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This document contains the supplementary material for the paper of the same name which appears in

the EPTCS proceedings for TLLA/Linearity 2020. Included are the full proofs for all propositions which
appear in the paper, as well as any additional definitions that are required.

A Additional definitions and results

A.1 Typed Equational Theory

I',x:AFt:B IbEf:A I't:A—B [x#t]
I+ ok (Ax)t =n6ln/x]:B '-Axtx=t:A—B

IN,x:AFf:A Ih,x:AFt:B
I+ Fletrecx = ¢ int =f[letrecx = 1 int;/x]: B

ﬁl etrec

I'i,x:AkF1:A IhF6»:B IGFf:B—C

LETRECDISTRIB
[+ + s f(letrecx = ¢ inn) =letrecx = 1 in (f1r) : C

I'ikt:A -l—piZADAi IHH:A -l—piZADA,'
I,A;Ft:B Fz,ZZAl—tziB
e ; Bcase —_—— Ncase
[+ k-casetof p—1; = (t>p;)ti: B [+ Fcase t; of p; — 12[pi/z) = 12]11/2) : B

'k::0,A -l_p[ZADAi A,”‘[?,'ZA 1Cr

— CASEGEN
I'casetof [p]] > pi=caserof [x] > x:A

I'kt:A Epit A A " AlFt:B ‘FpliB> A I ARt C

CASEASSOC
I'+I"+TI" I case (case r of p; — 7;) of p; — 1] = case t of p; — (case f; of p; = 1)) : C
I'kt:A -FpiZAI>A,‘ 1—‘/7A;Ft,'IB
rpliB> Al I"AFRL:C lin
Pi ! L ) [CASEASSOC]

r#(I+TI")4+T" - case [case t of p; — 7;] of [p}] — 1/ = case [1] of [p;] — case [1;] of [p]] =1 :C

Ikt A -|—p,'1AI>A,' I'),AiFt:B 1—‘3}_le—0€
[+, +Iskf(casetof p; — 1) =caserof p; — (ft;): C

CASEDISTRIB

In CasEASsOC the predicate lin(p) classifies those patterns which are linear, which are those which are
variables or constructor patterns only.

A.1.1 Derived Rules
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Proposition A.1 (‘Case push’ property).

I't:A rEpit A A I AiFt;:B
— —_— CASEPUSH
skrx[+sxI" - [case t of [pi] — t;] = case [t] of [pi| — [t;] : B

Proof. Applying B..s. and congruence over promotion, to the left-hand side of the case push equation
yields:

[ease 1 of [pi] — 1] = (> p))1]
for the smallest j. Applying B4 to the right-hand side of the case push equation yields:
case [1] of [p;] — [1i] = ([1] > [pi])[1)]

for the same smallest j (since the patterns pi are the same).
By PATSEMUNBOX, then we have the derivation of pattern matching:

(> pi) ] =1"

([ > [pil)[5) =1

therefore case [t] of [p;] — [t;] = ([t] > [pi])[tj)] = (t>pi)[1].
Then by Proposition A.2 (below), (> p;)[tj] = [(t>> p;)tj], yielding case push. O]

7 PATSEMUNBOX

Proposition A.2 (Pattern matching distributes with promotion). For all t,p,t then:
(r>p)[f] = [(t>p)]

Proof. By induction on syntactic pattern matching:
o (wild) (r>)[f] =[] and [(t> )] = [/].
* (var) (1>-x)[f'] = [(][t/x] = [('[t/x]] and [(11>x)¢'] = [t/ ]
¢ (unbox)
(t>p)t =1"
([ > [ph)e =1

By induction then (¢> p)[f'] = [(11> p)?'] therefore ([f] > [p])[f'] = [([t] > [p])?] since this rule pre-
serves its result in the conclusion.

PATSEMUNBOX

e (constr)
(ti>pi)ti=tiv1

PATSEMCONSTR
(Cty..ty>Cpo..pn)to=tnt1

By induction, similarly to the above case, but across multiple terms.
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A.2 Functor Derivation

Definition A.1 (Deriving functor). Given a function f : ¢ — f then there is a function [F&[fmap(f) :
F o — F B derived from the type Fa as follows:

[[lﬂfmap( fz = case z of unit — unit

[[a]]fmap(f) < - f Z

[XTfinap (f) 2 = (Z(X) f) z

[OAlfmap(f) 2 = case z of [y] = [[A]fmap(f) V]

[A© B, ()2 = casezof inlx—inl [AJ% . () x;

inry — inr [[B]]fzmap(f) y
[[A®B]]fmap(f) z = casezof (x,y) = ([A]f,., () X, [Blfnap () ¥)

[[A_OB]]fmap( flz = Ax [[B]]fmap( )(Z)C)

[ux A]]fmap(f) 7z = letrec g = [[A]]fzr;f‘;?g:(a%ﬁ)%‘ﬂX.Aﬂ(#X.A)[a/ﬁ (f)ingz

B Type soundness proofs

The following shows that the calculation of push and pull distributive laws is well-typed.

Proposition 1. Type soundness of [F &]pun : F (U, 04) — Opr . (F @).

Proof.
* [[1]]pu|| 1—=0pr 1 Ge Fog=1).

CON

OFunit:1 PR 1=1| PCON
0t [unit] : Opr 1 “Funit: 1> 0
‘ . - CASE
z:1F case z of unit — [unit] : Op» .1
. r . 1 1 —
[[X]]pu” X = D(/\;?eri)X (.e. Fo, =X).
X uX AlQ,o04/04] — 0O X .A)
H [ l/ 1 A :u LOOKUP VAR
ThE(X) :uX.AO, 04/ —o EI/\I 1,.,,(IVLX.A) z: (uX.A) Oy /0) Fz: (Allg%A)[Dr’ o/ o)

20 (uX.A)D0/0q) FE(X) z: Oy, (X .A)

. [[ajﬂpu” : D,T,.(Xj — D(/\i_ilr,.)aj (1e F ﬁ, = Ot).

VAR

Xz:005z:0,04
LUy Fz: U, )

APPROX
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« [AeB)O, ai/aj]]gu” tA®B— 0 , A®B(ie. FG=A&B).

—————— VAR
X:AFX A

KA FX A
X [A Finl(X):A0B PR
X [A]/\;’:Mi = [Inl (x')] : DN’:HYA o B

DER

CoON

(D
- [PVAR]
PULL VAR . AT
O [AlSy A — Oy A x: A0, 0/ 0 Fx: AlD, 04/ o) APP A XA A, [ |
= PBOX
x: A0, 0/ 0] F Al (%) : Ope A & ] %A;'SEEA > Al
x: A[0,, 05/ 0] - case [A]S,; (x) of [] — [inl (x')] : Opr A& B )
—————— VAR
y:BFy:B
/y- 1_y-l CoN
Yy :[BliFinr(y)):A®B PR
Y i [Blpr b linr )] :Opr ,A®B 3
- [PVAR]
PULL VAR Y B>y Bl
OF [B]S, :B—~0y B y: B[O, /o) y: B[O, 0/ 04) o ,-/:\1 ey VBl p30x]
PBOX
y: B[Elrioci/ocij = [[B]]pull(y) : D/\;} ],.,B 3) - [y/] . %'IQ:’SEIB > y/ : [B]/\;':] T
v BIO, 04/ 04] - case [B]5,(v) of [y'] = [inr (x3)] : O, A @ B )
PVAR
b x:AD, 0/ o) > x: A[D, 04/ o) PeON
Finl (x): (A @ B) O, 0/0q] > x: A0, 04/ 4] 5)
PVAR
-k y:BO,0/0q) > y: B[O, 04/ 4] PCON
‘Finr () : (A @ B)[0,0i/ 0] >y : B[O, 04/ ] (©)

@ @ 5

2:A @ B[O, 0;/ ] - case z of inl (x) — (case [A]3, (x) of [x'] = [inl (x')]):inr (v) — (case [B]3,(y) of '] = [inr ()]) : O, A& B

CASE

* [A© B, (A®B)O0/0] = Oipr ) (A® B) (e FOG =A ® B).
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————— VAR —————— VAR
X :AFX:A y:BFY :B

-~ _DER
XA FXY A y:[BiFY:B
X ALY B F(,Y):A®B PR
XAl oY S Blpr s LY Opr A®B @)

DER

CON

- [PVAR] - [PVAR]
/\riF XA Y [A]/\j’:m /\riF y By [B]/\j’zlr,
I i [A®Bl=1
, / [PBOX] 7 7

W] Op AN Al D 0p, BB Y L [Blpr

(WL @pr ,A) @ @pr 1 B) > X Al 0 2 Bl

[PBOX]
[PcoN]

= PULL VAR
O [Algun : A —Opr A x: A0, /o) Fx: A0, 00/ ) APP

x: A0 0u/ 06 Al (x) : Opr, A ©)

- PULL VAR
O+ [Bloyn:B—D0Opr B y:BO,0;/aq| Fy: B[O, 0/ ) APP

v: B[Oy 0i/ 0] - Bl () : Oy, B (10)

© 10
PAIR
x :A[Driai/ailvy : B[D'} OC,'/OC,'] = ([[Aﬂgull(x)v [[Bﬂgull(y)) : (D/\:’:l r,A) ® (D/\',»’:, r,B) @) (®) CASE
X :A[Df; ai/aijvy : B[DV, ai/aij t case (IIA]]gullxv IIB]]gully) of ([xl}v [y,}) - [(xlvyl)} : EI/\;' 1r,-A ® B (11)

PVAR PVAR
Fox: A0 04/ 0q) > x: Al o) o) ‘b y:BO,0/aq > y: B0, aifos]

an F(6y): (A® B[O, 0/0q] > x: A[D,, 04/ ),y : B[O, /4]

¢: (A ® B)[Dy, /0] - case 2 of (x,y) — (ease ([AL%, . [BJZy) of (], 1)) = [(¢.y)]) : Dy, A B

CASE

—
o [uX AL, (0XA) O 0/0i] = Oipr ) (X A) (e F 0 = uX.A).

