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 

Abstract: The main view of this article is the extended 

version of the fine topological space to the novel kind of space 

say fine fuzzy topological space which is developed by the notion 

called collection of quasi coincident of fuzzy sets. In this 

connection, fine fuzzy   closed sets are introduced and studied 

some features on it. Further, the relationship between fine fuzzy 

  closed sets with certain types of fine fuzzy closed sets are 

investigated and their converses need not be true are elucidated 

with necessary examples. Fine fuzzy    continuous function is 

defined as the inverse image of fine fuzzy closed set is fine fuzzy 

  closed and its interrelations with other types of fine fuzzy 

continuous  functions are obtained.  The reverse implication need 

not be true is proven with examples. Finally, the applications of 

fine fuzzy    continuous function are explained by using the 

composition. 

 

Keywords: Fine fuzzy topological space, Fine fuzzy   closed 

set, Fine fuzzy continuous, Fine fuzzy   **continuous. Subject 

Classification Primary:  54A05, 54A10, 54A20. 

I. INTRODUCTION 

The Fuzzy set theory uses the linguistic variable 

to represents imprecise concepts in many real-life 

applications in engineering, robotics, spacial objects, 

biosciences, etc. It is a marvelous tool for modeling in the 

various kinds of uncertainty associated with imprecision and 

vagueness. American Cybernatist Lofti A. Zadeh [12] 

initiated the theory of fuzzy set in 1965. Later, in the year 

1968, the Chang [3] extended the notion of a fuzzy 

topology. Further, Power P. L. and Rajak K[9] investigated 

fine topological space, was particular case of generalized 

topological space. The views on sp-open sets in general 

topology and fuzzy sp-open sets were introduced by 

Dontcev, Przemski in 1996 [5] and Hakeem A. Othman [6] 

in 2011 respectively. 

This paper is mainly focused to the extension of 

fine topological space. The approach on fine fuzzy    

closed sets in fine fuzzy topological spaces were well 

developed and studied. Further, the interrelations of fine 

fuzzy    closed sets with distinctive types of fine fuzzy 

closed set were investigated. Later, we defined the fine 

fuzzy    continuous functions and briefly discussed on its 

properties. 
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II. PRELIMINARIES  

Definition 2.1[11] 

 Let X be a space of points and I be the unit interval 

[0, 1]. A fuzzy set   in X is a mapping from X   I 

Definition 2.2[3] 

A fuzzy topology is a family T of fuzzy sets in X which 

satisfies the following conditions 

(i) 0 and 1   T. 

(ii) If     T, then      T. 

(iii) If     T for each i   I then      T, then T is 

called a fuzzy topology and the pair (X, T) is a 

fuzzy topological space. 

Definition 2.3[3] 

Let f be a function from X to Y. Let B be a fuzzy set in Y 

with membership function       . Then the inverse of B, 

written as          is a fuzzy set in X whose membership 

function is defined by                      for all x in X. 

Conversely, let A be a fuzzy set in X with membership 

function        The image of A, written as     , is a fuzzy 

set in Y whose membership function is given by                  

             

                            
               

   
                                   

                                             
  

for all y in Y, where                       

Definition 2.4[6] 

A fuzzy subset u of fuzzy space X is called fuzzy sp-open 

(fuzzy sp-closed) set if u   Int cl u   cl Int u ( Int cl u   cl 

Int u   u ). The class of all fuzzy sp-open (fuzzy sp-closed) 

sets in X will be denoted by FSP-O(X) (FSP-C(X)). 

Definition 2.5[9] 

Let (X, τ) be a topological space and define τ(  ) = 

  (say) = {   (≠X) :          ∩    ≠  , for        and    ≠  , 
 , for some α   J, where J is the index set }.  Define    = 

{ ,  , J{T }  }. The collection    of subsets of X is called 

the fine collection of subsets of X and (X, τ,   ) is said to be 

the fine space X generated by the topology τ on X. 

III. FINE FUZZY    CLOSED SETS IN FINE FUZZY 

TOPOLOGICAL SPACES 

Definition 3.1  

Let us consider the fuzzy topological space (   )    and let 

         { 1 0,       ( ): for     

   and 0, 1  ,  
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Where J is the indexed set for some α  J } . Then the 

collection    JX X{0 , 1 ,  {T }}   is said to be fine fuzzy 

topology on   and (      ) is the fine fuzzy topological 

space. It is denoted by    . 

