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STRUCTURE OF MEASURES IN LIPSCHITZ
DIFFERENTIABILITY SPACES

DAVID BATE

ABSTRACT. We prove the equivalence of two seemingly very different ways
of generalising Rademacher’s theorem to metric measure spaces. One such
generalisation is based upon the notion of forming partial derivatives along a
very rich structure of Lipschitz curves in a way analogous to the differentiability
theory of Euclidean spaces. This approach to differentiability in this generality
appears here for the first time and by examining this structure further, we
naturally arrive to several descriptions of Lipschitz differentiability spaces.

1. INTRODUCTION

One of our goals is to show the equivalence of two seemingly very different ways
of generalising Rademacher’s theorem on the almost everywhere differentiability of
(real valued) Lipschitz functions defined on Euclidean spaces to metric measure
spaces (X, d,u). The first stems from the work of Cheeger [Che99] and further
developed into the concept of a Lipschitz differentiability space following the work
of several authors, most notably Keith [Kei04]. It is based upon the notion of
differentiability with respect to suitable charts - Lipschitz functions ¢: X — R™.
The second originates in some ideas of Alberti [AIb93] and is based on the immediate
consequence of Lebesgue’s theorem that one may always differentiate a Lipschitz
function almost everywhere along a Lipschitz curve. For measures represented by
integration over such curves, this leads to a notion akin to partial differentiability
1 almost everywhere and, if u has more such representations, can lead to a notion
of differentiability.

To describe our results in more detail, we now informally introduce the two main
concepts studied in this paper.

An n-dimensional Lipschitz differentiability space may be thought of as a metric
measure space (X, d, 1) for which there is a Lipschitz ¢: X — R™ (which is termed
a chart) with respect to which every real valued Lipschitz function is differentiable
1 almost everywhere (a precise definition that allows a countable decomposition
into such charts is given in Definition B1]). Here differentiability of a function f at
xo requires the approximation of f(x) — f(xo) by a linear form of ¢(z) — p(z) for
x close to xg. More precisely, it requires the existence of a linear L : R™ — R such
that

f(@) = (o) + L(p(x) = ¢(x0)) + o(d(z, x0))-
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Perhaps the best known non-trivial example of Lipschitz differentiability spaces
is the Heisenberg group (see [Hei01]). In fact, by the result of [Che99], any doubling
space satisfying the Poincaré inequality is a Lipschitz differentiability space. How-
ever the converse does not hold, for example subspaces of Lipschitz differentiability
spaces are Lipschitz differentiability spaces, while an analogous statement fails for
spaces satisfying the Poincaré inequality.

An Alberti representation of a measure 1 (see Definition 2:2) is an integral com-
bination of 1-rectifiable measures, each supported on a Lipschitz curve in X (whose
domain is not necessarily connected), that calculates the p measure of any Borel
subset of X. Further, we distinguish different Alberti representations by considering
their direction; given a Lipschitz function ¢: X — R"™ we say that an Alberti rep-
resentation is in the direction of a cone C' C R” if, for almost every Lipschitz curve
~ (with respect to the integrating measure) and almost every to, (¢ o) (t9) € C.
We then say that a collection of n Alberti representations are independent if there
exists a Lipschitz ¢: X — R™ and a collection of n independent cones in R™ such
that each Alberti representation is in the direction of its own cone (see Definition
[10).

Fubini’s theorem provides a simple example of an Alberti representation: it
represents the n-dimensional Lebesgue measure as the integral of one dimensional
Lebesgue measures on lines parallel to the z-axis. In a general metric measure
space, as for this example, if the measure y has an Alberti representation, it is
possible to define the notion of a partial derivative of a Lipschitz function in the
direction of this representation at almost every point. Therefore, if a measure has n
independent Alberti representations, there exists n independent partial derivatives.
This can lead to a new notion of the derivative of a Lipschitz function.

In this generality, the approach to differentiability via representations of the un-
derlying measure by integration over curves appears here for the first time. How-
ever, we will not consider it as a separate notion, but rather as a description of
the usual notion of Lipschitz differentiability spaces. One advantage of this is that
it naturally leads to several descriptions of Lipschitz differentiability spaces, and
emphasises the key point that such spaces possess a very rich structure of curves.

The research presented here began with an observation of Preiss that, from a
theorem of Cheeger and Kleiner, one may obtain an Alberti representation of any
doubling Lipschitz differentiability space that satisfies the Poincaré inequality (see
Section [Tl for details). We significantly strengthen this observation by showing that
(even in an arbitrary Lipschitz differentiability space) there exist so many Alberti
representations that they completely describe the derivative of a Lipschitz function.
This gives a natural realisation of the possibility of describing such derivatives by
partial derivatives which was first pointed out in [CKQ9] (see Corollary [6.7).

We note that the notion of an Alberti representation is similar to, but more
general than, the notion of a test plan recently studied by Ambrosio, Gigli and
Savaré in [AGS11] and many other papers by the same authors. Indeed, it is easy
to see that any test plan defines an Alberti representation.

In the first half of this paper we show that an n-dimensional Lipschitz differentia-
bility space possesses n independent, Alberti representations and that the derivative
obtained from the partial derivatives agrees with the existing derivative. Further,
this implies that, for every Lipschitz function, at almost every point one of the
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partial derivatives must be comparable to the pointwise Lipschitz constant. That
is, this collection of Alberti representations is universal (see Definition [7.1]).

Since our only hypothesis on Lipschitz differentiability spaces is that Lipschitz
functions are differentiable almost everywhere, we prove these results by first re-
ducing the problem to showing that a certain class of sets must all have measure
zero. Then, for each set S in this class, we construct a Lipschitz function that is
differentiable almost nowhere on .S, so that S has measure zero.

In the second half of the paper we characterise Lipschitz differentiability spaces
via Alberti representations and related null sets. First we see that a collection
of Alberti representations being universal is exactly the condition required for the
partial derivatives to form a derivative and so obtain our first characterisation. We
observe that many subsets of Lipschitz differentiability space must necessarily have
measure zero, namely the set of non-differentiability points of any Lipschitz func-
tion. One may then ask if there exists a collection of subsets of a metric measure
space such that, if each of these sets has measure zero, the space is a Lipschitz dif-
ferentiability space. We answer this positively by giving several characterisations of
Lipschitz differentiability spaces via null sets that arise naturally when constructing
many independent Alberti representations of a measure.

The existence of Alberti representations, and the ability to calculate the de-
rivative from them, gives us a strong connection to the differentiability theory in
Euclidean spaces. However, the theory of Lipschitz differentiability spaces remains
more exotic than the Euclidean case as this theory cannot be improved beyond
representations by 1-rectifiable measures. Indeed, it is known that the Heisenberg
group is a Lipschitz differentiability space consisting of a single chart of dimension
two. By our characterisations, we may therefore conclude that there exists a large
collection of pairs of independent Alberti representations. However, it is also known
that the Heisenberg group is 2-purely unrectifiable (see [AK0Q], Theorem 7.2) and
so there cannot exist a representation of its measure by 2-rectifiable measures. We
therefore see that, although there exists a very rich collection of 1 dimensional rep-
resentations, they cannot be combined to produce a higher dimensional structure.

The paper is organised as follows. In Section 2l we define an Alberti representa-
tion and deduce the elementary properties of measures with an Alberti represen-
tation. In section [B] we recall the notion of a derivative with respect to a chart
given in [Che99| and [Kei04]. We also give a characterisation, that first appeared
in [BS13], describing the uniqueness of such a derivative as a property inherent to
the chart. While this observation is simple, it’s consequences will be essential to
our construction of a non-differentiable Lipschitz function.

We then proceed to prove the existence of n independent Alberti representations
of any n-dimensional Lipschitz differentiability space (see Theorem[6.6]). This proof
consists of the following three constructions which are valid for any chart in a metric
measure space.

In Section [ we present a general construction of a non-differentiable Lipschitz
function (see Proposition3]). Given a set S and a sequence of 1- Lipschitz functions
that behave, at some scale, like non-differentiable functions at points of S, we are
able to produce a Lipschitz function that is not differentiable almost everywhere
on S. More precisely, suppose that for each function f,, of this sequence and each
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x € S, there exist y, z € X with 0 < d(y,z),d(z,x) < 1/m such that

|fm(x) — fm(y)l i an |fm(x) — fm(z)l l
d(z,y) = m d d(z, z) 2 2

Then we modify and combine the functions of this sequence to construct a Lipschitz
function that is not differentiable almost everywhere on S.

In Section Bl we define a class of subsets of a metric measure space and show that
the measure has many independent Alberti representations if and only if each of
these sets has measure zero (see Theorem [F.14]). This class is a natural generalisa-
tion of the class of sets considered in [ACP] (see [ACP10] for an announcement), in
which the authors investigate measures in Euclidean space with respect to which
every Lipschitz function is differentiable almost everywhere. In this paper, such sets
will play a fundamental role in our description of Lipschitz differentiability spaces,
via Alberti representations.

In Section 6l we provide a construction of a sequence of Lipschitz functions that
satisfy the hypotheses of the construction from Section Ml for any set in the above
class. In particular, there exists a Lipschitz function that is differentiable almost
nowhere on such a set, establishing the existence of many independent Alberti
representations of a Lipschitz differentiability space.

We use the existence of Alberti representations to give complete descriptions of
Lipschitz differentiability spaces. In Section [l we show how the partial derivatives
obtained from a universal collection of Alberti representations form a derivative. For
example, suppose that a Lipschitz function has all partial derivatives with respect
to a universal collection of Alberti representations equal to zero. Then it must have
derivative zero almost everywhere. By using the linearity of the derivative and
investigating universal Alberti representations further, we are able to generalise
this argument to show that the partial derivatives of any Lipschitz function form
a derivative almost everywhere. By combining this with our previous results, we
characterise Lipschitz differentiability spaces as those metric measure spaces with
a universal collection of Alberti representations (see Theorem [.])).

In Section [§] we show that, for any metric measure space with n independent
Alberti representations, there exists a § > 0 (depending on the properties of the
Alberti representations) such that, for almost every x and every sufficiently small
r, there exists a dr separated subset of B(z,r) of size n. In particular, if the metric
measure space is doubling, there exists a bound on the total number of independent
Alberti representations. When combined with the results from Section [B] that pro-
duce many independent Alberti representations, such a bound imposes a derivative
of every Lipschitz function at almost every point. In particular, we characterise
Lipschitz differentiability spaces as those doubling metric measure spaces in which
certain subsets have measure zero (see Theorem BI0).

In Section [ we prove the existence of many additional Alberti representations
of a Lipschitz differentiability space. In fact, for any chart ¢ in an n-dimensional
differentiability space and any cone C' C R"™, we show the existence of an Alberti
representation in the direction of C.

In Section we relate our characterisations to the previous works of Cheeger
and Keith.

Throughout this paper we will denote by (X,d) a complete, separable metric
space and by (X, d, 1) the metric measure space obtained by equipping (X, d) with
a finite Borel regular measure p, so that p is Radon. However, by applying the
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results proved here to any compact subset, the main results hold for any metric
space equipped with a Radon measure (that must necessarily be doubling). Further,
since a derivative is not defined at an isolated point, we also suppose that the set
of isolated points has measure zero.

For (X,d) a metric space, Y C X, € X and r > 0, we denote by B(z,r) and
B(x,r) the open and closed balls centred at z of radius 7 and by B(Y,r) and B(Y,r)
the open and closed r-neighbourhood of Y of radius r. For a function f: X — R
we write Lip(f, z) for the pointwise Lipschitz constant of f at x given by

{If(x) - fW)l
d(z,y)

For two measures p and v on X we say that p < v if p is absolutely continuous
with respect to v.

Lip(f, ) := limsup

r—0

:O<d(x,y)<r}.

2. ALBERTI REPRESENTATIONS

This section first defines an Alberti representation and proves some of their basic
properties. We then demonstrate how the existence of an Alberti representation
provides a metric measure space with a notion of almost everywhere differentiability
of Lipschitz functions.

2.1. Basic definitions and properties. Before defining an Alberti representation
we define the set of curves that form a representation.

Definition 2.1. Let (X,d) be a metric space. We denote by I'(X) the set of
bi-Lipschitz functions

v: Dom~y — X
with Dom~y C R non-empty and compact. For a function f: Y — Z we denote

Graph f = {(y,2) €Y x Z: f(y) = z}.

Finally, for Y non-empty and compact, Graph f is non-empty and compact and so
we may equip I'(X) with the Hausdorff metric:

d(v,~") = Hausdorff(Graph~y, Graph~').
We also define II(X) to be the set of all v € I'(X) with Dom~ a closed interval.

We will refer to elements of I'(X) as Lipschitz curves. Note that, as in most
metric spaces, II(X) may only consist of the Lipschitz curves whose domain is a
single point.

Suppose that (X,d) is a metric space, f: X — R™ is Lipschitz and v € T'(X).
Then fo~v: Dom~y C R — R" is Lipschitz and so may be extended to a Lipschitz
function F' defined on an interval. Therefore, by Lebesgue’s theorem, F' is differen-
tiable almost everywhere. However, at any non-isolated point ¢y of Domy, if F’(tg)
exists then it’s value is determined by the value of f o~ near to ¢y, independently of
the extension F'. We may therefore define the derivative of f o~y almost everywhere
in Dom~ to be equal to the derivative of any Lipschitz extension to an interval.

With these constructions, we define an Alberti representation as follows.

Definition 2.2. Let (X,d, ) be a metric measure space, P a Borel probability
measure on I'(X) and, for each v € I'(X), let p, be a Borel measure on X that is
absolutely continuous with respect to ' L Im, the restriction of #* to Im~. For
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measurable A C X we say that (P, {4 }) is an Alberti representation of L A if,
for every Borel Y C A, v — p(Y") is Borel measurable and

Wy = / P E).

Given an Alberti representation A = (P, {x,}) we will write “almost every v €
A” to mean “P-almost every v € I'(X)” and given a curve v € I'(X) we write
“almost every t € Dom~” to mean “Wél(uv)—almost every t € Dom~”.

First observe that, if uL A has an Alberti representation A = (P, {p,}) and
f: X — R is a positive simple function, then

o= | Fdu,dB(3).
A I'(X)JIm~y

Therefore, by the monotone convergence theorem, this formula holds for any posi-
tive Borel function f: X — R. Also note that, if N C X is p-null, then A is also
an Alberti representation of L AU N. Finally, given a measurable set B C A, we
may define A L B, the restriction of A to B, given by (P, {u, L B}).

We may also form new Alberti representations from existing representations.

Lemma 2.3. Let (X,d,u) be a metric measure space and A C X measurable.
Suppose that there exists a finite measure M on T'(X) and for each v € T'(X) a
measure v, < H'LIm~y such that pL A is absolutely continuous with respect to
the Borel measure

v(B) = / B

and such that v is finite. Then L A has an Alberti representation.

Proof. By dividing by M(T'(X)) we may suppose that M is a probability measure.
Since p and v are both finite, by the Radon-Nikodym Theorem there exists a Borel
measurable F': A — R such that, for each Borel B C A,

,LL(B):/ qu:/ /IBFdV.YdM.
B LX) Jy

Therefore, if we define dp, = Fdv,,

u(B) = [ (m)ap
I(X)
and so u L A has an Alberti representation. (]

Lemma 2.4. Let (X, d, u) be a metric measure space and for each k € N let A, C X
be measurable such that p L Ay has an Alberti representation. Then pL Ug Ay has
an Alberti representation.

Proof. For each k € Nlet Ay = (Py, {1, }) be an Alberti representation of p1 L Ay
and set P = >, 27*Py, a Borel probability measure on I'(X). For each v € I'(X)
and each k € N let F, ; be the Radon-Nikodym derivative of v~ (p,) with respect
to Lebesgue measure and set

Sy ={t€Dom~:3keN, F,(t) >0}
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Then S, is a bounded subset of R of positive measure and so we may define the
measure
v (V) = {H Ly (Sy)/HA (3 (Sy)) i HE(7(S,)) > 0
K 0 otherwise

on X. Further, we may define the finite measure v on X given by

v(Y) = /F(X) vy (Y)dP

for each Borel Y C X.

Now let Y C X be Borel with #(Y') = 0 and let k € N. Then for Py-a.e. v € T'(X)
we have v, (Y) = 0. However, by definition, s, L Sy < v, for every v € I'(X).
Therefore, for Py-a.e. v € T'(X), py,1(Y) = 0. Since p L Ay, has the above Alberti
representation, we must have p(Ar NY) = 0. In particular p(Y NUgAx) = 0 and
S0 i L Up Ay is absolutely continuous with respect to v. By applying the previous
Lemma we obtain the required Alberti representation (P, {4, }) of pL UgAr. O

The previous two Lemmas preserve many of the properties of the Alberti rep-
resentations in their hypotheses. More precisely, suppose under the hypotheses of
Lemma 24 that T' € T'(X) is a set of full Pj-measure for each k € N and that, for
each v € T, ¥ C Im~ is a set of full ~, k-measure, for each k € N. Then I is a set
of full P-measure and for each v € I, 7 is a set of full py-measure. We will make
particular use of this fact in the following form. Suppose that f: X — R is Lips-
chitz such that, for each k € N, almost every v € A, and almost every t € Dom 1,
(f o) (t) > 0. Then for almost every v € A and almost every ¢ € Dom~,
(fon)'(t) > 0.

In the definition of an Alberti representation we only require the representation
to hold for all Borel subsets of X. However, as we will now see, it is easy to extend
this representation to all y-measurable subsets of X.

Lemma 2.5. Let (X,d,u) be a metric measure space and A C X measurable such
that = A has an Alberti representation (P,{p~}). Then for every p-measurable
Y C A, v~ puy(Y) is P-measurable and

nv) = [ el

Proof. Let Y C A be p-measurable and B C'Y C C be Borel with u(B) = u(C).
Then for every v € I'(X),

fiy(B) < piy (Y) < 1y (C).
However, since u(B) and p(C) are given by the Alberti representation, we know

that py(B) = p,(C') for almost every v € A. Therefore v — 11, (Y) is P-measurable
and

< / )
< / 1, (C)AP = u(C) = u(Y).
I'(X)

Thus p(Y) is given by the Alberti representation. O
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2.2. Relationship with differentiability. We now demonstrate how an Alberti
representation provides a metric measure space with a notion of almost everywhere
differentiability of Lipschitz functions.

Definition 2.6. For a metric space (X, d) we define H(X) to be the collection of
non-empty compact subsets of R x X with the Hausdorff metric, so that H(X) is
complete and separable. We also identify T'(X) with it’s isometric image in H(X)
via v +— Graph v and set

AX) ={(z,7) € X xT'(X): 3t € Dom~, ~(t) = x}.
Finally, for any K C X, we define the set
DP(K) :={(z,7) € A(X) : v~ () is a density point of v~ *(K)}.

Lemma 2.7. Let (X,d) be a metric space and L > 0. Then the set of all L-bi-
Lipschitzy € T'(X) is a closed subset of H(X), and I'(X) is a Borel subset of H(X).
Further, A(X) is a Borel subset of X x H(X). Finally, for any a1 = (y1(¢1),71)

and az = (72(t2),72) in A(X),
|t = taf < (2 min biLipy; + 1)d(as, az)).

Proof. For any L > 0 suppose that ~,, € I'(X) are L-bi-Lipschitz and ~,, — =, for
some v € H(X). We will show that ~ is the graph of some L-bi-Lipschitz function.

Indeed, let (s,x) and (¢,y) belong to v and, for each m € N, (s, Z) and
(tms Ym) € Ym With (Sm,zm) — (s,m) and (tm, ym) — (¢, 2). Then since each ~,,
is L-bi-Lipschitz,

d(xay) = lgn d(’Ym(Sm)u’Ym(tm)) < lgn L|Sm - tm' = LlS - t|

and similarly
Therefore « is the graph of some L-bi-Lipschitz function +: Dom~y — X. In
particular, the set of L-bi-Lipschitz elements of I'(X) is a closed subset of H(X).
By taking a union over L € N we conclude that I'(X) is a Borel subset of H(X).

