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Further Results on Dual Domination in Graphs
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Abstract: Let G = (V, E) be a simple graph. Aset S <=V (G) is

a dual dominating set of G (or bi-dominating set of G) if S is a
dominating set of G and every vertex in S dominates exactly two
vertices in V-S. The dual-domination number y4,(G) (or

bi-domination number ¥, (G) ) of a graph G is the minimum

cardinality of the minimal dual dominating set (or dual
dominating set). In this paper dual domination number and
relation with other graph parameters are determined.

Keywords: Domination, dual-domination, chromatic number and
connectivity.

I. INTRODUCTION

Let G(V,E) be a simple, connected graph where V(G) is its

vertex set and E(G) is its edge set. The degree of any vertex v
in G is the number of edges incident with v and is denoted by
deg v. The minimum degree of a graph is denoted by &(G) and
the maximum degree of a graph G is denoted by A(G). A
vertex of degree 1 is called a pendent vertex. In this paper,
dual domination number with other parameters are
determined. For graph theoretic notations, Harary [1]and
Gray chartand [2] are referred to.

Il. PRELIMINARIES

Definition 2.1:[1] The chromatic number y(G) is defined as
the minimum n for which G has an n-coloring. A graph G is
n-colorable if y (G) = n and is n-chromatic if y(G) = n.
Definition 2.2:[1] The connectivity k = k(G) of a graph G is
the minimum number of points whose removal results in a
disconnected or trivial graph.

Definition2. 3:[5] Aset S <V (G) is a dual dominating set

of G if S is a dominating set of G and every vertex in S
dominates exactly two vertices in V-S.

Remark 2.4: The dual domination number 3z, (G) of a graph
G is the minimum cardinality of all minimal dual dominating
sets. The maximum cardinality of a dual dominating set of G is
called the upper dual domination number of G and it is denoted
by 2. (G).

Revised Manuscript Received on February 10, 2020.
* Correspondence Author

V.Lavanya*, 'Research Scholar, Department of Mathematics, Nazareth
Margoschis College, Pillaiyanmanai, Thoothukudi-628617, Affiliated to
Manonmaniam Sundaranar University, Abishekapatti, Tirunelveli-627 012,
TamilNadu, India. mukeshlavan75@gmail.com.

D.S.T.Ramesh, Department of Mathematics, Nazareth Margoschis
College, Pillaiyanmanai, Thoothukudi-628617, Affiliated to
Manonmaniainm Sundaranar University, Abishekapatti, Tirunelveli-627
012, TamilNadu, India. dstramesh@gmail.com

N.Meena, Department of Mathematics, The M.D.T Hindu College,
Pettai, Tirunelveli- 627010,, Affiliated to Manonmaniam Sundaranar
University, Abishekapatti, Tirunelveli-627012, TamilNadu, India.
meenamdt@gmail.com

Retrieval Number: C5588029320/2020©BEIESP
DOI: 10.35940/ijeat.C5588.029320

1949

Theorem 2.5[5]: Let G be a connected graph, If G = K;; then
vau(€)=n-2.

1. MAIN RESULT

Theorem 3.1: For any connected graph G with n > 5 vertices,
Yau(G) +x(G) <2n— 2 and the bound is sharp if and only if
G =K,

Proof: Let G be a connected graph with n > 5 vertices. We
know that %(G) < n and by theorem[1.5], y4,(G) <nh—2.
Hence yqy(G) + x(G) < 2n — 2. Suppose G is isomorphic to K.
Then clearly yqy(G) + x(G) = 2n — 2. Conversely, let
Yau(G)+(G) = 2n- 2.

Case(i): Suppose y(G)=n—r,r> 1. Since y4,(G) + x(G) = 2n
—2,v4u(G) =n +r—2, acontradiction.

Case(ii): Suppose v4u(G) =n—r, r> 3. Since

Yau(G) +x(G) =2n-2,x(G) =n+r—2,r>3, a contradiction.
From both cases it is observed that y4,(G) + x(G) = 2n— 2 is
possible only if y4,(G) = n — 2 and %(G) = n. Hence G is
isomorphic to K, .

Theorem 3.2: For any connected graph G with n > 3
vau(G) + AlG) < 2n -3

Proof: Let G be a connected graph with n > 5 vertices. We
know that for any connected graph G, 4(G)} == — 1. Since
2 (G <n—2, ¥2,(G) + A(G)<2n-3.

