet number:
Pe = 2Rsu

D

The first term in the RHS of Eq. (18) is the zero-order solution of the
constant wall temperature/concentration BC, that is, Lévéque solution
with fully developed velocity profile in cylindrical coordinates [Shih and
Tsou, 1978, Newman, 1967]. Notice that (Z/(Z—;f)) = Gz as defined in
the Introduction section; Eq. (18) is identical to the solution provided
by Shih and Tsou [1978] — with one more term — with the notation of
Gz'=7/4 Gz.

Remarkably, the Lévéque solution appears rounded-off to the
Eq. (17) version as early as 1954 (1st edition: 1933) as directly ap-
plied to heat transfer by McAdams, [1954] (see also Shah and Lon-
don [1978] and Drew et al. [1931]). The author correlated experi-
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mental data as adapted from the constant temperature BC case using
a mean Nusselt number based on an arithmetic instead of a logarithmic
mean temperature difference (whether arithmetic or logarithmic con-
centration difference is used in the corresponding correlations is also
confusing) — for the definition of Gz’ for heat transfer see [Shih and
Tsou, 1978]:

N\ 173
Nu=162- <4GZ > =1.62-Gz'/3 (19)
T

Apparently, two “solutions” for the Graetz problem (constant tem-
perature or concentration BC) exist: one applied in the entrance re-
gion (e.g. Lévéque-Newman-McAdams correlations) and one applied
far from the entrance (Graetz series — Pantoleontos et al. solution
[Pantoleontos et al., 2010] for very large values of Shyy). Still, the ques-
tion is: does this BC hold for membrane-based processes with a non-zero
resistance in mass transport, which is imposed by the membrane itself?
Shah & London illuminate the constant wall temperature BC as that “the
thermal resistance of both the wall and t, fluid [equivalent to C,, in
Figure 1] is zero and t, [CS’Z] is constant” [Shah and London, 1978]; in
other words, the Shy (and K., for that matter) are infinite, a sine qua
non prerequisite for the Dirichlet BC to hold. Or as Kooijman articulates:
“For decreasing values of the wall mass-transfer resistance the boundary
condition with constant concentration at the membrane-fluid interface
is approached” [Kooijman, 1973]. Or more recently, as Mi & Hwang
reckon about the Lévéque correlation: “the boundary condition of con-
stant wall concentration may not always prevail in membrane systems”
[Mi and Hwang, 1999].

These passages have escaped the attention of the corresponding au-
thors [Rongwong et al., 2012, Atchariyawut et al., 2007, Lu et al.,
2008, Lin et al., 2009, Mansourizadeh and Ismail, 2009, Portugal et al.,
2009, Rongwong et al., 2009, Rongwong et al., 2013, Rongwong et al.,
2015, Scholes et al., 2012, Cui et al., 2015, Boributh et al., 2011,
Boributh et al., 2013, Rahbari-Sisakht et al., 2012, Wang et al., 2013,
Iliuta et al., 2015, Jin et al., 2017, Li et al., 2017, Ghobadi et al., 2018,
Nakhjiri et al., 2018, Xu et al., 2019, Lee et al., 2020, Nakhjiri and
Heydarinasab, 2020, Cao et al., 2020] and reviewers altogether. The
implications of using the Lévéque-McAdams correlation without test-
ing the hypothesis of no mass transfer resistance are, simply and tau-
tologically, that the membrane and the shell-side (boundary layer) re-
sistances are irrelevant, as they are assumed to be zero (obviously, if
the combined membrane and shell-side resistance is zero, then both,
membrane and shell-side resistances, are also zero as Eq. (6) indi-
cates, since they are non-negative); or, if the calculated mass trans-
port resistances are not very small, the Lévéque correlations do not
hold.

The above analysis has further connotations: since there is no re-
sistance in the membrane-wall whatsoever (again, when considering
the Graetz-Lévéque formulation), any limiting parameter in the mem-
brane slowing down mass transfer, such as wetting [Rongwong et al.,
2012, Atchariyawut et al., 2007, Lu et al., 2008, Lin et al., 2009,
Rongwong et al., 2009, Rongwong et al., 2013, Rongwong et al.,
2015, Scholes et al., 2012, Cui et al.,, 2015, Boributh et al., 2011,
Boributh et al., 2013, Rahbari-Sisakht et al., 2012, Wang et al., 2013,
Cao et al., 2020], is inconsistent with the Graetz problem prerequisites,
and obviously, with the Lévéque correlations application. The latter ob-
servation has been also put forward by Malek et al. in their seminal
paper regarding membrane wetting [Malek et al., 1997].

