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ABSTRACT

The object of this article is to establish some results of Triple Dirichlet averages of Generalized K- Mittag-Leffer
functions introduced by Saxena, daiya and Singh [16]. Representations of such relations are obtained in terms of
fractional derivative. Some interesting special cases findings.

INTRODUCTION

The Dirichlet average of a function is certain kind of integral average with respect to Dirichlet measure. The
concept of Dirichlet average was introduced by Carlson [1,2,4] It is studied, among others, by zu Castell [5],
Massopust and Forster [13], Numan [15], Neuman and Van Fleet [16], Daiya [6] and others. A detailed and
comprehensive account of various types of Dirichlet averages has been given by Carlson [3] in his monograph..
Deora and Banerji [7] have shown that the Triple Dirlchlet average is equivalent to fractional derivative.

Definition1: Let KeR; «, f,7€C; Re(ax)>0 and 7 €C, then the generalized k-Mittag-Leffler function
is given by Saxena, Daiya and Singh [17]

Nne 2
El. (=) ———— 1
a.p r% Iy (na+f) t! @

Where (X),,(X,7€C) denotes the Pochhammer symbol with (1), =n! for ne N =N {0}, which is
defined in terms of gamma function as

) T(x+7) |1 (r=0; xeC\{0})
() |x(x+1)...(x+7-1) (r=neN; xeC)

Special cases of E["7 5(2)

Q) For T = g, equation (1) yields generalized K-Mittag-Leffler function defined by Saxena, Daiya and
Singh [17]
E Mgk 2
(0= X =Bl ()
k,a, k,a, 2
p =T (na+p) t! p

(ii) For k = 1, equation (2) yields generalized Mittag-Leffler function defined by Shukla and Prajapati [19]
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Elaﬂ( ) %F(na+ﬁ) t1 - Ea,[)’(z) 3)

(i) When g = 1, equation (2) gives the Mittag-Leffler function defined by Doorego & Cerutti [9]

& Mk ! _
Ely 5(2) = %mg =E{ , 4(2) (@)

Note 2: A detailed account of Mittag-Leffler function and their application can be found in the survey paper by
Haubold et al.[12], Mathai et al. [14], Saxena et al.[18] and Daiya and Ram [6]

I will need some more notations in the further exposition. In the sequel, the symbol En—l will denote the
Euclidean simplex, defined by

En_lz[(ul,. . Upq)i U 20, j=1,2,..0, U . .. ,un_lsl] (5)
The concept of the Dirichlet average. Following® let WVbe a convex set in £ and let
z2=(2q,....,2,)€ Q":n>2 andlet f beameasurable function on V.
Define
f (b;z)= j f(u-z)d s (u) )
En—1
And
n—1
(U'Z):Zuizi +(1-w—,.. . Unq) 2, U]

and d,ub is the Dirichlet measure defined

_ b b,-1
duy (U)=—— (b) bl 1,....,un"_-lll(l—ul—...—un_l) duy....,du,_
(8)
With the multivariable Beta function
I'(by),. ... I (by) :
B(b)= Re(b; )>0,(j=212,...,k 9)
F(b_l. - By) (b5)>0:( )
For n=2, we have
C(n+n') 4 p
dm, . (u)=—————- u"(1-u du (10)
77.77( ) r(n)r(nr) ( )
Carlson? investigated the average (6) for T (2) =7%: k eR inthe form
k
Re(b;2)= [ (u-2) du(u) )
En—1

If n=2. Carlson?2 proved that

http: // www.gjesrm.com © Global Journal of Engineering Science and Research Management
[124]



[Daiya et al., 3(6): June, 2016] ISSN 2349-4506
Impact Factor: 2.545

J
7& Gilobal Journal of Engineering Science and Research Management

. _T(B+f) ¢ B kK. p1p_ G-
Ry (ﬁ,ﬁ,x,y)_r(ﬂ)r(ﬂ,)_([[ux+(1 wy] u” " @—u)” “du

(12)
Where S, 5'e C;min[Re(f),Re(5)]>0; x,yeR

Let z be species with complex elements Zi jk- let U= (ul, cey u|),V = (Vl, ey Vm) and
W= (Wl, . Wn) be an ordered I-tuple, m-tuple and n-tuple of real non-negative weights Zui =1 Zvj =1

and ZWK =1 respectively (see Deora and Banerji [7])
Define

I m n
(U-z-vew) =2 > > U Zij VW (13
i=1 j=1k=1
If Z; jk is regarded as a point of the complex plane all these convex combinations are points in the convex hull

denote by H (Z)

Let U= (ul, Ceey U|) be an ordered I-tuple of complex numbers with positive real part Re (z)> 0 and
similarly for @ = (al, e am)and p= (ﬂl, .+, By )then define dm,, (u), dm,, (V) and dm 5 (W) as
(13).