Now suppose that (x,v) € X x I'(X) does not belong to A(X). Then since
Im~ is a compact set there exists a § > 0 such that d(z,Im~) > 4. In particular
B((z,7v),d/2) is disjoint from A(X) and so A(X) is a closed subset of X x I'(X).

Finally, given a1 = (71(t1),71), a2 = (72(t2),72) € A(X), suppose that

L = biLipy; < biLip 2.

There exists a t € Dom~y; with

max{[ta —t|,d(71(t),72(t2))} < d(a1, a2)
and so
[ty —to| < [t1 —t] + [t — Lo
< Ld(mi(t),m(t)) + [t — t2f
< Ld(m1(t1),72(t2)) + Ld(y2(t2), 7 (1)) + [t — t2f
< (2L + 1)d(a1, az)

as required. ([
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We will describe an Alberti representation using a Borel set B C A(X) whose
projection into I'(X) is a set of full measure. We now demonstrate the particular
Borel sets that we will use.

Lemma 2.8. Let (X,d, ) be a metric measure space.
(1) For g: X — R continuous, the function f: A(X) - RU {oco} defined by

Fz,7y) = {(9 o) (v L(x)) if it exists

00 otherwise

1s Borel measurable.
(2) For any compact K C X, DP(K) is a Borel subset of A(X).

Proof. Let §,e > 0 and ¢ € R. Then the set of (y(t),7) € A(X) with

lg(v(t)) — g(v(to)) — q(t —to)| < eft —tol

for all ¢ € Dom~ N B(tg, ), is closed. Therefore, after taking suitable countable
intersections and unions of such sets, the set where (g o ) (y~!(z)) exists and
belongs to some open subset of R is Borel. Thus the set of points where the
derivative does not exist is Borel as is the set of points where the derivative belongs
to some given Borel set.

To prove the second statement, let v, — v in H(X), t € R and > 0. Then
Dom 7,,, — Dom ~y in the Hausdorff metric. In particular, for every ¢ > 0, Dom ~y,,, C

B(Dom#, €) for sufficiently large m. Therefore
limsup £' (B(t,7) N Dom 7,,) < lir% LY(B(t,r) N B(Dom 1, €))
e—

m— o0

(2.1) = LY(B(t,r) N Dom~)

since Dom 7y is compact.
Now let K C X be compact. We first show that

v LYB(t,r) Ny~ (K))

is upper semicontinuous on I'(X). For this let v, — 7 in H(X) such that each
v L(K) is non-empty and for every m € N define Dom#,, = 7,,'(K) and 7,
to be the restriction of ~,, to Dom#~,,. Then since ~,, — v we know that all
of the Dom 7,,, belong to some compact subset A of R. In particular each 7, is
contained within A x K, a compact set, inside which the Hausdorff metric on its
non-empty subsets is also compact. Therefore, for any sequence m(k) — oo there
exists a subsequence m(k;) — oo such that the ,,x,) converge to some non-empty
compact B C A x K.

However, since 7, — 7, we know that B must be a subset of v restricted to K
and so, by equation (2.J),

limsup £ (B(t,7) N Dom Ay, 1)) < L' (B(t,r) Ny~ (K)).

i—00
This is true for any sequence m(k) — oo and so
v = LYB(t,r) Ny THEK))

is upper semicontinuous on I'(X).
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Further, if (4 (tm), ym) — (¥(t),7) in A(X), then by Lemma 27 we know that
[tm, —t|] — 0 and so
limsup £ (B(ty,,7) Ny, (K)) < limsup LY (B(t,7) Ny, (K)) + 2|t — t|

m— 00 m— 00

< LY(B(t,r) Ny LK),
In particular
(2,7) = LY(B( (@), 1) Ny H(K))
is upper semicontinuous on A(X). By taking a suitable countable collection of
intersections and unions we see that DP(K) is a Borel subset of A(X). O

By combining these results we now show, for almost every point = in a metric
measure space with an Alberti representation, the existence of a Lipschitz curve
of which z is a density point. Moreover, such a Lipschitz curve may be taken
from a set of full measure, with respect to the integrating measure of the Alberti
representation.

Proposition 2.9. Let (X, d, 1) be a metric measure space and M C X measurable
such that p M has an Alberti representation A. Suppose that (Y, p) is a complete,
separable metric space, B C'Y is Borel and f: A(X) — Y is a Borel function such
that, for almost every v € A and almost every t € Dom~y, f(y(t),y) € B. Then
the set

PM):={zeM:3~el(X), (x,v) € DP(M), f(z,v)€ B}

is a set of full measure in M and for each v € P(M) there exists a v* € I'(X) that
satisfies the conditions given in the definition of P(M) such that x — f(x,~*) is
measurable.

Proof. We first prove the statement under the additional hypotheses that M is
compact. If so, by Lemma 2.8 ([2]), the set

G :={(f(z,7),z,7) € Bx A(X):x € M, (z,v) € DP(M)}

is the graph of a Borel function restricted to a Borel set, and so is Borel. In par-
ticular, it’s projection onto M is a Suslin set and so is measurable. This projection
equals P(M). Further, the projection of G onto B x M given by

{(y,x) e Bx M :3~veTl(X), (z,v) € DP(M), y = f(x,v) € B}

is also a Suslin set. This set is the graph of a function defined on M and so, by
the Jankov-von Neumann Selection Theorem (see [Kec95|, Theorem 18.1), for every
x € P(M) there exists a v* € I'(X) such that (z,v*) € DP(M), f(z,7*) € B and
such that x — f(x,+") is measurable.

Suppose that A = (P, {u}) and let us consider C' = M \ P(M), a measurable
set. Then for any v € I'(X) and ¢ € Dom~ with v(¢t) € C, since (y(t),v) € A(X),
we must have either f(v(t),v) € B or t not a density point of v~ (C). Therefore,
from our hypotheses on A, there exists a P-null set NV such that either v € N or
L1(y~1(C)) = 0. By Lemma 2.5

mm—AWWM@W+Amwwuo

so that P(M) is a set of full measure in M.
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Now suppose that M C X is measurable and let N be a p-null set such that
M\ N is a countable union of compact sets K;. Then by the above, U; P(K;) is a set
of full measure in M. Moreover, for every i € N, K; C M and so P(K;) C P(M).
In particular (M \ P(M)) = 0 so that such a v* exists for almost every z € M. O

In particular we may use this Proposition to find a partial derivative of a Lip-
schitz function at almost every point of a metric measure space with an Alberti
representation. In fact, we may find a gradient of partial derivatives, whenever a
metric measure space has many independent Alberti representations, each distin-
guished in the following way.

Definition 2.10. For w € S* ! and 0 < # < 1, define the cone of width 6 centred
on w to be the set

Cw,0) ={veR":v-w>(1-0)|v|}
and the open cone of width 6 centred on w to be
C(w,0) ={veR":v-w>(1-0)|v|}

Also, for a cone C' we denote the open cone with the same centre and width by C°.

Now let (X,d, u) be a metric measure space and ¢: X — R™ Lipschitz. For a
cone C' C R™ we say that a Lipschitz curve v € T'(X) is in the ¢-direction of C if,
for almost every ¢t € Domy,

(po)(t) € C\{0}.
Further, we say that an Alberti representation A is in the ¢-direction of C' if almost
every v € A is in the ¢-direction of C.

Finally, we say that closed cones C4,...,C,, C R™ are independent if, for any
choice of v; € C; \ {0}, the v; are linearly independent and that a collection
A1, ..., Ay, of Alberti representations is p-independent if there exists independent
cones C1,...,Cy, such that each A; is in the p-direction of C;.

Definition 2.11. Let (X,d, 1) be a metric measure space, g € X and f: X —
R and ¢: X — R™ Lipschitz. Suppose that v1,...,7v, € I'(X) such that each
v; Y (20) = 0 is a density point of Dom; and that the (p 0;)’(0) exist and form a
linearly independent set. We define the gradient of f at x¢ with respect to ¢ and
Y1, --,Yn to be the unique V f(xg) € R™ such that

(f ©7:)'(0) = V f(0) - (¢ 0 %)’ (0).
Further, we say that Vf(zo) € R™ is a gradient of f at xo with respect to ¢ if
there exist such 71, ...,v, € I'(X) such that V f(zo) is the gradient of f at xg with
respect to ¢ and v1,...,n.

Remark 2.12. A very easy construction of a Lipschitz function on the plane with
both partial derivatives equal to zero and a non-zero directional derivative at the
origin shows that a gradient with respect to a fixed ¢ need not be unique.

We obtain the following Corollary of Proposition

Corollary 2.13. Let (X,d, 1) be a metric measure space and ¢: X — R™ Lipschitz
such that p has n p-independent Alberti representations. Then for any Lipschitz
f: X — R there exists a gradient Vf of f almost everywhere with respect to .
Further, this gradient may be chosen such that xo — V f(xg) is measurable.
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3. A FIRST ANALYSIS OF LIPSCHITZ DIFFERENTIABILITY SPACES

We begin by recalling the notion of differentiability in metric spaces introduced
by Cheeger [Che99] and Keith [Kei04].

Definition 3.1. Let (X, d) be a metric space and n € N. We say that a Borel set
U C X and a Lipschitz function ¢: X — R™ form a chart of dimension n, (U, p)
and that a function f: X — R is differentiable at ¢ € U with respect to (U, p) if
there exists a unique D f(zg) € R™ (the derivative of f at x¢) such that

limsup L) = £(@0) = DI (@o) - (p() — (o))

=0.
X3Sz —xg d((E,(EO)

Further, we say that a metric measure space (X, d, ) is a Lipschitz differentia-
bility space if there exists a countable decomposition of X into charts such that any
Lipschitz function f: X — R is differentiable at almost every point of every chart.

Whenever it will not cause confusion, we will say “a chart in a Lipschitz differ-
entiability space” to mean a chart in a Lipschitz differentiability space with respect
to which every real valued Lipschitz function is differentiable almost everywhere.

For a survey on the existing theory of Lipschitz differentiability spaces, the reader
is referred to the primer written by Kleiner and Mackay, [KM11]. (Note that, in
this paper and the papers of Cheeger and Keith, a Lipschitz differentiability space
is referred to as a metric measure space that admits a measurable differentiable
structure.)

Remark 3.2. One may wonder about the notion of a zero dimensional chart, where
every Lipschitz function has derivative zero almost everywhere. In Corollary
we see that such a chart must have measure zero.

We first give a characterisation of the uniqueness of derivatives in a chart that
will lead us to necessary conditions for a function to be differentiable at a point.
This characterisation first appeared in [BST3].

Lemma 3.3 ([BS13], Lemma 2.1). Let (U, @) be an n-dimensional chart in a metric
measure space (X, d, 1) and xg € U. The following are equivalent:

(1) There exists a A > 0 and X > x,, — o such that, for any v € S*71,

[(@@mnre) = pl@o)) ol o

(31) I}rl;lri)lgof Orélia%Xn d(Imn+i7 'IO)

(2) There exists a A\ > 0 such that, for any v € S"~ 1,

: |(p(2) — p(a0)) - v
TR

(3) For any f: X — R, if there exists a D f(xo) € R™ such that
lim sup f @) = F(@0) = D (@o) - (p(w) = (o))

z—x0 d(‘ru 7o)

207

then it is unique.

In particular, the fact that such a D f(xg) is unique depends only upon the chart
and is independent of f.
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Proof. Equation (1) implies [@). Now suppose that ([2) holds and for a function
f+ X — Rthere exist Df(x¢) and Df'(xg) € R™ that satisfy the hypotheses of (8.
Then by the triangle inequality

. |(p(z) — o(x0)) - (D — D)
limsup i)

and so ||[D — D'|| = 0.
Finally suppose that (3] holds for some f: X — R. Then for any vy € S*~1,

=0

i sup 12() = 2(z0)) -0

> 0.
z—x0 d(‘ru 550)

Therefore, there exists :v?n — xg and wg € E(O, Lip ¢) such that wp - vg > 0 and

L 2 —elwo)

m—»o0 d(x?n , xo) o

For each 1 < i < n inductively choose v; € S*~! such that v; - w; = 0 for each
0<j<iandlet 2!, — 29 and w; € B(0,Lip ¢) such that w; - v; > 0 and
i Pm) —#(z0)
m—ro0 d(x:n, QCO)

Then for any ag, ..., a, € R, suppose that agwy + . .. + ap—1w,—1 = 0. By taking
the inner product with w,,—; we see that o,,—1 = 0. Repeating we see that o; =0
for each 0 < i < n and so the w; form a basis of R™. In particular, there exists a
A > 0 such that, for each v € S"~!, there exists a 0 < j < n with |w; - v| > A.

Therefore, if we set Tpnti = x}n for eachm € Nand 0 < ¢ < n, for any v € S
there exists a 0 < 5 < n such that

|(P(@mnti) = #(0)) - vl [(p(eh) — (o)) -l |

lim inf max > lim - >
m—o0 0<i<n d(Ianri; IO) m—00 d(a:fn, Io)
as required. ([l

Using this we may give a necessary condition for a function to be differentiable
at a point in a chart.

Lemma 3.4. Let (U, ) be an n-dimensional chart in a metric space (X,d), xg € U
and Ty, — o satisfying BI) for some X > 0. Then for any f: X — R that is
differentiable at o we have

| Df(xo)|l < Lip(f,x0)/A

and

A mn+i)
— Lip(f, z0) < lim inf max [ (Emnts) = Hzo)]
Llp(p m—oo 0<i<n d(xanriv-rO)

Proof. If f: X — R is differentiable at g € X then by the triangle inequality

lim inf max |f @mnti) = f(@o)] > lim inf max |(p(@mnti) — ¢(x0)) - D]
m—oo 0<i<n d(l'mn-i-ia xO) m—00 0<i<n d(xmn—i-iu zTO)
= AD].
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This proves the first inequality. Secondly, by another application of the triangle
inequality,

. : |f () = f(zo)|
Lip(f, zg) = limsup ——————
p(f O) w—)wop d(I, IO)
. (@) — e(o) |l
< ||Df(zo)|l limsup ———————
< 1D (o) Himsup £
< [[Df (o)l Lip .
Combining this with the first inequality gives the required result. (|

A very easy application of this Lemma gives the following Corollary on single-
tons in a Lipschitz differentiability space. This will be used without any specific
reference.

Corollary 3.5. Any singleton in a Lipschitz differentiability space has measure
zero.

Proof. Let (U, ) be any n-dimensional chart in a Lipschitz differentiability space
(X,d, ). For almost any x¢ € U let z,, — xo and A > 0 be obtained from Lemma
B3l and by taking a suitable subsequence if necessary, we may suppose that

Jax, d(Tmn+is To) < in AT (mi1)ynti> T0)/2

for each m € N. Then the 1-Lipschitz function
— ) _ . +
f@) =3 max (d@mnsir 70)/4 = d(mnsi, 7))

me2
satisfies
J(@mnyi) = f(xo)  J1/4 if m even
d(TmntiTo) {0 if m odd
for each 0 < i < n. In particular, the condition given in Lemma [3.4] does not hold
at xo and so f is not differentiable at zq, as required. O

When constructing a non-differentiable Lipschitz function, we will ensure that

lim inf max | @mn i) = f(2o)]
m=oo 0<i<n  d(Tpmnti, To)

is sufficiently small by first bounding d(Zmn+i, o) from below, for a fixed m, all
0 < i < n and all zy in a certain set of large measure. We now do this uniformly
across the chart to simplify the construction.

Definition 3.6. Let (X,d) be a metric space and A > 0. We say that U C X
and a Lipschitz function ¢: X — R" form a A-structured chart of dimension n if
U is compact and there exists a U’ C U of full measure such that, for every R > 0
there exists an r > 0 and for every zy € U’ points z1,...,,z, € U with each
r < d(x;, o) < R and

[(p(xi) — p(x0)) - |

a > A
€50 d(z;, o) -

for every v € S" L.
We say that (U, ) is a structured chart if it is a A-structured chart for some
A>0.
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Note that a structured chart is also a chart and so we may consider the derivative
of a real valued function with respect to a structured chart. The following Lemma
shows that we may just consider structured charts when working with a Lipschitz
differentiability space.

Lemma 3.7. Let (U,p) be an n-dimensional chart in a metric measure space
(X,d, p) such that
Llp(v 2 IO) >0

for every v € S"™! and almost every o € U. Then for any € > 0 there exists a
U' Cc U with w(U\U’) < e and a countable set N C X such that (U U N, ) is a
structured chart.

In particular, we may decompose any Lipschitz differentiability space into a -
null set and a countable collection of structured charts with respect to which any
real valued Lipschitz function is differentiable almost everywhere.

Proof. For xg,x1,...,z, € X let us denote by P(xo;x1,...,2,) the property

max (i) = plwo)) - v] > A for every v € S"L.
1<i<n d(z;, o)

Then for any R, \,r > 0, the set of xp € U for which there exist z1,...,z, € X
with r < d(x;,z9) < R for each 1 <4 < n and such that P(zg;21,...,2,) holds is
an open set. Therefore, the set of those z¢ € U that satisfy (B]) for a given A > 0
is a Borel set. In particular, for any € > 0 there exists a compact U’ C U with
w(U\U") < e, so that (U', @) is still a chart, and a A > 0 such that every point of
U’ satisfies (3] for .

Now let R > 0 and A be as found above. The function

Zo — sup {1212?" d(x;, o) @ d(zi,x0) < R and P(zo; 21, ... ,azn)}

is positive and lower semicontinuous on U’. Therefore, there exists an r» > 0
such that this function is bounded below by 7 on U’. Let y',...,y™ be a finite
Ar/2 Lip p-net of U’ and for each 1 < j < M let :E{, coxd € X withr < d(xg,yj) <
R for each 1 < ¢ < n and such that P(yj;x{,...,xfl) for each 1 < j < M. We set

Np={2l:1<i<n, 1<j< M}
Then for any zg € U’ and v € S*7!, there exists a y/ with d(zo,y’) < A\r/2Lip¢p
and a 1 <7 < n such that

Jmax [(o(x]) — (@) - v| > [((]) — o)) - v] = [o(y’) — (o)
> )‘d(xgv yj) - )\d(:Eg, yj)/2
> )\d(xg, x0)/(2+ A/ Lip p)
= Nd(z!, x0).

Therefore, if we define N = U;Ny/; and V = U’ U N, for any x¢ € U’ there exists
a sequence V' 3 x,, — xo that satisfies ([B.I) for . Moreover, since each Ny, is
a finite subset of B(U’, ALip ¢/2k), for any sequence z,, € V either there exists a
constant subsequence or d(z,,,U’) — 0. In particular, V is compact and so (V, ¢)
is a structured chart.
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Finally, in a Lipschitz differentiability space N is a p-null set and so (V)
is a chart with respect to which any Lipschitz function is differentiable almost
everywhere in V. 0

To conclude this section we highlight a key fact that will be used when inves-
tigating Alberti representations in Lipschitz differentiability spaces. This result
should be compared to the concept of a gradient (see Definition 2TT]). We will use
this without any specific reference.

Lemma 3.8. Let (U, ) be a chart in a metric measure space (X,d,pn) and v €
D(X). Suppose that for some non-isolated to € Dom~ and f: X — R, f is differ-
entiable with respect to (U, ) at y(tg) and that (p o) (to) exists. Then

(f o) (to) = Df(x0) - (¢ 0 v) (to).