Another critical point rejecting the application of the Lévéque cor-
relation is its validity only for small 2-values. Wang et al. [2017] re-
port that the Lévéque solution clearly overestimates experimental Sher-
wood data within the low Graetz range (Gz<10), that is, for £>0.1
[Wang et al., 2017] and references mentioned therein. The authors
found that for 2<0.5 the Newman solution, Eq. (18), is better suited
instead of the Lévéque correlation, Eq. (17). For commercial membrane
modules, when the gas mixture is within the lumen side the lowest 2
achievable may be around 300. Pantoleontos et al. used a commercial
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1 x 5.5 Mini-Module (MM) with a gaseous lumen volumetric flowrate
of ~340 cm3/min (the highest recommended by the company is 500
cm?/min for this type of module) yielding 2=39.45 [Pantoleontos et al.,
2017], which is far beyond the application of the Lévéque-Newman-
McAdams correlations. Note that in gas-liquid contact membrane pro-
cesses (gas in the lumen) the higher the 2-value (the smaller the Gz
number), the higher the removal efficiency of the gaseous component
of interest [Pantoleontos et al., 2017, Gomez-Coma et al., 2016].

Nevertheless, “entrance-region” analysis (high Graetz number val-
ues: application of the Lévéque-Newman-McAdams correlations) is suit-
able for microchannels [Lopes et al., 2012], such as electrochemical mi-
croreactors, in which 2 could get a value of 3.8 x 10~3 [Yoon et al.,
2006] - still, checking the validity of the no-wall-resistance assumption
is imperative. High Gz values can be achieved in the gas-liquid contact
membrane processes when the liquid flows in the lumen side since the
gaseous mixture diffusivity through liquids is several orders of magni-
tude smaller than that of the gas-gas diffusivity. For example,ina 1 x 5.5
MM Aligwe et al. calculated that Gz numbers may well exceed 400 in
experiments with NH,4CI solution fed in the lumen side [Aligwe et al.,
2019]. Note that for reactive cases in the lumen side a reaction rate term
has to be added in Eq. (1), a fact also neglected by the corresponding
authors [Rongwong et al., 2012, Atchariyawut et al., 2007, Lu et al.,
2008, Rongwong et al., 2009, Rongwong et al., 2013, Rongwong et al.,
2015, Cui et al., 2015, Boributh et al., 2013, Wang et al., 2013]: an-
other departure from the Graetz problem as described by Graetz — see
also discussion in Kumar et al. [2002] about theoretical aspects in the
presence of reaction.

For gas-liquid processes and liquid in the lumen side Wickramas-
inghe et al. [Wickramasinghe et al., 1992] and Li & Chen [Li and
Chen, 2005] suggest that the Lévéque-Newman solutions may be ap-
plicable for physical absorption cases at high Gz numbers. The rationale
of this approach lies not on the absence of the membrane and shell-side
resistances (which are still not zero), but in the relatively higher lumen
resistance due to physical absorption compared to the other mass trans-
fer resistances — see also Reed et al. [Reed et al., 1995] with examples
covering other membrane processes.

3. Results and discussion
3.1. Analytical solution
The set of Egs. (8)-(11) can be solved analytically by the sepa-

ration of variables method, which yields an infinite series solution
[Pantoleontos et al., 2010]:

C, i) = ch “R() - exp(=2- A2 - 2) (20)
n=1

where

Riy=mM(L Doy a2 D7 21

(7)) = E—T,, n T expl\ — ) (21

_ Sy (1=-7) - R(P)dF
SR (1-7) - R(PaF

(22)

n

For every Shyy, the eigenvalues, A, are the zeros of the equation:

Shy, 1 A, 1 A,
— —A M= —-—7,1,A 2-A, - | = ——
(555 -m) (3= Fn)sza (53

~M<§—ﬂ2/\>=0 (23)
2 4770

The open-source mathematics software SageMath can identify the
eigenvalues, A, and the Fourier coefficients, c,, along with the mixed-
cup concentration (see Supplementary Material — Appendix A, Table S1).
The first step is to define Sh,, — as described in Section 2 — and then the
number of the desired eigenvalues, n (nu_eigen). In addition, suppose
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that one would like to find the concentrations for 2=0.0001 (z_wanted):
for the A, values found, the Fourier coefficients are calculated as the ra-
tio of two integrals as in Eq. (22), and these values are substituted in the
series Eq. (20). The symbol M in Egs. (21),(23) is the Kummer function,
which in the SageMath software is denoted as the library routine, hyper-
geometric. M. For further information about derivation of the analytical
solution the reader is referenced to Pantoleontos et al. [2010].