Definition 3.2 

 A fuzzy subset   of a     , is fine fuzzy open set 

of             if        and its complement is denoted 

by fine fuzzy closed set (        of  . 

 Definition 3.3 

 Let      . Then the fine fuzzy interior of   is 

denoted and defined by  

                                                     . 

Definition 3.4 

Let     . Then the fine fuzzy closure of   is denoted 

and defined by  

                                                       

Definition 3.5 

 Let                     be a mapping if 

                for each fine fuzzy open set   of  , 

then   is called fine fuzzy- irresolute. 

Definition 3.6 

A fine fuzzy subset   of   is called 

1. fine fuzzy pre closed        if 

                  

2. fine fuzzy semi closed        if 

                  

3. fine fuzzy   -closed        if 

                        

4. fine fuzzy  -closed         if 

                         

5. fine fuzzy   -closed         if 

                                 

The class of all fine fuzzy    closed set in   is denoted by 

Ff  C( ) and its complement is fine fuzzy    open set is 

Ff  O( ) similarly for all the set 

Definition 3.7  

 Let          be a     . Let   be fine 

fuzzy set of   . Then,  

1.                                     is 

fine fuzzy pre Interior. 

2.                                 is fine 

fuzzy pre closure. 

3.                                  is fine 

fuzzy semi Interior. 

4.                                   is fine 

fuzzy semi closure. 

5.             {                  } is fine 

fuzzy  -Interior. 

6.             {                    is fine 

fuzzy  -closure. 

7.              {                     is fine 

fuzzy  -Interior. 

8.                                   is fine 

fuzzy  -closure. 

9.                {                    is fine 

fuzzy   -Interior. 

10.             {                     } is fine 

fuzzy   -closure. 

Remark 3.1    A fine fuzzy set   of  . Then 

(i)             and               , 
(ii)                                , 

                         . 
(iii)                

        ,                 . 

Proposition 3.1 

A fine fuzzy set   of  , then following properties 

are true: 

(i)                            and  

                                

(ii)                            and  

                                

Proof   

(i) Since, by the above remark it is easy.  

(ii)  Since,    FfpCl( ),          is a fine fuzzy 

pre closed set,                 

                                 Thus,  

                        Since,     

           , FfpInt( ) is a fine fuzzy preopen 

set,  

                                       

         Thus,                      

         .   

Proposition 3.2 

 For any fine fuzzy subset   of  , then  

(i)    is fine fuzzy sp-closed  is equivalent 

to  

(ii)                     
Proof     (i)    (ii) 

Given that    is a fine fuzzy   -closed, 

(i.e)                                   

Then                                     

                                                    

                                 

              . 

Hence (i)    (ii) 

Conversely, (ii) (i). Assume that             
           Since, by Definition 3.6 we get   is fine fuzzy   -

closed. 

Proposition 3.3 

 For any two fine fuzzy sets   and   of  . Hence 

the following are true. 

(i) Ff  Cl( ) is fine fuzzy    closed. 

(ii)    Ff  C( )     Ff  Cl( ). 

(iii)      Ff  Cl( )   Ff  Cl( ).  
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(iv) Ff  Int    is fine fuzzy    open. 

(v)    Ff  O( )     Ff  Int( ). 

(vi)      Ff  Int( )   Ff  Int( ). 

(vii) FfInt     Ff  Int( )     Ff  Cl(    FfCl( ). 

Proof  

(i) Assume that   is Ff  Cl( )  by the Definition 3.4, 

               {                      }. 

Hence,   is fine fuzzy    closed. 

(ii) Assume that     Ff  Cl( )  then  by the 

Definition 3.4 we have,   

                  {                      } 

           {                      }. 

      is Ff  C( ).  

(iii) Assume that     then Ff  Cl( )   Ff  Cl( ). 

(iv) Assume that    is Ff  Int( )  by Definition 3.3  we 

get 

               {                     }. 

Hence   is fine fuzzy    - open. 

