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 

Abstract: Dynamic computation include the process of 

determining the forces and energies that would cause a 

manipulator to move certain distance at a given angle. The 

complex nature of available materials has made this process 

difficult.  The dynamics equation for a 3-links robotic manipulator 

was designed using the Lagrange archetypal.  The result shows 

that the energies (including Potential and Kinetic Energy) as well 

as the torques required to cause motion at each joint can be 

computed separately.  The torque equations represents the 

dynamic models required. 

Keywords: Dynamic equation; Robotic manipulator; force; 

energy; Newton—Euler; Lagrange.  

I. INTRODUCTION 

Machines that possess the ability to automatically carry out 

tasks with little or no human aid is referred to as Robots [8].  

Robotics is therefore the sum of all actions that are directed 

towards the design, development and study of robots.  

Robotics is a complex system that requires the efforts of 

multi-discipline to develop, which is necessitated by the 

involvement of different parts requiring various forms of 

controls energies by actuators providing forces or torque [1, 

2].  The development of Robotic system involves multiple 

steps of complex computational estimation for necessary 

torque to enable motion for the manipulator.  The 

manipulator being an electronically controlled mechanism 

with linkages, otherwise known as the robot arm [9].  One of 

these complexity involves the estimation of the dynamics of 

the robotic system, which implies the computation of the 

forces or torque that would act at the various joint and hence 

creating motion on the entire arm [1, 2].  According to 

Featherstone in [3], robot dynamics is a concept that explains 

the relationship between the force acting on the actuator of a 

robot manipulator that produces equivalent acceleration.  

Featherstone [3] went further to classify robot dynamics into 

two main category, including Forward Dynamic, which is the 

computation of acceleration when the force is known, and 

Inverse Dynamics, which is the computation of the force 
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when the acceleration is known. 

The development of robot dynamics has attracted 

numerous research in years gone by, of which Lewis in [2] 

was one, where the Lagrange-Euler Dynamics of motion was 

used to represent the general form of robot dynamics.  

Newton—Euler and Lagrange approaches for the formulation 

of robot manipulator dynamic have been presented by Craig 

in [5] and Asada in [3].  Both inferred that Newton—Euler 

approach is force based, while Lagrange approach is energy 

based.  However, Asada claims that the former is known with 

the issue of force constraint, which the later provided the 

solution.  Moreover, a generalized form of robot manipulator 

dynamics was presented in both cases. A review of 

computational algorithm of the robotic dynamics for 

tree-structured mechanism was presented by Featherstone in 

[7], where the equations were generalized still.  The dynamic 

computation of 2-links planar manipulator was presented by 

Jazar in [6] and by Lewis in [2], where both used the 

Lagrange approach for the computation.  The computational 

analysis of 3 – Link Articulate Robot Manipulator was 

presents by Obasi et al. in [10]. 

This paper intends to formulate the dynamics of a 3-linkes 

articulated robotic manipulator using the Lagrange 

formulation approaches.  This is directed towards providing 

necessary information for a guide in the study of robotic 

manipulators in a more simplified way.  This is a follow up 

on the work presented in [10] by Obasi et al. 

II.  METHODOLOGY 

The equation of the Lagrange formulation method is shown 

in Eq. 1 below: 

 
 

  
 
  

   
  

  

  
        eq. 1 

 

Where q is n-vector of generalized coordinates qi, τ is an 

n-vector of the generalized forces τi, and L the Lagrangian is 

the difference between the kinetic and potential energies (L = 

KE – PE). 

 

           
 

   
           

 

   
 

 

Where PE and KE are the total potential and kinetic energies 

at l0, l1, and l2 respectively.  Hence, sum of all the energies at 

the joints. 
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   0+    1+    2 

Now calculating the energies at each joint given in free body 

diagram shown in figure 1 below: 

 
Figure 1: Free body diagram of the three links 

manipulator [10] 

 

The base of the robot performs only rotational motion.  