Table 2 presents various literature values of Sh,,, , and Sh, for the
two extreme cases of Shyy=co (Graetz problem) and Shy=0 compared
with the values derived in the current study using the infinite series
solution by Pantoleontos [Pantoleontos et al., 2010] with the aid of
SageMath [code in Supplementary Material — Appendix A, Table S1;
ShW=1O8 (resembling infinity) and ShW=10‘6 (resembling zero)] in
Jupyter Notebook [Jupyter, 2021]. It is shown that the infinite series
solution is valid and accessible for all Shy, values using 128 eigenvalues
in SageMath for 2 > 0.000025, that is, virtually for every case of interest
covering the whole 2-domain, from the entrance region to much bigger
values of 2. Derivation of the first eleven eigenvalues (“L” in SageMath
notation) for ShW:108 reveals that these are the same with those de-
rived by Brown [1960], who solved the Graetz problem with constant
tube wall temperature (Dirichlet BC). All calculations in Supplementary
Material - Appendix A, Table S1 code need less than a minute to perform
in an Intel® Core™ i5-4460 3.20 GHz processor.

It has to be noted that for Shy=10% and 2 > 50 SageMath cannot
derive the local lumen Sherwood numbers as it encounters a singularity:
the mixed-cup concentration — the actual variable of interest for the
researcher - is virtually zero from % = 1 already, since its value is lower
than 5 x 107 (no units).

3.2. Numerical solution — extension to nonlinear BCs

The set of Egs. (8)-(11) is sometimes inadequate to describe all com-
putational zones of different compartments of a membrane system, since
mass balance in the shell side is also essential, especially when reactive
terms are added or the shell-side concentration varies with the length.
In these cases a numerical solution is called for.

As suggested by Pantoleontos et al. [2010]; Pantoleontos et al.
[2017 the system of Egs. (8)-(11) can be treated in a method-of-lines
approach by discretizing the spatial derivatives (r-domain) using alge-
braic approximations, except for the initial value variable (z-domain), so
that the system after discretization comprises a system of n initial-value
ordinary differential equations (ODE) with respect to z, where n is the
number of the discretization node points in the r-domain. Discretization
in both z and r (or 2 and #) directions is unavoidable if dynamic variation
is considered, or axial dispersion terms (224 order derivatives) are im-
portant comprising the extended Graetz problem (see e.g. a recent study
by Sohaib et al. [2021]), or a boundary-value problem with respect to
2 emerges, e.g. a counter-current mode of operation in the lumen-shell
compartments.

In all cases considered above discretization with respect to # is nec-
essary: afterwards, the resulted system of ODEs can be numerically
solved by Runge-Kutta-like algorithms or Gear method for stiff problems
[Pantoleontos et al., 2010], or it can be even solved semi-analytically
(for linear lumen-wall BCs, or for BCs that can be solved for the depen-
dent variable) [Haran and White, 1996, Subramanian and White, 2004,
Ali and Saleem, 2017] - see Supplementary Material - Appendix B; like-
wise, this system can be further discretized with respect to 2 for all other
reasons mentioned above.

The dimensionless PDE set (8)-(11) has two independent variables,
the time-like non-negative 2 and the radial dimensionless # which is
bounded between 0 and 1. This is convenient because the discretiza-
tion points lying in the range {0,1} can be chosen as the roots of the
Jacobi polynomials which are orthogonal with respect to the weight-
ing function r#(1 — r)* [Rice and Do, 2012]. The Jacobi polynomials
of N-th degree, Jl‘f/’ﬂ , are explicitly given by the Rodrigues formula
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Table 2
Comparison of values of Sh, and Sh,,, , derived by different methods.
Shy=co Shyy=0