(v) Assume that         Int    then  by Definition 

3.3  we have, 

                  {                   }. 

         {                     } 

        Ff  O( ). 

(vi) Assume that     then Ff  Int( )   Ff  Int( ). 

(vii) Proof  is immediate from Definition 3.6 

Lemma 3.1  

 A fine fuzzy set         (  . Then 

(i) FfCl(    ) =     – FfInt ( )  and  

(ii) FfInt(    ) =   – FfCl( ). 

Proof    

(i) Let   be fine fuzzy set and   be fine fuzzy open set 

with         Let     –   be fine fuzzy closed set. Then 

FfInt( )      {                   and     –   } 

                                                  
 FfInt( )       – FfCl(    ). 

Thus, FfCl(    )      – FfInt( ). 

(ii) Let   be a fine fuzzy set and   be fine fuzzy closed 

with     . Hence, for a  fine fuzzy open set        
   

           {                            } 

                                                     
            – FfInt(    ).Thus, FfCl(    )      – 

FfInt( ). 

Lemma 3.2  

 A fine fuzzy set         (  , 
(i) Ff  Cl(    )   =    – Ff  Int ( ) and  

(ii) Ff  Int(    ) =    – Ff  Cl( ). 

Proof  

(i) .  A fine fuzzy set  ,    is fine fuzzy    open set 

with        Let     –   be fine fuzzy    closed set. 

Then  

 Ff  Int( )     {                   and     –   } 

             {               and     –   }. 

Ff  Int( )       – Ff  Cl(    ). 

Thus, Ff  Cl(    )      – Ff  Int( ). 

(ii). A fine fuzzy set  ,      fine fuzzy    closed 

with     . Then for a fine fuzzy    open set        
   

Ff  Cl        {                           } 

                         {                     } 

Ff  Cl        – Ff  Int(    ). 

Thus, Ff  Int(    )      – Ff  Cl( ). 

Proposition 3.4 

A fine fuzzy set   of  . Thus the following statements are 

hold 

(i)                                              . 

(ii)          )                                       . 

(iii)         )                         

(iv) Ff  Int( )                           

Proof  

(i) Since,  Ff  cl( ) is fine fuzzy    closed set 

(i.e) 

                                    and    Ff  Cl( ). 

 Ff  Cl( )                                     .  

 Hence,               )                     

FfClFfInt  

(ii) Since,  Ff  Int( ) is fine fuzzy    open set (i.e) 

                                   and    Ff  Int( ).  

 Ff  Int( )                                     .  

Hence, 

         )                                     . 

   (iii)Assume    

   

     
                                            

                                                               

                                           

                                          

Thus,                                . 

(iv)                                            

                                                                            

                                      

                                                     

Proposition 3.5 

Let    be a fine fuzzy subset of  . Then the 

equivalent statements are valid 

(i)     fine fuzzy    closed. 

(ii)       fine fuzzy    

open. 
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(iii)                                         

(iv)                                       . 

Proof   (i)   (ii) follows from Lemma 3.2 

          
 By definition   a fine fuzzy    closed set : 

                                      

          
By definition  a fine fuzzy    closed set :  

                                     

and      is fine fuzzy    open set. Hence,  

                                       

Proposition 3.6 

 A fine fuzzy set         (  . Hence, the 

properties are hold 

(i) Ff  Cl(  ) =   . 

(ii) Ff  Cl(Ff  Cl( )) = Ff  Cl( ). 

(iii) Ff  Int(Ff  Int( )) = Ff  Int( ). 

Proof   

 It is obvious. 

Proposition 3.7 

 A     (  , the relations are valid 

(i) Ff  Cl        Ff  Cl     Ff  Cl    
(ii) Ff  Cl        Ff  Cl     Ff  Cl     
(iii) Ff  Int(   )   Ff  Int ( )              
(iv) Ff  Int (   )   Ff  Int ( )             

Proof    

(i)         or         that implies 

Ff  Cl( )   Ff  Cl(   ) or   

Ff  Cl( )                Therefore,   

Ff  Cl(   )   Ff  Cl( )             
   (ii)        or      that implies 

Ff  Cl( )   Ff  Cl(   ) or  

 Ff  Cl( )                
Therefore, Ff  Cl(   )   Ff  Cl( )             
(iii)         or         that implies 

Ff  Int( )   Ff  Int (   ) or  

Ff  Int ( )                 Therefore,  

Ff  Int (   )  Ff  Int ( )              
(iv)       or        that implies 

Ff  Int( )   Ff  Int(   ) or 

 Ff  Int( )                Therefore, 

Ff  Int(   )   Ff  Int( )              

IV. RESULT DESCRIPTIONS 

Proposition 4.1 

 Every      is     . 

