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Fine Fuzzy sp Closed Sets in Fine Fuzzy
Topological Spaces

R. Nandhini, D. Amsaveni

Abstract: The main view of this article is the extended
version of the fine topological space to the novel kind of space
say fine fuzzy topological space which is developed by the notion
called collection of quasi coincident of fuzzy sets. In this
connection, fine fuzzy spclosed sets are introduced and studied
some features on it. Further, the relationship between fine fuzzy
spclosed sets with certain types of fine fuzzy closed sets are
investigated and their converses need not be true are elucidated
with necessary examples. Fine fuzzy spcontinuous function is
defined as the inverse image of fine fuzzy closed set is fine fuzzy
spclosed and its interrelations with other types of fine fuzzy
continuous functions are obtained. The reverse implication need
not be true is proven with examples. Finally, the applications of
fine fuzzy spcontinuous function are explained by using the
composition.

Keywords: Fine fuzzy topological space, Fine fuzzy spclosed
set, Fine fuzzy continuous, Fine fuzzy sp**continuous. Subject
Classification Primary: 54A05, 54A10, 54A20.

I. INTRODUCTION

The Fuzzy set theory uses the linguistic variable

to represents imprecise concepts in many real-life
applications in engineering, robotics, spacial objects,
biosciences, etc. It is a marvelous tool for modeling in the
various kinds of uncertainty associated with imprecision and
vagueness. American Cybernatist Lofti A. Zadeh [12]
initiated the theory of fuzzy set in 1965. Later, in the year
1968, the Chang [3] extended the notion of a fuzzy
topology. Further, Power P. L. and Rajak K[9] investigated
fine topological space, was particular case of generalized
topological space. The views on sp-open sets in general
topology and fuzzy sp-open sets were introduced by
Dontcev, Przemski in 1996 [5] and Hakeem A. Othman [6]
in 2011 respectively.

This paper is mainly focused to the extension of
fine topological space. The approach on fine fuzzy sp
closed sets in fine fuzzy topological spaces were well
developed and studied. Further, the interrelations of fine
fuzzy sp closed sets with distinctive types of fine fuzzy
closed set were investigated. Later, we defined the fine
fuzzy sp continuous functions and briefly discussed on its
properties.
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Il. PRELIMINARIES

Definition 2.1[11]

Let X be a space of points and I be the unit interval
[0, 1]. A fuzzy set A in X is a mapping from X — |

Definition 2.2[3]
A fuzzy topology is a family T of fuzzy sets in X which
satisfies the following conditions
(i) Oand1€eT.
(i) Ifu,85 €T, thenuAnd eT.
(iii) If u; € T foreachi€lthenvy; €T, thenTis
called a fuzzy topology and the pair (X, T) is a
fuzzy topological space.

Definition 2.3[3]

Let f be a function from X to Y. Let B be a fuzzy setin Y
with membership function wugz(y). Then the inverse of B,
written as f~1[B], is a fuzzy set in X whose membership
function is defined by -1 (x) = up(f(x)) for all x in X.
Conversely, let A be a fuzzy set in X with membership
function u,(x). The image of A, written as f[A], is a fuzzy
set in Y whose membership function is given by

tra () =
{1a(2)}

sup
{zef—l[y]
0 other wise.
forallyinY, where f~1[y] = {x\f(x) = y}.
Definition 2.4[6]
A fuzzy subset u of fuzzy space X is called fuzzy sp-open
(fuzzy sp-closed) setif u < Intcluvcl Intu (IntcluAcl

Intu < u). The class of all fuzzy sp-open (fuzzy sp-closed)
sets in X will be denoted by FSP-O(X) (FSP-C(X)).

Definition 2.5[9]

Let (X, r) be a topological space and define 7(4,) =
Ta(5ay) = { Go(#X) : GoaNAg# ¢, for Ag € Tand A # ¢,
X, for some a € J, where J is the index set }. Define 75 =
{¢, X, Uges{T,}3- The collection  of subsets of X is called

the fine collection of subsets of X and (X, z, ty) is said to be
the fine space X generated by the topology = on X.

if f71[y] is non empty

I11. FINEFUZZY sp CLOSED SETS IN FINE FUZZY
TOPOLOGICAL SPACES

Definition 3.1
Let us consider the fuzzy topological space (X, T)
T(Ae) = To={g( #1 )y ALy =0, for

TyandA, #0,1,

and let
Aq €
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Where Jis the indexed set for someo €J}. Then the
collection 7; ={0y,1x, Uyci{T,J} is said to be fine fuzzy
topology on X' and (X,7,T;) is the fine fuzzy topological
space. It is denoted byFfTS.

Definition 3.2

A fuzzy subset A of a FfTS, is fine fuzzy open set
of X (FfO(X)), if A e T; and its complement is denoted
by fine fuzzy closed set (FfC (X)) of X.

Definition 3.3

Let u € I*. Then the fine fuzzy interior of u is
denoted and defined by
Ffint(u) =V {v: u =v,uisafine fuzzy open set of X }.