Example 3.3: Consider the following graph G is given in the
following figure 1

Figurel
LetS; ={a, c}and S, = {b, d}, every vertex of the set
Si, 1 £1<2 dominates exactly two vertices in V - S;. Hence
Si, 1 <1 <2 are the dual dominating set of G, '}’du{’:] <2.
Since G is not isomorphic to either Cs or Pj, ¥4, (G) > 2.
Hence 12, (G) =2 and A(G) =3, ¥4, (G) + A(G)=5=2n-3.
Theorem 3.4: Let G be a graph of order n> 5. Then yq,(G) +
vau(&) < 2n — 6 and the bound is sharp.
Proof: Case(1): Suppose yq,(G) = n—2. Let S be a yq4, — Set.
Let V- S={u, v}, the two vertices u and v may or may not be
adjacent with bothuand v in G. Let H = == 5 =, Hence
& = H U K,or H U 2K;. Since K, and K; do not have dual
dominating set, & has no
dual dominating set.
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Subcase(1a): Suppose y4u(G) = n — 3. Since ygu(F) #n — 1,
Yau(G) + vau(G) #2n — 4. _
Subcase(1b): Suppose yqu(G) = n—4. Since ygu(&) # 1, Y4u(G)
+y4u(G) # 2n—4.
Subcase(1c): Suppose yqu(G) =n—r, 1> 5. Since

Yau(@®) £n+s, 5> 1, y4u(G) + yau(G) # 2n — 4.

From the cases (1), (1a) and (1b), ¥2..(G) + yeu(G) £ 2n — 4.
Case(2): Suppose either ¥z, (G) or yq,(&) is equal to n — 2.
As in case(1) dual dominating set doesnot exist for G or f.
Subcase(2a): Suppose ¥z, (G) = n —4. Since yq,(F) #n — 1.
Hence ¥z, (G) + yau(G) # 2n—5.
Subcase(2b): Suppose ¥z, (G) =n —r,r> 5. Since Y4,(&) #n
+3,8>0. Hence ¥24(G) + yau(G) # 2n—5.
case(3): Suppose ¥z, (G) =n—5 and y4(F) #n — 1. Hence
¥2u(G) +yau(G) # 2n—6. B
Subcase(3a): Suppose ¥z, (G) =n—r,r>6 and y4(G) #n+
s, $>0. Hence ¥24(G) + yau(G) # 2n—6.

Case(4): Let G = Csand & is also Cs and v4,(Cs) = 2. Hence
¥eu(G) + yau(G) =4 =2n -6, _

From all the cases ¥ (G) + yau(G) < 2n - 6.

Remark 3.5: Let [V(G)| = 4. G has a dual dominating set if
and if G is isomorphic to C,, Ksand K4 —e. Hence & = 2K,,
4K, and K, U 2K, respectively. Hence & has no dual
dominating set.

Remark 3.6: Let [V(G)| = 3. G has a dual dominating set if
and if G is isomorphic to P;and C;. Hence ¢ = 3K; and K,
lJ K, respectively. Hence & has no dual dominating set.
Theorem 3.7: Let G be a connected graph with n > 3 vertices,
¥au(G) +1(G) < 2n -3 and the bound is sharp if and only if G
is isomorphic to K.

Proof: Let G be a connected graph with n > 3. We know that
k(G) < n—1and ¥2,(G) < n—2. Hence ¥z, (G) + x(G) < 2n
— 3. Suppose G is isomorphic to K,. Then clearly ¥4, (G) +
K(G) =2n - 3. Conversly, Let ¥2,(G) + k(G) =2n—3. This is
possible only if ¥4, (G) =n-2 and «(G)=n- 1. Hence G is
isomorphic to K,,.
Theorem 3.8: Let G be a connected graph withn >4 vertices.
Let S be a minimum dual dominating set of G . If «(G) =n—2
orn-1,A(G)=n-1,x(G)=n-1or n, and diam(G) = 2 or 1 iff
ISI=n-2and = 5 = is complete graph.

Proof: Let G be a connected graph with n > 4 vertices.
S={ vy, Vy, ..., oo} is the dual dominating set of G and

=2 5 = is complete graph.

Case(i): Suppose the vertices v, and v, belongto V - S is
adjacent with each other. Then clearly k(G) =n - 1, A(G) =
n-1, x(G) = n, and diam(G) = 1.

Case(ii): Suppose the vertices v, and v, belong to V — S not
adjacent with each other. Then clearly x(G) =n - 2,

A(G) =n-1,¢(G)=n - 1, and diam(G) = 2.

Conversely,

Case(i): Suppose k(G) =n — 1 then G is isomorphic to K.
Clearly A(G)=n-1, x(G) =n, and diam(G) = 1.

Let V(G) ={v1, V2, ..., Vn}- S = {Vq, Vo, ..., Voo }iS the
minimum dual dominating set of G. [S|=n—-2and < 5 = is
complete graph.

Case(ii): Suppose x(G) = n— 1 then G is isomorphic to K -
e. Clearly A(G) =n-1,x(G)=n-2, and diam(G) = 2.

Let V(G) ={vy, Vo, ..., Vi}. S = {V1, Vs, ..., Vi HiS the
minimum dual dominating set of G. The vertices v,.; and v,
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not adjacent with each other. IS|=n—-2and = § = is
complete graph.

IV. CONCLUSION

In this paper, dual domination number with chromatic
number, connectivity and Nordhaus-Gaddum type result are
discussed .
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