VAR VAR
I uXAD, 06/ 0] — Opr , (UX.A) Ff 2 uX.A[D, 0/ 0] — Opr , (1X.A) T,z uX.Al0, 04/ 04 - 23 XA, o/ 0]

S uX AD,0i/0)) — Ope (X A),z: uX AlD, 0/0q) Ffz: Oy, (X A) (12)

PULL
EXo fuX AD, /o]0y, (uX.A)
ZH Ay ! CUXAO 0/ 0] —o Opr . (UX.A) (25)

— I X fuX AD, 06/ 0i]—oOpn . (UX.A)
L.z (uX.A)[rioi/oy] - letrecf = [A] A infz:Opr uX.A

LETREC
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Proposition 2. Type soundness of [F ﬁiﬂgush [Foa]E, ., : O,Fog — F(O,0).

push
Proof.
* 5 : 01 = 1(e Fog=1).
1/=1
# [PCON]
runit:1>0
————— CON - [PBOX]
OF unit:1 -+ unit] : 1> 0

- - CASE
z: 0,1+ case z of [unit] — unit: 1

* [[X]]ﬁush 00X = X[Drai/ai (i.e. Fo =X).

X O (uX.A) — (uX.A)|O,0; /oyl € X
(1X.A) = (XA Do/aes

TEE(X) O, (uX.A) — (uX.A)[O 0/ 0] 2: 0, (uXA) b2 0 (pX A
Tz O (uX.A) FE(X) z: (uX.A)[D0/ 0]

z . . —
* [[a/ﬂpush ° Dr/a] — D)‘,(xj (l.e. F al = a)_

—— VAR
Z:D,yasz:EI,,aj

* [A® Bl O-(A @ B) = (A[D,a/ o] & B[O, 04/ ]

— VAR
x:AFx:A
———— DER
PUSH x:[Al1Fx:A R
0+ [AlSysh : A —o A[D 01/ i x: Al F 04 App
x: (Al F [Alpusn (W) : A[Dr 0/ 0]
x: Al Finr [A]S o (%)) s A[Dr06/ 0] @ BIO, 0/ 04
—Frop VAR
% DER
PUSH y:[BliFy:B
0 [Byen : 0B — B[O, 0/t y:[B].FD]:0B App
v : (Bl - [Blgush (D)) : B[O 0/ ot
v Bl Finr [BlGuen () - AlD- 01/ 4] & BID, 04/ o]
— [PVAR]
rEx:Arx:[A, [A®B|>1=1Cr
Finl (x):A@® B x:[A] [PCON]
4 . e [PBOX]

A finl ()] :0,A@ B> x: (A

VAR
)

CON

CoN

O

13)

(14)

15)
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————— [PVAR]
ry:Bry:[B] |A@B|>1=1Cr

rtinr(y):A®Bry: B [PBOX]
Hinr()]:0,A®Br>y: (B (16)

[PCON]

(13) (14) (15) (16)

2:0,(A @ B) - case z of [inl (x)] — inl [A]S g4 ([x]):[inr (v)] = inr [B]Suen () : A[Dr04/ ] @ B[O, 00/ 04

CASE

* [A®B],q : 0-(A® B) — (A[D,0;/04) @ BID, 04/ 4

— VAR
x:AFx:A
A rra PER

_ PUSH x:[Al1Fx:A PR

O+ [A]push : A — A[00i/ i x:[AlF[x:04 APP

x:[A] AT en (1)) - Al 0/ o] (17

—— VAR
y:BFy:B

PUSH y:[Bh'_y:B
0+ [B]3,sn : O-B — B0, 04/ ] y:[B],F[y]:0.B App

v B F [BI5uen () : Bl 0/ o] (18)

DER

an (s Con
x 2 (Al ¢ [Blr = ([ATpush (b)) [Blpusn (1)) : A0/ 0] © BIO, 00/ ot (19)

—  _[PVAR] ——_[PVAR]
rbx:Ax:[A], rby:B>y: (B, [A®B|=1

rk (x,y):A®B>x:[A],y:[B]
)] O,A® B x: [Al,y: Bl

[PCON]

Poy)

19 (0

CASE
2:0,(A @ B) b case z of [(x,y)] = ([A%uen (), [BIpush (b)) : A[D, 04/ 4] @ B[O, 00/ ]

* [A—B]S g 1 O:(A — B) = (A[D o/ a] — B[O, 04/ at)
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VAR —— VAR
f:A—oBFf:A—B x:AkFx:A
DER ———  DER
fi[A—BljFf:A—B x:[AljFx:A APP
PUSH fi][A—B],x:[Al; Ffx:B
0 [Ben : 0B — B[00/t fiA— Bl x:[A]\ % FI’—P[fx] :0,B
fiIA—Blrx: Ay b [Blgusnlf 2] : BIO-0i/ ) @n
m [PVAR]
/\rinZADXZ[A}A;LM
i=1 P
] OA S XA [PBOX] (22)
PULL -
O [AlS, A — Oy A y:AI—y:AVAR Abp
y:iAF[ATGn () : O A ey @, .o
:Af:[A—o Bl case [A]5,(y) of [x] — [B]5,e[fx] : B[O-00/0t) (23)
rbfi(A—B)>f:[A—B| vl [PBOX]
H[f]:0,(A—B)>f:[A—B] (24)
23) 24) CASE
z:0,(A — B),y: A} case z of [f] — case [[A]]Eu”(y) of [x] — [[B]]);ush [f«]: B[O,/ o] ABS
2:0,(A — B) I Ay.case z of [f] — case [A]5,(y) of [x] — [B]3,q [ 2] : A[Drai/ 4] — B[O,/ et
© [uX AR, (MX.0,A) = (X .AO, 0/ o)) Gie. F 0G = uX.A).
VAR VAR
E.f:uX.0A — (uX AlD,0/0) Ff - uX.0,4 — (uX.AlD, 04/ 0t)) L2 uX OAE 2 uX.0,A
E.f:uX.0A — (uX AlD0 /), z: uX.0AFfz: (uX.AlD, 04/ c)) (25)

PUSH

£ X fuX .0, A—o(uX AD o/ o)

Xk ﬂAﬂpush

cuX.0,A — (uX.AlOr0;/ o)) (25)

LETREC

Y,z: (uX.0,A) Fletrec f = [A]

2 X fuX.0,A—o(uX A0, 04/ 04]) infz: ﬂXAm

push

Pr
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C Properties of the distributive laws

C.1 Inverse property

Proposition 3.1 (Pull is right inverse to push). For all n-arity types F which do not contain function
types, then for type variables (Q)ic(o. , and for all grades r € % where 1 Cr if |[Fog| > 1, then:

[[F Ei]]pull([[F Eiﬂpush) =id : DrFEt —° DVFEI

Proof. By induction on the syntax of the type Fa; which we denote by T in the following. We first prove a
subresult that for [7]% pu” ([T1% sush 2) =2, which by function extensionality then gives us [Tz pu” (IT] push)
id, under the assumption that for all X, every f € £(X) and g € ¥/(X) then go f =
the recursive argument.

id, in order to apply

e T=1
[[lﬂpull([[l]]push Z)
= [[1]]pu” case z of [unit] — unit) {defn. [1] LISh}
= case (case z of [unit] — unit) of unit — [unit] {defn. [1]3,
= case z of [unit] — case unit of unit — [unit]  {case assoc.}
= case z of [unit] — [unit] {Bease }
= Z {ncase}
cT=u
[[(X]]pull [[a]]push Z)
[[a]]pull(z) {defn [[a}]%ysh}
= z {defn. [}
e T=X
[[X pull([[ ]]push Z)
= IIX]]pull (X)Z) {defn' IIX]]g/ush}
= (X)(X(X)2) {defn. [X]5,}
= z {recursion assumption}
e T=A®B:

[[A@B]]pull([[A GBB]]push Z)

[A@B]]pu”(case zof [inlx] —inl [A]]Zush [x]; [inry] —inr [[Bﬂgush )
case (case z of [inl x] — inl [[A]push[ x]; [inry] —inr [[B]]gush[y] ) of
inl x — case [[A]]Eu” x of [u] — [inl u];

inr y — case [B]Z v of [v] — [inr 1]

pull

case zof [inl x] — case inl [A], . [x] of inl x — case [A] L” x of [u] — [inl u]; ;
inr y — case [[B]]pu” yof [v] = [inry]
[inr y] — case inr [B]%,,[v] of inl x — case [A],; x of [u] — [inl ul;
inr y — case [[Bﬂf;:m y of [v] — [inr v]

case z of [inl x] — case [A]Z u” [A]% o [x] of [u] — [inl u];

[ push[
[inr y] — case [B], [Bl5uen D] of [v] = [inr v]
case z of [inl x] — case [x] of [u] = [inl u];
[inr y] — case [y] of [v] — [inr V]
case zof [inlx] — [inlx]; [inry] — [inry]

Z

{defn [[A EBB]] ush}

{defn. [A® B3,

{case assoc.}

{Bcuxe}
{induction}

{Bcase}
{ncase}
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T =AR®B:

HA®BHZUII(HA®BH§USh Z)
[A@ BJ5,(case z of [(x,y)] = ([A]}qn ], [B]5,4 1)
case (case z of [(x,y)] — ([[Aﬂpush[ ], [B]5usn ) of (x,y

case (JATZ,, x [BIZ,, y) of ([u]. 1)) = [(u,v)]
case 2 of (1, case (AT, 1. [8J3,0,D]) oF (5,3)
0

) —

case ([[A]]):ull x, [[B]]pu” y) of ([u],[v]) — [(u,v)]