Definition 3.4

Let v € I, Then the fine fuzzy closure of v is denoted
and defined by
FfCl(v) = A { u: v < y, v is a fine fuzzy closed set of X }

Definition 3.5
Let ¥:(X,T,7;) = (Y, o,0;) be a mapping if

Y 1) € FfO(X) for each fine fuzzy open set A of Y,
then  is called fine fuzzy- irresolute.

Definition 3.6
A fine fuzzy subset A of X is called

1. fine fuzzy pre closed (FfpC) if
FfCI(Ffint(1)) < A.

2. fine fuzzy semi closed (FfsC) if
Ffint(FfCI()) < A.

3. fine fuzzy a -closed (FfaC) if
FfCl (Fﬂnt(fFCl(/’l))) <A

4. fine fuzzy  B-closed (FfBC) if
Ffint (FfCI(Ffint(2))) < 1.

5. fine fuzzy sp-closed (FfspC) if

FfCI(FfInt(1)) A FfInt(FfCI(1)) < A.

The class of all fine fuzzy sp closed set in X is denoted by
FfspC(X) and its complement is fine fuzzy sp open set is
FfspO(X) similarly for all the set

Definition 3.7

Let (X,7,7;) be a FfTS. Let A be fine
fuzzy set of X. Then,

1. Ffpint(w) =v{wu<v,u € FfpoO(X) } is
fine fuzzy pre Interior.

2. FfpClv) =A{viv=yu, ve FfpC(X)} is fine
fuzzy pre closure.

3. Ffsint(u) =v{w:p <v,u € FfsO(X)} is fine
fuzzy semi Interior.

4. Ffsclv) =A{viv=yu, v € FfsC(X)} is fine
fuzzy semi closure.

5 Ffalnt(u) =v{u:p <v,u € Ffa0O(X)} is fine
fuzzy a-Interior.

6. FfaClv) =A{viv=u, v € FfaC(X)} is fine
fuzzy a-closure.

7. FfpInt(u) =v{m:u<v,u € Ff O(X)}is fine
fuzzy B-Interior.
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8. FfBCI(v) =A{viv=yu, v € Ff BC(X)} is fine
fuzzy B-closure.

9. FfspInt(u) = vV {u: u <v,u € FfspO(X) is fine
fuzzy sp-Interior.

10. FfspCl(v) =A{v:v=u, v € FfspC(X)}is fine
fuzzy sp-closure.

Remark 3.1 A fine fuzzy set A of X. Then
(i FfsCl(1) = Aand Ffsint(1) < A,
(i) A < u= FfsCl(A) < FfsCl(p),
Ffsint(A) < Ffsint(u).
(iii) FfInt(FfCl(1)) <
FfsCl(A),Ffcl(Ffint(d)) = 1.

Proposition 3.1

A fine fuzzy set A of X, then following properties
are true:

(i) FfsCl(A) = AV Ffint(FfCI(A)) and
FfsInt(1) < A A Ffcl(Ffint(d)).
(i) FfpCI(A) = AV Ffcl(Ffint(A)) and

FfpInt(1) < A A FfInt(FfCI(D)).
Proof

(i) Since, by the above remark it is easy.

(i) Since, A < FfpCI(A), FfpCI(Q) is a fine fuzzy
pre  closed  set, Ffcl(Ffint(d)) <
FfCI(FfInt(FfpCl(A))) < FfpCI(A).Thus,A v
FfCl(FfInt(A)) < FfpCl(2).Since, A=
FfpInt(A), FfpInt(A) is a fine fuzzy preopen
set,

FfInt(FfC1(A)) > FfInt(FfCl(FfpInt(A))) =
FfpInt(A) Thus, A A Ffint(FfCI(D)) =
FfpInt(A).

Proposition 3.2

For any fine fuzzy subset A of X, then

(i) A is fine fuzzy sp-closed is equivalent

to

(i) A = FfpCI(A) A FfsCl(A)
(i) = (i)
Given that A is a fine fuzzy sp-closed,
(i.) A = Ffint(FfC1(2)) A FCI(FfInt(2)).
Then FfpCl(A) A FfsCI(A) = AV FfCI(FfInt(A)) A
AV FfInt(FfC1(D)). > AV
[FfCI(FfInt(})) A FfInt(FfC1(D))].

>AVvai=A

Hence (i) = (ii)
Conversely, (ii)=(i). Assume that A < FfpInt(A) v
FfsInt(). Since, by Definition 3.6 we get A is fine fuzzy sp-
closed.

Proof

Proposition 3.3

For any two fine fuzzy sets 4 and u of X. Hence
the following are true.

(i) FfspCI(A) is fine fuzzy sp closed.

(i) A € FfspC(X) & A = FfspCI(A).

(iii) A < pu = FfspCl(1) < FfspCl(w).
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(iv) Ffsplnt(4) is fine fuzzy sp open.
(V) A € FfspO(X) & A = Ffspint(1).
(vi) 1 < u = FfspInt(4) < Ffspint(w).
(vii) Ffint(1) < Ffspint(1) < A < FfspCl(A) < FfCI(A).