Proof  

 For a fine fuzzy closed set  , FfCl( ) =    
To prove   is fine fuzzy semi closed  

Since, Ff        and FfInt( )       

                         .   

                  

Hence, every     set is     . 

 

 

Note 4.1 

           The converse of Proposition 4.1 need not be true, 

shows in the following 

Example 4.1 

 Let   = {a, b} be a nonempty set. Let          

              be defined as           ,          ;  

         ,          ;          ,          ;  

         ,          ;          ,          ;  

         ,             Let               be the 

fuzzy topology on   and Then   X X J
{0 , 1 ,  {T }}


 

fine fuzzy topology defined as                     

              ≠                
           ≠     Thus, (  ,     ) is     . Let      

    , but        . 

Proposition 4.2 

 Every     is     . 

Proof 

Let    be fine fuzzy closed, FfCl( ) =    
To prove:         . 

Since,    Ff      

                          

                                    

                              

                         

Hence, every      is     . 

Note 4.2 

      The converse of Proposition 4.2 need not be true shows 

in the following 

Example 4.2 

        Let   = {a, b} be a nonempty set. Let          

              be defined as           ,          ;  

         ,          ;          ,          ;  

         ,          ;          ,          ;  

         ,            Then        is       where 

              and   X X J
{0 , 1 ,  {T }}


 
a fine 

fuzzy topology defined as              
           ≠                                
 6≠ . Thus, (  ,  ,   ) is     .  Let  3       , but  3  

   . 

Proposition 4.3 

 Every      is      .   

Proof 

 Let         .  
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Since,                                                               

Since,                               

                                                                    

                                                  

From   (1) and (2) 

                                           

                                     

Hence, every       is      . 

Note 4.3 

      The converse of Proposition 4.3 need not be true shows 

in the following 

Example 4.3 

        Let   = {a, b} be a nonempty set. Let          

               be defined as           ,          ;  

         ,          ;          ,          ;  

         ,          ;          ,          ; 

         ,            Let                be the 

fuzzy topology on X and Then   X X J
{0 , 1 ,  {T }}


 

be fine fuzzy topology defined as              
           ≠                          
 6≠ . Thus, (  ,  ,   ) is     . Let  6        but  6  

    . 

Proposition 4.4  

 Every      is      . 

Proof 

 Let    be fine fuzzy pre-closed set.  

Since,                  and                     

                                   

Hence, every      is      . 

Note 4.4 

 The converse of Proposition 4.4 need not be true shows in 

the following 

Example 4.4 

        Let   = {a, b} be a nonempty set. Let          

             be defined as           ,          ;  

         ,          ;          ,          ;  

         ,          ;          ,          ;  

         ,            Let               be the 

fuzzy topology on   and Then    X X J
= {0 , 1 ,  {T }}

be fine fuzzy topology defined as              
           ≠                          
 6≠ . Thus,  (  ,  ,   ) is     . Let  5        , but  5  

    . 

 

Proposition 4.5 

 Every       is     . 

Proof  

 Let   be fine fuzzy   -closed set. i.e   

                               

To Prove                          

Also,                    and                   

                                . 

Hence, every       is     . 

Note 4.5 

      The converse of Proposition 4.5 need not be true shows 

in the following 

Example 4.5 

        Let   = {a, b} be a nonempty set. Let          
                be defined as           ,       
   ;           ,          ;          ,          ;  

         ,          ;          ,          ;  

         ,                      ,             Let 

              be the fuzzy topology on   and Then    

X X J
= {0 , 1 ,  {T }}

 
be fine fuzzy topology defined as 

                        ≠              
              ≠     Thus, ( ,     ) is     . Let    

     , but         . 