Deriving distributive laws for graded linear types

{defn. [A® B]]);ush}
{d€ﬁ1 IIA ® B]] pull

{case assoc.}

= casezof [(x,y)] = (case ([AL L [AL s [, [BISun[BLGush D)) of ([l V) = [(u,9)])  {Bease}
= case z of [(x,y)] — (case ([x],[y]) of ([u],[v]) = [(u,v)]) {induction}
= casezof [(x,y)] = [(x,)] {Bease}
= z {ncase}
T =uX.A:

[[#X~A]]§Ln ([uX Al 2)
HAHZXH]‘ X . OA—(uX.A) O 05/ 04] «

= [[,uX.A]]Z;”(letrecf = [A]sueh in f z) {defn. H.UX-A]]);ush}
X X AlDy 0/ ol —Dpn (X A)
= letrec f' = [A] in
T Xt fuX O,A—o(uX A) [0, 0/ o '
£ Qtetrec f = [A]Z5 (xA)Chei/eil i £ 2) {defn. [uX A}
Y X f:uX.AlO 4ia[/a;]—oD/\;L r(UXA)
= letrec f' = [[A]]pu” - in
letrec f = [A]5% /#X AWK A /ol 4y o1 p 2 {let dist. }
X X AlDy 0/ gl —oUpn (X .A)
= letrec f' = [[A]]pu” : in
letrec f — [[A]]);jirfIMXDrAﬂ(MXA)[Drai/ai] in f/([[A]]Eu)i:)f pX.0:A—o(uX.A)[0, a,/oc, {Betrec}
_ Y Xef
= letrec /' =[A]
L X f:uX .0, A—o(uX.A) D0/ 4] X f r 15X
letrec f = [[A]]pﬁsrfu (X A)Oroi/o) ¢ [[Aﬂpulle ([[A]]pus;?f 2) {Betrec}
_ YXeof
= letrec f' = [[A]]pu”H "
X Y X—letrec f = [A] USH inf
[[A]] pull - ([[A]]Push push ) {ﬁletrec}
¥/ Xrsletrec ' = [[A]]EUXHf in f' L Xesletree f = [A]SX " in f
= [[Aﬂpull i ([[A]]push Pt ) {ﬁletrec}
= z {induction}
O

Proposition 3.2 (Pull is left inverse to push). For all n-arity types F which do not contain function types,
then for type variables (04);c(o. . and for all grades r € % where 1 Cr if |Fag| > 1, then:

[[F Elﬂ push([[F El]] pull) =

id : F(O,@) — F(O,0)

Proof. By induction on the syntax of the type F; which we denote by T in the following. The following

proof is for [T]* sush

recursive argument.

([T1% sull 2) = 2, which by function extensionality then gives us [T] push([[T]]ﬁu”) =
under the assumption that for all X, every f € £(X) and g € ¥/(X) then go f =

id,
id, in order to apply the
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e T=1
[[1 push([[ ]]pull Z)
= [[1]]push(case z of unit — [unit]) {defn. [1] u”}
= case (case z of unit — [unit]) of [unit] — unit {defn. [[1]]§ush}
= case z of unit — case [unit] of [unit] — unit  {case assoc.}
= case z of unit — unit {Bease }
= 7z {ncase}
cT=ux
[[OC]] push([[a]] puII Z ,
= [[a]]push( ) {defn. [[aﬂgu||}
= {defn. [[O‘ﬂgush}
e T=X
[[X]]push([[x]]g;ll 7) /
= [X] push( 'X)z)  {defn. [X]5}
= I(X)(EX)2) {defn. [X] s}
= z {recursion assumption}
s T=A®B
[[A@B]]push HAEBBHZUII z
= [A®B]}, casezof inlx— case [[A]]’;“;” x of [u] — [inl u]; {defn. [A ®BH§UH}
inr y — case [[B]]p:]”yof[ ] — [inr v]
= case (case zof inlx— case [[A]]Zu” xof [u] = [inlu]; ) of [inlx] —inl [A]? o [x];  {defn. [AG B[}
inr y — case [[B]]Zull yof [v] = [inr v [inr y] — inr [[B]]);‘ush ]
= casezof inlx— case case [A]]pu” x of [u] — [inlu] of [inl x] — inl [[A]]ﬁush [x; ; {case assoc.}

T

linr y] = inr [B] ., 1]
inr y — case case [B]3,, y of [v] — [inr v] of [inl x] — inl [A]%,; [x];
[inry] —inr [[B}]gushb/}

case z of inlx — inl [A]%, [A[,, x; {Bease}
inr y — inr [B]}, o[BIy
case zof inlx— inlx; {induction}
inry —inry
Z {nca.ve}
=A®B

[[A ®Bﬂpush([[A ®B}]Eull Z)
[A® B, qn (case z of (x,y) — case ([[A]]Zu” x, [B]X s ) of ([ul, ) = [(u,v)]) {defn. [A®B]]Eu”}
case (case z of (x,y) —
case ([A5, x, [Bl5 v) of ([ul,[]) = [(u,v)]) of [(x,y)] = ([A]550 1¥]: [BI5,en ) {defn. [A® B] .}
case z of (x,y) —
case ([AT5,  [BT5 ) of (), [v) = case [(u,v)] of ()] > ([AT5yap o) [BL5ueu b)) {ease assoc.}
case 2 of (x,y) = ([A]%,on [AL%,0 %, [BI5,en [B5 ) {Bease}
case z of (x,y) — (x,y) {induction}
Z {ncase}
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e T=uX.A

[LLLX A]] push ([[qu Aﬂ g;ll Z)

Y X fuX A0, 0/ o wDAn - (LX.A) ,
= [uXx.AJ5, (letrec /' = [AD in f' 7) {defn. [ux .AT5 )}
= letrec f = [[A]]Z,X:f uX.0A—(uX.A)[Or0;/ 04 in
- pus!

¥ XHfl “XA[ '[ai/ai]AOD/\:]:]ri(:u'X'A) . / Y

f (letrec ' = [[A]]pu” in f' 7) {defn. [uX.A]Z, o0}
= letrec f _ [[A]]Z,X;]—)f X .0,A—(uX.A) 0,04/ in
- pus!
Y X f1:.uX A0, 00/ 0] —o0 \n ,(/.L ) .
letrec ' = [A] Ao inf(f z) {let dist. }
= letrec f = [[A]]Z,Xth:uX.D,A—o(uX.A)[D,.oc,v/a[ in
= pus
):/,XHf’ZyX.A[Dr‘. (X,'/(X,‘ _ODNL r; ([LX
letrec f/ = [[Aﬂ pull = in f ([[A]]Euﬂ(’—}f ) {ﬁletrec}
= pus
X XX X.0,A—(uX.A)[Or0;/ o X
letrec /' = [[A}]pu”Hf [[A]]pus}'?f” (XD oo ([[A]]pu”Hf 2)  {Betrec}
= letrec f = [[A]]Z’X?f:“X'D’AH’(“X'A (Broi/e) 4y
= pus
X X.0,A—o(uX.A)[Dra j ¥/ X—letrec f = [[A]]EL’XHfI in f/
[[A]] pus:f“ (“ ) 05/0‘ [[AII pull pul Z) {Bletrec}
L X—letrec f = [A ]}Eu)ng inf Y X—letrec f/ = IIA]]ZUXHf
= [[Aﬂpush push ([[ ]]pull Pl Z) {ﬁlel}”EC}
= z {induction}
O

C.2 Naturality of Push and Pull Operations

Proposition 3.3 (Naturality of push). For all unary type constructors F such that [Fo]push is defined,
and given a closed function term f : ot —o B, then: [[0,Ffmapf o [Ft]push = [FBlpush © [Flfmap,-f, i.e.:

F usl
o OFo — e e g
fl DrHFa]]fmapfi J{HFaﬂfmapDrf
OF8 ——— F[
b PP [FBTpush B

Proof. By induction on the type T = Fa, where we consider derivation of the functor action [[Foc]]%r;ap
and [[Fa]]%ush with respect to open recursion variables ¥’ and ¥ assuming that the recursive definitions
themselves satisfy the naturality property, i.e., for all X € dom(X),dom(X’) then X'(X)0,(f)(2(X)z) =
Z(X)(O-(Z(X)(f)z) (referred to as condition (*) in the proof).
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e T=1:

([[lﬂfmap( "f) Hlﬂpush)

~
|
)

e T=ADB:

[[lﬂfmap( Vf) [[”]gush Z)

[[lﬂfmap( +f) (case z of [unit] — unit)

case (case z of [unit] — unit) of unit — unit
case z of [unit] — case unit of unit — unit
case z of [unit] — unit

[[lﬂpush © [[D 1]]fmap )Z
[[1 push ([[D lﬂfmap( )Z)

[[1]]puSh (case z of [y] —
case (case z of [y] —

[[(X]]fmap( ) IIO‘II push)
[[Od]fmap([lrf) ([[a]]gush Z)
[[aﬂt)’:map(ljrf)z

case z of [y| — [f]

[[a]]push ° [[Dra]]féap(f) z
[[(Xﬂ push ([[Dra]]fzmap(f) Z)
[[OCH push (case z of b’] - y])
case z of [y] — [f}]

([[X]]fzr;ap ) H:X]]push
[[X]]ii’:rpap(mrf) ([[X]]Zush Z)
[XDfnap (Brf) (2(X) 2)

(X)) (0Orf) (2(X) 2)

([[X]]pusho[[lj X]]fmap( ))Z
[[X]]push ([[D Xﬂfmap(f) Z)
[XTuen (case z of [y] — [(£'(X)
Z(X) (case z of [y] — [(X'(X) ) )]
Z

[case y of unit — unit])
[case y of unit — unit]) of [unit] — unit {defn. [1]7 ¢}
case z of [y] — case [case y of unit — unit] of [unit] — unit  {case assoc.}
case z of [y] — case [y] of [unit] — unit
case z of [unit] — unit