Proof. If v is L Lipschitz and ~(tg) = xo, use the triangle inequality and the fact
that

P(~v(t)) — P(~(t P - P
by [PO@) = POGD] _ ;o P() — Plao)
Dom y3t—tg |t - t0| Im~y>z—x0 d(‘ru 10)
for any P: X — R. (I

4. CONSTRUCTION OF A NON-DIFFERENTIABLE LIPSCHITZ FUNCTION

In the following section we will see that a metric measure space possesses many
Alberti representations whenever a certain class of subsets have measure zero. Fol-
lowing this we will show that such subsets do have measure zero in a Lipschitz
differentiability space by constructing a Lipschitz function that is differentiable
almost nowhere on such a set.

In this section we present a general method for constructing a Lipschitz func-
tion that is not differentiable on a given subset of a structured chart with certain
properties. Note that the construction does not use the fact that we work inside a
Lipschitz differentiability space, just that we have a chart structure.

We will construct such a Lipschitz function from a given sequence of Lipschitz
functions. The first step will be to modify each function in such a sequence in the
following way.

Lemma 4.1. Let (X,d, ) be a metric measure space, h > 4e¢ > 0 and L > 0.
Then for any L-Lipschitz f: X — R and Borel S C X there exists an L-Lipschitz
f: X = R and Borel S € S with u(S) > (1 — 4e/h)u(S) such that:

(1) The support of f is contained within B(S,2h/L).

(2) 0< f<h.

(3) For every x,y € B(S,h/L) with x # v,

f(z) = f(y)] < @) — W)
dz,y) — dzy)

(4) For every xo € S and x € X with 0 < d(z,z0) < ¢/L,

|f (@) = f(xo)| _ | f(2) - f(@o)l

d(x,x0) d(x,x0)
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Proof. Let M be the greatest integer less than h/4e and for each 0 < k < M define
Zi(t) = d(t,2¢k + 2hZ) and f, = Zr o f: X — R. Then each fj, satisfies () and
@). Now define
F, ={xo € S:d(f(x0),2¢k + 2hZ) < €}.

Then for integer 0 < k < M, the F}, are disjoint Borel subsets of S. Indeed,
if 9 € Fy N Fy then there exists an n € N with |k — &’ + hn/e] < 1. Since
|k — k'] < h/4e and h/e > 4, this can only happen if n = 0 and k = k' and so such
Fy and Fys are either disjoint or equal. Therefore, there exists an m with

() < p(S)/M < dep(S)/h.
We set S = S\ Fy, so that, for 2o € S and = € X with d(z,z0) < ¢/L,
| fn () — fm(x0)| < € and d(f(z0), 2em + 2hZ) > €.

In particular

[fm () = fm(20)| = |f(x) = f(x0)]
and so (@) holds.
Finally we define

f:B(S,h/L)UX \ B(S,2h/L) = R

o) fm x€B(S,h/L)
€Tr) =
0 xeX\B(X,2n/L).
Then, since 0 < f <h, f is L-Lipschitz and so we may extend it to a function on
the whole of X that satisfies the required properties. O

We now give the main Lemma required for the construction of a non-differentiable
Lipschitz function. It takes a set S and a sequence of Lipschitz functions that, in
some neighbourhood of S, witness both large and small difference quotients at all
points of S and combines them to construct a Lipschitz function that witnesses
such difference quotients in all neighbourhoods of S. Later in this section we will
see that such a function cannot be differentiable at any point of S.

Lemma 4.2. Let (X,d, 1) be a metric measure space, S C X Borel and L, > 0.
Suppose that there exists a sequence of L-Lipschitz functions fp,: X — R such that:
(1) For every xo € S there exists an M € N such that for each m > M there
exists an x € X with 0 < d(z,z9) < 1/m and
|fm(z) = fm(20)| = LBd(z,x0).
(2) For every m € N there exists a p,, > 0 such that, for every xo € S and any
Y,z S B(x07pm)7
[fm(y) = fm(2)] < d(y, 2)/m.

Then for any a > 0 and R; > r; > 0 such that R;,r; — 0, there exists i(k) — oo
and a Lipschitz function F: X — R such that:

e For almost every xo € S, Lip(F,z¢) > LS — .
e For every k €N, zo € S and v € X with i) < d(z,20) < Ri(r),

|f(z) = f(=o)]
d(x,x0) =
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Proof. By dividing by L if necessary, we may suppose that L = 1 and by taking
a suitable subsequence we may suppose that R; < r;_; for each i € N. We define
sequences m(k), i(k) — oo inductively as follows, choosing m(0) = i(0) = 1. Given
m(k) and i(k) choose i(k + 1) > i(k) such that

(K1) g

Rik+1) < Pmry and riy1) <27 i(5)

for every j < k. Then choose m(k + 1) such that
1 -
m < 2 (k+1)’f'i(k+1) and m(k + 1) > 2k+1/a.
Note that these conditions imply, for every j € N,
Zri(k) < ary;) and Z 1/m(k) < a.
k>j keN

We define 1-Lipschitz functions gi: X — R and a Borel set S C S by applying
LemmalLIto fy,(x) with b = 7;4)/2 and € = 1/m(k). Then p(Sy) > (1—237%)u(S)
and the g have the following properties:

(1) The support of gi is contained within B(S, r;x) ).
(2) 0<gr <7Tir)/2.
(3) For every x¢ € Sy, there exists an x with 0 < d(z,z0) < 1/m(k) such that

lgx () — gr(xo)|
d(z, xp) 28

(4) For every zo € S and any x,y € B(xo, Rix)) with 2 # y,

|9k (@) —gr(y)l o 1
d(z,y)  — m(k)
Finally we define F' = )", g, and

s= Use

meNk>m

a set of full measure in S.
We first show that F' is Lipschitz. Let x # y € X with

Tikhr1) < d(z,y) < i)

and suppose that, for some k' < k,
9w (2) = grr (y)| > d(z, y) /.

Then one of z or y must necessarily belong to B(S, ri(k)). However,

d(w,y) < riky < Tigrr)
and so there exists an zg € S such that

z,y € B(wo, 2rixy) C B(xo, Rirr —1))-

Since the R strictly decrease we have, for all j < &,

lgj(x) — g;(y)| < d(x,y)/m(j).
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In particular this can only happen for at most one value of ¥’ < k. If such a k' does
not exist set k' = k. Then we have

[F(x) = F)l < > lgi(@) — gl + low (@) —ge W)+ D lgi(@) — g, ()]

K #5<k J>k+1
Z d(z,y)/m(j) + 2d(z,y) + Z i) /2
M¢j<k j>k+1

< (a+2)d(z,y) + aryeer)
< 2(e+ 1)d(z, y)
and so F': X — R is Lipschitz.

Now let g € S’ and K € N such that zg € Sy for each & > K. Then for each
k > K there exists an x € X with 0 < d(x,z0) < 1/m(k) such that

9x(x) = gi(zo)]|

d(z, o) =y

Note that we also have x € B(S, R;(;)) for any j < k and so

| () = F(z0)| = lgu(x) = grlwo)l = Y lgj(@) = gj(wo)l = Y lg;(x) = g;(x0)|

i<k i>k

> Bd(x, x0) Zdz:z:o /m(j) Zri(j)/2

Jj<k i>k
> fd(x, x0) — ad(x, 20) — arg
> (8 —2a)d(z, zo).
Such an z exists for each k > K and so Lip(F, zg) > 8 — 2a.
Now let g € S and for any k € N let x € X with ;) < d(z,20) < Rjx). Then

(i) = Flzo)l < Y 1gi(x) = g5(x0)l + Y 195(x) — g5(o)|

i<k >k
< ad(x,xz0) + Z T’i(j)/Q
i>k
< 2ad(z, ).

Therefore, F' satisfies the conclusion of the Lemma for 2c. O

By combining this construction with the definition of a structured chart, we show
that the constructed function is differentiable almost nowhere on such a set.

Proposition 4.3. Let (U, ¢) be a structured chart in a metric measure space
(X,d,pn), S C U be Borel and L, > 0. Suppose that there exists a sequence
of L-Lipschitz functions fn,: X — R such that:

(1) For every xog € S there exists an M € N such that, for each m > M, there
exists an x € X with 0 < d(z,z9) < 1/m and

|fm(x) - fm(‘rO)l > ﬁd(l’,xo)
(2) There ezists a py, > 0 such that, for every xg € S and any y, z € B(xo, pm),
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Then there exists a Lipschitz function F: X — R that is differentiable p-almost
nowhere on S. In particular, if X is a Lipschitz differentiability space, then S is
p-null.

Proof. For A > 0 let (U, ¢) be a A-structured chart and choose o < A/(Lip p + 1).
Then by the definition of a structured chart, there exist positive R; > r; — 0 such
that, for almost every zo € U and every ¢ € N, there exist z1,...,z, € U with
r; < d(zj,z0) < R; and

[(p(x5) — p(x0)) - v

> A
1252 d(zj,xo) -

for every v € S"~1. We apply Lemma .2 to obtain a Lipschitz function F: X — R
and i(k) — oo such that, for almost every zo € S, Lip(F, z) > 5 — « and for every
keNand z € X with r;;) < d(z,20) < Ri(x),

[F(@) ~ Flao) _
d(x,x0) -
In particular, there exists a sequence x,, — o satisfying (B for A such that

lminf max |(f (@mn+i) = f(®0)) - V]
m—oo 0<i<n d(Ianri; IO)

< a.

Therefore, by Lemma [B.4 and our choice of o, F' is not differentiable at almost
every point of S. O

The following result first appeared in [BS13], however we now give a short proof
as this result will be required when establishing our characterisations of Lipschitz
differentiability spaces. We first require some notation.

Definition 4.4. Let (X,d) be a metric space, S C X Borel and 2y € S. We say
that S is porous at xq if there exists an n > 0 and X > z,, — z¢ such that
B(xm,nd(xm, x0)) NS = 0.
Further, we say that S is porous if it is porous at zy for each zy € S.

Corollary 4.5 ([BS13], Theorem 2.4). Porous sets in a Lipschitz differentiability
space (X,d, u) have measure zero.

Proof. For any porous set S C X there exists a countable Borel decomposition
S =U;S; UN and a sequence 7; > 0 such that u(N) = 0, each S; is compact and
contained within a structured chart and for each i € N and zo € S;, there exists
Ty — Xo such that
B(xm, nid(xm, x0)) N S; = 0.
Then for any > 0 and ¢ € N, the function
xo — sup{d(z,zo) < r:d(x,S;) > nid(x,x0)/2}

is well defined, strictly positive and lower semicontinuous on .S; and so there exists
an €,; > 0 such that it is bounded below by €, ;. Then the functions

fm(x) = min{d(x, S;) — €1/m,i, 0}

satisfy the hypotheses of Proposition 4.3 for S; and so S; is p-null. In particular,
S is also p-null. O
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4.1. Additional remarks on Lipschitz differentiability spaces. We give sev-
eral simple consequences of Proposition [£.3]

Corollary 4.6 ([BS13], Corollary 2.7). For any measurable subsetY of a Lipschitz
differentiability space (X,d,un), (Y,d,u) is a Lipschitz differentiability space with
respect to the same chart structure.

Moreover, the derivative of a real valued Lipschitz function in'Y agrees with the
derivative of any Lipschitz extension of f to X, almost everywhere.

Proof. Let f: Y — R be Lipschitz and (U, ¢) a A-structured chart of dimension n
in X. We may extend f to a Lipschitz function defined on X and so, for almost
every xg € Y NU, there exists a unique D f(xzq) such that

lim sup @) =L (@0) = Df o) - (p(@) = plao)l _
X3z d(z, x0)

This D f(xo) will also be a derivative for the metric measure space (Y, d, 1), provided
it is unique. As seen in LemmaB3lsuch a D f(x¢) is not unique if and only if there
exists a v € S*~! such that

Jimn sup [(p(x) — @(x0)) - v|
Yox—zo d(l’, .’IIQ)
However, since (U, @) is a A-structured chart in X, there exist X > x,, — o with

| (p(zm) — (o)) - v
n}gnoo d(xm,xo) Z A

=0.

By combining these two relations and using the fact that ¢ is Lipschitz, we see that
B(xm, Ad(Zm,x0)/2Lipp) NY =0

for sufficiently large m. In particular, for each v € S*~!, the set of such zg is a
porous set in X. By taking the union of such zy over a countable dense subset of
S"~1 we see that the set of those 29 where D f(x¢) is not unique is g-null. Therefore
the derivative of f in X is also the derivative of f in Y, almost everywhere. O

We also show how we may apply the construction of a non-differentiable Lips-
chitz function when we only have control over the infinitesimal behaviour of such a
sequence of Lipschitz functions.

Corollary 4.7. Let (X,d, u) be a Lipschitz differentiability space, S C X Borel and
L,5 > 0. Suppose that there exists a sequence of L-Lipschitz functions fp,: X — R
such that, for almost every xg € S':
o There exists an M € N such that, for each m > M, there exists an x € X
with 0 < d(z,z0) < 1/m and

| fm(2) = fm(20)| > Bd(z, o).
e For each m € N
Lip(fm,x0) < 1/m.
Then S is p-null.

Proof. By Lemma[3.7, it suffices to prove the result whenever S is contained within
a structured chart (U, ). For this, we will apply Proposition 3] to a suitable
subset of S.

For any € > 0 there exist a Borel S" C S with u(S") > u(S) — ¢, an M € N and
a sequence p,, > 0 such that:
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e For every m > M, zg € S" and y € X with 0 < d(y,x9) < pm,
|fm(y) = fin(z0)]
d(y,(EO)

e For every m > M and zp € S’ there exists an x € X with 0 < d(z,z¢) <
1/m and

<2/m

|fm () — fm(20)]
d(z, zp)

In particular, for any zo € S" and y, 2z € B(xo, pm) NS,
|fm(y) = fm(2)]
d(y, z)

Also observe that, for any xg € S/, there either exists an M’ > M and for each
m > M'" an z € S’ with

> .
<2/m

|fm(x) — fm(xO)l
d(z, xp) = /2

or there exists X > x; — xo such that B(z;, 8d(z;,z0)/2L) NS’ = (. Therefore,
there exists a Borel decomposition S’ = S” UP where P is a porous subset of X and
S"" satisfies the hypotheses of Proposition €3l for the Lipschitz differentiability space

(8',d, ). Therefore S” and so S’ are p-null. Finally, since € > 0 was arbitrary, S
is also p-null. O

Using the previous Corollary, we give an example of metric spaces that can only
be Lipschitz differentiability spaces when they have zero measure.

Corollary 4.8. Let (X,d,u) be a Lipschitz differentiability space, Y C X Borel
and for each m € N let N,, be a 1/m-net of Y. Suppose that, for each m € N and
q € N7TL7

=0

d —d
lim sup | (Ia q) (IOa q)|
X3zx—xo d(l’, .’IIQ)
for almost every xo € Y \ Uy Ny,. Then p(Y) = 0.
In particular, for any metric measure space (X,d,p) and 0 < § < 1, (X,d°, p)
is a Lipschitz differentiability space if and only if n(X) = 0.

Proof. Suppose that (U, ) is a structured chart in X and S C Y NU \ U, Ny,
is compact. Then for each m € N there exists a finite N/, C N,, such that
B(N/,,1/m) D S. We define the 1-Lipschitz function

fm(z) =d(x,N],) = min{d(z,q) : ¢ € N, }.

Then by the hypothesis on the Ny, Lip(fm,zo) = 0 for almost every xo € S.
Further, for any xo € S let ¢ € N/, with d(xo, ¢) minimal. Then d(zo,q) < 1/m
and
| fm(20) — fm(q)]
d(x, q)
Therefore the hypotheses of Corollary [4.7] are satisfied for S’, so that S’ and hence
S are p-null. Since S C U \ U,, N,,, was an arbitrary compact set and each N,, is
separated, Y N U must also be p-null.

=1.
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Now let (X,d, u) be a metric measure space and 0 < § < 1. For any a > 0,

|(a +7)% —a’|/r® — 0 as r — 0. In particular, for any zg,z € (X,d?) with zo # 2,
we may use the triangle inequality in (X, d) to deduce

=0.

moup 19°2) = a0, 9| _ [(d(s0:2) + d,0))’ = )
T—To d? (Ia IO) do ({E, .I())

Therefore, by choosing N,, to be any 1/m-net of X, if (X,d°, u) is a Lipschitz
differentiability space we must have u(X) = 0. O

Finally, we address the notion of a zero dimensional chart in a Lipschitz differ-
entiability space.

Corollary 4.9. Let (X, d, 1) be a metric measure space and U C X Borel. Suppose
that, for any Lipschitz f: X — R,

imsup L&) = @)l _

X3dx—xo d({E, 'IO)
for almost every o € U. Then p(U) = 0.

Proof. First observe that, for any zo € X, the function x — d(x,x() satisfies
Lip(f,xz0) > 0 and so singletons must have measure zero in U. In particular,
almost every point of U is a limit point of U.

Now, for any m € N let N,,, be a 1/m-net of U, S C U \ N, be compact and
N/}, C Ny, be finite with B(N},,1/m) > S. We define

fm(x) = d(z, Ny,) = min{d(z,q) : ¢ € N}, }
and let 8 C S be a compact and p > 0 such that

|fm(‘r) — fm($0)|
d(x, xzp)

<1/m

for each zp € S and 0 < d(z,20) < p. In particular, for any 2o € S’ and y,z €
B(zg,p) NS,
d(y, 2)

Moreover, for any zo € S’ there exists a € U with 0 < d(x,x0) < 1/m and

[fm(x) = fm(w0)|

d(x, ) =1

We apply Lemma 2] to obtain a Lipschitz function F': X — R with Lip(F, zq) > 0
for almost every zo € S’. Therefore S’ and hence S and X are p-null. O

Remark 4.10. Suppose we choose to define the lim sup of a function at an isolated
point to equal zero (as is the case in [Kei04]). Then this Corollary shows that a
set in a Lipschitz differentiability space is a chart of dimension zero if and only if
almost every point is isolated. This answers the question raised in Remark 2.1.3
of [Kei04] on the nature of charts of dimension zero.
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5. THE EXISTENCE OF ALBERTI REPRESENTATIONS

5.1. A single representation. We now give a characterisation of the metric
measure spaces with many independent Alberti representations (see Definition
2I0). Our method relies upon the Gliksberg-Konig-Seever Decomposition The-
orem, which we state first.

Theorem 5.1 ([Rud08], Theorem 9.4.4). Let (X, d, u) be a compact metric measure
space and K a weak® -compact, convex and non-empty set of reqular Borel probability
measures on X. Then there exists a Borel decomposition X = AU S such that
uL AL v for somev € K and k(S) =0 for every k € K.

We would like to apply this Theorem with K a set of normalised ' measures
supported on elements of a compact subset of T'(X) (see Definition 21]). However,
this set need not be compact. Instead, in the following Lemma, we apply it with
K a set of normalised H' measures supported on elements of a compact subset
of TI(X) (see Definition 1. Following this, we will use this Lemma to obtain a
conclusion in terms of I'(X).

Lemma 5.2. Let (X,d,u) be a compact metric measure space and J C II(X)
closed. Then there exists a Borel decomposition X = AU S and an Alberti repre-
sentation A of pL A such that:

(1) Almost every v € A belongs to J.
(2) For everyy € J, H(yN S) = 0.

Remark 5.3. If p gives measure zero to any set S that satisfies ([2) then A is
an Alberti representation of pu. Observe that, from the definition of an Alberti
representation, this condition is also necessary for a representation of u satisfying
(@ to exist. Therefore, this Lemma gives a characterisation of the existence of such
an Alberti representation.

Proof. If J is empty then setting A = () and A = (0,{H' L ~}) completes the
proof. Otherwise, for each k € N let J; be the set of k-bi-Lipschitz v € J with
Dom~ C [k, k] and £}(Dom~) > 1/k. Then by Lemma 7 since J C II(X) is
closed, each Jj is isometrically equivalent to a closed subset of the compact subsets
of [k, k] x X with the Hausdorff metric, and so is compact.