2 Sh,* Sh,® Sh,* Shyy,,” Ny, Nty ,° Shyyg,© Sh,* Sh,” Sh,¢
1.0 x 10°6 85.0929 162.109 160.358 182.9111 114.0186
1.0 x 1075 48.8851 74.655 73.869 73.8319 59.5206
2.5 x 107 35.806 35.805 35.8059 54.176 54.1732 43.651 43.654 43.6614
5.0 x 107> 28.254 28.254 28.2536 42.814 42.8126 34.511 34.510 34.5176
1.0 x 1074 22.278 22.280 22.2785 33.811 34.175 33.815 33.8103 27.276 27.275 27.2757
2.0 x 10™* 17.559 17.5595 26.684 26.6833 21.557 21.5575
2.5x 107 16.264 16.264 16.2640 24.723 24.7226 19.987 19.987 19.9868
4.0x10™* 13.842 13.8421 21.049 21.0488 17.049 17.0486
5.0 x 10~* 12.824 12.824 12.8242 19.501 19.5005 15.813 15.814 15.8127
7.0 x 10~ 11.433 11.4332 17.739 17.3792 14.123 14.1228
1.0 x 1073 10.130 10.131 10.1302 15.384 “15.539 “15.384 15.3842 12.538 12.539 12.5382
2.0 x 103 8.0363 8.0362 12,152 12.1515 9.9864 9.9863
2.5x 1073 7.470 7.4704 7.4704 11.269 11.2690 9.295 9.2951 9.2950
4.0 x 1073 6.4296 6.4296 9.6281 9.6280 8.8020 8.0200
5.0 x 103 6.002 6.0015 6.0015 8.9433 “9.0442 “8.9432 8.9432 7.494 7.4937 7.4937
7.0 x 1073 5.4301 5.4301 8.0145 8.0145 6.7881 6.7881
1.0 x 1072 4.917 4.9161 4.9161 7.1553 “7.2411 *7.1552 7.1552 6.149 6.1482 6.1481
2.0 x 1072 4.1724 4.1724 5.8147 5.8146 5.1984 5.1984
4.0 x 1072 3.7689 3.7689 4.8668 4.8668 4.6213 4.6213
7.0 x 1072 3.6688 3.6688 4.3674 4.3674 4.4162 4.4162
1.0x 107! 3.6581 3.6581 4.1556 4.2309 4.1556 4.1556 4.3748 4.3748
2.0 x 107! 3.6568 3.6568 3.9063 3.9063 3.9063 3.9063 4.3637 4.3637
4.0x 107! 3.6568 3.6568 3.7816 3.7815 4.3636 4.3636
7.0 x 107! 3.6568 3.6568 3.7281 3.7281 4.3636 4.3636
1 3.6568 3.6568 3.7067 3.7067 4.3636 4.3636
2 3.6568 3.6568 3.6804 3.6817 4.3636 4.3636

@ entrance region solution — similarity transformation — Worsge-Schmidt [1967] (as reported in Qin and Cabral [1997])

b orthogonal collocation on finite elements — [Qin and Cabral, 1997]

¢ separation of variables — current study - 128 eigenvalues — implementation of Supplementary Material — Appendix A, Table S1; for Shyy=108 (c0) and Shy,=10"°¢

)]

d

coupling of separation of variables and method of lines — Salazar et al. [1988]

¢ Graetz series — Lévéque series (entrance region) — Shah [1975] (as reported in [Salazar et al., 1988])
* These values were originally taken (and most probably mislabelled) for 2=5.0 x 103, 1.0 x 10-2, 5.0 x 1072, respectively [Salazar et al., 1988].

[Pantoleontos et al., 2010, Rice and Do, 2012]:
DT+ 1) gV
TN+p+1) drV
where I' is the gamma function. An important note is that since there
are two boundary conditions with respect to r, both end points (7, =
0, 7y42 = 1) are included in the overall evaluation, so that the N interior
collocation points are zeros of the Jacobi polynomial J; LA rather
than J,‘f]ﬁ[87].
Following Rice and Do, for N interior node points plus the boundary
points 0 and 1, the N+2 degree (node) polynomial is defined as [Rice and
Do, 2012]:

J;'/’ﬂ(r) [P(1 =] = [PN*E(1 = N

(24)

N+2 N+1
pnia® =[] (- #;) = 7 - >H (P=7#;) (25)
j=1
The derivatives at the point i are given by [Rice and Do, 2012]:
A N+2 2 A N+2
l
af, = Z A;C;, 0# Z B, ,C; (26)

where the elements of the square matrices (N+2, N+2) A and B are
defined as [Rice and Do, 2012]:

3)

e G)) . Pya(Fi) L
%Yz(r)fom:t L2 gorj =i
A= (l»g+z(;) . B, = Pi42(Fi
: P (i ; | 24, (A — X
G pT ) forj#i ,,J< E s forj#i
27
where p (r ) is the k-th derivative of the node polynomial at point #;.