Hence the energies at the base are: 
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   Eq. 2 

Where I = inertia 

Here, PE = 0 (rotational motion) 

Linear energies at the links: 

 

          
 

 
    

        Eq. 3 

  
       

      
        Eq. 4 

                      Eq. 5 

At Joint J0 

 

    
  

 

 
     

 
      

At Joint J1 

 

                              Eq. 6 

           
                            Eq. 7 

Putting Eq. 6 and Eq. 7 into Eq. 4, 
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    Eq. 8 

Computing the kinetic energy at this joint, Eq. 8 was put into 

Eq. 3 as follows: 

 

     
 

 
          

       
 
               

 
    Eq. 9 

Also, 

                    Eq. 10 

At Joint J2 
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  1 1cos 1+  2 2cos 22 Eq. 12 

                              Eq. 13 

 

Now the sum of kinetic energy is 
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cos2 2+2 1 2 1 2cos 1cos 2+sin 1sin 2  Eq. 14 

But  

 

                    Eq. 15 

                                     Eq. 16 

Simplifying Eq. 14 with Eq. 15 and Eq. 16, 

 

    
 

 
        

 

 
    

    
 
 

 

 
    

    
 
   

 

 
    

    
 

 
 

 
                         

    
 

 
        

 

 
         

    
 
   

 

 
    

    
 
 

                         Eq. 17 

Potential energy was calculated thus: 

 

       
                                

           Eq. 18 

Using the equation, L = PE + KE, Hence, 

    
 

 
        

 

 
         

    
 
   

 

 
    

    
 

                        

                         

            

  
 

 
        

 

 
         

    
 
   

 

 
    

    
 

                             

                        

 

According to Lagrange equation of motion, 

 

 

  
 
  

   
  

  

  
     

  

   
 
       

 

  
 
  

   
 
       

  

   
 
          

    
 
                      

 

  
 
  

   
 
          

                         

                                

  

   

                                            

  
 

  
 
  

    
  

  

   
     

          
                          

                                                

  2  ( 1+ 2)  1cos 1   Eq. 19 
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 2   2  2cos 2    Eq. 20 

Simplifying Eq. 19 and Eq. 20, 

                Eq. 21 
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These equations are specific for the three link robotic arm 

described by the free body diagram shown in figure 1.   

 

 

III. RESULT ANALYSIS 

The summary of the result of this computation is presented in 

table I below: 

Table- I: Summary result of the computation 

Joints Torque Value 

J0           

J0             
                                    

 
                             

J2        
                                   

 
                          

 

In the end of the computation exercise, Table-I shows the 

dynamics equations at the various joints.  These equations 

represents the values of the torque ( ) that will be required to 

cause a displacement at the various joints.  Parameter present 

in these equations are discussed in table-II. 

In summary, Table- II shows the parameters produced from 

the equations 

 

Table-II: Description of parameters present in the 

equations 

Parameter Symbol Description 

Torque              The value of 

forces required to 

cause joint 

displacement  

Angle              Value of 

displacement on 

a joint 

Length of arm              The value of the 

length of the 

robot arm at 

various joints 

Mass              The value of the 

mass of arm 

segment 

 

Table II shows the descriptions of the parameters used in the 

computational models shown in table I.  The parameters 

             represent the force (torque) that must be 

provided by DC motor to move joints j0, j1 and j2 to angles 

specified by θ0, θ1 and θ2 respectively, while l0 to l2 are the 

length of the respective links, and m0, m1 and m2 are the 

masses of the various links.   

 By these computations, the robot easily operates 

seamlessly with predictable loci while fully operational. The 

directional motions is resolved with the capability of forward 

and backward movement without susceptibility to delays and 

failures in its trajectory.  

IV. CONCLUSION 

The process of robotic systems requires the kinematics and 

dynamics of the robotic manipulators. As a follow up on the 

computational process of kinematic presented in [10], the 

computational dynamics of a robotic manipulator has been 

presented here.  A simplified approach involving the use of 

Lagrange method for the determination of the manipulator 

dynamics of a 3-links manipulator was considered.  In this 

approach, the energies and forces acting at each joint were 

computed separately, forming mathematical models for the 

required torques at those joints. 

The results obtained from these analysis show that: 

1. The torques at the respective joints in a manipulator is a 

product of the mass, length, and angle of the joint.   

2. The computed values can be used to determine the 

rating of actuator to be used in the robot 

implementation. 

3. The approach simplified the process of determining the 

dynamics of joints in a robot manipulator. 

4. This is a novel approach to evaluating dynamic 3-links 

articulated robotic manipulator. 
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