Now fix £ € N and for each v € J;, let H, be the pushforward of the Lebesgue
measure on Dom+~y under v, multiplied by a suitable scalar such that H, is a
probability measure. Then since Jj is compact, the set of such measures is weak*-
compact and so K, its weak*-closed convex hull, satisfies the hypothesis of Theorem
Il Moreover, probability measures on Ji are weak*-compact and so any measure
v € K is of the form

v(A) = My (A)dP' (),
I(X)
for some Borel probability measure P’ on II(X) with P'(J;) = 1.

Therefore, Theorem (1] gives a decomposition X = Ay U S where p L Ay is
absolutely continuous with respect to some v € K and H-(Sj) = 0 for every v € Jj.
In particular, an application of Lemma [2.3] constructs an Alberti representation Ay
of pL Ay from v such that almost every v € Ay, belongs to J, and H(yNSk) =0
for every v € Ji. Finally, if we define A = Uy A and S = NSk, then X = AU S
is a Borel decomposition of X such that, by Lemma 24, L A has an Alberti
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representation A4 such that almost every v € A belongs to J, and such that S
satisfies H!(y N S) = 0 for every v € J with £(Dom~) > 0. Since H'(yNS) =0
for any v € J with £(Dom ) = 0, this decomposition is of the required form. O

We summarise the exact setting in which we will use the above Lemma. Not only
does the resulting Alberti representation have a direction but we may also control
the magnitude of the partial derivatives of a finite number of Lipschitz functions.
Later (in Definition [5.7]), this will be developed into the notion of the speed of an
Alberti representation.

Corollary 5.4. Let (X,d, ) be a compact metric measure space and, for somen €
N, let p,9: X — R™ be Lipschitz. Then for any cone C C R™ and d1,...,0, >0,
there exists a Borel decomposition X = AU S such that:

o There exists an Alberti representation A of pL A in the p-direction of C
such that, for almost every v € A, v belongs to II(X) and

(| (¥i o) (to)|l > &; Lip(v, to)

for almost every tyg € Dom~y and every 1 < i <mn.
o Hi(yNS) =0 for every v € II(X) in the p-direction of C with

(5.1) [i(v(®)) = iy (@D = dillv () = @)
for every t,t' € Dom~ and every 1 <i < n.

Proof. Let v, € II(X) be a sequence of Lipschitz curves in the @-direction of C'
and, for some 7 € TI(X), suppose that v, — 7. Then for any ¢,t € Dom~ and for
each m € N there exists t,,,t,, € Dom~,, such that

Ym(tm) — y(t) and v (t,) — ().

Then
(e(y(1)) = p(v())) - w = Tim (p(Ym(tm)) = P(ym (tm))) - w
> Tim (1= 0)[lo(ym(tm)) = @(Ym (tm))]]

(1 =0)lle(v(®)) — (v ()l

so that v is in the ¢-direction of C. Similarly, if each ,, satisfies (B.I)) for every
t,t' € Dom~y and every 1 < i < n, then so does 7. Therefore, the set J of all
v € II(X) in the ¢-direction of C that satisty (B.I]) for every 1 < ¢ < n and every
t,t" € Dom~ is closed. Moreover, for any v € J,

| (¥i 0 ) (to)|| > &; Lip(v, to)

for almost every ¢ty € Dom~ and each 1 <i < n. By applying Lemma to J we
obtain a decomposition X = A U S of the required form. O

Observe that, if X is a metric space such that II(X) only contains Lipschitz
curves v with Dom  a single point, then the decomposition A = @), S = X satisfies
the conclusion of the previous Lemma. To obtain a meaningful result, we will
instead apply the Lemma to the closed, convex hull of an isometric copy of X
within a Banach space B. In this case II(B) is very rich and so we obtain a much
stronger conclusion.

So that we may describe such an Alberti representation purely in the language
of the metric space, we now investigate Lipschitz curves in the singular set S.
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Lemma 5.5. Let B be a Banach space, X C B closed and convex and let p,v: B —
R™ be Lipschitz. For a cone C C R™ and 61,...,0, > 0 suppose that a Borel set
S C B satisfies H (YN S) =0 for all v € TI(X) in the @-direction of C' with

[ (v(£)) = bi(YEDN = 0:lly(8) = v ()]
for every t,t' € Dom~ and each 1 < i < n. Then for any measurable D C R and
Lipschitz v: D — X the set
{toe D: (pov)(tg) € C° and |(v; o¥) (to)| > 8; Lip(v,t0) V1 < i <n}
is Lebesgue null.

Proof. Suppose that the conclusion does not hold for some measurable D C R of
positive measure and v: D — X. We will construct a new function 7 € II(X) that
agrees with « on a set of positive measure and satisfies the conditions given in the
hypotheses of the Lemma, producing a contradiction.

By standard measure theoretic techniques, there exist ®, ¥ € R", b,¢ > 0 and
5; > §; with

B(®,¢) C C and each |¥;| > /b

such that, for every € > 0, there exists a bounded D’ C D of positive measure with

(o) (te) — @[ <e, [(io) (to)| > |Wi| and Lip(y,to) < b
for every 1 <i < mn and ty € D’. Let D’ be such a set for some choice of
0 < e < min{||®|, £}

Further, let R > 0 and D" C D’ have positive measure such that, for every ¢ty € D"
and every t € Dom~y with [t — to| < R,

o(v(t) = ¢(v(t0)) — R(t — to)[| < €lt —tol,
foreach1 <i<n
[1hi(v(2)) = Pi(v(t0))| = [Wi(t —to),
and
7 (#) =~ (to)ll < blt —tol.

We set Dy to be the intersection of D" with an interval of diameter R chosen so
that Dy has positive measure, and I to be the smallest closed interval containing
Dy. Finally, we define 5 to equal v on Dy and extend 7 to I whilst maintaining
the Lipschitz constant by first extending to the closure of Dy and then linearly on
the connected components of the complement.

First observe that, since X is closed and convex, Im% C X. Further, since v|p,
is in the p-direction of C, H'(y(Dy)) > 0. Now, for any connected component
(¢,d) of I'\ Dy, let ¢, dp, € Dy with ¢, — ¢ and d,,, — d. Then

le(7(e) =¢(3(d)) = @(c = d)|| = lim_[le(F(cm)) = ¢(V(dm)) = P(cm — dm)||
< ele—d.
Similarly
[1i(Y(c)) = ¥i(3(d))| > [Wi(c — d)|
for each 1 < i <n and
[7(c) = ()] < ble —d].
In particular, since 7 is extended linearly to (¢, d), for almost every tg € I,

(e o7) (to) — @[l <€
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so that 4 is in the (-direction of C. Similarly

(i 07) (to)| = ¥
for each 1 < i < n and, for every t,t' € I,

[7(8) =) < blt —'|.
Therefore, for any t < t' € I,
17(t) =) = le@F(®) — eGE))I

- | [, o7
> (] - )t~

so that 7 is bi-Lipschitz and so belongs to II(X). Similarly, for any 1 < ¢ < n,

)~ Gl = | [ wiedyt)
> 0;blt — to
> 0ilI(t) = ().
Therefore 7 satisfies the hypotheses of the Lemma and so
0=H'(7NS) = H (3(Do)) >0,

a contradiction. O

To apply these results to a metric measure space, we now define an embedding
into a Banach space that exposes additional structure given by some Lipschitz
functions defined on the metric space.

Definition 5.6. For n € N we define B to be the Banach space
B=R"xR" x {
with norm
[[(u, v, )| = max{]|ul[gn, [v]lr~, [Is]le }

Further, suppose that (X, d) is a metric space and ¢, : X — R™ Lipschitz. We
fix a bi-Lipschitz embedding ¢: X — {,, and define the bi-Lipschitz embedding
*: X — B by

z = (p(z), ¥ (2), o(2)).
We identify X with its image in B under ¢* and note that the projection P; onto the
first factor (respectively P, onto the second factor) in B agrees with ¢ (respectively

) on X. In particular, for any v € T'(X), the derivative (¢ o) (respectively
(1 o)) agrees with (P; o)’ (respectively (P2 o+)’) almost everywhere.

Finally, we define an additional property of an Alberti representation. The speed
of an Alberti representation quantitatively describes how the partial derivative of a
Lipschitz function with respect to the Alberti representation compares to the infini-
tesimal behaviour of such a function. This notion will have a particular importance
when characterising Lipschitz differentiability spaces when we will be interested in
Alberti representations with speed independent of the Lipschitz function.
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Definition 5.7. Let (X,d) be a metric space, ¢: X — R"™ Lipschitz and § > 0.
We say that v € T'(X) has speed ¢ (or ¢-speed § whenever the implied Lipschitz
function is not clear) if for almost every ¢ty € Dom+,

(¢ 07)' (to)ll > 0 Lip(p,y(to)) Lip(7, to)-

Further, we say that an Alberti representation A has speed § (or ¢-speed ) if almost
every v € A has speed §.

Corollary 5.8. Let (X,d, ) be a metric measure space and p,9: X — R™ Lips-
chitz such that Lip(v;, ) > 0 for each 1 < i < n. Then, for any cone C C R™ and
01,...,0, >0, there exists a Borel decomposition X = AU S such that:

o There exists an Alberti representation of L A in the p-direction of C' with
;-speed O; for each 1 < i <m.
o Hi(yNS) = 0 for any v € T'(X) in the @-direction of C° with 1;-speed
strictly greater than d;, for each 1 <i <mn.
In particular, for any cone C C R™ there exists a Borel decomposition X = AUS
where L A has an Alberti representation in the -direction of C and H'(yNS) =0
for any v € I'(X) in the p-direction of C.

Proof. Fix A > 1, k1,...,k, € Z and let Y C X be compact with
AR > Lip(i, 29) > A7Ri!

for every zp € Y and every 1 < i < n. Since Y is compact, it’s closed convex
hull Y is also compact. By applying Corollary [5.4] to (lN/, d, ;1) we obtain a Borel
decomposition Y =Y, UY} such that:
e There exists an Alberti representation A of pL Y, in the @-direction of C
such that
(i 0)"(to)| = 6™ Lip(v, to)
for almost every v € A, almost every typ € Dom+ and every 1 <1i < n.

e Hl(yNY,) =0 for every v € II(Y) in the ¢-direction of C with
[$i(7()) = i (v (t))] = GX* ||y () — A (2]

for each ¢, € Dom~ and every 1 <i < n.

By our choice of A, A has 1;-speed ¢; for each 1 < i < n. Further, by Lemma [5.5]
for any v € T'(Y) in the ¢-direction of C° with each ;-speed strictly greater than
51')\; 7‘[1(’}/ N S) =0.

By varying the k; € Z, there exists a countable cover of X by such Y except for a
p-null set and so, after combining the respective representations using Lemma [2.4]
for each A > 1 there exists a Borel decomposition X = Ay U Sy where A, has an
Alberti representation in the ¢-direction of C' with ;-speed §; for each 1 <1i < n
and such that S satisfies H!(y N.S) = 0 for every v in the ¢-direction of C° with
each 1;-speed greater than §; \. Writing A = Uy A, and S = NSy (where the union
and intersection are taken over A € Q, A > 1), Lemma 2.4] completes the proof. O

5.2. Multiple representations. We now improve upon Corollary B.§ by pro-
ducing multiple independent Alberti representations of a metric measure space
(X.d,p).

Suppose that ¢: X — R™ is Lipschitz and that Cy,...,C,, is a collection of
independent cones in R™. Then, by multiple applications of Corollary (.8 there
exists a Borel decomposition X = A U S such that p L A has n p-independent
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Alberti representations and S has a Borel decomposition S = S; U...U S, such
that, for each 1 <4 <n, H}(yNS;) = 0 for each v € T'(X) in the p-direction of C;.

However, as we will see in the next section, the method of constructing a non-
differentiable Lipschitz function on S requires, for any ¢ > 0, a decomposition
as above such that each C; has width 1 — e. Of course, for sufficiently small e,
these cones will not be independent. So that we may produce independent Alberti
representations and also satisfy this condition for S, we introduce a method that
reduces the width of a cone that defines the direction of an Alberti representation,
at the expense of a countable decomposition.

Corollary 5.9. Let (X, d, 1) be a metric measure space, A C X Borel and p,¢: X —
R™ Lipschitz. Suppose that, for some cone C = C(w,0) C R"™, uL A has an Alberti
representation A in the p-direction of C' such that |(1; o) (to)| > 0 for almost ev-
ery v € A, almost every tg € Dom~ and every 1 <i <n. Then, for any countable
collection of cones C,, with

U ¢ 2\ {o},
meN
there exists a countable Borel decomposition A = U Ay such that each pL Ay has
an Alberti representation Ay in the @-direction of some Cy, with 1;-speed strictly
greater than 1/k, for each 1 < i < n.
Moreover, if for some 61,...,0, > 0, A has ;-speed strictly greater than 6; for
each 1 <i <mn, then so does each Ay.

Proof. By applying Corollary B.8 using each cone C,, in the hypotheses and each
0; = 1/k, we obtain a countable Borel decomposition of A into a sets Ay such
that each p L Ay has an Alberti representation of the required form and a set S
that satisfies H'(y N S) = 0 for each v € T'(X) in the p-direction of some C2, and
with positive ¥;-speed for each 1 < i < n. Therefore, since the C?, cover C'\ {0},
S satisfies this for all v in the ¢-direction of C' with positive ;-speed for each
1 < i< n. Since puL A is represented by A, u(S) = 0.

Now suppose that d; > §; and that A has 1;-speed §; for each 1 < i < n. Then
if we repeat the same process but for each 1 < ¢ < n take each A to have ;-
speed between ¢, and ¢;, we obtain the same decomposition but with S satisfying
H1(yNS) = 0 for each 7 in the p-direction of C with 1);-speed &/ for each 1 < i < n.
Again, since p L A is represented by A, u(S) = 0. O

Definition 5.10. We will refer to the above process of obtaining new Alberti
representations with the same properties as an existing representation but in the
direction of thinner cones as refining an Alberti representation.

The requirement in the previous Corollary that both ¢ and v take values in
the same Euclidean space is not necessary. Indeed, suppose that (X,d,p) is a
metric measure space satisfying the hypotheses of Corollary for p: X — R"
and ¢: X — R™ Lipschitz. If m < n then by repeating any n —m + 1 coordinate
functions of 1, we obtain a Lipschitz function zz into R™. Similarly, if n < m, we
may define a Lipschitz function ¢ into R™ and w € R™ by ¢; = ¢; and w; = w;
for 1 <i<mand @ =w; =0forn <i<m. Then a Lipschitz curve is in the
p-direction of C(w,#) if and only if it is in the @-direction of C(w, ). In both
cases, the original hypotheses of Corollary 5.9 are satisfied and it’s conclusion gives
us Alberti representations of the required form.
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We will require refinements of Alberti representations that maintain the speed
of a vector valued function. Suppose an Alberti representation A of (X,d,u) is
in the p-direction of a cone C, so that ||(¢ o) (to)|| > 0 for almost every v € A
and almost every tg € 7. Then we may refine A into Alberti representations, each
with positive ¢-speed. Further, suppose that A has p-speed strictly greater than
0, for some § > 0. Then there exists a countable Borel decomposition X = U; X;
and for each i, rational &1...,d, > 0 with 62 + ... + 2 > §2 such that AL X;
has @;-speed strictly greater than §;, for each 1 < i < n. Therefore, we may take
arbitrary refinements of A, each with ¢-speed strictly greater than 4.

As in previous constructions, we will find multiple independent Alberti represen-
tations of a metric measure space (X, d, 1) by decomposing X into two sets; one set
on which g has many independent Alberti representations and another, singular,
set. We now define the general form that such a singular set takes. In fact, we will
later see that such sets play a fundamental role when determining whether a metric
measure space is a Lipschitz differentiability space. These sets, and the methods
involving them in the following section, are a natural generalisation of those consid-
ered in [ACP] in which the authors investigate measures on Euclidean space with
respect to which Rademacher’s Theorem holds.

Definition 5.11. Let (X, d) be a metric space, p: X — R™ Lipschitz and §,0, A >
0. We define A(y; 9,0, ) to be the set of S C X such that:

e For every xg € S,
Lip(v - ¢, 70) > ALip(p, z9) Yo € S"71.

e There exists a countable Borel decomposition S = UiSy and a countable
collection of closed cones Cy C R™ of width 1 — 6 such that each Sj, satisfies
H1(yN Sk) =0 for each v € T'(X) in the p-direction of Cj with ¢-speed 6.
Further, we define /Nl(d, 0, \) to be the set of S C X for which there exists a countable
Borel decomposition S = Ug Sy and a sequence of Lipschitz functions ¢ : X — R™*
such that Sy € g(gok; 0,0, ) for each k € N. Finally, we define g(g@), respectively
A, to be the set of S C X for which there exists a A > 0 such that S € g(g@; 5,0, ),
respectively S € g(&, 6, ), for every 6,0 > 0.

Remark 5.12. Observe that E(cp;é,@,)\) C g(g@;&',@’,)\') whenever § < ¢, 0 > ¢
and A < X, and hence A(6,0,\) C A(8',6,\).

By combining the previous results of this section we may construct many inde-
pendent Alberti representations of a measure, one-by-one.

Proposition 5.13. Let (U, ) be a A-structured chart of dimension n in a metric
measure space (X, d, ). Then for any 0 < §,0 < 1 there exists a countable Borel
decomposition
v=sulJu
ieN
such that each p L U; has n p-independent Alberti representations with o-speed
strictly greater than § and S belongs to /T((p; 0,0, A/ Lip ¢).

Proof. Observe that it suffices to prove the result for Lipp = 1. In this case, by
applying Corollary[5.8using a cone of width 1—6, there exists a Borel decomposition
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U = U’ U S such that gL U’ has an Alberti representation with ¢-speed strictly
greater than § and S € A(cp; 0,0, \).

Now suppose that, for some 1 < m < n, there exists a countable Borel decompo-
sition U = U;U;US such that each uLU; has m independent Alberti representations
with p-speed strictly greater than § and S € A(p;d,0,A). Then, by refining if nec-
essary, we may suppose that the representations of each pL U; are in the ¢-direction
of cones of width «, for some 0 < a < V1 — 62.

Now fix ani € Nand let wy, ..., w,, € S*! such that C(wy, @), ..., C(wy,,a) are
independent and pL U; has an Alberti representation in the ¢-direction of C'(w;, &),
for each 1 < i < m. We choose wy,4+1 € S”~! orthogonal to ws, ..., w,, so that, by
our choice of o, C(wy,a),...,C(wn,a), C(wmn1,0) are independent cones in R™.
By applying Corollary B8 using C(wi,+1,6), there exists a Borel decomposition
U; = U/ US; such that p L U/ has m + 1 independent Alberti representations with
p-speed strictly greater than § and 5; € g(cp; 0,0, \).

Since SUST1USU... € E(cp; 0,0, \), we see that there exists a countable Borel
decomposition X = U;U] U S’ such that each gL U/ has m + 1 independent Alberti
representations and S’ € g(cp;é,@,)\). By repeating this process n — 1 times we
obtain the required decomposition. ([

Theorem 5.14. Let (U, ) be a A-structured chart of dimension n in a metric
measure space (X, d, ). Then there exists a countable Borel decomposition U =
U;U; such that each pL U; has n p-independent Alberti representations if and only
if, for every S € A(p) with S € U, u(S) = 0.