Includmg both end points comprises the Gauss-Lobatto quadrature
[Rice and Do, 2012] (necessary for the evaluation of the integral of

the dimensionless mixed-cup concentration). Let &’ =a+1, f/ =+ 1.
The Lobatto weights are calculated by the following formula [Rice and
Do, 2012]:

l%fori:l
lfort—2 N+1,c¢y
,fort=N+2

(. #)

N+ +§ +1)c ")
K, K, =

i R By

[P(1\1/)+2 A']

! r2(p'+1)-I(N+d +1)
y2(2N+a +p+DION+p +1)-T(N+a +p +1)
F(2N+d' +p' +1)-T(f +1)
IN+a" +p' +1) - TN+ +1)

(28)

The set of Eqs. (24)-(28) is the orthogonal collocation method us-
ing the Jacobi polynomials for the discretization of the first and second
derivative of any function defined in the domain {0,1}, the determina-
tion of the collocation matrices and the Gauss-Lobatto weights. Sage-
Math may identify the roots, weights and matrices of the collocation
method as demonstrated in Supplementary Material — Appendix A, Ta-
ble S2; indicative calculated values are presented inTable 3.

Since there is already an efficient and practical analytical solution
expressed in Egs. (20)-(23) (see Supplementary Material — Appendix A,
Table S1), a numerical solution of the set of Egs. (8)-(11) is no longer
pursued; instead, an extension to the original problem by including a
nonlinear wall-BC is attempted. Nevertheless, a semi-analytical treat-
ment of Egs. (8)-(11) is also presented in Supplementary Material — Ap-
pendix B most suited for linear problems for which analytical solutions
are not available.

A set of nonlinear BCs accounting for supported liquid membrane,
facilitated transport, membrane extraction and other membrane-based
processes is handily available in the invaluable work by Qin and
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Table 3
Indicative values of the Gauss-Jacobi-Lobatto quadrature points, weights and A;;, B;; matrices.
a=p=2 N=4 N=5 N=6 N=7 N=8
7, (G=1..N+2) 0 0 0 0 0
0.152627 0.115272 0.090077 0.072299 0.059296
0.374719 0.289543 0.229698 0.186311 0.153970
0.625281 0.500000 0.405661 0.334185 0.279284
0.847373 0.710457 0.594339 0.500000 0.424184
1 0.884728 0.770302 0.665815 0.575816
1 0.909923 0.813689 0.720716
1 0.927701 0.846030
1 0.940704
1

2 (G=1..N+2) 0.001190 0.000661 0.000397 0.000253 0.000168
0.024576 0.014842 0.009407 0.006218 0.004261
0.057567 0.040740 0.028558 0.020212 0.014541
0.057567 0.054180 0.044972 0.035542 0.027604
0.024576 0.040740 0.044972 0.042218 0.036760
0.001190 0.014842 0.028558 0.035542 0.036760
0.000661 0.009407 0.020212 0.027604
0.000397 0.006218 0.014541
0.000253 0.004261
0.000168

A;(N=4d = =2

-13.000000 21.049759 -13.122203 7.863873 -3.791429 1.000000
-2.039350 -2.685908 6.891308 -3.238101 1.439374 -0.367323
0.542729 -2.941934 -0.534695 3.991015 -1.382362 0.325246
-0.325246 1.382362 -3.991015 0.534695 2.941934 -0.542729
0.367323 -1.439374 3.238101 -6.891308 2.685908 2.039350
-1.000000 3.791429 -7.863873 13.122203 -21.049759 13.000000
B (N=4;a' = ' =2)

114.000000 -271.460495 271.139647 -179.307633 89.628481 -24.000000
37.678388 -63.928203 25.039330 3.692721 -3.588457 1.106222
-3.477115 29.639017 -50.071797 27.588457 -4.371068 0.692505
0.692505 -4.371068 27.588457 -50.071797 29.639017 -3.477115
1.106222 -3.588457 3.692721 25.039330 -63.928203 37.678388
-24.000000 89.628481 -179.307633 271.139647 -271.460495 114.000000

Table 4
Dimensionless lumen-wall BCs and reference cases [Qin and
Cabral, 1998].