13

{B}
{defn. [[lﬂﬁ}lsh}
{defn. [1]map(Tf)}

{case assoc.}

{Bease

B} |
{defn. [O1]5,0(F)}

{ Ncase }
{ Ncase }

{B}
{defn. [[a]]gush}
{defn. [ fnap(Crf)}

B}
{deﬁ/l [[Dra]]fmap( )}
{defn. [a] 5o}

(B}
{defi [XTE,up }
{defin. [XThap (01}

{B}

Ny Adefn [XTg,, ()}

{defn. [X]5uen }

Z(X) (case (X' (X)(f)) z of [y = [])  {defn. O-(Z'(X)(f))}
Z(X) (O (X)(f)) 2)
(X)) (Orf) (E(X)z)

{Tlcase}
{condition (*)}
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oT:

Deriving distributive laws for graded linear types

([[A@B]]fzr;ap [[A@B]]push>
[A@Bﬂfmap( ) ([A©BlGue 2) {B}
[[AGBB]]fmap( f) (case zof [inlx] —inl [[A]]push[x] ) {defn. [A EBB}]EUS,]}
[inry] = inr [[B]]push[ ]
case (case z of [inlx] — inl [[A]]push[x] )of inlu— inl ([[A]]fmap( o) u); {defn. [A @B]]?%ap(ljrf)}
finr y] — inr [B] e [] inry — inr [[B]]fmap( f) v
case z of [inl x] — case inl [[A]]);ush[x] of inlu— inl ([[A]]fmap( ) u); s {case assoc.}

inr v — inr ([[B]]fmap L f) V)
[inr y] — case inr [B]},,[v] of inlu— inl ([[A]]fmap(EI f) u);
inr v — inr ([[B]]fmap( f)v)
case zof [inl x] — inl ([[Aﬂfmap( f) [[A]]push[ x]); {Bcase}
linr Y] = inr ([Blfnap(Orf) [Bl5usn )

([[A@Bﬂpusho[[lj (A@B)Hfmap( ) z

[[A@Bﬂpush ([0-(A®B)[Frap(f) 2) {B}

[[AEBB]]push (case z of [u] — [case u of inl x — inl ([[A]]fmap(f) x); 1) {defn. [D,-(A@B)ﬂfz%ap(f)}
inry — inr ([[Bﬂfmap( fy)

case (case z of [u] — [case u of inlx — inl ([[A]]fmap(f) x); ]) of [inlv] — inl [[A]]push[ v]; {defn. [A @B]]’;ush}

inr y — inr [[B]]fmap(f) y) linr w] — inr [B]F,q, W]
case z of [u] — case [case u of inlx — inl ([[A]]fmap(f) x); Jof [inlv] —inl [[A]]Push V] {case assoc.}
mry —inr IIB]]fmap( )y) [mr W] —inr IIB]]push [W]

case z of [u] — case [u] of [inl x] — case [inl ([[A]]fmap( f)x)] of [inlv] — inl [[A]]push[ v]; 5 {box case assoc.}
/ [inr w] — inr [[B]push[w]
[inr y] — case [inl ([[B]]%map( y)] of [inlv] —inl [[A]]push[ vl
[inr w] — inr HB]]push (w]

case z of [u] — case [u] of [inl x] — inl [[A]]push [[[A]]fmap f) x; {Bease}
3] 0 85 Bl (1) ]
case z of [u] — case [u] of [inl x] — inl ([[A]]fmap( f) [[A}]?ush [x]); {induction}
ine 3] = inr ([BTonan (Orf) [Bl gy 1)
case zof [inl x] — inl ([[A]]fmap( f) [[A]]?ush XD {Necase
linr ] = inr ([Blfap(Orf) [Bl5ush )
AQ®B:
([[A®B]]fmap( £)olA®BI ) 2
[ ®Bﬂfmap( rf) (IA® B, 2) {B}
1A B (D) (case 208 [(,9)] = (AT . Bl ) {defn. 1A B}
case case 2o [(6,)) (ALl B3 3) 0F (1) = (AT (C1f) . (Bl (1) ) {defin. [A© BT, (0,1}
case z of [(x,y)] — case (HA]]push [x], ﬂB]]Eush ) of (u, v) — ([[Aﬂfmap( ) u, ﬂBﬂfmap(D,f) V) {case assoc.}
case z of [(x.y)] = ([Alfap(3r/) [ADuen 2], [Blfap (Orf) [Blusn ) {Bease}
([[A ®B]]push °© IIDF(A®B)]]%rlnap(f)) z
[A® Bl 5uen ([[Dr(A@)B)ﬂfzr;ap(f) 7) {B}
[A© Bl (case z of [g] — [case g of (x, y) = ([Alfap (/) %, [Bl0p () ) {defi [Or(A2 B[ 0p (1)}
case (case z of [g] —
[case g of (x, y) = ([ATfap () X, [Blinap(f) 7)) of [(v, w)] = ([Al55n V], [B 5 [w]) {defn. [A® Bl o0}

case z of [g] —

case [case g of (1, ¥) — ([ATEyup (/) . [BTEaap() 9] OF [(v. w)] — ([ATEuuy V). [BIE,g0w])  {case assoc.}
case z of [g] —

case [g] of [(x, y)] — case [([[A]]fzr;ap(f) X, ﬂB]])f:r;ap(f) y)] of [(v, w)] — ([[A]]push [v], HBﬂpush [w]) {box case assoc.}
case z of [g] —

case [g] of [(x, ¥)] = ([AL5yen [ATfrmap (/) 1, [BL5ueh [BIfinap (/) ¥1) {Bease}
case z of [g] —
case [g] of [(x, y)]ﬁ([[A]]fmap( o f) [AT 5 un 141, [[B]]f;ap( of) [BI5usn ) {induction}

case z of [(x. y)] = ([ATfap (Onf) [Alsusn s [Blinap(Crf) B D) {Ncase }
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e T=A—B.
(HA - Bﬂfmap(‘:]ff) [[A - Bﬂpush)
= HA%BHfmap( rf) ([[AAOB]]push Z) {ﬁ}
= [[A - B]]fmap(D f) (Z’y case z of [g] — case [[Aﬂpull y of [u] - [[B]]gush[(g u)]) {defn IIA - Bﬂgush}
= Ax [[Bﬂfmap( f) (Ay.case z of [g] — case [, y of [u] — [[Bﬂﬁush[(g u)]) x {defn. [A — B]g,.,,(0:f)}
= Ax[Blfap (Orf) (case 2 of [g] — case [A], x of [u] — [[B]]push[ gu)]) {B}
= Ax.case z of [¢] — case [[A]]);u” x of [u] — [[B]]%r;ap(EI,f) [[Bﬂpush[(g u)]) {case distrib.}

(HA - Bﬂpush ©° HD (A - B)ﬂfmap(f))

= ﬂB]]push ([O/(A — B)fap(f) 2) {B}
= [A—o Bl (case zof [¢] — [M/[[Bﬂfmap(f) (gv)]) {defn. [O,(A — B)]fsp ()}
= Ax.case (case z of [¢] = [Av.[B]f.,,(f) (g v)]) of [y] — case [BIL,, x of [u] = [Bj.q, [(yu)] {defn. [A — B]S,q}
= Ax.case zof [g] — case [Av.[B]F, . (f) (¢ v)] of [y] — case [[B]]§u|| xof [u] = [BlS,q, [(w)]  {case assoc.}
= Ax.casezof [g] — case [A]7, x of [u] — [B,q [(Av. HBﬂfmap(f ) (gv)) ul {Bease}
= Axcasezof [g] — case [A ﬂpuu xof [u] - [B ﬂpush [[Blfenap (f) (8 )] {B}
= Ax.case z of [g] — case [A ]}pu” xof [u] — [B ]}fmap @f) [[B]}push [(gu)]) {induction}
e T=uXA
(lLLLX A]]fmap( ) |LLLX A]]push)
= [[:U'X A]]fmap( Yf) (ILUX Aﬂpush Z) {ﬁ}
= [UX A, (Of) (letrec h = [A]L% "X A=A /ol iy ) {defn. [UX Al%,q0}
= letrecg = [[A]]fr;f;'g(ﬂrf) in g (letrec h = [[A]]iﬁ?hz#x'm”ﬁw(“x'/ﬂ[D"a/a] in hz) {defn. [uX. A]]fmap}
= letrecg = [[A]]fzr;:;}g( ,f) in (letrec h = [[A]]E:i:h'“X'D"A%(”X'A)[D’a/a] ing(hz)) {letrec distrib.}
= letrec g = [[Aﬂ?gm ) in (letrec h = [T in [ATE 2 (O) (T35 2) - {Brerrec}
— [[ ]]fm)a(:letret g= [[A]]fmap “(0,f) in g( ;f) (HA]]EU):hHletrec h= [[A]]pushH in hZ) {,Ble,rec}
- (IIA]]EU);T)]C"EL h= [[A]lpush in h (D IIA]me)::letrec g= |IA]]fm’ap éf in qu» {inducl‘ion}
= ([[/,LX A]]push o [[Dr(“XA)]]fmaP(f)) <
= [ux. A]]push HDV(”X-A)]]fmap(f) 2) {B}
= [WX.AJZ,,, (case z of [y] — [letrec g = [A]5"f in gy]) {defn. [0, (X A)map(£)}
= letrech = [[Aﬂﬁu’;?” mh(casezof[ ] — [letrec g = [[Aﬂfmjjgf in gy]) {defn. [(1X.A)]push }
= Qg " ae - of [y] - [letrec g = [Aimay f in 3] {Brerrec}
= HAﬂiu)ihHletrec h= [[A]] o inh (case Zof [ ] [[A]]fm)a(:letrec g= [[A]]fmap *f in gf ]) {B]etmc}
- HAﬂiu)ihHletrec h= ﬂAﬂpgsh in h( (H ﬂ])(:mf:letrec g = HAHfma f in gf) Z) {defn. O, + T]}