Proof. First suppose that, for every S € g(g@) with S C U, u(S) = 0. By the
previous Proposition, for each m € N there exists a Borel decomposition U =
U,, US,, such that U,, has a countable decomposition of the required form and
Sm € A(p;1/m,1/m, ). This gives a Borel decomposition U = SUU; UU, U ...
where each U; is of the required form and S = N,,.S,, € A(gp), as required.
Conversely, suppose that such a decomposition exists. Then by refining each
Alberti representation if necessary, for each U; we may suppose that there exists
a 0 > 0 and independent cones C1,...,C, such that for each 1 < i < n, pL U;
has an Alberti representation in the @-direction of C; with ¢-speed 6. For such
a U; there exists an m € N such that 1/m < ¢ and such that any cone of width
1 —1/m must completely contain one of the C;. Since L U; has the above Alberti
representations, for any S € A(g;1/m,1/m,\), p(S N U;) = 0. In particular, for
any S € /~1(<p), u(SNU;) =0 and hence u(SNU) =0. O

6. FIRST ALBERTI REPRESENTATIONS IN DIFFERENTIABILITY SPACES

By combining our previous results, we now prove the existence of independent
Alberti representations in Lipschitz differentiability spaces. We will apply Theorem
.14 to construct independent representations and will show, for any chart (U, ¢)
and S € A(yp), that u(S N U) = 0 by constructing a Lipschitz function that is
differentiable almost nowhere in such a set, via Proposition [4.3]

6.1. Constructions in Banach spaces. We will again embed our metric space
into a Banach space. This provides many Lipschitz curves that we may use to
define the Lipschitz functions required for Proposition 4.3l

In this subsection we fix the following notation for simplicity.
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Notation 6.1. For n € N we let B to be the Banach space defined in Definition
B8] let p: B — R™ be the projection onto the first factor and fix w € S*~1. We
also fix X a compact subset of R” x {0} x £o, C B,0< 6,0 <1 and S C X closed
with H!(y N S) = 0 for every v € I'(X) in the p-direction of C(w,6) with ¢-speed
J.

For each t € R we define P,: R™ — R"” to be the orthogonal projection onto

{veR": (v—tw) w=0}
and define P;: B — B by
Pt(u,’U,S) = (Pt(u),’U,S)-

We also define P = Py, ¢ = inf{p(z) - w: z € X}, P = P,, and Q to be the
closed, convex hull of P(X)U X, a compact, convex set.
Further, for any measurable I C R and Lipschitz v: I — €, we express

7=1(p°7,0,77)
and write V,(t) = Lip(y*,t), so that

Lip(y,t) = max{[[(¢ )" ()[I, V- (1)}

for almost every t € I.
In addition, for any Borel V' C B and € > 0, we define

QVir,6) = / (por) -w+ / (K O)[P((o0))] +6V,) + H (),

TTHRY) TN
where K(0) = (1—60)//6(2 —0).

Lemma 6.2. For any € > 0 there exists a B-open set V. O S such that, for any
compact interval I and Lipschitz v: I — Q with (¢ o) -w > 0 almost everywhere,

QIViv:€) = ((ve) = ¢(7s)) - w — €,
where vs and 7. are the endpoints of 7.

Proof. Suppose that the conclusion is false. Then there exists an € > 0 and for each
m € N a Lipschitz v, that violates the inequality for the open set V;,, = B(S, 1/m).
Since {2 is compact, by replacing € by €/2 if necessary, we may suppose that each
vm has the same endpoints, v and ~.. In particular, for each m € N,

H (Ym) < Q(Vin, Y €)/€ < ((1e)) — @(7s)) - w/e.

Therefore, there exists an L > 0 and a reparametrisation of each ~,, such that each
is a 1-Lipschitz function defined on [0, L]. Further, by the Arzela-Ascoli theorem and
after possibly choosing a suitable subsequence, there exists a 1-Lipschitz v: [0, L] —
Q such that v, — v uniformly. Moreover, since (¢ o v,,)" > 0 almost everywhere
for each m € N, (¢ o)’ > 0 almost everywhere. We will show that the image of
intersects S in a set of positive measure from which we deduce a contradiction to
our hypothesis.

Fix an m € N and n > 0. Since 8 = v 1(Q\ V,,,) is an open subset of R
of finite measure, there exist disjoint compact intervals 31,...,8x C 8 such that
LB\ U;B;) < n. Therefore,

/ 7(9007)’-w§/ (pon) -w+nLipe.
3= \Vim) UiBs

k3
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Moreover, by the lower semicontinuity of the total variation of Lipschitz functions
under uniform convergence,

/ (po~y) -w < liminf (poyk) -w.

Uig k=00 Ju,g;

Now, since v — v uniformly and each v(3;) is compact, there exists a K € N such
that, forall k > K and 1 < i < N, v,(3;) € Q\V;n. Therefore, since (poy;) -w > 0

almost everywhere for each k,

/ *(SDOV)I'wSliminf . (pom) -w+nLipep.
R oo L)

Further, by again using the lower semicontinuity of total variation and of o —

Hi(a),

Q(Vin, 7, €) < liminf Q(Vi, i, €) + 1 Lip .
—00

Finally, since (p o)’ > 0 almost everywhere and V;, C V,, for every k > m,

Q(Vin,7,€) < (¢(ve) — ¢(7s)) - w — e+ nLip p.

This is true for all m € N and n > 0. Moreover, since S is closed, N Vin = S
and so

QS,7,6) < (p(7e) = ¢(7s)) - w — €.
In particular, by the fundamental theorem of calculus,

60 s [ @eiwe [ KOIPGee+ o) - ()

On the other hand, when ~ is restricted to
D= {to: (po7)(te) -w > (1= 0)[[(¢07) (to)|| = (L - 0)d Lip(v,t0)},

it is a Lipschitz function in the @-direction of C with ¢-speed §. Moreover,
Lip(y,tp) > 0 for every to € D and so we may decompose D into a Lebesgue
null set and a countable collection of compact sets K; on which ~y is bi-Lipschitz.
In particular, each 7|, € I'(X) and so DN~y ~!(S) is Lebesgue null. Therefore, for
almost every to € v~1(S), either

(p07) (to) < (1 =0)l[(p o) (to)ll < K(O)|P(07) (o),

or
l(p o) (to)|| < dLip(v,to) and so Lip(vy,to) = Vy(to).
Thus
02 [ e ws [ (KOIP(eo))+,).
YHS) 7H(S)
By combining equations (6.I]) and (6.2) we obtain € < 0, giving the required con-
tradiction. O

We use this result to construct a Lipschitz function on € defined via Lipschitz
curves connecting points in 2. We will see that functions of this form have the
properties required to apply Proposition

Lemma 6.3. For any € > 0 there exists a B-open set V > S and a (1+K(0)+0+¢)-
Lipschitz function f: Q — R such that:
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(1) For every x,xzo € Q with (p(x) — p(xg)) - w > 0,

f(@) = f(zo) = (p(2) = p(20)) - w — €.
(2) For every y, z contained in a ball B C V,

1f(y) = F(2) < KOIP(e(y) = w2l + 0+ e)lly — 2.

Proof. For € > 0 let VO S be the Q-open set obtained from an application of
Lemma By our definition of Q, for every = € Q the straight line segment
joining P(z) to x lies in 2. Therefore we may define a function f: Q@ — R by

f(z) =infQ(V,7,¢)
where the infimum is taken over all [ > 0 and all Lipschitz v: [0,]] — € with
(poy) -w > 0 almost everywhere such that v(0) € P(2) and v(I) = z. We will
call such a curve admissible for x.
We now use the conclusion of Lemma to deduce the required properties of
f. We first show that f is Lipschitz and satisfies (2)). Indeed, let y,z € Q with

(p(2) — @(y)) -w > 0 and let v: [0,]] = 2 be any admissible curve for y. Define
~:[0,l+1] — B by

T t € 0,1]
7(lt)_{er(t—Z)(z—y) te(l,l+1].

Then since (p(z) — ¢(y)) -w > 0, (p 07)" > 0 almost everywhere and so 7 is
admissible for z. Therefore

f(2) < fy) +Q(V Al pi41))

< ) +H G+ ID\V) + K@) P(e(y) — @) + (6 + M (F([1,1+1]))
(6.3)

< f(y) + KOIP(e(y) — eI+ @ +e)lly — 2] if y, 2 € Ball C V
(6.4)

< f(y) + KO)P(e(y) — ()l + (1 46+ €)lly — 2| otherwise.

To bound f(y), let v: [0,1] = © be admissible for z and set
to=1inf{t € I : p(y(t)) - w = ¢(y) - w}.

Then since (¢ o)’ > 0 almost everywhere, (¢(7(t)) — ¢(y)) - w > 0 for all t > to.
We define 5 by

v(t) if0<t<t
() = § Pow)w(¥(t)) o<t <l
YO+ =Dy —-71) ted,l+1]

Then ¥(I 4+ 1) =y and (p o ¥)'(¢) - w = 0 for almost every t € [to,! + 1], so that 7
is admissible for y. Further, for almost every ¢ € [to, (],
[P((e o) NI < IP((p o) ()] and V5 (t) = Vy(2).
Therefore
QUV, Vo) < QV, Vo i)
and so

(6.5) fy) < f(2) + KO)P(e(y) = eI+ 0+ e)lly — 2.
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By combining equations (63)), (6-4) and (65) we see that f is a (1+ K(0) + 6 +¢€)-
Lipschitz function such that, for every y, z belonging to a ball contained in V,

1f(y) = F(2) < KOIP(e(y) = w2l + 0+ e)lly — 2]

To prove () let x,xz9 € Q with (p(x) — ¢(x0)) - w > 0. By the definition of
Q and P, the straight line segment « joining P(zg) to x¢ lies entirely within
and satisfies (¢ o)’ > 0 almost everywhere and so is admissible for zo. Further,
P((p o) (to)) =0 = V,(to) for almost every tq. Therefore,

f(0) < (p(w0) — @(P(x0))) - w + €]l — P(zo)||-
Further, by the conclusion of Lemma [6.2]

f(@) z (o(z) — o(P(x))) - w —e.
Therefore, since (p(P(x)) — ¢(P(x0))) -w = 0,

f(@) = f(@o) > (p(z) — (20)) - w — €(1 + diam X).
This proves the result for (1 + diam X )e, which suffices. O

6.2. Application to Lipschitz differentiability spaces. We first apply our pre-
vious construction to subsets of metric measure spaces.

Lemma 6.4. Let (X, d, p) be a metric measure space, U C X compact and p: X —
R™ Lipschitz. Suppose that, for some w € S 1, 0 < <1 andé >0, S C U is
closed and satisfies H'(y N S) = 0 for any v € T'(X) in the p-direction of C(w, )
with p-speed 0. Then for any € > 0 there exists a (1 + K(0) + § + €) Lip ¢-Lipschitz
function f: U — R and a p > 0 such that:

o For every xg € S and x € U with (p(x) — p(xg)) - w > 0,
f(@) = f(@0) = (o(x) — p(x0)) - w—€

e For every xg € S and y, z € B(xo, p),

1f(y) = F(2)] < K@O)P(e(y) — (2)ll + (6 + €) Lip d(y, 2).

Here P: R™ — R™ is the orthogonal projection onto the hyperplane orthogonal to w
passing through the origin.

Proof. Let us identify U with its image in B via the bi-Lipschitz isomorphism ¢*
defined in Definition (for v = 0). Note that ¢ agrees with the projection onto
the first factor on U and so we may extend ¢ to all of B by defining it to be this
projection. Then S is also a subset of B that satisfies H!(y N S) = 0 for every
v € T'(U) in the @-direction of C'(w,#) with ¢-speed 6. We denote by ||z — y|| the
distance between x and y in B and by d(z,y) the original distance between z and
y in U, so that

d(z,y) < [lz — yll < Lip ¢d(z,y).
Define f to be the Lipschitz function and V the open set obtained from an

application of Lemma [6.3l Since U C V is compact there exists a p > 0 such that,
for every zo € S, B(zo,p) C V. This function has the required properties. O

We now combine the functions constructed in the previous Lemma to satisfy the
hypotheses of Proposition 3] for arbitrarily large subsets of any S € A(yp), for any
structured chart (U, ).
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Lemma 6.5. Let (U, p) be a structured chart in a metric measure space (X, d, p)

and suppose that S € /T((p) with S C U. Then there exists a § > 0 and, for any
d > 0, a 1-Lipschitz function f: X — R, a compact S’ C S with u(S") > u(S) — 4§
and a p > 0 such that:

e For every xg € S’ there exists an x € U with 0 < d(x,x¢) < § and

|f(x) = f(xo)| = Bd(z,z0).

e For every g € S and y, z € B(xo, p),

1f(y) = f(2)] < 0d(y, 2).
Proof. Note that it suffices to prove the result for any 1/2-Lipschitz ¢ and 0 <
d < 1/2. If so, let A > 0 and 0 < 6 < 1 such that (U, ) is a A-structured chart
and K (0) < 6/2. Then there exists a countable Borel decomposition S = U;S; and
for each i € N a w; € S"! such that H'(yN S;) = 0 for any v € T'(X) in the
p-direction of C(w;, ) with ¢-speed 4.
For every i € N, let @; C S; be disjoint and compact and let NV € N such that
w@Q1U...UQnN) > pu(S) —o.

Then there exists a h > 0 such that the B(Q;,2h) are disjoint. Further, let 0 <
4R < min{h,d} such that (1 —4R/h)u(Q1 U ...UQnN) > p(S) — 6. Then, since
(U, p) is a structured chart, there exists an r > 0 such that, for every g € U, there
exists an ¢ € X with r < d(x,x¢) < R and

(ple) — plao) -wil . |
d(x, ) -
We also set e = Ar/2 and, for each 1 < i < N, define
gi: B(Ql,h) —R
to be the 1-Lipschitz function obtained from Lemma [64] restricted to B(Q;, h) for
this choice of €, 6 and w;. Further, we let f;: B(Q;,h) — R and P; C Q; be obtained
from applying Lemma [£1] to g; and @Q; with the choice of e = R. We extend each

fi to a 1-Lipschitz function defined on X with value zero outsize B(Q;, 2h).
Then for any zp € P; there exists an = € X with r < d(z,z9) < R < J and

[fi(x) = fizo)| = |gi(x) — gi(zo)]
= |(p(@) — (o)) - wi| — €
> Ad(x,x0) — Ar/2
> Ad(x,x0)/2.
Further, we let p > 0 such that, for any y, z € Ball C B(Q, p),
i) — Fi(2) < lai(w) — (=)
< KOIP(() — 9(=)] + (6 + d(y, 2)
< 24d(y, z).
Finally we set S’ = P, U...U Py so that
w(S") > (1 —4R/R)u(Q1U...UQN) > pu(S) — 6

f= Zgi-

1<i<N

and
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Then since the g; have disjoint support, f and S’ satisfy the conclusion of the
Lemma for 2§ and 8 = /2. O

We now combine all of our previous results to obtain our first statement on the
structure of measures in Lipschitz differentiability spaces.

Theorem 6.6. Let (U, p) be an n-dimensional chart in a Lipschitz differentiability
space (X,d,pn). Then any A(p) subset of U is u-null. Therefore, there exists a
countable Borel decomposition

U= U

keN
such that, for each k € N, p L Uy, has n p-independent Alberti representations.
Moreover, for any Lipschitz 1b: X — R™ and U’ C U of positive measure, if U’
has m -independent Alberti representations then m < n.

Proof. By Lemma [3.7] it suffices to prove that any g(cp) subset S of a structured
chart (U, @) is p-null. If S is such a set, for any ¢ > 0 and each m € N let
0 < 0y < 1/m such that ) 6,, < e and let fp,: X = R and S,, C S be obtained
by applying Lemma [6.5] with d,,. Then S’ :=N,,,S,, satisfies u(S") > u(S) — € and
the f,, satisfy the hypotheses of Proposition 3] for S’. Therefore there exists a
Lipschitz function differentiable p-almost nowhere on S’. Thus S’ and hence S are
o null. B

In particular, any A(p) subset of U is p-null and so, by Theorem [5.14] there
exists the required collection of Alberti representations.

Now suppose that (U, ) is any chart, ¢: X — R™ is Lipschitz and U’ C U
has m t-independent Alberti representations. Then for almost every zo € U’ we
have Lip(v - ¥, 20) > 0 for each v € S™~1. However, for almost every x¢ € U,
each D;(x) exists. Therefore, if m > n, there exists a v € S™~! such that
> viDYi(xg) = 0. In particular we have Lip(v - 9, 20) = 0 and so U’ must be
p-null. ([

We now apply our theory of Alberti representations to charts, relating the be-
haviour of Lipschitz differentiability spaces to the existing differentiability theory
of Euclidean spaces. Recall the notion of a gradient given in Definition 2111

Corollary 6.7. Let (U, p) be an n-dimensional chart in a Lipschitz differentiability
space (X,d, ). Then for almost every x € U there exists v¥,...,v% € I'(X) such
that each (v¥)~1(x) = 0 is a density point of (v¥)"1(U) and the (v o v¥)(0) are
linearly independent.

Moreover, for any such 7, for any Lipschitz f: X — R and almost every x € U,
the gradient of f at x with respect to ¢ and v§,..., v equals Df(x).

Proof. By the previous Theorem there exists a countable Borel decomposition U =
U;U; of U into sets with n p-independent Alberti representations. Therefore, by
applying Proposition 2.9 to each representation, for almost every x in any U; there
exists such v{,...,vr.

Moreover, if Df(x) exists, then since

(f227)'(0) = Df(x) - (¢ 07])(0),
Df(x) equals the gradient of f at x with respect to ¢ and 77, ..., ~%. d
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The previous Corollary should be compared to [CK09], Theorem 3.3. This the-
orem asserts that, for any n dimensional chart in a doubling Lipschitz differentia-
bility space that satisfies the Poincaré inequality, and for any collection f1, f5 ... of
Lipschitz functions, for almost every x € U there exist +¥,...,7% € I'(X) (whose
domains are in fact intervals) such that, for each ¢ € N, the gradient of f; at = with
respect to ¢ and 7, ...,v¥ equals Df;(x).

We now use the derivative of a Lipschitz function to show that any A subset of a
Lipschitz differentiability space has measure zero. For this, we first investigate how
the direction of a Lipschitz curve varies with respect to different Lipschitz functions
in a Lipschitz differentiability space.

Lemma 6.8. Let (U,p) be an n-dimensional \-structured chart in a Lipschitz
differentiability space (X, d, ), S C U Borel and n > 0. Suppose that ¥: X — R™
is Lipschitz and
Lip(v - 9, z0) > 1 Lip(¢, zo)

for every zo € S and v € S™t. Then for any w € S™ 1 and 0 < e < 0 <
1, there exists a countable Borel decomposition S = U;S; U N where u(N) = 0
and, for each i € N, there exists a w; € S"' such that, for any 6 > 0, any
v € T'(S;) in the @-direction of C(w;,0 — €) with p-speed § is in the -direction of
C(w,1 — (1 —6)\n/Lip ) with ¢-speed in.

Proof. We use the derivative of each 1; to transform the direction of such a Lipschitz
curve. Indeed, for 2y € S suppose that the derivative, Di);(xg), of each component

of 9 exists at xg. If we write Dy : R™ — R™ for the linear map whose columns are
the Di);(z0), then for each v € R™,

Lip(Di(v) - ¢, x0) = Lip(v - ¥, x0) > ||| Lip(¢, z0)

and so

(6.6) 1D ()| Lip (s, z0) = nllv]| Lip(¢, o).
We also obtain

(6.7) AID (o) < o]l Lip(4h, o).

In particular, D is injective and it’s inverse Dy~': Im Dy — R™ satisfies the
inequalities corresponding to (G.6) and (G.7).