Proof

(i) Assume that pis FfspCI(A) by the Definition 3.4,
uw=FfspCl(A) =A{n: n=4 n € FfspC(X) }.
Hence, p is fine fuzzy sp closed.
(ii) Assume thatA=  FfspCl(A)
Definition 3.4 we have,
A= FfspCl(A) =A{ wpn=2, p € FfspC(X) }
o A en{u: u=4 p € FfspC(X) }.
& Ais FfspC(X).
(i) Assume that 1 < p then FfspCl(A) < FfspCl(w).
(iv) Assume that A is Ffspint(1) by Definition 3.3 we
get
FfspInt(1) = v{ : un < A, pn € FfspOo(X) }.
Hence A is fine fuzzy sp - open.
(v) Assume that A = Ffsplnt(1) then
3.3 we have,
FfspInt(1) = v {:p < A, p € Ffspo(X) }.
o lev{up<i p € FfspO(X) }
& A € FfspO(X).
(vi) Assume that A < u then Ffsplnt(1) < Ffsplnt(p).
(vii)Proof is immediate from Definition 3.6

then by the

by Definition

Lemma 3.1

A fine fuzzy set A € FfTS(X). Then
(i) FfCI(1y —A) =1, —Ffint(4) and
(i) FfInt(1y — A) = 1,— FFCI(A).

Proof

(i) Let A be fine fuzzy set and u be fine fuzzy open set
with u < A. Letv = 15- 4 be fine fuzzy closed set. Then
Ffint(A) = V{1, —v:v € FfspC(X)andv =>1,-1}
=1, — A{v:v € fine fuzzy closed set andv = 1, — A}
Ffint(A) = 1, — FfCI(1 — 2).

Thus, FfCI(1, — 1) = 1, — FfInt(4).

(if) Let u be a fine fuzzy set and A be fine fuzzy closed
with 4 < pu. Hence, for a fine fuzzy open set v <1, —
A

FfCI(A) = A {1y —pu: v € FfspO(X) v <14 — A}

=1, — VvV { u: uis afine fuzzy open setandv < 1, — 1}
FfCI(A) = 15 — FfInt(1, — A).Thus, FfICI(1, — ) = 15 —
FfInt(2).

Lemma 3.2
A fine fuzzy set A € FfTS(X),
(i) FfspCl(1, —A) =1, —Ffsplint (1) and
(i) FfspInt(1, — A) = 1, — FfspCI(A).
Proof

(i) . A fine fuzzy set A, w is fine fuzzy sp open set
with u < A. Letv = 1,-21 be fine fuzzy sp closed set.
Then

FfspInt() = v {1y —v:v € FfspC(X)andv =>1,-1}
=1y —A{v:v EFfspC(X)andv = 1,-1}.

FfspInt(1) = 1, — FfspCl(1, — ).

Thus, FfspCl(1 — 1) = 1, — Ffspint(4).
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(ii). A fine fuzzy set u, A € fine fuzzy sp closed
with 2 < p. Then for a fine fuzzy sp open set v < 1, —
A

FfspCl (1) = A {1y —u: v € FfspO(X), v <1, — A}
=1y —V{v € FfspO(X), v <1y — 1}

FfspCl(A) = 1, — FfspInt(1, — A).

Thus, FfspInt(1, — A) = 1, — FfspCI(4).

Proposition 3.4

A fine fuzzy set A of X. Thus the following statements are

hold

(i)FfspCl(A) > AV ((Fﬂnt(FfCl(A)) A (FfCl(Fﬂnt(A)))).

(ii) FfspInt(1) < A A (<Fﬂnt(FfCl(A)) v (FfCl(Fﬂnt(A)))).
(iii) FfspCl(2) = (FfsCI(D)) A (Ffpcl (D).
(iv) Ffspint(2) < (FfsInt(A)) v (FfpInt(d)).

Proof
(i Since,
(i.e)
A 2 Fiint(FFCI(3) ) A (FfCI(Ffint()) ) and 4 < FfspCl(2).

FfspCI(2) = A > FfInt(FfCI(Y)) A (FfCl(Fﬂnt(A))).