Proposition 4.6 

Every      is     .   

Proof 

 Let          .  

Since,                  

To Prove                          
                                    
Hence, every      is     .  

Note 4.6 

      The converse of Proposition 4.6 need not be true shows 

in the following 

Example 4.6 

        Let   = {a, b} be a nonempty set. Let          

                be defined as           ,       
   ;           ,          ;          ,          ;  

         ,          ;          ,          ;  

         ,                      ,           Let 

              be the fuzzy topology on   and Then   

X X J
{0 , 1 ,  {T }

  be fine fuzzy topology defined as 

                        ≠              
              ≠     Thus, (  ,     ) is     . Let    

      , but         . 

Proposition 4.7 

 Every     is      . 

Proof 

 Let             and by Proposition 3.9 & 3.12 we 

have  

Since,            and                           

                                        
Since,          ,                          

                                                           
Hence, from (1) and (2)          . 
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Note 4.7 

 The converse of Proposition 4.7 need not be true shows in 

the following  

Example 4.7 

        Let   = {a, b} be a nonempty set. Let          

             be defined as           ,          ;  

         ,          ;          ,          ;  

         ,          ;          ,          ;  

         ,            Let               be the 

fuzzy topology on   and Then   X X J
{0 , 1 ,  {T }}



be fine fuzzy topology defined as              
           ≠                          
 6≠ . Thus, (  ,  ,   ) is     .  Let  5       , but   5 
    . 

Note 4.8 

Clearly the above discussions gives the following 

implications: 

 
 (figure - 4.1)   

Interrelations between       and other types of fine 

fuzzy sets 

Proposition 4.8 

 Let           be     . Then  

 (i) An arbitrary union of fine fuzzy    open sets are fine 

fuzzy open set. 

(ii) A finite intersection of fine fuzzy   -closed sets are not 

fine fuzzy closed. 

V. FINE FUZZY     CONTINUOUS FUNCTION 

Definition 5.1 

A function                         is  

a.       (     ) if                    
[         ]             [      ]. 

b.     *  (    *  ) if                 
[         ]             [      ]. 

c.     ** (    ** )if               
[      ]              [        ]. 

 

 

Definition 5.2 

Let         and         be 

two     . Then a map              

          is  

a) Fine fuzzy continuous (in short   continuous) 

if               [        ]    
       [      ]  

b) Fine fuzzy   continuous (     continuous) if 

                [          ]    
       [      ].  
 

c) Fine fuzzy   *continuous (     *continuous) 

if                 [          ]    
         [        ].  

d) Fine fuzzy   **continuous 

(     **continuous) if        
      [        ]    
         [        ].  

Proposition 5.1 

Every      **continuous is     *continuous. 

Proof  

Assume two                and         .  

A map                       is     **continuous. 

Then                             By Proposition 

4.7, every     is      .                      

            Hence,   is      *continuous function. 

Note 5.1 

The converse of Proposition 5.1 need not be true 

shows in the following   

Example 5.1 

  Let   = {a, b} be a non empty set. Let             be 

defined by            ,           ;            , 

            Let                 be the fuzzy topology 

on   and    X X J
{0 , 1 ,  {T }}

  be fine fuzzy 

topology on  , defined as                
             ≠                              
  2≠ . Thus,  ,   ,    is a      . Let  :  ,   ,    →  ,  
 ,     be an identity map. Then ‘ ’ is     * continuous 

but not     ** continuous. Since,                  
                but                     Thus,   is 

not     **continuous.  , every      *continuous need not 

be      **continuous. 

Proposition 5.2 

Every     *continuous is     continuous. 

Proof  

Consider two               and        . A 

map                         is fine fuzzy 

  *continuous. Then,             ,         

           By Proposition 4.7, every     is      .  , 

                                 Hence,   is 
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    continuous. Thus, every      *continuous is 

    continuous. 

Note 5.2 

The converse of Proposition 4.10 need not be true 

shows in the following  

 Example 5.2 

  Let   = {a, b} be a nonempty set. Let             be 

defined by           ,           ;           , 

            Let                 be the fuzzy topology 

on   and    X X J
{0 , 1 ,  {T }}

  be fine fuzzy 

topology on  , defined as                

             ≠ X
0                  

              ≠ X
0       ,         is a      . 