Now let w € S* ' NIm Dy, 0 < § < 1 and suppose that v € I'(X) satisfies
v(to) = xo and that both (po~v)'(tg) and (o) (to) exist. Then, for every v € R™,

v+ (Y o7) (t) = Dip(v) - (p o) (to).
Therefore, if (¢ 0 v)'(to) € C(w, ), by equation ([6.7),
Dyp(Dy™H(w)) - (p o) (to) = w - (¢ 07) (o)
> (L=0)ll(¢ o) (to)l
=1 =)Dyt (o) (to)ll
> (1= 0)All(« o) (to)[l/ Lip(¢, zo)
If we let w € R™ be a scalar multiple of Dy~!(w) with norm 1, then since

| Dy~ < Lip(p, 20)/n Lip(1h, z0),

)
)
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the previous inequality gives

Y (1= 0)A[(¥ 0 7) (o)l
o) 2 D ) [ Tip(e, o)
(1 = 0)Anl[ (4 o 7)' (o)
Lip(¢p, zo) '
Therefore (1 o v)'(to) € C(w,1 — (1 — §)\n/ Lip ).
Similarly, if ||(¢ o) (to)]] > ¢ Lip(y, zo) Lip(y, to), then by equation (6.6]) there
exists a v € S"~! such that
(@0 7)(to)ll = v - (po7) (o)l
=Dy~ (v) - (¥ 07) (to)]
< [[(% 0 7)" (o) | Lip(sp, 0) /0 Lip (1), zo).

v

Therefore

120 )’ (to)ll = on Lip(¢, x0) Lip(y, to)-
Let S = U;S; UN be a countable Borel decomposition where p(N) = 0 and such
that, for each i € N, there exists a w; € S"~! with
Dip(xo)(w)
1D (o) (w)]]
Then if v € T'(S;) is in the ¢-direction of C'(w;, 0 — €) with ¢-speed ¢, for almost
every tg € Dom v,

(po7)(ty) € C(wi,0 —€) CC (

w;i |l < €.

Dun@) )
[ D3 (o) (W)’
and

1(¥ 07)"(to)|| = 1d Lip(¢, z0) Lip(7, to)-
Therefore, by the above estimates, v is in the ¢-direction of C(w, 1—(1—0)An/ Lip ¢)
with -speed 7. O

As a consequence, we obtain the following Theorem.
Theorem 6.9. Any A subset of a Lipschitz differentiability space has measure zero.

Proof. For A > 0 let (U, ) be a A-structured chart and U = U;U; be a countable
Borel decomposition such that, for each ¢ € N, there exists independent cones
Ci,...,Cy and a 6 > 0 such that p L U; has Alberti representations in the ¢-
direction of each C; with p-speed . Further, let 0 < € < 8 < 1 such that any cone
in R™ of width # — e completely contains one of the C;.

We work with a fixed U;. Suppose that for some Lipschitz ¢¥: X — R™ and
w e S™L S C U; satisfies HY(y N S) = 0 for every v € T'(X) in the ¢-direction
of C(w,1— (1 —6@)\n/Lip ¢) with 1-speed d7. Then by the previous Lemma there
exists a countable Borel decomposition S = U;S; U N and for each ¢ € N cones
C; of width 6 — € such that u(N) = 0 and H'(yN S;) = 0 for any v € I'(X) in
the -direction of C; with speed §. However, one of the Alberti representations of
wLU; is in the ¢-direction of this cone with p-speed 6 and so u(S;) = 0 and hence
n(S) = 0. B B

Finally, let S € A and 1 > 0 such that S’ € A(',6',n) for any 0 < §',60" < 1.
In particular S € A(nd, 1 — (1 —6)An/ Lip ¢, n). Therefore, there exists a countable
decomposition S” = U;S; and for each j € N a Lipschitz ¢;: X — R" such that
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each S; has the form of S above. Therefore, each S; has measure zero. In particular,
any A subset of U; and hence of (X, d, 1) must be p-null. O

Finally, as a consequence of the existence of the above Alberti representations,
we give a partial, positive answer to [Che99], Conjecture 4.63 regarding the image
of a chart under the chart map.

Corollary 6.10. Forn =1 or 2 let (U, ) be an n-dimensional chart in a Lips-
chitz differentiability space (X,d, p). Then the pushforward ¢.(uLU) is absolutely
continuous with respect to n-dimensional Lebesgue measure.

In particular, if p(U) > 0 then L™(p(U)) > 0.

Proof. Suppose that a measure v has an Alberti representation in the (-direction
of a cone C C R™. Then an easy application of Corollary (.8 shows that ¢.v
also has an Alberti representation in the direction of C. By Theorem there
exists a countable Borel decomposition U = U,,U,, such that each uL U, has
n-independent Alberti representations, so that each o, (uL U,y,) has n independent
Alberti representations.

Any measure on R with an Alberti representation is absolutely continuous with
respect to Lebesgue measure. Further, results from [ACP] show that any measure on
R? with two independent Alberti representations must also be absolutely continuous
with respect to Lebesgue measure. Therefore, in either case, ¢.(uL U) is absolutely
continuous with respect to Lebesgue measure. ([l

This improves the known cases proved by Keith (n = 1, see [Kei04], page 282)
and Gong (n = 2, see [Gonl1], Theorem 1.4) who prove Corollary [6.10 for Lipschitz
differentiability spaces that satisfy the Poincaré inequality and possess a doubling
measure (see Definition [[0.]).

Remark 6.11. Using a recent announcement of Csoérnyei and Jones (see|www.math. sunysb.edu/Videos/dfest/PL
pages 15-23) one may show that, for any n € N, any measure on R" with n inde-
pendent Alberti representations is absolutely continuous with respect to Lebesgue
measure. Therefore, the previous argument also proves the statements of Corollary
for any n € N.
One may also use this announcement to generalise the techniques of Keith and
Gong to prove Corollary 610 for all n € N for Lipschitz differentiability spaces that
satisfy the Poincaré inequality and possess a doubling measure.

7. A CHARACTERISATION VIA ALBERTI REPRESENTATIONS

We now show how the Alberti representations found in the previous section
characterise the differentiability properties of a metric measure space.

We first introduce the notion of a universal set of Alberti representations for
when a set of representations describe all of the Lipschitz functions on a metric
measure space.

Definition 7.1. Let (U,¢) be a chart in a metric measure space (X,d, ) and
Az, ..., A, be a collection of p-independent Alberti representations of p L U, each
with strictly positive ¢-speed. For p > 0 we say that this collection of Alberti rep-
resentations is p-universal (or just universal if such a p exists) if, for any Lipschitz
f: X — R, there exists a finite Borel decomposition X = X; U...U X,, such that
the Alberti representation of p L X; induced by A; has f-speed p.


www.math.sunysb.edu/Videos/dfest/PDFs/38-Jones.pdf
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Remark 7.2. A universal collection of Alberti representations is a much stronger
concept than a mazimal collection of representations (i.e. a collection for which
there are no other independent representations). For example, any purely unrecti-
fiable metric measure space has a maximal (empty) collection of Alberti represen-
tations. However, by Corollary 9] this collection is not universal as there exists
a Lipschitz function with positive pointwise Lipschitz constant on a set of posi-
tive measure. (For a slightly less trivial example, one may consider the Cartesian
product of R and a purely unrectifiable space.)

We will see that a universal collection of Alberti representations is precisely the
required concept so that the gradient (see Definition 211 V f of a Lipschitz func-
tion f forms a derivative. We prove this in a very natural way: observe that the
derivative of f — Vf - ¢ along the Lipschitz curves defining the gradient is zero.
Further, if the Alberti representations are sufficiently refined, then the derivative
along almost every curve in the representation is also sufficiently small. There-
fore, after a suitable limit of such gradients obtained from a sequence of Alberti
representations, each refining the previous, we obtain a derivative.

We begin with a simple result that bounds the magnitude of the gradient using
properties of Alberti representations. For this we must quantitatively describe an
independent collection of Alberti representations.

Definition 7.3. For £ > 0 we say v1,...,v, € R" are £-separated if, for any

A e R™\ {0},
Z/\i’l}i

i=1
and that closed cones C1, ..., Cy, are -separated if any choice of v; € C;\ {0} are &-
separated. Further, we say that Alberti representations Ay, ..., A, are £-separated
if there exists £ separated cones C1, ..., C,, such that each A; in the p-direction of
C;.

Observe that cones C1, .. ., (), are £-separated if and only if, for every 1 < ¢ < m,
the distance of C; NS"~! from those v in the symmetric convex hull of the C; (for
J #4) with |Jv]| <1 is strictly greater than &. In particular, any independent cones
are -separated for some £ > 0.

Suppose that a metric measure space (X, d, u) has Alberti representations in the
-direction of £-separated cones C'(w1,8), ..., C(wy,d). Then there exists an € > 0
such that C(w1,0 + €),...,C(wm,0 + €) are also £-separated and a finite cover of
each C(w;, 0) by cones Cf, ..., C},, of width e that are contained within C/(w;, §+¢).
By applying Corollary using the C; we obtain arbitrary refinements of these
Alberti representations that are also &-separated. Moreover, if for some Lipschitz
¥: X — R"™ and d1,...,d, > 0, the original Alberti representations have 1;-speed
strictly greater than §; for each 1 < ¢ < N, then so do the refinements.

For this section we fix the following notation.

> €1I§ag>§n|\/\ivil\

Notation 7.4. We fix a metric measure space (X,d, u) and for p,0,A\, & > 0 let
(U, ¢) be an n-dimensional A-structured chart in (X, d, ) such that pL U has a
p-universal collection of n, £-separated Alberti representations with p-speed strictly
greater than §.

Using the notion of separated Alberti representations, we may bound the mag-
nitude of a gradient.
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Lemma 7.5. Let f: X — R be Lipschitz, xo € U and v1,...,v, € T'(X) such that
the (¢ 07;)'(0) are &-separated and, for each 1 < i < n, v; '(z¢) = 0 is a density
point of Dom~,; and

(¢ ©7%)'(0) > 0 Lip(g, o) Lip(vi; 0).
Then the gradient ¥V f(xq) of [ at xo with respect to ¢ and y1,. ..,V satisfies

IV f(0)]] < nLip(f,z0)/E6A.

Proof. For any &-separated vy, ...,v, and G € R", there exists a 1 < ¢ < n such
that

E1G]/n < |G vil.
Therefore,

Lip(f, o) Lip(7:,0) > [(f 0 7:)"(0)]
= [V (o) - (¢ 07)'(0)]
> &V £ (o)l (¢ o) (0] /n
> £0||V f(@o) || Lip (e, xo) Lip(7yi, 0)/n.
That is,

IV.f(zo)|| < Lip fn/&0 Lip(¢, zo)
as required. ([

Next we refine a universal collection of Alberti representations whilst maintaining
their speed with respect to a finite collection of Lipschitz functions.

Lemma 7.6. Let F be a finite collection of real valued Lipschitz functions defined
on X, f: X = R Lipschitz and € > 0. Then there exists a finite Borel decomposition
X =X1U...UXy and for each 1 <1i < N, Alberti representations Aj,..., Al of
L X; such that:

(1) The Aj are &-separated and have p-speed strictly greater than .

(2) For every g € F there exists an A}, with g-speed p.

(3) If we write ®: X — R"™L to be the function obtained by appending f to ¢,

then each A}, is in the ®-direction of a cone of width e.

Proof. The collection Aj,..., A, is p-universal and so there exists a finite Borel
decomposition X = Z; U...U Zp, such that, for any g € F and 1 < i < L, there
exists a 1 < k < n such that Ay L Z; has g-speed p.

We fix 1 < i < L and for each 1 < k < n let (k) be the set of g € F such that
AL Z; has g-speed p. Then by Corollary 5.9 we may refine each AL Z; to obtain a
finite decomposition Z; = Yk1 U...u YkMk and Alberti representations A,lg, e ,A,]ka
of uLY}, ... pL YkM’“ respectively, in the ®-direction of cones of width € and with
¢-speed strictly greater than 6, and such that each A} has g-speed p, for each
g € F(k). Moreover, we may make these refinements such that the representations
are ¢-separated, with respect to . Therefore, for these representations, both ()
and () are satisfied.

By taking the intersection of ¥;" for 1 < k < n, we obtain a finite Borel de-
composition Z; = X{ U...U X}, such that each X; is a subset of some Y}, for
each 1 < k < n. Therefore, for each 1 < m < N; and any g € F, there exists a
1 < k < n such that A L X!, has g-speed p. In particular, (@) is satisfied and so

X = U;;m X}, is a decomposition of the required form. ([
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Finally, we use this refinement to show that the gradient obtained from such
Alberti representations is an e-derivative at almost every point.

Lemma 7.7. Let f: X — R be Lipschitz. Then there exists an M € R such that,
for every e > 0 and almost every xo € U, there exists a V f(x9) € R™ with

Lip(f = Vf(w0) - ¢,20) < My/e.
Proof. Fix ¢ > 0 and let Q be a finite e-net of B(0, Lip fn/£6\) C R™ and
F={f—-D-p:De€Q}.

Then by the previous Lemma there exists a countable decomposition U = U;U; such
that each pL U; has Alberti representations Aj, ..., A} satisfying the properties of
the previous Lemma for €, f and F. We fix such a U; and define ®: X — R"*! to
be the Lipschitz function obtained by appending f to ¢ and let C1,...,C, C R**!
have width € such that each Aj is in the ®-direction of C}.

By combining Proposition and Lemma [Z.5] for almost every zg € U; there
exist ¥1,...,v, € I'(X) in the ®-direction of C, ..., C, respectively such that the
gradient V f(xg) of f at zo with respect to ¢ and ~,...,7, satisfies

|V f(xo)|| < nLip(f,zo)/E0N.

In particular, there exists a D € Q with ||D — Vf(xo)|| < e. We write D and
Vf(xp) € R"*! for the vectors obtained by appending —1 to D and V f () respec-
tively.

Suppose that v, v € R™*! belong to a cone of width e. Then

and so, for any a € R"*1,

la o] < (la-V'|/[[V[| + Ve = e))lv]l.
For almost every xg € U, Vf(xg) is the gradient of f with respect to ¢ and
M-y Yn, and so VE(xg) - (@ 0 v;)'(0) = 0 for each 1 < i < n. Therefore, if
¥ € I'(X) is in the ®-direction of some C; with J(¢o) = o such that (D o 7) (¢o)
exists, then

v v’

ol vl

‘g €(2—¢)

[VE(z0) - (2 07) ()| < Ve(2 =€)l VE(o) [[[(® o 7) (to)]]-
In particular,
D - (®07)(to)] < V2= e)|D[[[(2 0 7) (o)l + 2¢(® 0 7)' (to)-

However, for each 1 < i < n, almost every 7 € A; is of this form. Further, since
D-¢p— feF, oneof the A}, has D - ¢ — f speed p. Therefore,

pLip(D - ¢ — f,w9) < \/e(2— €)|D| Lip ® + 2¢ Lip
for almost every zy € U. Finally, since
ID[| <1+ [[Vf(zo)| <1+ nLip f/£6A,
we have
Lip(f = Vf(wo) - ¢, 20) < (Lip + Lip f)(2€ + /e(2 = €)(1 + nLip f/£5N))

almost everywhere in U, as required. (|
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Using this construction we may give our first characterisation of Lipschitz dif-
ferentiability spaces. We now work without the fixed quantities given in Notation

o}

Theorem 7.8. A metric measure space (X,d,p) is a Lipschitz differentiability
space if and only if there exists a countable Borel decomposition X = U;U; such
that each p L U; has a finite universal collection of Alberti representations.

In this case, for each i € N let p;: X — R™ be Lipschitz such that the Alberti
representations of L U; are p;-independent. Then each (U;, ;) is a chart and
the derivative of a Lipschitz function f: X — R is given by any gradient of f with
respect to ; at almost every point.

Proof. We first show that the condition is necessary for a metric measure space to
be a Lipschitz differentiability space. For any ¢ € N let ¢;: X — R™ be Lipschitz
such that the Alberti representations of p L U; described in the hypotheses are ;-
independent. Then by applying Proposition 2.9] for almost every zy € U; there
exist y1,...,vn, € I'(X) such that the (¢ o~;)'(0) form a basis of R™ and, for each
1 <i < mny, 7 Yzo) = 0 is a density point of Dom~;. Therefore, for almost every
xo € U;, there exists a A(x¢) > 0 such that, for any v € S%~1,

. [(p(z) = p(x0)) - V|
e T W) )

In particular, by Lemma B3] any possible derivative of a function at xg is unique.

Now let 4,& > 0 such that the Alberti representations of u L U; are £-separated
with respect to ¢; and have @;-speed strictly greater than §. By taking a further
decomposition (and allowing for a possible p-null subset of X), we may suppose
that (U;, ;) is A-structured, for some A > 0. Then we are in the situation described
by Notation [Z4] and so, for any Lipschitz f: X — R, by Lemma [T7 there exists
an M > 0 such that, for any ¢ > 0 and almost every xo € U, there exists a
Vf(zo) € R™ with ||V f(zo)] < n;Lip f/€5\ and

Lip(f — V f(2o) - ¢i, m0) < M/e.

Applying this with some sequence €,, — 0, for almost every xg € U; we obtain a
bounded sequence of such V f (x) and so, after passing to a convergent subsequence,
we obtain a Df(zg) € R™ that is a derivative of f at zy with respect to (U;, ¢;).
Further, by Corollary[6.7 this derivative is given by any gradient of f with respect
to ©i-

Conversely, let (U,¢) be an n-dimensional, A-structured chart in a Lipschitz
differentiability space. Then by Theorem and Corollary B9 there exists a
countable Borel decomposition U = U;U; and for every ¢ € N a § > 0 such that, for
each i € N, pL U; has n ¢-independent Alberti representations with ¢-speed 4.

Fix such a U; and suppose such representations Aj, ..., A, of uL U; are in the
-direction of é-separated cones C1, ..., C),. Then for any Lipschitz f: X — R and
almost every xg € U;, D f(xo) exists. Moreover, there exists a 1 < j < n such that,
for any v € Cj},

DS (@o)lllloll/n < |Df (o) - v]-

For 1 < j < n let V; be the set of xy that satisfy this for C;. Therefore, if
zo € Vj and 7y € I'(X) with v(to) = o, [|(¢ ©7)'(to)|| = ¢ Lip(p, z0) Lip(7,%0) and
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(p o) (to) € Cj then
(f o) (to) = [Df(x0) - (¢ 07)'(to)]
> [[Df (o) llll (0 7) (ko)
> 6 Lip(f,xo) Lip(sp, o) Lip(7, to)
= 0ALip(f,xo) Lip(7, o).
That is, A; L V; has f-speed dA. Therefore, the A; are universal. O

8. CHARACTERISATIONS VIA NULL SETS

We now present other characterisations that prescribe a class of sets that de-
termine if a metric measure space is a Lipschitz differentiability space. Such sets
will be the singular sets found earlier when constructing Alberti representations of
a measure. Therefore, in a metric measure space where such sets have measure
zero, there exist many Alberti representations. Further, if these representations are
sufficiently different, for almost every xq, particular points of the Lipschitz curves
obtained from the representations form a separated subset of balls centred at zy. By
combining this with a doubling condition on the metric space, we obtain a bound
on the total number of such different Alberti representations. In turn, this leads to
the existence of a derivative of a Lipschitz function at almost every point.

We begin by giving a method that constructs a chart structure in a metric
measure space.

Lemma 8.1. Let (X,d, ) be a metric measure space, Y C X Borel and N € N.
Then the following are equivalent:

e For any Lipschitz v: X — RN for almost every xg € Y there exists an
a(wo) € SN such that

Lip(a(wo) - ¥, 20) = 0.
o There exists a countable Borel decomposition Y = U;U; and Lipschitz func-
tions @;: X — R™ such that each (U, ;) is a chart of dimension at most

N, with respect to which any Lipschitz f: X — R is differentiable at almost
every point of U;.