Type Dimensionless gradient at 7 = 1 Reference values
- (1t ay - CE1D)EE ) (29)  Shy =5;a,=19
Sh C(z,1) _ .
2 ~ S e (30)  Shy, = 1000;
a, =100
3¢ 5 (31 Shy, = 100;
a3 =9
4 _ Shy ceh (32) Shy, = 100;
14a,-C 2D+ 142a,-C(5,1) a, :9

@ typographical error in the main table of the original manuscript
[Qin and Cabral, 1998] — a minus (-) sign instead of the correct (+) in
the denominator

b probably mislabelled as Shy,=50 instead of 100 in the original
manuscript [Qin and Cabral, 1998]

Cabral, [1998] as summarized in Table 4 (with literature reference val-
ues for computational purposes). For the derivation of each BC and
the actual variation range of the parameters the reader is referenced to
Qin and Cabral [1998]. For nonlinear lumen-wall BCs the resulted non-
linear algebraic equation after discretization cannot be directly solved
for Cy ., (see Supplementary Material — Appendix B for the linear case)
—where C(z,1) = Cy,, - giving rise to an initial-value (IV) differential-
algebraic (DAE) system — with algebraic signifying a dependent variable
without its derivative.

The solvers most frequently used for IV-DAE systems are extensions
of standard numerical methods designed for IV-ODEs, but with one cru-
cial prerequisite: a consistent set of initial conditions with respect to the

DAE satisfying all constraints and variables is expected by the solver —
in ODE-cases the consistency is not a prerequisite for the algorithm. In
either case, DAEs or ODEs, a root-finding procedure is incorporated as-
signing consistent initial conditions to all dependent variables for suc-
cessful and accurate differentiation. In the following lines in order to
highlight the rationale of the DAE-to-ODE adaptation all algebraic equa-
tions are manually transformed to differential equations to comprise an
explicit IV-ODE system: the user’s intervention ensures that an analytical
function is provided as the differential equation, which would otherwise
be approximated by the DAE-algorithm. Additionally, implementation
of a DAE-solver is avoided and a typical ODE-solver is directly invoked.

The initial (at 2 = 0) values of the concentrations in the interior
points (referring to the discretization-#-points), Eq. (S3), are given in
Eq. (S4) - see Supplementary Material — Appendix B). For a nonlinear
lumen-wall BC the missing initial values of the two exterior points are
calculated by solving a 2 x 2 system of algebraic equations. For exam-
ple, when the mass transfer problem is determined by Eq. (31) at the
boundary, one has to solve the following two equations with respect to

r&

N+l
Ay S+ A N8t 2 A =0 (33)
=
N+
Shy, g2
Angoi S+ AN N+ 8+ ANpj=——F"—""" (34)
; / 2 l+az-g?

where €,(0) = f and Cy,,(0) = g, since C;(0) =1 for i =2.N + 1.
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Figure 2. Contour plot of the dimensionless concentration, C, with respect to
axial and radial distances (2, 7) for nonlinear BC3 (reference values: Shy, = 100;
a; =9).

The remaining ODEs at the boundaries can be found by differentiat-
ing Eq. (S1) and Eq. (31) with respect to 2:

ac, N+2 de.

A —L =N 4 35
[Rirp ; (N 35)
A A N+1 A
ShyCnyr  |dCnyo dc;
AnoN+2 ol T SR N e (36)
A2 i=1
<1+a3~CN+2) J

Applying the Gauss-Jacobi-Lobatto formulation to Eq. (12) the di-
mensionless mixed-cup concentration can be calculated by the following
formula:

N+2
c;;c(z)=4z w;(1+#,)C; 37
j=1

for a=1and g = 1, and apparently «’ = p’ =2.

To sum up, when Eq. (31) applies, the final (N+2) x (N+2) IV-ODE
system consists of the differential Egs. (35, 36) and (S3) with initial
conditions (33), (34) and (S4), respectively. SageMath can still be used
to solve the system with reasonable accuracy by importing the solve_ivp
function as demonstrated in Supplementary Material — Appendix A, Ta-
ble S3 - the interested user should directly incorporate the script under
the code of Supplementary Material - Appendix A, Table S2. In all Sage-
Math implementations for the nonlinear BCs, the default IV-ODE method
is invoked, namely the ‘RK45’ which stands for the explicit Runge-Kutta
method of order 5(4). For further information the reader is referenced
to the scipy.integrate.solve_ivp user notes [SageMath, 2021].