Ffspcl(1) is fine fuzzy sp closed set

Hence,
FfCIFfIntA

FfspCI(1) = AV ((Fﬂnt(FfClO\)) A

(i) Since, Ffsplnt(2) is fine fuzzy sp open set (i.e)
2 < Ffint(FFCIQV)) v (FFCI(Ffint(1))) and 2 < Ffeplnt(2).
Ffepint(2) < 2 < Ffint(FFCI(X) v (FFCI(Ffint(1)) ).
Hence,
FfspInt(1) < A A ((Fﬂnt(Ffm(;\)) (FfCl(Fﬂnt(;\)))).
(iii)Assume

(FESCI()) A (FEpCIR)) = (A v Ffnt(FEsCIM)) ) A
(x v (FfCl(Fﬂnt(x))))

=V ((Fﬂnt(Ffm(;\)) A (FfCl(FfInt(D)))

= (Fflnt(FfCl(A)) A (FfCl(Fﬂnt(?\)))) >
Thus, (FfsCI(Q)) A (FfpCI(Q)) > FfspCI(Q).
(V) (FfsInt(2)) v (FfpInt(0)) < (1 A FECI(FInt(R)) ) v
(A A Ffint(FfC1(D)))
= AA (((FfCl(FfInt(A))) v FfInt(FfCl(A)))

- <(ch1(Fﬂnt(x))) v Fﬂnt(FfCl()\))) < Ffspint(}).

Proposition 3.5

Let A be a fine fuzzy subset of X. Then the
equivalent statements are valid
(i) A € fine fuzzy sp closed.
(i)  A° € fine fuzzy sp
open.
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(i) 1> ((Fflnt(FfCl(A)) A (FfCl(FfInt(/l)))) .
(iv) 1< ((FfInt(chz(/l)) v (chz(FfInt(/l)))).

Proof (i) & (ii) follows from Lemma 3.2
(i) = (iii)
By definition 3 a fine fuzzy sp closed set :
1> ((Ff]nt(FfCl(A)) A (FfCl(FfInt(A)))).
1) = (v)

By definition Ja fine fuzzy sp closed set :

1> ((FfInt(chz(/l)) A (FfCl(FfInt(A))))

and 1y — A is fine fuzzy sp open set. Hence,
2 < ((Fflnt(FfCl(A)) v (FfCl(FfInt(A)))).

Proposition 3.6

A fine fuzzy set A € FfTS(X). Hence, the
properties are hold
Q) FfspCl(0x) = 0.
(i) FfspCl(FfspCl(1)) = FfspCI(A).
(iii) FfspInt(FfsplInt(1)) = FfsplInt(4).

Proof
It is obvious.

Proposition 3.7

A FfTS(X), the relations are valid
Q) FfspCl(A Vv ) = FfspCl(1) v FfspCl(w)
(i) FfspCI(A A u) < FfspCI(A) A FfspCl(w).
(iii) FfspInt(A v p) = Ffsplnt (1) v FfspInt(p).
(iv) Ffspint (A A u) < Ffspint (1) A FfspInt(p)

Proof

i) 2<Avu or u<ivyu

FfspCl(1) < FfspCIl(A v u) or

FfspCl(u) < FfspCl(A v ). Therefore,

FfspCI(A v u) = FfspCI(A) v FfspCl(p).
(i) A=AAporu=AAp that

FfspCl(1) = FfspCI(A A ) or

FfspCl(u) = FfspCl(A A ).

Therefore, FfspCI(A A u) = FfspCl(1A) A FfspCI(p).

@iii) A<Avpu or u<Avyu that implies

Ffspint(1) < FfspInt (A v u) or

Ffspint (1) < FfspInt(4 v u). Therefore,

Ffspint (A v u) =Ffspint (1) v FfspInt(p).

that implies

implies

(iv) A=AAporu=iAnu that  implies
FfspInt(1) = FfspInt(A A u) or
Ffsplint(u) > FfspInt(1 A p). Therefore,

FfspInt(A A ) = FfspInt(1) A FfspInt(w).

IV. RESULT DESCRIPTIONS
Proposition 4.1
Every FfC is FfsC.
Proof

For a fine fuzzy closed set 4, FfCI(1) = A.
To prove A is fine fuzzy semi closed
Since, FfCI(1) < Aand FfInt(1) < 2
Ffint((FfCL(D))) < FfInt(R).
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Ffint(fFCI(D)) < A
Hence, every FfC setis FfsC.

Note 4.1

The converse of Proposition 4.1 need not be true,
shows in the following
Example 4.1

Let X = {a, b} be a nonempty set. Let 1,, A,, A3,

Ay As, Ag € 1% be defined as A,(a) = 0.3, 1,(b) = 0.5;
/12((1) = 0.6, /’{z(b) = 0.5, /13((1) = 0.4, A3(b) = 0.4,
/14((1) = 0.3, /‘l4(b) = 0.4, /15(61) = 0.5, As(b) = 0.6,
A¢(a) = 0.5, Ac(b) =0.5. Let T ={0, 1, A;, 1,} be the
fuzzy topology on X and Then 7 = {0y, 1y, U(er{Ta}}
fine fuzzy topology defined as T(4,) = T, T(4,) =T, =
A3 ={A3A A4 =2 #0}, T(A) =T =25 =
FfsC,but1; € FfC.