Proof. First suppose that the second statement is true, (U;,¢;) a chart of the
decomposition and 9: X — R¥*! Lipschitz. Then for almost every zo € U; and
each 1 < j < N + 1, the derivative of 9, exists at xyp and belongs to R":, for
n; < N + 1. Therefore, if we write D for the matrix whose columns are the
Di);(o), there exists an a(zg) € SV such that Di - a(zg) = 0. Then by the
definition of a derivative, Lip(a(xg) - 9, zo) = 0.

Now suppose that the first statement holds and let U C Y be a Borel set of
positive measure. First observe that either any Lipschitz function ¢: X — R
satisfies Lip(¢,xg) = 0 for almost every xy € U in which case U is a chart of
dimension zero (as described in Corollary 9] or there exists a Borel set U' C U
of positive measure and a Lipschitz ¢: X — R such that Lip(y,zg) > 0 for every
o € U'.

By our hypotheses on Y, there exists a maximal n € N such that there exists
a Lipschitz ¢: X — R™ and a U’ C U of positive measure with Lip(v - ¢, z¢) > 0
for every xo € U’ and every v € S"~!. Further, we have n < N. Then for such an
n, ¢ and U’, for any Lipschitz f: X — R and almost every zg € U’ there exists a
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Df(xzo) € R™ such that Lip(f — Df(zo) - ¢, z9) = 0. Moreover, by Lemma B3] the
condition Lip(v - ¢, z0) > 0 for every v € S"~! is equivalent to the uniqueness of
such a Df(xo).

Therefore, within any U of positive measure, there exists a chart of positive mea-
sure with dimension less than N, with respect to which any real valued Lipschitz
function is differentiable almost everywhere. Since p is finite we obtain a count-
able decomposition of U into charts with respect to which Lipschitz functions are
differentiable almost everywhere. (Il

We now introduce additional properties of metric measure spaces that will allow
us to satisfy the hypotheses of Lemma R}

Definition 8.2. We say that a metric measure space (X, d, ) is pointwise doubling
if
. p(B(zo, 1))
limsup ————= < ®©
0" 1(B(wo,7/2))
for almost every zp € X.

Further, for 0 < § < 1 and n > 1, we define M(d,7) = n?>~1°829/5 and D, to be
the set of Borel subsets Y of X such that, for each zg € Y, 0 < d < 1 and r > 0,
there exist x1,...,z3 € Y with

M
B(zo,7)NY C U B(zy,0r),
i=1
for some M € N less than M (d,7).

Lemma 8.3. For any pointwise doubling metric measure space (X,d, ), there
erists a Borel decomposition

X=NulJYn
m=1
where f(N) = 0 and for each m € N there exists an n > 1 such that Yy, € D,,.
Proof. Forn>1and R > 0 let
Xry = {zo € X : nu(B(x0,7/2)) > p(B(zo,r)) >0, VO <r < R}.
For any zp € X and r > 0,
p(Blor) o p(Blorm)
w(B(zo,r/2))  rm v p(B(xo,mm/2))
and so, in the definition of Xg ,, it is equivalent to satisfy the condition for rational
0 < r < R. Further, for a fixed r > 0, ¢ — p(B(xo,7)) is lower semicontinuous.

Therefore, each Xg ,, is a Borel set.
Now fix n > 1, R >0 and z9 € Xg,. Then for any m € Nand 0 <r < R,

ILL(B('IO, T)) < pm
u(B(zo,27mr)) ~
and so, for any 0 < 6 < 1,
1(B(zo, 1))
w(B(zo,0r))
for M the least integer greater than — log, d.

M
<n,
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Now let 0 < r < R/2. Then
B(zo,r) N Xgr,y C U{B(:c,&r/5) 2 € B(zo,7) N Xppn}
and so there exists F' C B(zg,r) N Xg, such that
B(zo,7) N Xpy C U{B(x,5r) cx € F}

and such that the B(zo, dr/5) are disjoint. Firstly, since p(B(xo,2r)) is finite and
for x € F the B(xz,dr/5) are disjoint subsets of B(xg,2r) with positive measure, F'
is countable. Further,

™ pu(B(zo,7)) > o™ Z (x,07/5)) Z w(B(z,2r)) > Z w(B(zg, 1)),
zeF zeF zeF

for M the least integer greater than 2 — log, §/5. In particular, the cardinality of
F is less than M (6, n). Therefore, for any y € X, Xg,, N B(y, R/4) belongs to D,,.

Finally, for R; — 0 and 7; — oo, the Xg, ,, cover almost all of X and so there
exists a decomposition of X of the required form. O

Metric measure spaces in which all porous sets (see Definition [£4]) have measure
zero are pointwise doubling (for example, see [MMPZ03|, Theorem 3.6). Therefore,
we obtain the following consequence of Corollary .5

Corollary 8.4 (|[BS13|, Corollary 2.6). Any Lipschitz differentiability space is
pointwise doubling.

In addition, we also require concepts related to an A set (see Definition [E.1T]).

Definition 8.5. Let (X, d) be a metric space and § > 0. We define Bs to be the
set of S C X for which there exist a countable Borel decomposition S = U;S; and
Lipschitz functions f;: X — R such that, for every ¢ € N,

Si C{wo € X : Lip(fi,20) > 0}

and H(y N S;) = 0 for every v € I'(X) with fi-speed 6. Further, we define B to
be the set of S C X that belong to Bs for every é > 0.

Remark 8.6. Note that for any 0 < § < §’ we have E(; - E(;/.

Observe that Es C 2(6, 0, ) for any 0 < 4,6, A < 1 and so BCA. In particular,
any B subset of a Lipschitz differentiability space has measure zero. Also, by
Corollary (5.8, metric measure spaces in which f?(; sets are pu-null have many Alberti
representations with speed d. We now show how the curves obtained from such
Alberti representations interact with the doubling properties of a metric measure
space. This is done by creating a separated set from points belonging to curves
obtained from such representations.

Lemma 8.7. Let (X,d, u) be a metric measure space, p: X — R™ Lipschitz, Y C
X Borel and 6 > 0. Suppose that Ay, ..., A, are Alberti representations of pLY
and wy, ..., w, € S such that, for every 1 <i # j < n, either

lwi - (9 o7:) (t)] _ Jwi- (9 o) ()] ,
. > - + 0 Lip(w; - o, vi(t;)) > 0,
Lip(v;, t:) Lip(v;,5) (s - 2 nl))
or the corresponding inequalities with i and j exchanged. Then, for almost every
xo € X and any r > 0, there exist x1,...,2T, € B(xg,r) such that

d(zi, ;) > or — ¢(r)
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for each 1 < i # j <mn, where ¢(r)/r — 0 as r — 0.
In particular, if Y C W € D,, for somen > 1, then n < M(5/2,n).

Proof. Let Q be a countable dense subset of S*~1. Then by standard techniques,
there exists a Borel decomposition

Y =NU U Y,
meN

where p(N) = 0 and for each m € N and ¢ € 9, Lip(q - ¢) is continuous on each
Y. Therefore, for any €,p > 0, m € N and ¢ € Q, there exists a Z C Y,, with
1Y \ Z) < p and an R > 0 such that

(8.1) lq- (p(x) —p(y))| < (Lip(q - @, x0) + €)d(z,y)

for each 0 < r < R, zg € Z, y € ZN B(xg,r) and z € B(y,r). Therefore,
by decomposing each Y,, further, we may suppose that for every ¢ > 0, ¢ € Q,
m € N there exists an R > 0 such that (81]) holds for each 0 < r < R, 2y € Yy,
y € ZN B(xg,r) and z € B(y,r).

We now work with a fixed Y;,,. By Proposition 23] for almost every z¢ € Y,
there exists 1, ...,7, € ['(X) such that, for each 1 < i < n, v, '(z9) = to is a
density point of ”yi_l(Ym) and Lip(v;, o) = 1. Further, there exists wq,...,w, € Q
such that, for each 1 < ¢ # j < n, either

(8.2) [wi - (¢ 05:) (to)| > |wi - (¢ 07;) (to)| + d Lip(w; - ¢, 7i(to)) > 0,

or the corresponding inequalities with ¢ and j exchanged.
Let € > 0. Then there exists an R; > 0 such that, for any 0 < r < Ry, if ¢
belongs to each Domy; with 0 < |t — tg| < r then, after setting xp = i (),

Lip(w; - @, zo)d(zi, x;) > |wi - (p(z:) — @(x5))| — er
> |w; - () — (x0))| — |wi - (p(x5) — p(20)| — €r

for each 1 < 4,5 < n. Further, there exists a 0 < R < R; such that, for any
0<r <Ry, 1<k<nandz,=y(t),

(@ 07) (to) (tr, — to) — (k) — @(x0)|| < er.
In particular,
Lip(w; - ¢, wo)d(zi, x5) > |wi - (p o 7:) (to)(t —to)] — |wi - (p o) (to)(t —to)| — 3er.

Further, since tg is a density point of each Dom 7y, there exists a 0 < R3 < Ro such
that, for any 0 < 7 < R3 and 1 < k < n, there exists a ¢t in each Dom ~y;, such that
Yk(t) € B(zo,r) and |t — tg — r| < er. Therefore, if x = 5 (t) for each 1 < k < n,

Lip(w; - ¢, x0)d(i, x;7) > rlw; - (¢ 0 %) (to)| — rw; - (¢ 0 7;)' (to)| — Her-
By exchanging ¢ and j if necessary, we may apply ([82) as stated so that
Lip(w; - ¢, zo)d(zi, ;) > or Lip(w; - @, zo) — Ser.

Finally, also by our initial hypotheses, Lip(w; - ¢, ¥i(to)) > 0 and so we deduce that
there exists ¢: R — R such that ¢(r)/r — 0 as r — 0 and

d(z;, xj) > 6r — ¢(r).

The Y,, cover almost all of Y and so such z1,...,z, may be found for almost every
xo € Y, as required.
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Now suppose that for some n > 1, Y ¢ W € D,. Then for any 0 < € < 4, if
R > 0 such that |¢(r)| < er for each 0 < r < R, the z; found above all belong to
B(zg,r) but are separated by a distance of at least (§ — €)r. Therefore no two zy,
can belong to the same ball of radius (6 — €)r/2. In particular n < N((6 —€)/2,7)
for all 0 < e < d and son < N(6/2,n). O

We use this construction to satisfy the hypotheses of Lemma [l

Proposition 8.8. Let (X,d, u) be a metric measure space, 6 > 0 and, for n > 1,
let Y be a Borel subset of some W € D,,. Suppose that, for any Lipschitz f: X —
R, there exists an Alberti representation of p LY with f-speed §. Then, for any
N > M(§/2,n) and Lipschitz p: X — RY, for almost every o € Y there exists an
a(ro) € RY such that

Lip(a(zo) - ¢, z0) = 0.

Proof. Suppose that ¢: X — R¥ is Lipschitz and, for some Borel Z C Y of positive
measure, Lip(v - ¢, z09) > 0 for every 9 € Z and every v € S¥~1. By taking
a countable decomposition of Z if necessary, we may suppose that there exists a
A > 0 such that
Lip(v - ¢, x0) > ALip(p, o)

for every v € S¥~1 and xy € Z. We will prove the Proposition by proving N <
M(8,n), using the assumption that there exists an Alberti representation of pL Z
with v - p-speed 4, for any v € SV~

Let ¢ > 0 and A; be such a representation for an arbitrary choice of vy €
SN=1. Inductively, suppose that m < N and that there exists a countable Borel
decomposition Z = U;Z; such that each uL Z; has m — 1 Alberti representations

¢ ..., AL ;. Then, by reﬁmng the representations if necessary, we may suppose
that there exists wi, ..., wi _; € SN~1such that Al is in the p-direction of C(w, €)
foreach1 <k < m. We choose w!,, orthogonal to each wj and let A%, be an Alberti
representation of p L Z; with w?, - p-speed 6. Then w! satisfies

VeR2 —e)

w;, - (po;)(t) < L Lip(e, () Lip(y, 1)

for almost every v; € .A;- and almost every t; € Domy;, for each 1 < j < m. In
particular,

Wh (0 9m) (tn) _ W (o) (1) <5_ 2/e2 )

Lip(Yom, tm) Lip(7j= tj)

Lip(wy, - ¢, Ym (tm))

for every 1 < j < m, almost every 7y, € A%, and v, € .A; and almost every ¢, € vm
and t; € ;.

By repeating this process IV — 1 times, we obtain N Alberti representations that
satisfy the hypotheses of Lemma BT and so N < M(6/2 — \/e(2 — €)/A,n). This is
true for every € > 0 and so N < M(§/2,n), as required. O

Using this result we may also bound the dimension of charts in Lipschitz differ-
entiability spaces.

Corollary 8.9. Let (U, p) be a chart in a Lipschitz differentiability space andn > 1.
Suppose that Y C U has positive u measure, is contained within some W € D, and

that any Bs subset of Y is p-null. Then the dimension of (U, ) is bounded above
by M(6/2,n).
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Proof. Suppose that (U, ¢) is a chart of dimension n. Then by Lemma B3] Lip(v -
©,x0) > 0 for all v € S"~! and almost every zg € U. Therefore, by Proposition

B n < M(6/2,n). O

Using the previous construction we may give our characterisation of Lipschitz
differentiability spaces via null sets.

Theorem 8.10. For (X, d, ) a metric measure space, the following are equivalent:
(1) (X,d, n) is a Lipschitz differentiability space.
(2) Any A subset of X is p-null and X is pointwise doubling.
(3) Any B subset of X is p-null and X is pointwise doubling.
(4) There exists a countable Borel decomposition X = U;X; and sequences
1n; > 1 and d; > 0 such that:
e For any Lipschitz f: X — R and i € N, there exists an Alberti repre-
sentation of pL X; with f-speed §;.
e For every i € N there exists a W € Dy, such that p1(X; \ W) = 0.

Proof. We will prove the implications (1) = @) = @) = @) = (). Firstly, by
Theorem [6.9] any A subset of a Lipschitz differentiability space is p-null. Further,
by Corollary B4l any Lipschitz differentiability space is pointwise doubling, giving
the first implication. The second implication is true since B C A for any metric
measure space. N

To prove @) = (@) observe that, for any 6 > 0, Bs is closed under taking
countable unions. Therefore there exists a countable Borel decomposition X =
U; X; UN where N € B and such that, for each i € N, every §1/i subset of X;
has measure zero. In particular, given a Lipschitz function f: X — R, we may
apply Corollary 5.8 to obtain an Alberti representation of pL X; with f-speed 1/i.
Further, by Lemma B3] for each i € N there exists a countable Borel decomposition
Xi=U; (Xf U N;) where N; is p-null and for each j € N there exists a W € D,y;
such that X7 C W. Therefore, the decomposition X = U, ;(X7 U N;) is of the
required form.

For the final implication, by applying Lemma [B] and Proposition B8, we see
that (X, d, u) is a Lipschitz differentiability space. O

Finally, as mentioned above, metric measure spaces in which porous sets have
measure zero are pointwise doubling. Moreover, by Corollary [£5] porous sets in
Lipschitz differentiability spaces have measure zero. Therefore, we obtain an addi-
tional characterisation of Lipschitz differentiability spaces entirely via null sets.

Theorem 8.11. For (X, d, u) a metric measure space, the following are equivalent:
e (X,d,u) is a Lipschitz differentiability space.
o Any A and any porous set in X is p-null.
o Any B and any porous set in X is p-null.

9. ARBITRARY ALBERTI REPRESENTATIONS

We now extend the results from the previous sections to find Alberti represen-
tations in the direction of an arbitrary cone C in a chart (U, ) of a Lipschitz
differentiability space (X, d, ). As before, we will produce this representation us-
ing Corollary 5.8 and so we are required to show that any Borel S C U that
satisfies H!(yNS) = 0 for any v € ['(X) in the y-direction of C' has measure zero.
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This is achieved by giving a decomposition S = U;S; such that each S; satisfies
Hi(yN S;) =0 for any v € T'(X) in the p-direction of a cone C; that defines the
direction of an existing Alberti representation.

For this we will need to deduce properties of the derivative of a function obtained
from Lemma In particular, we require a bound on the directional derivative
of the function in the direction w, for w as in the hypotheses of the Lemma. This
is possible for any xo for which there exists x,, — xo such that o(x,,) — o(x) is
parallel to w.

To begin we concatenate the curves obtained from our existing Alberti repre-
sentations, in suitable ratios, to show the existence of such a sequence. Recall the
notion of separated Alberti representations given in Definition

Lemma 9.1. Let (X,d, ) be a metric measure space, p: X — R™ Lipschitz and
0,&€ > 0. Suppose that X has n &-separated Alberti representations with speed strictly
greater than 6. Then there exists an n > 0 such that, for any measurable S C X
and for almost every xg € S, given any v € S"~! there exists S 3 ., — xo with

lim sup ‘w(xm) —¢(xo) vH%’(xm) — (o)l H —0
m—o00 d(.’Iimal'O) d($m7$0)
" le(@m) — @(o) |
i P\Tm) — P&o .
1 >nL ,
msup ) = Hp(e )

Proof. Let S C X be measurable, w € S""! and 0 < € < 1. By refining if necessary,
we may suppose that the above Alberti representations are in the @-direction of
&-separated cones C; = C(wy,¢€),...,C, = C(wy,€). Further, for each 1 < i <n
let C{ D C; be open cones that are also &-separated.

For 1 < i < n let I'? be the set of v € I'(X) in the @-direction of C; with
speed §. Further, for each 0 < R < ¢, let G%(S) be the set of zo € S for which
there exist a v € I'* and a tg € Dom~y with v(tg) = zo such that, for every
0 <7 < R/[[(¢07) (to)]] and every ¢ € Dom~y with |t — to] < 5R/||(07)'(to)], the
following conditions hold:

(1) LY(y=Y(S) N B(to,2r)) > 4r(1 —¢).

(2) lle(v(2)) —e(v(to)) = (@ 07) (o)l < €ll(p 0 v) (to) Il — tol-

(3) ll(w o) (to)lllt — tol < 2[le(v()) — @(v(to))ll-

(4) o(v(t) = o(r(to)) € .

(5) lI(w ) ()|t — to] = 6 Lip(p, ¥(t0))d(¥(t), (t0))/2-
Since i has an Alberti representation in the @-direction of each C; with speed 9§,
by Proposition 2.9] each GZI'%(S) is measurable and monotonically increases to a set
of full measure in S as R \, 0.

Now let zgp € G%(S), let v € T be as in the definition of G% for z¢ and write
w =Y, \jw;. Then for any 0 < r < R/max\;,

rAi/ (e o) (to)ll < R/[I(¢ 0 7)'(to)

and so, by (), there exists a t € Dom v with
rA; 4re
0<t—to— < < de(t — to).
(@ om) (o)l ~ Nl o) (to)ll

In particular
|t —to| < 5R/[|(w o) (to)ll
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and \
T'Aq
(o) (to)ll = o— | < 4e.
|t — tol
Note also that, since (¢ o «)'(to) belongs to Cj,

(por)(to) .
ooy~ | =V

Therefore, by the triangle inequality, ([2) and (3],
lo(v(8) = @(v(to)) — rhiws|| < 10Vel[(w 07) (to) ||t — tol
< 20Vellp(v(t)) — e(v(to))l

7

Moreover, by (@),

6 Lip(,7(t0))d(v(t),7(t0)) < 5R < 5e.
That is, for every z¢ € G%, there exists an z € S with

(9.1) () — p(zo) — rAiwi|| < 20Vello(z) — @(o)
and
(9.2) (z,20) < 5¢/d Lip(,7(to))-

Now define S’% = S and for each 0 < i < n define
St = G (k).