Figure 2 depicts the isolines (contour plot) of the dimensionless con-
centration, C, with respect to axial (2) and radial (#) distances for the
nonlinear BC3, Eq. (31) (reference values: Shy, = 100; a3 = 9). This is
a typical illustration when variation in both directions is comparable,
which occurs when the combined mass transfer coefficient is very large.
Concentration variation is more intense in the axial compared to the
radial direction; e.g. for 7/=0.5 concentration variation is 97% between
inlet-outlet (2=0 to 0.4), while for 2=0.2 the concentration variation ex-
ceeds 68% from the symmetry point (#=0) to the inner wall radius (#=1),
where the concentration has the lowest value due to the sink-term-BC,
Eq. (31). Another observation arising from this figure is that for a cer-
tain Shy, (=2K,,R,/D) the concentration decreases for larger values
of 2 (=zD/4uR2) entailing that the separation efficiency increases when
the fiber length increases or/and the lumen fluid velocity decreases, that
is, the effective time of a fluid element remaining in the lumen side in-
creases.
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In Table 5 mixed-cup concentration for various 2-points is presented
for all BCs and the reference values of Table 4 along with the literature
values by Qin and Cabral, who used the orthogonal collocation on finite
elements in both directions (%2 and #) [Qin and Cabral, 1998]. SageMath
performs fairly well with satisfactory computational time (almost one
hour) for 16 interior node points. However, if higher precision is needed,
SageMath fails to deliver the desired values in reasonable time (e.g. for
24 interior collocation points and very small relative and absolute tol-
erances (atol=rtol=1e-10 in scipy.integrate.solve ivp notation) SageMath
would need more than 72 hours to get past 2=0.1 in the i5-4460 3.20
GHz processor). While the very slow computations may be attributed to
possible algorithmic inexpediency as commanded by the authors of the
current study in Supplementary Material — Appendix A, Table S3, the
inadequacy of the default built-in ODE-solvers and their core reliance
to Python interpreter at every time-step during integration might also
be the reason for solve_ivp performing poorly.

The same methodology is attempted using the commercial math-
ematical software [Maple, 2021.1 release], which incorporates the
Modified Extended Backward Differentiation Equation Implicit (mebdfi)
method for both DAE/ODE systems [Maple, 2021]. More details can be
found in the work by Cash [2000] and in the corresponding help-pages
of Maple [2021]. The benchmark test is to replicate the Sk, values as
calculated by Qin and Cabral [1998] by using Eq. (16). Figure 3 depicts
the variation of Sh, minus Sh,(Sh, - o & a; = 0) with 2 at various
values of g, for the four nonlinear BCs generated in Maple with 32 inte-
rior collocation points and invoking dsolve/numeric/mebdfi method with
abserr = relerr = 1e-10 (Supplementary Material — Appendix A, Table S4
presents the code for evaluating the Gauss-Jacobi-Lobatto quadrature
points, weights and A;;, B;; matrices in Maple for comparison and di-
rect use) — again, in Maple the ODE-systems are solved as described in
the previous analysis.

Comparing with Table 4 and following the analysis in Section 2.2,
it can be deduced that for the cases of BC1, BC2, BC4 the value of
Sh, when Sh,, -» o and q; =0 is equivalent to the value of Sh, for
the linear BC case when Sh, — o, that is, it would be the same as
solving the mass transfer problem with the Dirichlet BC: C(2,1) = 0.
In a similar fashion, when Sh,, = 0 & a3 =0, BC3 is reduced to the
BC: C%(2,1) =0 = C(2,1) = 0. Thus, for all nonlinear BCs examined in
Table 4, the value of Sh, (Sh,, > o & a; = 0) is derived from the fourth
column of Table 2. The curves of Figure 3 are identical with those by
Qin and Cabral [1998] for the actual range of interest 2>10~* and need
less than 900s to be generated. The mebdfi method as incorporated in
Maple is apparently the most suitable approach for the treatment of such
problems, while performing incomparably faster than similar methods.
Nevertheless, the SageMath environment provides an affordable math-
ematical platform with acceptable accuracy judging from the mixed-
cup concentration values (the actual variable of interest) as shown in
Table 5. As the SageMath community grows steadily fast the interested
reader is promptly advised to combine custom-made ODE-solvers to
overcome performance and speed obstacles.

4. Conclusions

In this study the mass continuity equation for fully developed lam-
inar flow in the lumen side of a hollow-fiber membrane contactor is
solved with respect to the lumen-wall BC. While much of the attention
is devoted on the carbon-capture membrane-based gas absorption pro-
cess, the corresponding model is extended, incorporating various linear
or nonlinear BCs that account for different membrane-based processes.