O

Proposition 3.4 (Naturality of pull). For all unary type constructors F such that [Fa]pun is defined, and
given a closed function term f : ot —o B, then: [O,F|mapf © [F&t]pun = [FBlpunt © [Fltmaplf, i.e.:

o FOa— ™ O Fe
fl HFﬂfmapDrfi lmrﬂﬂ]fmapf
FO, O,F
ﬁ HFﬁﬂpull B

Proof. By induction on the type T = Fa, where we consider derivation of the functor action [[Foc]]fzr;ap
and [[Foc]]);u” with respect to open recursion variables X’ and ¥ assuming that the recursive definitions
themselves satisfy the naturality property, i.e., for all X € dom(X),dom(X’) then X'(X)0,(f)(2(X)z) =
Z(X)(O-(Z(X)(f)z) (referred to as condition (*) in the proof).
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L]
~
I
—_

ﬂ
I
Q

(1o lﬂfmap( £ollga) z
(" ﬂfmap( )(Miu 2)

[ fmap(f) (case z of unit — [unit])
case (case z of unit — [unit]) of [y] —
case z of unit — case [unit] of [y] —
case z of unit — [case unit of unit — unit]

case z of unit — [unit]

([[”]pullo[[l]]fmap< )) <
[[lﬂpull ([[lﬂfmap( "f) )

[[1]]pu“ case z of unit — unit)
case (case z of unit — unit) of unit — [unit]
case z of unit — case unit of unit — [unit]

case z of unit — [unit]

[case y of unit — unit]
[case y of unit — unit]

Deriving distributive laws for graded linear types

{B}
{defn. H1H§UH}
{defn [[D 1]]fmap( )}

{case assoc.}

{ ﬁcase }
{ﬁcase }

"
{defn. [1]nap(0rf)}
{defn. [[1]]§U||}
{case assoc.}

{ ﬁcase }

([[Dra]]fmap(f) [odGun) 2
[ al () (10T 2)
[[Dra]]fzmap(f) <

case z of [y] — [f)]

([[a]]pull © [[a]]fzr/nap(‘:‘i’f» Z

[[a]]pull ([[aﬂ%r:'\ap(ljrf) Z)

[[a]]pull (case z of [y] — [fy])

case z of [y] — [f]

(IO X]]fmap £)olXI5um) 2

[[D X]]fmap( )([[X]]pull Z)

[O:X Jfnap () (E(X) 2)

case (X(X)z) o

case [, (X' (X)(
O.(Z(X) () (BX) 2)

LX) (X(X)(0f) 2)

([[Xﬂpull © [[Xﬂgr:nap(ljrf)) <z

[[X]]pull ([[X]]%r:ﬁap(‘:‘rf) Z)
[XD5un (E'(X)(E:f) 2)
I(X) (Z(X)(Ef) 2)

f[y] = E'X) (/) ]
/) (E(X) z) of [y] —

{B}
{defn. [[a]]pu”}
{defn [[D a]]fmap( )}

{B} /
{defn. []map(Crf)}
{defn. [a%,}

{B}
{defn. [[X]]pu”}
{defn. [[X]]fmap}

bl A{defn. [(Z'(X)())]}

{ncase}
{condition (*)}

{B}
{defn. [[X]]fmap( )}
{deﬁ’l [[X]]pull}
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e T=A®B:

(5, (A@B)]]fmap(f) [Ae Bl 2
[[D (A@B)Hfmap( ) ([[AEBB]]pUII Z)

[ (Ae B

case (case z of inl x — case [A]

case z of

case z of

case z of

case z of

([AeB]E

) (case z of inlx — case [A]%

inr y — case [B]

z
pull

inr y — case [[B]]iu"yof V] = [inrv] inrn— inr (f n)

| xof [u] = [inlu]; )
yof [v] = [inrvy]

fmap puI

pull

inl x — case (case [A]]ﬁu” x of [u] — [inl u]) of [w] — [case w of inl m — inl ([[A]]fmap(f) m); |;

inr n— inr ([[Bﬂfmap(f) n)

inr y — case (case [[B]]pu" y of [v] — [inr v]) of [w] — [case w of inl m — inl ([[A]]fmap(f) m); |

inrn— inr ([[B]]])(:r;ap(f) n)

inl x — case [[A]}pul

inrn — inr ([[B]]fmap( f)n)

inr y — case [[B]}pu" y of [v] — case [inr v] of [w] — [case w of inlm — inl ( [[A]}fmap(f) m); |

inrn— inr ([[B]]fmap(f) n)
inl x — case [[Aﬂpu” x of [u] — [case inl u of inl m — inl ([[A]]fmap(f) m); 1
inrn— inr ([[Bﬂ)f:map(f) n)
inr y — case [[B]]&u" y of [v] — [case inr v of inlm — inl ([[A]]fmap(f) m); |
inr n — inr ([[B]]fzr;ap(f) n)
inl x — case [[A]}pu” x of [u] — [inl (JA ]}fmap(f) u)l;
inr y — case [[B]]pu" y of [v] — [inr ([[B]]fmap(f) V)]

pull ° HA eaB]])f:r/nap(Drf)) <

[a @B]]pu“ ([A@ Bl (O1f) 2)
[A®BI,, (case zof inlx— inl ([A]%, . (O.f) x); )

inry —inr ([[Bﬂf):;ap(lj,f )y)

case (case z of inlx — inl ([[A]]%r;ap(D,f) x); ) of inlm— case [A]Z,, m of [u] — [inl u];

case z of

case z of

case z of

case z of

case z of

case 7 of

inry —inr ([B]fmap( f)y) inr n — case [B], n of [v] = [inr v]

inl x — case inl ([A ]}ﬁ/nap( +f) x) of inlm— case [A]X,, m of [u] — [inl u]; ;
inr n — case [B]5, n of [v] = [inr v]

inr y — case it ([B]f,.p(0-f) ) of inl m — case [A]%,, m of [u] = [inl u];
inr n — case [B],, n of [v] = [inr v]

inl x — case [[A]]Pu” ([[A]]fmap( f) x) of [u] — [inl u];

inry — case [B ]}pu" ([[B]]fmap(D,j y) of [v] = [inr v]

inl x — case [J [[A]]fmap(f) (HAﬂpull x) of [u] — [inl ul;

iy case O Bl (/) ([[Bﬂ,,u.. ) of [v] — inr 1]

inl x — case O,inl (O, [[A]]fmap( ) (A ]}pu" of [u] — [u];

inr y — case O,inr (OJ, [[B]]fmap(f)) ([[B]]Eu” y) of [v] = [v]

inl x — case O,inl [[A]]fmap( f) ([[A]]);u” x) of [u] — [u];

inr y — case Cinr [BJE, . (f) (B[S, ) of [v] — [V]

inl x — case [[A]]gu” x of [u] — [inl [[A]]?r’nap(f) ul;

inr y — case [B]3,,, v of [v] = [inr [B],.,(f) V]

x of [u] — [inlu; ) of [w] — [case w of inlm — inl ( [[A]}fmap(f) m); |

| x of [u] — case [inl u] of [w] — [case w of inl m — inl ([[A]]fmap(f) m); |;

17

{B}
{defn. [A®B]L,}

{defn. [O(A® B)[E,,, ()}

{case assoc.}

{case assoc.}

{Bease}

{ ﬁcase }

(8} ,
{defn' HAGBBM’:map(DVf)}

{defn. [A®B]S,}

{case assoc.}

{Bease}

{induction }
{defns.}
{functoriality of O, }

{defns.}
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T

T

= case ([A] pull

=A®B:

([[D"(A®B)]]fmap ) [[A®B]]pull)
HDT A®B)]]fmap( ) (HA®BHpull Z)

([[A®B]]pull ° [[A®B/]]1)’:r;13p(|:‘rf)) <
IIA ®Bﬂpull IIA ®Bﬂ%map(|jrf) Z
[A®B],, (case z of (x, y) — ([[A}]%r’nap(

case (case z of (x, y) — [[A]]ﬁ;ap 0.f) x, [[B]]fmap( rf)
mwmmwwmm>wwuneww

X, Bl (O1f) ) of (m, n) =

case ([A]5,, m. uBHPM| )of([u] [})—»[(u v)]

. (B [Blimap(Crf) y) of ((u, [V

case z of (x, y) — case (O, [A],, (f) [[AJ]EU“ X, O, [Bl3ap (F) [BIZ, v) of ([u], V]

case z of (x, y) — case ([A]3, x, [BIZ, ) of ([u], [V]) = [([Alfnap(f) 1, [Bap(£) V)]

case 7 of (x, y) — case ([[A]]fmap( 1) x

case z of (x, y) — case (HA]]pu” [[Aﬂfmap(

= uX.A:

(IIDV(‘U'XA)]]%%ap(f) [[:U'X A]]pull

[0 (X A)]frpap () ([1X AT 2)

[[DV(IJXA)]]%I':‘Iap( ) (letrec h= [[Aﬂ pull

[0 (X A, (f) (letrec h = [4]
(

O (uXx A)ﬂfmap( f) HA]]pu"
. X—letrec h = I[A]] o “inh

pull

[letrec g = [[A]]fmal b,

£ Xi-letrec h = [A]EX

h
case ([A] .y pat " In z) of [y] —
[letrec g = fmap,
. Xr—letrec h = I[A]] i

case ([A] pull

([ux A]]pull ofux. Aﬂfmap(lj f)) z
[ux A]]pu” ([ux. A]]fmap 0:.f) 2)
[ux A]]puII (letrec g = [A]