Let f be the holomorphic on a  domain D in  the complex  plane if
Re(u)>0,Re(a)>0,Re(B)>0 and H(z) < D, define

F(,u,z,a,ﬂ):j.” f(u-z-v-w)dm, (u)dm, (v) dmg;(w) (14)

Triple Dirichlet average for (I =M =n=2) of (u-z-v-w)" is defined by Deora and Banerji [7].

1pe1p01
R (37,0 B, B7) = [ [0 (U 22w dm, iy () A oy (V) Ay (W)
(15)

where Re(u) >0, Re(x) >0, Re(a) > 0,Re(a’) >0,Re(f) >0 and Re(s’) >0,

(u-z-v-w) iizzz:(u  Ziji V| Wk)

i=1 j=1k=1

_ {U12111V1W1 +UpZ11oVaWo +UpZ219VoWy + UpZ120VoWo + u22211V1W1}
- (16)

+UpZo1oViWy +UpZpo1VoWg +UpZyooVo Wy

Assume in first species

2111= @, Z139= D0, 391 =¢, 235, =d

and in second species
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Zp11= 6 Zp15= 1, 2pp1=0,25,=h

iu=u u,=1- u
and 1V, =V Vo=1- v

W= W Wy =1- w
Therefore

uw(@a—-b—-c+d—e+f+g-h)+uv(b—d—f +h)

(u-z-v-w)= +w(e—f-g+h)+wu(c—-d-g+h)
+u(d—h)+v(f—-h)+w(g—h)+h

(17)

and
CT(u+d) g, e

dmﬂ’#,(u)——r(ﬂ)r(#,) u“=(1-u)” " du (18)
B F(a+a') ad(q_ a1

dm“’“'(v)_—r(a)r(a’) Ve (1-v)” T dv (19)
_T(B+B) iy uyfL

dmﬂ’ﬁ’(w)_r(ﬁ)r(ﬂ’) W (1-w)” T dw (20)

Using equation (15)

raa B g TWrH) Tlard) T(B+f) wad, o er g
Re(wpizad . f) F(#)F(ﬂ,)r(a)r<a,)F(ﬂ)r(ﬂ,)jojojo[ (a-b-c+d—e+f+g-h)

+uv(b—-d-f +h)+wvw(e—-f —-g+h)+wu(c—-d-g+h)+u(d-h)+v(f -h)+w(g—-h +ht
( )+ww( g+h)+wu(c—d—g+h)+u(d—h)+v(f—h)+w(g—h)+h]
\Y;

u“t(1-u)” Ly (1- v)a"_1 w/ (1~ W)ﬂ L du dvdw.

(21)
Let consider the triple average for (I =m=n=2) of E(,’;,ﬁ [U “Z-V- W].

_ F(y-l—,u') F(a+a’) F(ﬂ+ﬁ') i (7)nr,k
F(u)r(w) T(@)r (@) (AT (F) 15 T (na + A)n!
[ [luw@-b-c+d—e+f+g—h)+uv(b—d—f +h)+ww(e—f —g+h)+wu(c—d g +h)

J(wusza,d, . p)

+u(d—h)+v(f—-h)+w(g —h)+h]t u“‘l(l—u)“le"“l(1—v)0"_1w/”‘l(l—w)ﬂ'_1 du dvdw.
(22)
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FRACTIONAL DERIVATIVE
Fractional derivative with respect to an arbitrary function has bee used by Erdelyi [10]. The general definition for

the fractional derivative of order o € C, , Re(oc) >0 the Riemann-Liouville integral is defined as

(o )(X)_r( a)-)[( R

(x-t)l=@

(23)
and

F( dt, Re(a)<0 (24

—a) j (x-t)te

a
(DX X F)(x
where F (t) is of the form xP f (x) and f (X) is analytic at X = O.

I need Gamma and beta function in the further expression

1
p(m,m=1x"a- "
0
(25)
We know that
'(m)"(n)
£(m, n):F(m+n)’ (m,n>0) (26)

MAIN RESULTS

Theorem 1: Let KeR; «, £, €C; Re(ax) >0 and z €C, then Triple Dirichlet Average is

established for (I =m=n=2) of Eka,B [U-Z-V-W].

(a) (ﬁ)n F(/U‘F,U’) 1—p— Ny 1

In(w it 2,00, B, ) = @) BB T (y—x) D™ ﬂ[Ekaﬂ(x) (y —x)“ }
@7)

Proof :- using equation (22)

Y(wuizaa B f)= Mursd) Tove) 1p+7) > P

() () T (@)1 (@) F(8) () & T (e + A

[ [ [ lww@a-b-c+d—e+f+g—h)+uv(b—d-f +h)
+vw(e—f —g+h)+wu(c—d—-g+h)+u(d—h)+v(f —h)+w(g—h)+h]t
u“t(1-u)* yet (1—v)0"_l w’ (l—W)ﬁ L du dvdw.