Proposition 4.2
Every FfCis FfaC.
Proof

Let A be fine fuzzy closed, FfCI(1) = A.
To prove: L € FfaC.
Since, 1 < FfCl(1)

Ffint() < (FfInt(FfCI(2)))
FfCU(FfInt(1)) < FfCL(FfInt(FfCL(A)))
Ffint(1) < FfCl (Fflnt(Ffa(A)))

1 < Ffcl(Ffimt(FFCID)).
Hence, every FfC is FfaC.
Note 4.2
The converse of Proposition 4.2 need not be true shows
in the following
Example 4.2

Let X = {a, b} be a nonempty set. Let 1;, A,, A5,
Ay, A5, Ag € 1% be defined as 4,(a) = 0.3, 1,(b) = 0.5;

A(a@) =06, 2A,(b) =0.5; 2A3(a) =04, A;(b) =04,
(@) =03, A,(b) =04; 2A5(a) =0.5, A5(b) =0.6;
A¢(a) = 0.5, A¢(b) =0.5. Then (X,T) is fTS where

T=1{0, 1, 44, 4;} and T; = {0y, 1y, U(xe\]{TO(‘}} a fine
fuzzy  topology defined as T,) =T =4;3=
AN =2,#0}, TA) =7 =4={AsA 1 =
A6£0. Thus, (X, 7, 77) is Ff7S. Let A3 € FfacC, but 43¢
FfC.
Proposition 4.3

Every FfsC is FfspC.
Proof

Let A € FfsC.

Published By:

WWW.LJEAT.ORG,

& Sciences Publication

Exploring Innovation



International Journal of Engineering and Advanced Technology (IJEAT)

Since, FfInt(FfCI()) < A - €))
Since, FfInt(1) < 2
FfCI(FfInt()) < Ffcl(d) - (2)

FFCUFfint(D)) < A

From (1) and (2)

ANFFCL(A) = FfInt(FfCL(A)) AFFCL(FfInt(A))
A = FfInt(FfCL(A)) AFfCL(FfInt(A)).

Hence, every FfsC is FfspC.

Note 4.3

The converse of Proposition 4.3 need not be true shows
in the following

Example 4.3

Let X = {a, b} be a nonempty set. Let A;, 1,, 45,
A4 As, Ag € IX be defined as A;(a) = 0.3, 1,(b) = 0.5;
A(a) =06, A,(b) =0.5; Az3(a) =04, A;(b) =04
A(a) =03, A,()=04; As(a) =05 A5(b) =0.6;
A¢(a) = 0.5, A¢(b) =0.5. Let 7 ={0, 1, A;, 1,} be the
fuzzy topology on X and Then 7 = {0y, 1y, U(er{Ta}}
be fine fuzzy topology defined as T(1,) =71 =13 =
(BN =2#0}, TA) =T, =45 ={As A A, =
A6#0. Thus, ( X, 7, 7/) is Ff7S. Let 16 EFfspl but A6&
FfsC.

Proposition 4.4
Every FfpC is FfspC.
Proof
Let A be fine fuzzy pre-closed set.
Since, A = FfCI(FfInt(1)) and A = FfInt(FfCl(1)).
= A = FfCI(FfInt(1)) A FfInt(FfCL(D)).
Hence, every FfpC is FfspC.

Note 4.4

The converse of Proposition 4.4 need not be true shows in
the following

Example 4.4

Let X = {a, b} be a nonempty set. Let 1,, 4,, 43,
Ay, As, Ag € I* be defined as A;(a) = 0.3, A,(b) = 0.5;
/12(61) = 0.6, /’{z(b) = 0.5, 13(0,) = 0.4, /13 (b) = 0.4;
A(a) =03, A, (b) =04; As(a) =0.5, A;(b) =0.6;
A¢(a) = 0.5, A,(b) =0.5. Let 7 ={0, 1, A;, A,} be the
fuzzy topology on X and Then 7; = {0x,1y, UaeJ{Ta}}
be fine fuzzy topology defined as T(1,) =T, =43 =
{ABAL=2,#0}, T(A) =T, =As={AsA A, =
A6£0.Thus, (X, 7, T/) is Ff75. Let A5 € FfspC, but A5¢
FfpC.

Proposition 4.5
Every FfspCis FfBC.

Proof
Let 1 be fine fuzzy sp-closed set. ie 1>
FfCU(FfInt()) AFfInt(FfCL(A)).
To Prove A = FfInt(FfCL(FfInt(1))).
Also, A > FfCI(FfInt(2))and A = FfInt(FfCL(2)).
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A = FfInt(A) = FfInt(FfCI(FfInt(2))).
Hence, every FfspC is FfBC.

Note 4.5

The converse of Proposition 4.5 need not be true shows
in the following

Example 4.5

Let X = {a, b} be a nonempty set. Let 1,, 1,, A5,
As As, Ag, A, € IX be defined as A,(a) = 0.3, A,(b) =
0.5; A,(a) = 0.6, 1,(b) = 0.5; 13(a) = 0.4, 15(b) = 0.4;
M(a) =03, A,(b) =0.4; Ag(a) =0.5, Ag(b) = 0.6;
A¢(a) = 0.5, A,(b) =0.5; 1,(a) = 0.6, A,(b) =0.7. Let
T ={0, 1, 4, A} be the fuzzy topology on X" and Then 7;

={0x,1x, UQGJ{TQ}} be fine fuzzy topology defined as

T(Al)=7‘1 =A3={A3/\ /‘{1=A4¢0}, T(/‘{Z)sz =
As ={As A 2, = 25 # 0}. Thus, (X, T,7}) is FfTS. Let A,
€ FfBC,but A, & FfspC.