[[HX A]]pull (letrng IIAﬂfmap

fmap

L Xrg:(a—of)—opuX A—o(uX.A)[a/B] &

"
¥ Xsletrec g = [[A]]%";:;”‘(D,f) in g

[[,UX A]] pull [[Aﬂfmap

letrec /i — HAHZX»—M uX AO.o/a)—0,(uX.A) . inh (HA]]

pull
I X—h:uX A0/ o] —0, (uX.A)
in
pull
X X—letrec h = |[A]] " in h
HA]] pull (HA]]fmap
¥/ Xrsletrec g = [[A]]fm o $(0,f) in g

O[T map ’ (1) (4]
Ax.case x of [y] — [[A]

letrec i = [A]

fmap

I X—letrec h = |[A]] i " in
case ([A] pull

(
[[D,(A@B)]]frpap(f) (case z of (x, y) — case ([[A]]puII X, [[B]]§uII y) of ([u], V) —
o, (A®B)]]fmap(f) (case z of (x, y) — case (x, y) of ([u], [V]) —
case (case z of ([[A]]puII X, [[B]]Zun y) — case (x, y) of ([u } [v])

[case [ of (m n) (lIA]]fmap( )
= case z of (x, y) — case (case ([[A]]Zu” X, [[B]]Pu” y)

[case [ of (m, n) — ([Alf,, (f) m
case z of (x, y) — case ([[A]}gu” X, [[B]]),:‘u” y) Of ([u], [v D
case [(u, v)] of [I] — [case [ of (m, n) —
case z of (x, y) — case ([[A]]pu“ X, [[B]]Euu y) of ([“] v D -
[case (u, v) of (m,n) — ([[Aﬂfmap
case z of (x, y) — case ([[A]]pu“ X, HB]]pu” Yy

of ([u] V) — [([[A]]fmap(f) t, [Blfap(f) V)]

)) of(m n) —
J

I X—huX A0/ a)—0,(uX.A) .

X X—h:uX A0, 0/ a)—0, uXA T X—h:uX AlO,0/ ] —0, (uX.A) Z

T X letrec h = ﬂA]]g)ﬁH’ inh
Z

z) of [y] =
¥ Xigi(a—of)—ouX.A—o(uX.A)[ot/B]

[[Aﬂ): Xeg: (a«oﬁ)ﬂ)yX A—o(uX.A)a/B] . in IIA]]E Xi—gi(a—p)—uX A—(uX.A)a/B] (f)

¥ Xrletree g = [A] mxﬂ(f) in g
2) of [y] = [[Al sy )

¥ X gi(—of)—opX A—o(uX. A)[a/ﬁ]

in[ A]]fm,::g:(awﬁ)wuxm(um[a/m O.f)2)

¥ Xrsletrec g = [[A]]fm -
£ XshipX Al0, o) o —o0, (X .A) & Xesletree g = [A55(0) in g
¥ X—letrec g = |[A]]fm ap $(0,f) in g
I.Xr—letrec i = [A] ™" in
Z
¥ Xletrec g = HA]]fmalp 4(f) in g

L Xiletrec h = [A]5N" in &

Xg .
z) of [y] — H[A]]Z Xesletree ¢ = [A[EX 0t ing

Deriving distributive laws for graded linear types

{B}
{defn. [A ®B]]§ull}
{induction}

{defn. [O,(A @ B)[F0p ()}
{case assoc.}
{case assoc.}

{ Bcase }
{ ﬁcaxe }

(B} ,
{def OfﬂA®BﬂfEmap(Drf)}

{defn. [A® B]]Eu”}

{case assoc.}

{ Bcuxe }

{induction}

{defns.}

{8}
{defn. [[uX.A]]ﬁu”}
{Bletrﬁf}

{ﬁl et ru'}
{defn. [0, (LX.A)[Fp ()}

{ Bletref }
{ﬁletrec}

{B}
{defn. [uX AT (O:1)}
{ﬁletrec}

{Bretrec}

{defn. [uX AT}
Orf)2) {Bretrec}

{Bretrec}

{induction}

{defn. O}

{B}
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C.3 Preservation of Graded Comonad Operations

Proposition 3.5 (Push preserves graded comonads). For all F such that [F0]|push is defined and F does
not contain —o (to avoid issues of contravariance in F) then:

- [[FEI]] push [[FEI]] push

hFo, —— FO o Dr*sFﬁi FDMai

b s

Fo; 0,0Fa; — 0, FOs 04 — FO,Os 04
DrﬂFainush [[Fai]]push

Proof. We consider first the property involving &, by induction on the type T = Fa, for open recursion
¥, ¥’ where we assume that for all f € £(X) and F € ¥'(X) then (Fe) o f = € (called, condition (*))

e T=1
([11Es0p) 0 [y 2
= (Ax.case x of unit — unit)(case z of [unit] — unit) {defns. + B}
= case (case z of [unit] — unit) of unit — unit {B}
= case z of [unit] — unit {Nease }
= casezof [x] = x {case gen.}
= g7 {def.}
e T=q«
([[a]]?‘r;ape)([[a]]g‘ush Z)
= (Azcasezof [x] - x)[a]3,, z {def}
= (Az.casezof [x] = x)z {def}
= casezof [x] > x {B}
= €2 {def}
e T=X

([[X]]fzrinapg) ( [[Xﬂgush Z)
Z(X)e(X(X)z) {def}
€ {assumption (*)}

e T=ADB:
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[[A 69B]]fmap [[A ®Bﬂpush z
= (Az.casezof inlx—inl ([[A]]fr;apsx); )
inry — inr ([[Bﬂﬁ;apsy)
(case z of [inlx] — inl [[A]]push[ x|; [inry] —inr [[B]]Eush D) {defns.}
= case (case zof [inlx] —inl [[A]]push[ x]; [inry] —inr [[B}]EushLv] ) of {B}
inl x — inl ([[A]]fmap x);
inry — inr (ﬂBﬂfmapey)
case zof [inlx] — caseinl [[A]]Zush[ | of ; [inry] — caseinl [[Aﬂzush[ ] of {case assoc.}
inl x — inl ([[A]fmapsx) inl x — inl ([[A]]fmapsx)
|nry%|nr ([[B]]fmapey) inry —inr ([[Bﬂfmap y)
= casezof [inlx] — inl ([A]Z fmap € [[A]]ﬁush [x]); [inry] —inr ([[B]]f‘r;ap £ [[B]]gush ) {B}
= casezof [inlx]—inl (g [x]); [inry] =& ]y]) {induction}
= casezof [inlx] —inlx; [inry] —inry {def. € + B}
= casezof [x] > x {case gen}
= g€z {def.}
e T=A®B:
[A®Bﬂfmap ([[A®B]]push Z) ,
= (Azcasezof (x,y) = ([[A]]fmap €x, [[B]]?maps y))(case z of [(x,y)] = ([A]5a 1], [Bl5uen D)) {def}
= case (ease 2of[(13)] = (AT lt] 850]) of (5) = (ATFp €5 [BlFup (B}
= case zof [(6,)] — case (AT} 805,01 oF (13) — (1T 5 BTt ¥) {case assoc.}
= casezof [(x,y)] = ([Alf,p€ ([ATusn [X]) [Blfnap€ ([BlusnD]) {Bease}
= casezof [(x,y)] — (¢ [x],€ [y]) {induction}
= casezof [(x,y)] — (x,y) {€ defn.}
= casezof [x] - x {case gen.}
= €7 {defn.}
e T=A—B.
Cannot be handled, as per the restriction of the proposition, and indeed is not derivable because
the types in the commuting diagram do not match for this case due to contravariance in A.
e T=uXA

[[MX'Aﬂer;ap (H“X A]] push Z)

{induction (subst in g and f)}

= (Azletrec g = [[A]]fm}g:g( €)in g z)(letrec f = [[A]]iﬁ:‘ﬂﬂx'm”/‘%(“x'mm infz) {defn.}

= letrec g = [[A]]fé:’g(s) in g (letrec f = [[A]]Eu}i:f X DA< A i/l in fz) {B}

= letrecg= [[A]]fé:g( ) in (letrec f = [A]]Eu);:f X DA (ux A Do/ ing(fz) {letrec distrib.}
= letrec g = [[A]]fm)g:)g( €) in (letrec f = [[A]]ﬁé;’f ux A Ao inez)

= &7 {ﬁlelrec}

Note that in the recursive case here we are assuming by induction on A that f itself satisfies

Fe o f = € which enables the rewrite on the right-hand side of in here as well.

Thus from the above we have that [Fo]fmap€ © [F0¢]push = € by function extensionality and since the

initial environemnt ¥’ = X = ( trivially satisfies condition (*).