Fra=X;e=y;b=c=d=f=g=h=0adt=n
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F(y+,u’) F(a+a’) 1"(,3+,5”) i (V)nr,k

F ()T (1) F(@) (@) T(8)1(#) 2 Ty (e + B!

n ! ! '
P - y) - wy] w0 Lo w) T du dva

In(wu a0, B, f)=

In(wuiza,a, B, f)=

F(,u+//) F(a+a’) (ﬂ+,3’) i (" )nzk
()0 (u) T (a)r (@) T(8)r () 1% Tk (e + B)nt

Jo o )" [ @-upy] wHa-uy e @) 1o s dven

Using Beta function, Gamma function and suitable adjustments.
r ! o0
In(wpts 0,0, B, B) = (a,)n O , (/Hu), P
(@+a)n(B+B)n T (1)1 (#) 1= Tk (e + ) n!

1 n. - '
. u1lq  N\H
jo[ux+(1 u)y] u“"(1-u)” " du.
Using definition of fraction derivative (23), we get

(a)n(ﬂ)n F(/U"',UI) _ 1—p—yt r n _ 1
stz p Rty O O EL W0

This completes the proof of Theorem 1.

Corollary 1.1 Put 7 = q equation (27) reduce in the following from

I (i ziand B ) = (a+(;‘;n((§)+nﬂ)n F(r“(;;‘) (y—x)* DB 00" (y—x ]

(28)
Corollary 1.2 Put kK =1 equation (28) reduce in the following from

(@)n(B)n  Tlu+y —t=t =t [ E7G ()] -
In(ppiziond ff) = (a+00:) (B+ P (lfl(#;l) (y—x)lﬂ "D u[Eg’Of’I}(X) (y=x" 1}

(29)

Theorem 2: Let keR; «, ,y<C; Re(ax)>0 and zC, then Triple Dirichlet Average is

established for (I =m=n=2) of E{’7 5 [U-Z-v-w].

F(,u+,u')l“(a+a’)l“(ﬂ+ﬂ')
F(u)r(a)r(B)

D4 D% D¥ [E(;ﬂ(dfg)}a—g)/”—l 1-£)* T a-d)* (30

Proof: using equation (22)

() R (S D (S

Iy(wpiza,d B, f)=
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_ T(u+y) T(ara) T(s+5) i (e k

F ()1 (1) F(@) (@) T(8)1(#) 2 Ty (e + B!

(i za,0 B, )

[0 ] JoTuw(a—b—c+d—e+ f +g—h)+uv(b—d - f +h)
+vw(e—f —g+h)+wu(c—d—-g+h)+u(d—h)+v(f _h)+W(g_h)+h]t

ust (1—u)”l_1 ve (1—v)0"_1 whAt (1—W)ﬁ'_1 du dv dw.
seta=dfg;b=df;c=dg;e= fg;h=1and t =—V in2)
, , , F(y+,u’) F(a+a') F(ﬂ+ﬂ’) X (7)nrk
J b ;Z; ] ) ) = :
B B ) ) E (T (@) T (9 () 25 T (e )0
j;j;j;[uvw(dfg—df —fg—dg+d+f+g-1)+uv(df — f —d+1)+vw(fg—f —g+1)

+wu(dg —d —g +1)+u(d -1)+v(f —1)+w(g —1)+1]_V

_ "1 g 1 B -1
(o) T vE (V) T W 1(1—W)'B du dvdw.
on suitable adjustments of terms,

J—V(ﬂ’ﬂ,’ziaya”ﬂlﬂ,): F(#+ﬂ,) F((Z—I—a') F(ﬁ_l—ﬁ’) i (7/)n2',k

r(u)r () T(a)r () T(B)T(B) S Ty (N + B)(-v)!
Il {—ua-dli-va- Hli-wa-o]} "

u“ T @—u) vt a—v) Wt (1—w)? T du dvdw.

r
For U = P V= g T W=——

1-d’ 1-f 1-g
U

I (uuizad pp)=

’) F(a+a’) F(ﬁ+ﬁ’) i (")nek

I ()T () T(@)T (@) T(B)T(8) 42 Tk (e + B)(-v)!

@—dy“ e @— e @ gy A 0 [T [ a- pya-aya-n] Y
r’ta-g-r)q*t@-f—)* ' p“t@—d - p)¥ tdpdqdr.

Now using definition of fractional derivatives,
_ T(u+u )T (a+a )T (5+5) L-d)## @1 e (gt A~
r(ur(a)r(s)
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DYy DL Dy | B 4 (dfg) |a-9)/ ™ @- £)** @-dy*?

This completes the proof of Theorem 2.
Corollary 2.1 Put 7 = ( equation (30) reduce in the following from

, , , _F(y+y')l"(a+a’)l"(ﬂ+ﬂ')
Tl e BB = e ()
DY DL D [ €73 5 (dfg) |a-9)/ - )" a-d)**

Corollary 2.2 Put K =1equation (31) reduce in the following from

Q-d)y @ ) (- gy

(,u+,u)l“(a+a) (/)’+ﬂ')
r(u)r(a)r(p)

(a
D, Dr'§ Dﬁ[ o (afg)” }(1_9)/3_1(1—f)a_l(l—d)”_l (32)

(w00, B, )= Q—d)r#H - f)aed (gt FF
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