Let   = {c, d} be a nonempty set. Let            

be defined by          ,          ;           , 

         . Let               be the fuzzy topology 

on Y and }}{S  ,1 ,{0
JXX  


 f

S  be fine fuzzy 

topology on  , defined as              

           ≠ X
0                         

 2≠
X

0 . Now  ( ,  ,   ) be     . 

Let                       be defined as 

               . Let        Then     is 

     continuous but not      *continuous.  ,          
                     but                   

          Thus,   is not      *continuous. Therefore, 

every      continuous need not be     *continuous 

function. 

Note 5.3 

Clearly we get the following relations 

 

 

 

 

 

 

 

 

 

(figure - 4.2) 

Relations between     continuous  & other types of 

  continuous map 

Proposition 5.3 

For a mapping                      the 

equivalent statements as follows.  

(i)   is     continuous.  

(ii)                            . 

(iii)                      
                                        for 

each fine fuzzy set    of    

(iv)                                    

           for each fine fuzzy set    of    

Proof  

 (i)    (ii) 

 Let             and                . Hence, 

                  . Thus,                  . 
 (ii)    (iii) 

  Assume that (ii), let fine fuzzy set   of  , then 

             is Ff   closed in  . 

                                        
  

                          
                            

                  

 (iii)   (iv) 

Let       fine fuzzy set of     put         then 

                                                      

                           so that,  

                                        

                 , 

                                   

             

 (iv)   (i)  

Let          .  Put         and  

         then  

                                            

                  

                                  
                 . Hence,    is     continuous. 

Proposition 5.4 

 Let                   and           be three 

      and                     and   

                   be two maps. Then, 

(i)  if     is     open and   is continuous 

surjective, then   is       map.  

(ii)  if      is     and   is    continuous 

injective, then   is       map.  

Proof 

(i) Let           . Then,         

      .        is a       map, 

then                

                  (    is 

surjective) is a fine fuzzy   open set 

in     Thus,   is       map. 

(ii) Let           . Then           

      .  ,                   
(    is injective) is a            
Thus,   is       map. 

 

 

 

 

     **continuous 

     *continuous 

     continuous 
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Proposition 5.5 

 Let           and          be two       and 

                    be a bijective map. Then the 

following are equivalent: 

(i)   is a       map 

(ii)   is a       map. 

(iii)     is a      continuous map. 

Proof 

          
  Suppose           . Then         

       and by (i)                 .      

is bijective, then                  

Hence,      is       in  .  ,   is a       

map. 

            
 Let   is a       map and      
        . Since,   is bijective, then 

                which is a       set in  . 

 , by Proposition 4.11,      is      continuous 

map. 

           
 Let            , by assumption     is 

      continuous map, then (                
which is a       set in  . Hence,    is a       

map.  

Proposition 5.6 

 Let                   and           be three 

     . If                       is      continuous 

map and                       is    continuous 

map then their composition               

          is also      continuous. 

Proof  

 Let    be any      open subset of          . Then  

                                         Since, 

  is   continuous,        is fine fuzzy open in            

Since,     is      continuous so that               is  

    continuous in            Thus, for each      set    

in          ,                           Hence,      

is      continuous.  

VI. CONCLUSION 

The novel kind of space called fine fuzzy 

topological space is obtained by the notion fine fuzzy 

quasi coincident has been introduced in this article. 

Accordingly, the interrelations between fine fuzzy    

closed sets with various types of fine fuzzy closed set have 

been investigated with necessary examples, which 

revealed that the converse need not be hold are proven 

with suitable examples. Then,      continuous map, 

    *continuous map,     **continuous function and 

their interrelations have been established. Further, we 

noticed that its reverse implications are also need not be 

true. Finally, the fine fuzzy    open, fine fuzzy   *open, 

fine fuzzy   **open functions have been defined and its 

properties were briefly studied. In future, this work will be 

continued to investigate the fine fuzzy quotient topology, 

connectedness, disconnectedness and compactness in fine 

fuzzy bi-topological spaces and their properties.  
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