Next we consider the second property involving &, by induction on the type T = Fa;, for open
recursion X, Y where we assume that for all f € £(X) and F € X/(X) then fo0f o8 = Fd o f (called,

condition (*%)).

e T=1:
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[ ush (O [T Gush (8rs 2)
((Ay.case y of [unit] — unit)

o(Ax.case X’ of [x] — [case x of [unit] — unit]) o (Az.case z of [x] — [[x]]))z {defns.}

= case (case (case z of [x] — [[x]]) of [x] — [case x of [unit] — unit]) of [unit] — unit {B (x3)}
= case (case z of [x] — case [[x]] of [x] — [case x of [unit] — unit]) of [unit] = unit  {case assoc.}
= case z of [x] — case (case [[x]] of [x] — [case x of [unit] — unit]) of [unit] — unit  {case assoc.}
= case z of [x] — case [[x]] of [x] — case ([case x of [unit] — unit]) of [unit] — unit  {case assoc.}
= case z of [x] — case [case [x] of [unit] — unit] of [unit] — unit {Bease }
= case z of [x] — case (case [x] of [unit] — [unit]) of [unit] — unit {case push}
= case z of [x] — case [x] of [unit] — case [unit] of [unit] — unit {case assoc}
= case z of [x] — case [x] of [unit] — unit {Bease }
= case z of [unit] — unit {Nease }

[[lﬂfmap (Hlﬂpushz)
= case (case z of [unit] — unit) of unit — unit {defns. + B}
= case z of [unit] — case unit of unit — unit {case assoc.}
= case z of [unit] — unit {Bease t

e T=u
[[Od]push(lj Ha]]push( TS Z))
= ((Ax.case X’ of [x] — [x]) o (Az.case z of [x] = [[x]]))z {defn. + B}
= case (case z of [x] — [[x]]) of [x] — [x] {B}
= case z of [x] — [[x]] {Nease}
[[Od]fmap ([[a]]pushz)
(Az.case z of [x] — [[x]]) ([@]5,542) {defns. + B}
case z of [x] — [[x]]
e T=X

[[X]]push(lj [[X]]push( TS Z))
((Az.X(X)z) o (Az.case z of [x] — [Z(X)x]) o (Az.case z of [x] — [[x]]))z {defn.}
[[X]]fzéapw&’s([[x]] push Z) {Condition (**)}

where in the binding of X to f we recursively apply the inductive evidence on A itself that it
satisfies the property and thus provides that X — f satisfies the condition of (**) in the induction
step.

s T=A®B
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[A®B]% o (O, JA® B3 41, (85 2)
[A & BJ5, ,case (case z of [x] — [[x]]) of [x] — [[A & B]]gLISh
[A® B] 5, pcase z of [x] — case [[x]] of [x] = [[A & BJj,q]
[[A @B]]zushcase < of ['x} — H[A 52 Bﬂzush [x”
[A© B[;,shcase z of [x] — [case [x] of [inl x] — inl [[A]]lesh [x];[inr y] — inr [[B]]Zush ]
case (case z of [x] — [case [x] of [inl x] — inl [[A]]pLISh [x]; [inr y] — inr [[B]]push[ 1]) of

[inl x] — inl [[A]]push[x]

[inr y] = inr [B]S,5 V]
o] case [case [x] of [inl x] — inl [A]> o [x]; [inr y] — inr [B] ., [v]] of

[inl x] — inl [[A]]push [x]
[inr y] = inr ﬂBﬂpush[y]
o] case (case [x] of [inl x] > [inl [[A]]push[x]] [inr y] — [inr ﬂB]]push[ 1]) of
[inl x] — inl [[A]]push [x]
[inr y] — inr [[B]]push[y]
case [x] of
casezof Y [in x] = inl [A]%, o4 [[ATen 4]
[inr y] = inr [B]S, o4 [[B] s ]
case z of
[inl x] — inl [[A]]push[[[A]]push [x]]
[lnry} —inr [[B]]push[[[B]]push[y”

]

case 7 of

case 7 of

[4® Blf1ap0 ([[A@Bﬂﬁushz)
case [A @ BJ3, 2 of inl x — inl [A]} (8 x)sinr y — inr [B]}, . (8y)  {defn.}
case (case z of [inl x] — inl [A]%, x; [inr y] — inr [B]3 ,v) of
inl x — inl [[A]]fmap(5x) {defn.}
inry+—inr [B ]]fmap(Sy)
case z of
case (inl [A]Y %) of
linlx] > ( inlxinl [AJ% (8%) )
inry— inr [B]]?,;ap(éy) {case assoc.}
case (inr [[B]]Eushy) of
[inry]— ( inlx—inl [[A]]fmap((Sx) )
inry— inr [[B]]fmap(5y)

case 7 of
[inl X} > inl [[A]]Er;}ap(s [A]]gushx) {B}
[inr y] — inr [[B]]%map(8 [[B}]Eushy)
case 7 of
[inl x] — inl ﬂAﬂpush( A ]]pusth) {induction}
[inr y] — inr [[B]]push(lj [[B]]push y)
case z of

[inl x] > inl [[A}]ZLlsh (case (case x of [x] — [[x]]) of [x] — [[[A]]gushx}) {defns. + B}
[inr y] — inr [B]]push(case (case y of [x] — [[x]]) of [x] — [[B]]gushx])

case z of
[inl x] = inl [A]Z push (case x of [x] — case [[x]] of [x] — [[A]> .,x]) {case assoc.}
[inr y] — inr [[B]]push(casey of [x] — case [[x]] of [x] — [[[B]]Eushx])

case z of

[inl x] — inl [[A]]%ush (case x of [x] — [[[A]]push 1] {case assoc.}
[inr y] = inr [B] o, (case y of [x] = [[B]},q,[x]])

case z of
[inl x] > inl [[A]]gush[[[A]]gush [x“ {ncase}

[inr ] = inr [BJZuqh [[Bl5usn V]

{defn. + B}

{case assoc.}

{B}

{defn}
{defn}
{case assoc.}

{case push}

{case assoc + B}

{Ncase }
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e T=A®B

[[A®B]]push(|:| [[A®B]]push( s Z))
= [[A®B]]push((2’y case y of [Z] - [casez of [(x y)} - (IIA]]push[x] [[B]]push[ D])

case z of [Z'] — [[]]) {defns.}
= casezof [¢] = [A® B}, (case [[]] of [z] — [case z of [(x,y)] = ([Al5,en ). [Bl5uenDD])  {B}
= casezof [I] > [A®B],q,([case [2'] of [(x,y)] = ([AL5usn 1], [B]5usn Y)]) {B}
= case z of /'] — case ([case [] of [(x,y)] —
([AT5usn 6], [BIGush DD]) of [(x,)] = ([A]5uen 6], [BIGush Y1) {defns. + B}
= case z of [7/] — case (case [Z'] of [(x,y)] —
[(TADS s [0 [BI5en D) Of [(x,3)] = %“ﬂﬁ,ush [J[C]] Hfﬂ]TgSh[Lg)] {case push}

, case [([A]% %], [B]S,qh of i i
= case z of [{'] — case 7] of [(x,y)] — [,y :) ([[A]]push [x] BIE,.. ) {case assoc.}
= casezof [(x,y)] — case [([A], [x], [BIG,q )] of [(x,3)] = ([ADGusn 6], [BIGush V) {Nease
= casezof [( )} - (HAﬂZush[HAHpush [x” [[B]]push H[B]] ush[ H) {ﬁ}
= case zf [(63)] = (AT (OrAL B12). (1B (O IBL5 (3D1)) {n-expand + defins.}
= casezof[( } ([[Aﬂfmap/ ([[A}]Zush[x}) [[Bﬂfmap ([[ ]]push[yD) {induction}
— case zof [(v.y)] —+ [A Bl 5(case 2 of [(x,3)] - ([ATE o ) [B0, ) {defis.}
= [A® B]]fzr;ap(?([[A ® B]]?ushz) {defns.}

* T = A — B Cannot be handled, as per the restriction of the proposition.

Proposition 3.6 (Pull preserves graded comonads). For all F such that [Foy] pui is defined then:

F 1 u —— Fil u —

DIFE [Feilpu FDlai Dr*sFﬁi [Feilpu Fl:lr*sai

gi / Sr.si \LFSRY
Fe ’

Fo; O, 0,Fo; o [Foilom O, FO, 04 Foilom FO,Os 04

Proof. We consider first the property involving €, by induction on the type T = F@;, for open recursion
¥ where we assume that for all f € X(X) then Fe = € o f (called, condition (*))

e T=1:
S(Hlﬂguu 2)
= (Ax.case x of [z] — z) (case z of unit — [unit]) {defns.}
= case (case z of unit — [unit]) of [z] — z {B}
= case z of unit — unit {Ncase }
= ([[lﬂfmape) Z {defns.}
e T=qx

8([[0‘]]§u||z)

(Ax.case x of [z] = 2) ([a]5,2) {def}
(Ax.casexof [z] —2) z {def }
case z of /] — 7/ {B}

([0D5map) 2 {def}
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e T=X
S(HX]EUHZ)
= (Ax.casexof [z] = 2)(E(X)z) {defns.}
= ([[X]]fzmape) z {condition (*)}
s T=A®B:

oT:

e T =

e([A®B5,2)

(Ax.case x of 7] — z)(case z of inl x — case [[A]]f;u” x of [u] — [inl u]; )

inr y — case [[B]]§uII y of [v]
case (case z of inl x — case [A]> x of [u] — [inl u]; ) of [¢]

inr y — case [[B]]’;u” y of [v] — [inr v]

— [inrv]
—z
case z of

inl x — case (case [[A]]Eu”x of [u] — [inlu]) of [z] =z
inr y > case (case [B]},,y of V] — [inr v]) of [z] — z
case z of
inl x > case [A],x of [u] — case [inl u] of [z] = z
inr y — case [B]>,y of [v] — case [inr v] of [z] — 2
case z of inl x — case [[A}]gu” x of [u] — inl u;
inr y — case ﬂB]]gu” yof [v] = inrv
case zof inlx — inl SHAH);U” X
inry —inr 8[[B]]§u” y
case zof inlx — inl ([A]f,.€) x;
inry —inr ([[B]]?mape) y
(HA®BHfmap

ARB:

e([A®B]},12)

{defns.}
{B}

{case assoc.}

{case assoc.}

{ﬁcase }
{Bcase + defns.}

{induction.}

{defns.}

(Ax.case x of [z] — z) (case z of (x,y) — case ([[A]]pu” X, [[B]]Eu” y) of ([u],[v]) = [(u,v)]) {defns.}

case (case z of (x,y) — case ([A]5, x, [BI, y) of ([ul,[V]) = [(u,v)]) of [s] = 2
case 2 of (1) — case (ease (AT [B15) of (. 1]) = (1)) of ]
case z of (x,y) — case ([A]%,x, [[B]]pu"y) of ([u],[v]) — case [(u,v)] of [7] = z
case z of (x,y) — case ([[A]]pu” X, [[B]]PuII y) of ([u],[v]) = (u,v)

case z of (x,y) — (€ ([AHPUH x), € ([Bl5u ¥))

case z of (x,y) = ([A]f.p€ . [Blfnp ¥)

(IA® BT, 6) -

ux.A

E(HHX'AﬂguuZ)
X X AID, 06/ o — Dy,
(Ax.case x of [z] — z) (letrec f = [A] u”Hf# Gl s e

LX=fuX A0, 0/ o] —Opn . (14X A)
case (letrec f = HAHPUH At

E X fiuX AlO, 0o 4D/\’»’ r(UX.A)

letrec f = [[A]]puII ine(fz)
EX=fiuX AlO, o o —OD/\H /.LXA
letrec f = [[A]]pu” in ([A]f,p€) 2

([[uX.A]]?mape z

infz)of 7] =7

{B}

{case assoc.}
{case assoc.}

{ ﬁcase }

{defns. + Brase}

{induction.}

{defns.}

1n fz) {defns.}

{8}
{defn}

{induction}

{simplify + defn.}
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where in the binding of X to f we recursively apply the inductive evidence on A itself that it
satisfies the property and thus provides that X > f satisfies the condition of (*) in the induction
step.

