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Abstract : In thisarticlewe define Steiner and upper Steiner
distances in connected fuzzy graphs by combining the notion of
Steiner distance with p distance and proved that both are metric.
Also based on 1 length, eccentricity, radius, diameter, diametric
vertex, eccentric vertex, centre, convexity, self-centred graphs are
introduced for both Steiner and upper Steiner 1 distances . Some
common characteristic properties are analysed and relation
between Steiner and upper Steiner . distances are discussed with
an application. A model result is given for transport network.2010
AMS Classification: 05C72, 05C12
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. INTRODUCTION

We often face unpredictability in many of our rea life
problems. So we need to consider fuzziness in every field.
Rosenfeld developed the postulation of fuzzy graph theory in
1975. Although afuzzy graphis similar in structure to that of
acrisp graph, it better describes a real situation than a crisp
graph and has some specia characteristics. Steiner distancein
crisp graphs and its properties were described in [3] and [10].
The properties of fuzzy graphs and their applications in
various fields are studied from [1], [2], [4], [6], [7] and [8].
Some new distance parameters are introduced and examined
in [5] and [9]. Here we introduce new parameters Steiner p
distance and upper Steiner u distance in fuzzy graphs.

[I. PRILIMINARIES

Through out this article we consider only the connected fuzzy
graphs G without loops and assume that V is finite and
nonempty. Also we use the terms ‘nodes’ for vertices and
‘arcs’ for edges.

Definition 2.1 If G isaconnected graph withn nodes and Sis
asubset of V (G), then the Steiner distance among the nodes
of S is defined as the minimum size among all connected
minimal sub graphs whose node sets contain S. These sub
graphs are called Steiner trees of S.

Definition 2.2 The Steiner interval, I5(S) or I(S), of aset Sis
defined by Ig(S) ={w e V (G)/wliesonaSteiner treefor Sin
G}
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Definition 2.3 Let G be a connected crisp graph and S, the
subset of nodesV (G), if 1(S)=V(G) then Siscalled a Steiner
Set.

Definition 2.4 A fuzzy graphisdenoted by G (V, &, 1) where
V is a node set, ¢ is a fuzzy subset of V and p is a fuzzy
relation on ¢ which satisfies u(u,v) < c(u)Ac(v)V u,v € V.
Definition 2.5 For a connected fuzzy graph, if P isthe path:
Uo,Uy,...,.Un then the p—length of P, I(P) is the sum of
reciprocals of arc weights. That is (P} = F=L“ - - —.1fn

(Wj—y4)

=0, then I(P) = 0.and p— distance is the smallest p—length of
any u—v path.

1. FUZZY STEINER 1 DISTANCE

Definition 3.1 Let G (V,o,u) be a connected fuzzy graph with
n nodes. The Steiner u distance between any two nodes of a
non-empty set S € V (G) is defined as the minimum sum of
reciprocals of arc weights of minimal connected fuzzy sub
graphs containing S. These fuzzy sub graphs are called fuzzy
Steiner trees for S. The fuzzy Steiner pdistance of S is
denoted by d,¢(S) (or) d,s(1,v) where u and v are
nodes in S. For k = 23,...n we define the following
parameters of fuzzy Steiner n-distance.

Definition 3.2 Thefuzzy Steiner uy-eccentricity e, ¢ (1) of

any node u is given below
ey () = max{d,s(u.v)/S EV(G),IS| =
k&u,v €5}

Definition 3.3 The fuzzy Steiner wy, radius of any nodeuin G
is

ruc(G) = minfe, c(u)/u€V(G)}

Definition 3.4 The fuzzy Steiner L, diameter of anodeuin
V (G)is

diam, ¢(G) = maxfe, ¢(w)/u € V(G)}
Definition 3.5 A node uisafuzzy Steiner 1y, diametral node
(or) periphera nodeif

euc (u) = diam ¢ (G)

Definition 3.6 The fuzzy Steiner iy centre C, (G) of a
fuzzy graph G isthe fuzzy subgraph induced by the nodes u of
V(G) with e, ¢ (u) = TG (G).These nodes are called
fuzzy Steiner wy; central nodes (or) fuzzy Steiner w; eccentric
nodes.