Proposition 4.6
Every FfpCis FffC.

Proof

Let 1 € FfpC.
Since, FfCI(FfInt(1)) < A
To Prove FfInt(FfClL(FfInt(1))) < A
= FfInt(FfCU(FfInt(1))) < FfInt(1) < A
Hence, every FfpC is FfC.

Note 4.6

The converse of Proposition 4.6 need not be true shows
in the following

Example 4.6

Let X = {a, b} be a nonempty set. Let 1,, A,, A5,
s, As, Ag, A, € I* be defined as 2,(a) = 0.3, 1,(b) =
0.5; A,(a) = 0.6, 4,(b) = 0.5; 23(a) = 0.4, 15(b) = 0.4;
M(a) =03, A,(b) =04; As(a) =0.5, A5(b) = 0.6;
A¢(a) = 0.5, A4(b) = 0.5; A,(a) =0.5, A,(b) =1. Let
T ={0, 1, 4;, 4,} be the fuzzy topology on X and Then T}

={0yx,1x, UGEJ{TQ} be fine fuzzy topology defined as

T(Al)=7‘1 =)~3={A3/\ 11=A4:#0}, T(lz)sz =
As ={As A A = A6 # 0}. Thus, (X, T, ;) is FfTS. Let A,
€ FfBC, but A, & FfpC.

Proposition 4.7
Every FfC is FfspC.

Proof

Let A € FfC(X) and by Proposition 3.9 & 3.12 we
have
Since, FfInt(A) < Aand FfClU(FfInt(A)) < (FfCl(1))
FfCI(FfInt(1)) < (FfClA) <A D
Since, A = FfCl(A), FfInt(A) = FfInt(FfCIl(1))
A= Ffint(FfClL(1)) (2
Hence, from (1) and (2) 1 € FfspC.
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Note 4.7

The converse of Proposition 4.7 need not be true shows in
the following

Example 4.7

Let X = {a, b} be a nonempty set. Let A;, A,, 43,
Ay As, Ag € I* be defined as 2,(a) = 0.3, 1,(b) = 0.5;
(@) =06, A,(b)=05; A3(a) =04, A3(b) =0.4;
(@) =03, A,(b)=04; As(a) =05, As5(b) = 0.6;
Ag(a) = 0.5, As(b) = 0.5. Let T ={0, 1, A;, A,} be the

fuzzy topology on X and Then 7; = {Oy, 1y, UOLGJ{TQ}}

be fine fuzzy topology defined as T(1,) =T, =13 =
{BA 4 =2,#0}L, TA) =T, =4 ={As A 1, =
A6#0. Thus, (X, 7, Tf) is Ff7S. Let A5€ FfspC but 45

¢ FfC.
Note 4.8
Clearly the above discussions gives the following
implications:
e
| FfsC I‘—{ FfaC ]
[ FfspC J - [ FfpC ]
(e ]
(figure - 4.1)
Interrelations between F fspC and other types of fine
fuzzy sets

Proposition 4.8

Let (X,T,7;) be FfTS. Then
(i) An arbitrary union of fine fuzzy sp open sets are fine
fuzzy open set.
(if) A finite intersection of fine fuzzy sp-closed sets are not
fine fuzzy closed.

V. FINEFUZZY sp CONTINUOUS FUNCTION

Definition 5.1

A function y: (X, 7,7r) - (Y,S,8f) is

a. Ffsp0 (FfspC) if ¥~ (v) € Ffsp0(Y)
[FfspC(Y)] Vv € FFOX) [FfC(X)].

b. Ffsp*0 (Ffsp*C ) if Y(v) € Ffsp0O(Y)
[FfspC(Y)] Vv € FFO(X) [FfCO)]

C. Ffsp**O(Ffsp**C)if Y (v) EFfO(X)
[FfC(X)] Vv € FfspO(Y) [FfspC(Y)]-

Retrieval Number: C5222029320/2020©BEIESP
DOI: 10.35940/ijeat.C5222.029320

1311

Definition 5.2

Let (X, 7, 7;)and
twoFfTSs. Then a map
(Y,8,8) is

a) Fine fuzzy continuous (in short Ffcontinuous)
if Y i(v) e FfCQO[Ffo(X)]Vv E
FFCCY) [FfO(Y)]

b) Fine fuzzy spcontinuous (Ff spcontinuous) if
Yiw) € FfspC(X)[FfspO(X)] Vv €
FFCCY) [FFO(Y)].