Thus from the above we have that Fe = € o [F&;]push by function extensionality and since the initial

environemnt X = () trivially satisfies condition (*).

Next we consider the second property involving &, by induction on the type T = Fa;, for open
recursion £ where we assume that for all f € £(X) then O, fo foFS§ = d o f (called, condition (**)).

e T =1:

0 [[”]pull([[l]]pull ([[lﬂfmap ”SZ))

(AX .case x’ Of[ ] [[[l]]pullx])(([[l]]pull([[”]fmap Az.case z of [)C] - [[XH))) {d@ﬁ’l}
= (Ax.case X’ of [x] — [case x of unit — [unit]])(case z of unit — [unit]) {defn. + B}
= case (case z of unit — [unit]) of [x] — [case x of unit — [unit]] {B}
= case (case z of unit — [unit]) of [x] — [[x]] {Nease }
= (Az.case z of [x] — [[x]])(case z of unit — [unit]) {B}
8es (112 2 {defn.}
e T=u
0 [[a]]pull([[aﬂ ull (Ha]]fma ”Z))
= (A’x .case x’ of [ ] [[[a]]pullx])(([[a]]pull([[a]]%map /lz.case zof [x] - [[X]]))) {defn}
= (Ax.case X of [x] — [x])(case z of [x] — [[x]]) {defn. + B}
= case (case z of [x] — [[x]]) of [x] — [x] {B}
= case z of [x] — case [[x]] of [x] — [x] {case assoc.}
= case z of [x] — [[x]] {Bcase }
= 5r,sz {defn}
= 6r,s([[a]]§ull 2) {defin.}

e T=X

[ [[X]]pull([[x]]pull ([[X]]fmap 81.52))

(15-case 2 of 5] X3, (XI5 (KT, A<case 08 i = [(6])){din)

(Ax .case ¥’ of [x] — [£(X) x])((Z(X) ([[X]]fmap Az.case zof [x] — [[x]])))  {defn.}

O (Z(X) 2) {condition (**)}
= 6773([[X]]§u|| z) {defn.}

e T=A®B



Deriving distributive laws for graded linear types

D"[[A 69B]]ﬁull(llA EBBﬂ?ull ([[A 69B}]fzmap 6r,.vZ))
(10-case 2 of 5 = (4 815, (14 © B (14 BF,,, (ocasezof (> [5) ) {defn)
(Ax'.case x’ of [x] — [[A @ B ,x])((

case ([A G}B]]fzmap (Az.case z of [x] — [[x]]) z) of inlx — case [A]%, x of [u] — [inlu]; )) {defn.}

inr y — case [B],, y of [v] = [inr ]

pul

(A .case x’ of [x] — [[ADB]E,x])((

case (case z of inlx — ir?lu(l([[Aﬂ%map 8)x); ) of inlx — case [A]X, xof [u] = [inlu]; )  {defn.}
inry — inr(([[B}]f):map 5)y) inry — case [B]Z,, v of [v] — [inr v]
= (Ax'.case ' of [x] — [[A& B}, x])
(case z of inlx — case [A]},; (([A],,, 8)x) of [u] = [inl u]; ) {case assoc. + B}
inr y — case [B]>, (([Blf,,, 8)y) of [v] = [inr ]

= (Ax'.casex’ of [x] — [case x of inlx— case [[A]}”fu“ xof [u] — [inlu]; ])
inry — case [B],, y of [v] = [inr ]

(case z of inlx — case [[A}]);u” (([A]]fzmap 6)x) of [u] — [inl u]; ) {defn}
inry — case [B]>, (([Blf,,, 8)y) of [v] = [inrv]
= case (case zof inlx — case [A]%, (([A]f,., 6)x) of [u] — [inl u]; ) of
inry — case [B%, (BT 1) of 1] = [inr ]
[x] — [case x of inlx — case [A]Z,, x of [u] — [inl u]; ] {B}
inry — case [B]Z,, v of [v] — [inr v]
case z of
/ case x of
inl x — case ( case [[A]]%_“H(HA]]\)‘:mapé)XOf )of [x] — [ inlx+> case [A]%,x of [u] = [inlu] |
= [} = inl ] inr y — case [B],y of [v] = [inr ] {case assoc.}
case x of

inr y — case ( case HBH%“"(HB]]%';‘HPS))) of )of [x] [ inlx > case [A]>,x of [u] — [inl u] |

[ = finr ] inr y - case [B],,y of [v] > [inr ]

= casezof inlx— case [A]%, (([A]f,., 6)x) of [u] — [case [A]% u of [u'] = [inl u']]; {case assoc. + B}
inry — case [B]>, (([Blfn,p )y) of [v] = [case [B]3,, v of '] — [inl v']]

= casezof inlx — case O, [A]>, ([A]%, (([Alf,., 8)%)) of [[x] = [[inl J]; {defn. + B}
inr y — case O, [B]5, (Bl 5y (([B]fnsp)y) of [[x] — [[inr ]]

= casezof inlx— case 5r,s([[Aﬂ§qu) of [[x]] — [[inl x]]; {induction}
inr y — case 8,,([BI2, ) of [[x]] - [[inr ]

= casezof inlx— case [[A]]’;‘u”x of [x] = &,4[inl x]; {n + B}
inr y — case [B], y of [x] — &[inr x]

= O4(casezof inlx— case [[A]]);u”x of [x] — [inlx]; ) {case distrib.}

inr y — case [B]},, v of [x] — [inr x]
= §,([A Q}B]]Eu” 2) {defn.}

e T=A®B
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O, [[A®B]]pull(|IA ®Bﬂpull ([[A®Bﬂfma rs2))
(12 case Y of 1] ({42 B ] (14 B3 (14 BT, (hzcase s of [ — [[¥]) )
(Ax'.case X’ of [x] — [[A®B] uIIx])([[A@B]] (case z of (',)') = ([Alfap X, [Blfimap 6 7))
(Ax".case x’ of [x] — [[A® B ;,x])(

case z of (x,y) — case ([A], ([Alfnap 83), [BIGun ([B]fnap
= case (case z of (x,y) —

case ([AIG, ([ATfyap 85), [[B]]puu ([Blfnap 8 ¥)) of ([u], [v]) = [(u,v)]) of [x] = [[A @ B]; ]
case z Of( 7)) — case ([[A]]Eull ([[A]]fmap sx)v [[BH ull (lIB]]fmap 6 y)) of ([u} [V]) -+ [[[A®B]]pull( )}
case z of ()C,y) — case ([[Aﬂpu” )([[AHEmap 5)6)7 HBﬂpu|l (HB]]fmap 0 y))} (Ef ()[”} [V])
) of

pull

) of ([u],[V]) = [(w,v)])

[case (u,v) of (x,y) — case ([[A]]pu” X, [[B]]Eu” y) of ([u], [v]) = [(u,v)]]
= casezof (x y) — case ([[A]]pull ([[Aﬂfmap 6}6) IIBHpuII (HB]]%map 0 y) [u} [V])
[case ([A];, 1, [B]Gu v) of ([u],[v]) — [(,)]
case z of (x,y) — case (O, [[A]]puﬂ([[A]]%ull ([[A]]fzmap o6x)),0 [Bﬂpull([[B]]pull ([[B]]fzmap dy))) of
([l [011) = [ )]

27

{defn.}
{defn. + B}

{defn. + B}
{B}

{B + case assoc.}
{defn. + B}
{B}

{n + case assoc}

= case zof (x,y) — case (3y([Al5%), 85 ([BIGu )) of ([[u]], [V]) — [[(w,v)]] {induction}
= Jys(case z of (x,y) — case ([A]5,x, [B v) of ([u], [V]) = [(u,v)]) {Bn+ defn.}
= (A ®B]]pu|| 2) {defn.}
e T=ux.A
O [ux A]]pull([[A®Bﬂpu|| ([ux Aﬂfmap 0,52))
= (Ax.case x’ of [x] — [letrec f = [[A]]E:ﬂHf XA o/l (XA in f x])
5 X f:uX A, 0/ o0 A)
((letrec f = [A] 8 N in f (([uXAl%,.,82)))) {defn.}
— case (letree £ = AL AT i (AR 529) of 1] -
[letrec f = [[Aﬂiu)rf:“X'A Drui/a’iﬂDNl]"f(“ X4 in f x| {B}
= letrec f = [[A]]Z:EHf”XA OGO (A ind. (fz) {induction (+ B)}
s ([ux A]]pull Z) {defn.}

where in the binding of X to f we recursively apply the inductive evidence on A itself that it
satisfies the property and thus provides that X — f satisfies the condition of (**) in the induction

step.

Thus from the above we have that the desired property by function extensionality and since the initial

environemnt X =  trivially satisfies condition (**).
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