Then for any zg € S} and 0 < i < n there exists x; € Sg_i such that the relations
@) and ([@2) hold between x; and x;41. Therefore

lp(an) = (@) = rwl| <20V D [lp(@:) = p(ai)|
0<i<n
and so, by the triangle inequality,
lp(an) = (@) = lo(zn) = @(xo)[wll < 40vE D lle(@i) = p(@irn)]-
0<i<n

However each v above was chosen so that o(z;) — ¢(x;—1) € C} for each 0 < i < n.
Since the C/ form a collection of ¢-separated cones,

lo(zo) = pl@a)l = || Y- pla:) = plwir)

0<i<n

z & max [lp(zi) — p(it)|

> &6 Lip(e, o) Jnax d(zi, xiy1)/4 > 0.

Therefore
le(@n) = ¢(w0) — lle(an) — (o) |w]| < 40v/en Lip pd(zn, 0)/¢
and by the triangle inequality
lo(@n) — @(@o)ll = &6 Lip(p, z0)d(2n, z0)/4n.

Note also that we must have z¢ # x, and

d(xn,x0) < Z d(x;, xi41) < Bne.

0<i<n



STRUCTURE OF MEASURES IN LIPSCHITZ DIFFERENTIABILITY SPACES 53

Finally, UmeNS{L/m
there exists an x,, € S with the above properties, for a given 0 < € < 1. Taking a

countable intersection over € € (0,1) N Q completes the proof for n = £&/n. (]

is a set of full measure in S and so for almost every xo € S

Corollary 9.2. Let (U, p) be a A-structured chart in a Lipschitz differentiability
space and for some £,0 > 0, let V. C U be Borel such that 'V has n &-separated
Alberti representations with speed strictly greater than §. Suppose that, for some
we S tand 0 < e <1, S CV is closed and satisfies H'(y N S) = 0 for any
v € T(X) in the p-direction of C(w,€). Then there exists an n > 0 and, for any
¢ >0, a(K(e)+ 1+ ) Lip p-Lipschitz function f: U — R such that

(1) For every xo € S and x € U with (p(z) — ¢(x0)) - w > 0,
f(@) = fxo) = (p(x) — ¢(0)) - w = .

(2) For almost every xg € S

D (o) - w < ¢/nA.

Proof. Let f: U — R be the Lipschitz function obtained from an application of
Lemma [6.4] (for § = ¢ min{1,1/diamU, 1/ Lip¢}), so that f automatically satisfies
all of the required properties (for 2¢) except for ([2)). Further, there exists a p > 0
such that, for every zp € S and y, z € B(zo, p),

[f(y) = F(2)] < K(OP(e(y) — ()l + Cd(y, 2)

for K(e¢) = (1 —€)/y/€(2—€) and P: R — R the orthogonal projection onto the
plane orthogonal to w passing through the origin.

Now let 7 > 0 such that the conclusion of Lemma holds. Then for almost
every xg € V, D f(z) exists and there exist U 3 z,, — xo with ||o(xm) —o(x0)]] >
nd(Zm, o) such that

l(zm) — (w0) = [l(Tm) — @(zo)|lw|

0.
d(@m, 7o) -

In particular, by the triangle inequality,

[P (p(zm) — p(xo))l l(zm) — (o)l

li < li =
M T amae) s T ey O
and so
m— 00 d(xm; IO)
Therefore

nLin(e20) D (z0) 0 < lmsup 12 =200 )

< oy 2 0) - (plm) = e(20)
m— 00 d(xmy 'IO)
: |f(@m) — f(®o)]
= limsup ————F—F——"—7-—+
m—)oop d(xm; IO)
<.
Since (U, p) is a A-structured chart, Lip(p, 29) > X and so dividing by nA completes
the proof. (I
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Given a set S as in the hypotheses of Corollary @0.2] we will decompose it using
the following Lemma. In our application, the D,, in the hypotheses will be the
derivatives of Lipschitz functions obtained from Corollary

Lemma 9.3. Let (X,d, 1) be a metric measure space, U C X Borel and w € S*~1.
Suppose that, for some B > 0 and E > 0, there exists a sequence of measurable
functions D,,: X — R™ with essential supremum E such that

limsup Dy, (z) w+f<w-w=1

m—0o0
for almost every x € U. Suppose further that, for some & > 0 and £-separated
wi,...,wr € SP7, w belongs to the convex cone of the w;. Then there exists a
Borel decomposition

S=NulJs;
JEN

with p(N) = 0 and, for every j € N, a 1 < i <n such that, for every 0 <6 < 1,

.1 [[v]I B€
1 il ) TPNPS
ml_rgom Z Dy(x) v+ "
1<k<m

<w-v+V20(E+1)|v]|

uniformly for x € S; and v € C(w;,0).

Proof. Since each D,, is bounded, there exists a g € L?(U) such that, after passing
to a subsequence, D,,, — g weakly. Then, by the Banach-Saks theorem, there exists
a further subsequence such that the functions

~ 1
Dm = — E Dj
m -
1<j<m
converge pointwise almost everywhere to g. Moreover, since

limsup Dy, (2) - w+ 8 < w - w,

m—00

g(x) w4+ B <w-w almost everywhere.
Let
S=NulJs;
JEN
be a Borel decomposition of S where N is u-null and such that D,, — g uniformly
on each S;. Further, since the w; are £-separated and w lies in the convex cone of
the w;, there exists 0 < \; < 1/£ with w = Zi Aiw;. Therefore, for each o in some
S, there exists a 1 <14 < n with
g-w; + BE/n <w - w;.
We may therefore decompose each S; into the sets
S;Z{JJQESJ‘ Zg'wi‘i‘ﬁg/ngw'wi}

for 1 <1 < k. By taking a further decomposition, we may suppose that each SJi— is
compact.
Finally, forany 0 < 0 <1, j € N, 1 < i <n and v € C(w;,0),

g(@) - v+ [vl|BE/n = ||vll(g(x) - wi + BE/n) + g(x) - (v — ||v]|wi)
< vl (w - wiV20E)
<w-v+V20(E +1)|v|.
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Since lN)m — g uniformly on each S;, this decomposition is of the required form. [

Finally, we will show that a set with certain properties intersects a Lipschitz
curve v in a set of measure zero by applying the following Lemma to the domain
of .

Lemma 9.4. Let S C R be measurable and L > 0. Suppose that there exists a
sequence of L-Lipschitz functions fn,: S — R and measurable functions &, ¥: S —
R such that, for almost every ty € S, ®(to) < Y(to) and:

(1) There exists m; — oo such that, for every t € S with t > to,
fm; (@) = fm, (to) = W(to)(t — to) — 1/m;.
(2) There exists an M € N such that, for every m > M,
D f(to) < @(to).
Then S is Lebesgue null.

Proof. Suppose that such an S has positive Lebesgue measure. Then there exists
an M e N, a< B e€Rand S C S of positive measure such that () and

Dfm(to) < (I)(to) <a< ﬂ < \I/(to)
for all to € " and m > M. Let tg be a density point of S” and R > 0 such that,
for every t € (to,t0 + R),

L1(S" N (to, 1))

t

Then, for any m > M and ¢ € (tg,to + R) NS,

fm(t) - fm(to) = /(to,t)ﬁsl Dfm + /(to,t)\s, Dfm
< aft —to) + (t —to)L(B — ) /2L.

< (B+a)(t - to)/2.
However, if m; > M such that () holds for ¢, then for any ¢t € (t9,to + R) N S,
(B+a)(t —1t0)/2 = fm,;(t) = fm, (to) = B(t —to) — 1/m;.

In particular, |t —to| < 2/(8 — a)m; for m; — oo and so t = to, contradicting our
assumption that ¢y is a density point of S. O

21— (8—-a)/2L.

We now apply these results to a chart in a Lipschitz differentiability space.

Theorem 9.5. Let (U, p) be an n-dimensional chart in a Lipschitz differentiability
space (X, d,p), w € S* 1 and 0 < € < 1. Then there exists an Alberti representation
of uL U in the p-direction of C(w,e€).

Proof. Since any chart in a Lipschitz differentiability space has a countable de-
composition into a p-null set and structured charts, and since we may combine
Alberti representations using Lemma 241 it suffices to prove the result for (U, ¢)
a A-structured chart, for some A > 0. Further, by Corollary B8 there exists
a decomposition U = AU S where u L A has an Alberti representation in the
¢-direction of C(w,€) and S satisfies H!(y NS) = 0 for any v € I'(X) in the ¢-
direction of C(w,¢€). Finally, by Theorem [6.6] there exists a countable decomposi-
tion U = U,,,U,, such that each uL U, has n ¢-independent Alberti representations.
By refining these representations if necessary, we may suppose that for any m € N
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there exist wy,...,w, € S" ' and 0 < 6,£, < 1 such that the Alberti representa-
tions of u L U, are in the p-direction of ¢-separated cones C(w1,¥6),...,C(w,,8),
with speed §. By refining these representations further, we may suppose that
V202 + K(e) + A) < £
A ~ 4n
for K(e) = (1 —€)/+y/€(2 —€). Therefore, we are required to show that, for any
m € N, any compact S’ C SN U, is y-null.
We apply Corollary (with ¢ = 1/m) to obtain a sequence of (2 + K(e))-
Lipschitz functions f,,: U — R such that:

e For every o € S’ and = € U with (¢(z) — ¢(z0)) -w > 0,
fm (@) = fm(w0) = (p(2) = p(x0)) - w —1/m.

e For almost every xg € S’,

limsup D f,, (o) - w+ 1 < w - w.

m—r oo

Note that, since (U, ¢) is a A-structured chart, by Lemma B.4]
1D fin(@o)ll < (2 + K(€))/ .
Therefore, by Lemma [0.3] there exists a countable Borel decomposition
S=NUlJS5;
jEN
where p(N) = 0 and for each j € N there exists a 1 <7 < n and an M € N such
that, for every m > M and xy € S;,

1 € €
. — . = < . =
(9.3) 22 Dfutwo)- vt Sl Swevt oo

for all v € C(w;, ). Define, for each m € N

1<k<m

S

For each j € N and almost every zp € S; each D fi(zo) exists and so
1
DF,, = — .
oLy o
1<k<m
Further, for every zop € S and = € U with (p(z) — ¢(z0)) - w > 0,
Fn () = Fin(x0) = (¢(2) — ¢(x0)) - w = 1/m.
We fix j € Nand let 1 < ¢ < n and M € N such that (@3) holds for every
m > M and x¢ € S;. It suffices to prove that p(S;) = 0. Given the above Alberti
representations of L U,,, it suffices to prove that #*(yN.S;) = 0 for any v € I'(X)
in the ¢-direction of C(w;, 0).
To show this, fix v € I'(X) in the ¢-direction of C(w;, ) and define, for each
m € N, the (2 + K (¢)) Lip ¢ Lip y-Lipschitz function
gm = Fp ov: Dom~y — R.
Then, for any to € Dom~, if (¢ o)’ (to) exists and (o) € S,

Dgm(to) = DFm(v(to)) - (¢ ©7)' (to)-
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Therefore, if (¢ 0v)'(tg) € C(w;,0),
£
Dgm(to) < w - (p07)'(to) = 5l 0 7)'(to)

<w- (o) (to) — ol - (p 07 o)
= (I)(to)
Also, for any t,ty € Dom~y,
gm(t) = gm(to) = ((v(1)) — ¢(v(t0))) - w = 1/m.

Suppose that y~!(S;) has positive measure. Then there exists an R > 0 and a
T C v~ (S}) of positive measure such that, for every ty € T' and ¢ € Dom~ with
[t —to] < R, (por)(ty) € C(w;,0) and

§
(e(v(1) = e(v(t0))) - w > (w (9 o) (to) = p-lw-(w o) (o)l | (= to)
= W(to)(t — to).
We choose s € T such that 77 := T'N B(s, R) has positive measure. Then for almost
every tg € T', U(tg) > ®(to) and:
e For any m > M and every t € T” with ¢ > tg,

Im(t) — gm(to) = ¥(to)(t —to) — 1/m.
e For every m > M,
Dy (to) < D(to).
Therefore, by Lemma [9.4] 7" is Lebesgue null, a contradiction. |

We may use this Theorem to improve our description of the local structure of a
Lipschitz differentiability space.

Corollary 9.6. Let (U, ¢) be an n-dimensional chart in a Lipschitz differentiability
space (X, d, ). Then for almost every x € U and any cone C C R", there exists a
y* € T(X) such that (y*)~*(z) = 0 is a density point of (yv*)~*(U) and such that
(por®)(0) eC.

We also obtain another characterisation of Lipschitz differentiability spaces cor-
responding to arbitrary Alberti representations.

Definition 9.7. For a metric measure space (X, d, 1) we define C to be the set of
Borel S C X for which there exist 0 < €, < 1 and, for every ¢ > 0, there exist an
n € N, a Lipschitz ¢: X — R" and a cone C' C R" of width ¢ such that:

e For every zg € S,

Llp(v ' 1/}5 IO) > 77L1P(1/)7 'IO)'
e For every v € I'(X) in the 9-direction of C with v-speed §, H'(yNS) = 0.

Theorem 9.8. For a metric measure space (X, d, p) the following are equivalent:

o (X,d,u) is a Lipschitz differentiability space.

e Every C subset of X is p-null and X is pointwise doubling.
o FEvery C subset of X and every porous subset of X is p-null.
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Proof. These two conditions are sufficient since there exists a countable decompo-
sition of any A subset of X into C sets. Therefore, if any C subset of X is p-null,
so is any A subset. N

Conversely, for any S € C that is contained within a structured chart of a
Lipschitz differentiability space, by Lemma there exists a 0 < € < 1 and a
sequence of cones C, of width e such that H!(yNS) = 0 for any v € I'(X) in the
p-direction of C,, with speed 1/m. Then there exists a cone C of width €/2 and
mj — oo such that C' C Cy,, for each j € N. Therefore Hi(yNS) = 0 for any
~v € T'(X) in the ¢-direction of C' and so, by Theorem [0 S is p-null. d

10. RELATIONSHIP WITH OTHER WORKS

As an example of the use of our theory, we give an alternate proof of Cheeger’s
Differentiation Theorem. We begin by introducing the notion of a Poincaré inequal-
ity in a metric measure space.

Definition 10.1. Let (X, d) be a metric space and f: X — R Lipschitz. We say
that a measurable function p: X — R is an upper gradient of f if, for any v € II(X)
that is parametrised by arc length,

uwa—ﬂ%ns/’ pony dct

Dom v

where 7, and -, are the end points of ~.
Further, for p, P > 1 we say that a metric measure space (X, d,u_)satisﬁes the
p-Poincaré inequality with constant P if, for every closed ball B = B(zg,r) C X,

w(B) > 0 and
1/p
]lB|f—fB|§PT<]€DBP> :

h—éﬁ—iﬁéﬁ

Finally, for C' > 1, we say that a metric measure space (X, d, ) is C-doubling if
#(B(wo, 7)) < Cu(B(o,7/2))

for every z¢ € X and every r > 0.

Here

Theorem 10.2 (Cheeger [Che99]). Any C-doubling metric measure space (X, d, )
that satisfies the p-Poincaré inequality with constant P is a Lipschitz differentia-
bility space. Moreover, each chart is of a dimension bounded above by an integer
depending only upon C and P, independent of the metric measure space.

Proof. Since a C-doubling metric measure space is a D,, set, for some n > 1 de-
pending only upon C, by Theorem Rl and Corollary it suffices to prove the
existence of a > 0 depending only upon C and P such that any By subset of X
is p-null.

Firstly, by Proposition 4.3.3 of [Kei04], for any C-doubling metric measure space,
there exists a C’ depending only upon C such that, for any Lipschitz f: X — R,

. 1
Lip(f,z0) < C' lim —f |f — B
r=0r B(zo,r)
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for almost every z¢p € X. Therefore, if p is an upper gradient of f, by using the
Poincaré inequality and applying Lebesgue’s differentiation theorem to p, we see
that there exists a C”" > 0 depending only upon C' and P such that

(10.1) p(xo) > C" Lip(f,x0)

for almost every zg € X. We set 6 = C"/2.

Now suppose that f: X — R is Lipschitz and S C {xz¢ : Lip(f, z9) > 0} satisfies
H(yNS) = 0 for every v € I'(X) with f-speed 6. Then for any v € I'(X) and
almost every to € y~1(9),

(f o) (to) < 6 Lip(f,y(to)) Lip(v, to)-

In particular this is true for any v € II(X) that is parametrised by arc length and
o

_JoLip(f,x) xeS
(@) = {Lip(f, x)  otherwise

is an upper gradient of f. However, for almost every z € S, by equation (I0.1]),
dLip(f,z) = p(x) > 20 Lip(f,z) > 0.

Therefore S must be p-null. In particular, any E(; subset of X is p-null, as required.
O

As pointed out in the introduction, the existence of an Alberti representation of
any doubling Lipschitz differentiability space (X,d, ) that satisfies the Poincaré
inequality may be deduced from a theorem of Cheeger and Kleiner. To see this,
suppose that S is compact, contained within a chart and satisfies H!(y N S) = 0
for every v € TI(X). Then by applying [CK09], Theorem 4.2 (and adopting it’s
terminology) with f a component of the chart map and the negligible set N =
{(7,%) : v(t) € S}, we see that the minimal upper gradient of f equals zero almost
everywhere in S. However, the minimal upper gradient of f equals Lip(f,.) > 0
almost everywhere and so S must be p-null. An application of Lemma gives
the required Alberti representation. In fact, almost every curve in this Alberti
representation is defined on an interval.

In [Kei04], Keith introduced the Lip-lip condition (see below) on a metric mea-
sure space and showed that any doubling metric measure space with a Lip-lip
condition is a Lipschitz differentiability space (via the Poincaré inequality). We
now use our theory to give an alternate proof of this fact and to prove the converse
statement. This gives a characterisation of Lipschitz differentiability spaces via the
Lip-lip condition.

Definition 10.3. We say that a metric measure space (X, d, u) satisfies a Lip-lip
condition if there exists a countable Borel decomposition X = U;X; and for each
i € N a d; > 0 such that, for any Lipschitz f: X — R,

0; Lip(f, zg) < li£njglf sup{M 10 <d(z,z0) < r}

:=lip(f, zo)

for almost every zp € Xj;.

Theorem 10.4. A melric measure space (X,d, i) satisfies a Lip-lip condition if
and only if every B subset of X is p-null.
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Proof. First suppose that any B subset of X is p-null. Then by Theorem BII]
there exists a countable Borel decomposition X = U; X; and for each i € Na §; > 0
such that, for any Lipschitz f: X — R and every i € N, there exists an Alberti
representation of p L X; with speed ;. In particular, for every i € N and almost
every xg € X, there exist v € I'(X) and ty a density point of Dom+~ such that
~v(to) = xp and
d; Lip(f, 20) < (f 0 7)'(to)-
However, since t( is a density point of Dom 7y,

(f ©7)'(to) < lip(f, zo)
and so X satisfies a Lip-lip condition.

Conversely, suppose that S C X belongs to E, so that S belongs to A. Then
for any € > 0 we may apply Lemma to construct a sequence of functions that
satisfy the hypotheses of Lemma [£2 on some Borel S’ C S with u(S’) > u(S) — e
Therefore, by applying Lemma with positive sequences R;,7; — 0 such that
r;/R; — 0 as i — oo, for any § > 0 we obtain a Lipschitz function f: X — R with

5L1p(fa IO) > hp(fa IO)

for almost every o € S’. In particular, if X satisfies a Lip-lip condition, S’ and
hence S are p-null. O

By combining this Theorem with Theorem BIT], we obtain the following Corol-
lary. Very shortly after the first preprint of this paper appeared, Gong gave a
second, independent proof of this Corollary in [Gon12].

Corollary 10.5. A metric measure space (X,d, ) is a Lipschitz differentiability
space if and only if it satisfies a Lip-lip condition and is pointwise doubling.
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