(Y, s, S;)be
P (X,T,Tp) =

c) Fine fuzzy sp*continuous (Ff sp*continuous)
if Y l(w)e FfspCO)[Ffsp0(X)]Vv €

FfspC(Y) [FfspO(Y)].

d) Fine fuzzy sp**continuous
(Ff sp**continuous) if Y~ iw) e
FFC(XO[FfO(X)] Vv €
FfspC(Y) [FfspO(Y)].

Proposition 5.1
Every Ff sp**continuous is F fsp*continuous.

Proof

Assume two FfTSs (X, T, T;)and (Y, S, Sf).
A map ¥Y:(X,7,T5) = (Y,8,8) is Ffsp**continuous.
ThenV v € FfspC(Y), Y~1(v) € FfC(X). By Proposition
4.7, every FfC is FfspC. ~ Y~ (v) € FfspC(X),V
v € FfspC(Y). Hence, i is Ff sp*continuous function.

Note 5.1

The converse of Proposition 5.1 need not be true
shows in the following

Example 5.1

Let X = {a, b} be a non empty set. Let ¢;, ¢, €1 be
defined by ¢ (a) =0.3, (b)) =04; {(a) =04,
() =06.LetT ={0, 1, {;, {,} be the fuzzy topology

on X and 7} ={0x,lx, UaeJ{T‘*}} be fine fuzzy

topology on X, defined as T({)=T = =
{GNG=0#0L T(L)=T=4L={LA{ =
§2#0.Thus, X, 7, Tfisa Ff7S Lety: X, 7, 7/~ X,
J, T/ be an identity map. Then ‘¢’ is F/sp* continuous
but not Ffsp** continuous. Since, 9,(a) = 0.5, 9,(b) =
0.6 € FfspC(X), but p~1(9,) =09, & FFC(X). Thus, ¢ is
not Ffsp**continuous. -, every Ff sp*continuous need not
be Ff sp**continuous.

Proposition 5.2
Every Ffsp*continuous is F fspcontinuous.

Proof

Consider two FfTSs (X, T, 7;)and(Y, S, S;). A
map  Y: (X, T,%) - (Y,8,8) is fine fuzzy
sp*continuous.  Then, Vv € FfspC(Y), P t(w)e€
FfspC(X). By Proposition 4.7, every FfC is FfspC. -,
Y I(w) € FfspC(X),YvE FfspC(Y). Hence, ¢ is
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Ffspcontinuous.  Thus,

Ffspcontinuous.
Note 5.2

The converse of Proposition 4.10 need not be true
shows in the following

every  Ffsp*continuous is

Example 5.2

Let X = {a, b} be a nonempty set. Let {;, {, € I* be
defined by g (a) =03, () =04; (a) =04,
{,(b) =0.6.LetT ={0, 1, {;, {,} be the fuzzy topology

on X and 7; ={0x.lx, UaeJ{TO‘}} be fine fuzzy
Tl =9 =4 =
{(1/\(12 G # OX}' T(H) =T = ¢ =

topology on X, defined as

{ LA =6 # Ox}.Thus, (x, T, 7;)isa FfTS.

Let Y = {c, d} be a nonempty set. Let &,, 6, € IY
be defined by &§,(a) =0.4, §,(b) =0.4; &,(a)=0.5,
6,(b) = 0.6. Let S ={0, 1, &,, 6,} be the fuzzy topology

on Y and Sf ={OX,1X, UaEJ{Sa}} be fine fuzzy
topology on Y, §(6,)=8 =6, =
{51/\51 =5, % OX}, SG,) =S, =6, ={62A62 -

defined as

JZ#OX .Now (%, &, Sy) be /7.

Let y:(X,7,7) - (U,5,8;) be defined as
Y(a) = bp(b)=a. Let 9e€I*X. Then Y is
Ffspcontinuous but not Ffsp*continuous. -, 9(a) = 0.6,
9(b) =03 € FfspC(Y), but ¥ 1(9) =(0.3,0.6) ¢
FfspC(X). Thus, ¥ is not Ffsp*continuous. Therefore,
every Ffspcontinuous need not be Ffsp*continuous
function.

Note 5.3
Clearly we get the following relations

F f sp **continuous

A 4

F fsp *continuous

\ 4

F f sp continuous

(figure - 4.2)
Relations between Ffspcontinuous & other types of
F fcontinuous map

Proposition 5.3

For a mapping ¥: (X, T, 7;) - (Y, S, S;), the
equivalent statements as follows.
(i) is Ffspcontinuous.
(i) Y~1(1) € FfspC(X),VAE FFC(Y).
(iii) FfInt(FfClLp~1 (1)) A
FFCU(FfInt(y (1)) <
each fine fuzzy set A of Y.

Y UFFCI(R))  for
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(iv) ¥ (Ff[nt(FfCl(v)) A (FfCl(FfInt(v)))) <
FfCl(y(v)) for each fine fuzzy set v of X.