This work extensively discusses the Graetz problem and the Lévéque
correlation resorting to the prerequisites, their limitations and applica-
tions. It is shown that the constant wall concentration case (Dirichlet
boundary condition) imposed by the Graetz-Lévéque postulations is a
sub-case of the mixed Neumann-Dirichlet linear BC largely overestimat-
ing the performance of membrane contactors. When mass transfer is
determined by a linear lumen-wall BC, the existing analytical solution
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Table 5
Mixed-cup concentration values for 16 interior node points in SageMath and comparison with Qin and Cabral [1998].
BC1 (29) BC2 (30) BC3 (31) BC4 (32)
Czx . [Qin and C: [Qin and C:. [Qin and C:. [Qin and Cx. -this
2 Cabral, 1998] Cr. -this study Cabral, 1998] Cr  -this study Cabral, 1998] C:  -this study Cabral, 1998] study
0.001 0.9577 0.95769 0.9611 0.96105 0.9693 0.96926 0.9755 0.97543
0.002 0.9313 0.93132 0.9253 0.92533 0.9453 0.94529 0.9533 0.95332
0.004 0.8897 0.88974 0.8710 0.87096 0.9059 0.90587 0.9132 0.91324
0.007 0.8400 0.83998 0.8102 0.81018 0.8577 0.85776 0.8608 0.86077
0.010 0.7982 0.79818 0.7609 0.76095 0.8170 0.81699 0.8149 0.81485
0.015 0.7389 0.73886 0.6928 0.69284 0.7588 0.75882 0.7485 0.74852
0.020 0.6879 0.68795 0.6356 0.63562 0.7087 0.70872 0.6913 0.69129
0.025 0.6429 0.64287 0.5857 0.58573 0.6643 0.66427 0.6407 0.64067
0.030 0.6022 0.60221 0.5413 0.54129 0.6241 0.62410 0.5952 0.59517
0.035 0.5651 0.56510 0.5012 0.50117 0.5874 0.58740 0.5538 0.55381
0.040 0.5310 0.53096 0.4646 0.46462 0.5536 0.55359 0.5159 0.51592
0.045 0.4994 0.49937 0.4311 0.43111 0.5222 0.52227 0.4810 0.48100
0.050 0.4700 0.47001 0.4002 0.40027 0.4931 0.49314 0.4487 0.44869
0.060 0.4171 0.41711 0.3454 0.34542 0.4406 0.44055 0.3908 0.39083
0.070 0.3708 0.37084 0.2983 0.29834 0.3944 0.39445 0.3341 0.34068
0.080 0.3302 0.33018 0.2577 0.25777 0.3538 0.35385 0.2970 0.29703
0.090 0.2944 0.29437 0.2275 0.22276 0.3180 0.31801 0.2590 0.25900
0.100 0.2627 0.26275 0.1925 0.19252 0.2863 0.28630 0.2258 0.22583
0.120 0.2101 0.21007 0.1438 0.14381 0.2333 0.23329 0.1716 0.17165
0.140 0.1687 0.16869 0.1074 0.10743 0.1915 0.19148 0.1304 0.13042
0.160 0.1360 0.13604 0.0825 0.08025 0.1583 0.15834 0.0991 0.09907
0.200 0.0895 0.08953 0.0448 0.04478 0.1108 0.11077 0.0571 0.05713
0.250 0.0541 0.05412 0.0216 0.02160 0.0740 0.07397 0.0287 0.02869
0.300 0.0333 0.03330 0.0104 0.01041 0.0517 0.05172 0.0144 0.01440
0.400 0.0131 0.01308 0.0024 0.00242 0.0286 0.02860 0.0036 0.00362
10" 10" —— —10' Figure 3. Variation of  Sh, minus
TOI\ /I-OI\ #— Shy, =100, a,=1 Sh.(Sh, — o & a; = 0) with 2 at various values of
< P 0o S Sh =100, 32:9 a; for the four nonlinear BCs generated in Maple
8- o . X . . X . .
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derived by the separation of variables method is proven to be very ac-
curate and practical even in the region very close to the entrance of
the computational domain avoiding the need for numerical or entrance-
region solutions.

The analysis is extended solving the nonlinear lumen-wall BCs with
the method-of-lines approach by discretizing the r-domain using the
Gauss-Jacobi-Lobatto orthogonal collocation and integrating the re-
sulting initial-value ordinary differential equations system. The over-
all treatment of the corresponding nonlinear PDEs in Maple computing
platform is shown to be much superior to other approaches. Addition-
ally, the open-source computational software SageMath can be a promis-
ing alternative, providing an affordable and competent equation-based
modelling platform with unlimited capabilities of development and con-
tent.
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