Proof
(i) = (i)
Let 1€ FfC(Y)and 1,—21€ FfO(X). Hence,
Y11y — ) € FfspO(X). Thus, v ~1(2) € Ffsp0(X).
(i) = (iii)
Assume that (ii), let fine fuzzy set A of Y, then
Y Y(FfCL(A)) is Ffsp closed in X.
FfInt(FFCI@p™ (D)) AFfCUFfint@®~ (1))

< FfInt(FfCI@p~ (FfCL(D))))
AFfCUFfint(p~ (FfCL(A))))
<y Y(FfCl(D).
(iii) = (iv)
Let u be fine fuzzy set of X, put 1 = ¥(u) then
FfInt(FfCLp~ (1)) AFfCUFfInt(p~ (f (1))
< Y Y FfCl(y(p))) so that,
Ffint(FFCI) AFfFCL(Ffint(w)) <
PUEFCL(Y (),
W (Ff]nt(FfCl(u)) AFfCl (Fflnt((u)))) <
FFCI(y(w)).
(iv) = (i)
LetA € FfO(Y). Putu =15 — A and
u =1P~1(A) then

" (Fflnt (Frei(y—@)) A Ffc (Ff”lt ((‘/)_1(’1)))»

< FfeL(v(v™ ™))
< FfCl(A) = A.
Y~1(1) € FfspC(X). Hence,  is Ffspcontinuous.
Proposition 5.4
Let (X, T, 7;), (Y, S, &) and (2, R, Ry) be three
FfrSs and (X, T, %) > (Y, S, S) andg:
(Y, 8, 8;) - (2, R, Ry) be two maps. Then,
(i) if ¢ oy is Ffspopen and 3 is continuous
surjective, then ¢ is FfspO map.

(i) if poyp is FfO and ¢ is
injective, then ¥ is FfspO map.

F fcontinuous

Proof

(i) Let n € FfO(Y). Then, ¥~1(n) €
FfO(X). ~ ¢opisa FfspO map,
then (o)) =
o (W) =om (- v is
surjective) is a fine fuzzy spopen set
in Z.Thus, ¢ is FfspO map.

(i) Let n € FFfO(X). Thengp((m)) €
FfO(Z). + ¢~ ) =)
(~ ¢ is injective) is a FfspO(Y).
Thus, ¥ is FfspO map.
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Proposition 5.5
Let (X, 7, 7;) and (Y, S, S;) be two FfTSs and
Y:(X, T, ;) > (Y, S, Sf) be a bijective map. Then the
following are equivalent:
() Yisa FfspO map
(i) YisaFfspC map.
(iii) Y~ 1isa Ffsp continuous map.
Proof
(i) = (i)
Suppose { € FfC(X). Then 1, — { €
Ffo(X) and by (i) (1x — ) € FfspO(Y). ~

is bijective, then Y1y —{) =1y —P().
Hence, ¥(Q) is FfspC in Y. ~, Y is a FfspC
map.
(i) = (iii)

Let ¢ is a FfespC map and ( €
FfspC(X). Since, 1 is bijective, then

@™H71() = ¥(¢) which is a FfspC set in Y.
=, by Proposition 4.11, ™1 is Ffsp continuous
map.
(i) = (i)
Let § € FfO(X), by assumption =1 is
Ffsp continuous map, then (¢ ~1)71(8) = ¢ (6)
which is a FfspO set in Y. Hence, vy is a FfspO
map.
Proposition 5.6
Let (X, 7, 7;), (Y, S, &) and (2, R, Ry) be three
FfTSs. If ¢:(X, T, Tr) > (Y, S,S) is Ffsp continuous
map and ¢: (Y, S, S;) > (2, R, Rs) is Ff continuous
map then their composition  @oy: (X, T, T;) -
(2, R, R;) is also Ffsp continuous.

Proof

Let { be any Ffsp open subset of (Z, R, R;). Then
(P ™D =@ edp™ ) = (7). Since,
¢ is Ffcontinuous, ¢~1(¢) is fine fuzzy openin (Y, S,S;).
Since, ¥ is Ffsp continuous so that ~2(¢1(0)) is
Ffspcontinuous in (X, T, 7;). Thus, for each FfspOset ¢

in(2, R, Ry), (po) 1) €Ffsp0O(X).Hence, oy
is Ffsp continuous.

VI. CONCLUSION

The novel kind of space called fine fuzzy
topological space is obtained by the notion fine fuzzy
quasi coincident has been introduced in this article.
Accordingly, the interrelations between fine fuzzy sp
closed sets with various types of fine fuzzy closed set have
been investigated with necessary examples, which
revealed that the converse need not be hold are proven
with suitable examples. Then, Ffsp continuous map,
Ffsp*continuous map, Ffsp**continuous function and

continued to investigate the fine fuzzy quotient topology,
connectedness, disconnectedness and compactness in fine
fuzzy bi-topological spaces and their properties.
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their interrelations have been established. Further, we  modeling.
noticed that its reverse implications are also need not be
true. Finally, the fine fuzzy sp open, fine fuzzy sp*open,
fine fuzzy sp**open functions have been defined and its
properties were briefly studied. In future, this work will be
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