Definition 3.7 Thefuzzy Steiner wy; median of G isthe fuzzy
subgraph of G induced by the nodes of minimum fuzzy
Steiner wy, distancein G.

Definition 3.8 The fuzzy average Steiner wy; distance of a
graph G, is defined as the average of the fuzzy Steiner
u-distances of all k-subsets of V
(G).
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Definition 3.9 A subset of nodes Sis called fuzzy Steiner L,
convex if each vertex in any Steiner fuzzy tree of S is
contained in S.

Definition 3.10 A fuzzy graph G(V,o,p) is said to be fuzzy
Steiner py self-centred graphif the fuzzy Steiner uy
eccentricity of every node of the graphis the same (or) if
fuzzy Steiner i radius and fuzzy Steiner p, diameter of
the graph are equal.

Definition 3.11 Thefuzzy Steiner y interval, I, (S) of aset
5 € V(G) with cardinality k is defined by I,¢(S) = {w € V
(G) / wlies on a Steiner fuzzy tree for Sin G}

Definition 3.12 Let G be a connected fuzzy graph and S, a
subset of nodes V (G), if 1,:(5)=V(G), then Sis caled a
Steiner fuzzy set.

Example 1 For example consider the following fuzzy graph

Ta T2 Ts

Figure3

Let S={ u v, w, x}.Then the Steiner fuzzy trees for S are
giveninFig 2

Here the set Sis a Steiner fuzzy set since every node of the
graphisinaSteiner fuzzy tree of S. The fuzzy p-distancesfor
the above fuzzy trees are given in table 1.

Tablel
Steiner fuzzy .

trees fuzzy p-distance Tota
T, 3+2+5+6 14
T, 3+2+2+7 14
T3 4+2+5+6 15

Table2
Node set Fuzzy Steiner p distance (d,,c)
S| {uv,w,x t} 14
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S | {uv,sxt} 17

S| {uv,swt} 12

S| {uv,sw,x} 16

S| {v,w,sXt} 17

S| {usw,xt} 16

Table3

Nodes | Fuzzy Steiner us—eccentricities B C
u max{ 14,17,12,16,16} 17
v max{ 14,17,12,16,17} 17
w max{ 14,12,16,16,17} 17
S max{17,12,16.16,17 } 17
t max{ 14,17,12,16,17} 17
X max{ 14,17,16,16,17} 17

The fuzzy Steiner p distance of Sis,

d,(5) = min{14,14,15} =14. Here T, and T, are minimum
Steiner fuzzy treesfor S.

Take k=5. Let S;={u, v, w, X, t} then d ¢ (5;) = 14 The
minimum Steiner fuzzy tree for S, isgiveninfig 3.

Similarly the fuzzy Steiner p distancesof S;, S, S5, S4, S5 Ss
aregivenintable 2.

The fuzzy Steiner us—eccentricities are given in table 3.

The fuzzy Steiner ws eccentricity of every node is same.
Hencethe abovefuzzy graphisfuzzy Steiner us self centered.

The fuzzy average Steiner s distance s
L4417+ 12+ 16+ 1E+17 — J.E ‘1_

5

IV. PROPERTIESOF FUZZY STEINER p DISTANCE

A. Theorem Thefuzzy Seiner | -distance of a non-empty set
of nodes Son a connected fuzzy graph G, (V, d,;s(w. v)) where

v €5 isametric.(i.e)

i) dys{u,v) =0 for al u, v and for al subsets
S5cV(G)

i) dys(u,v) =0iffu=v

iii)duﬁ{:uJ "-’] = dpﬁ{:v; U_]

iv)dys(u,w) = dys, (u,v) +dys (v, w) where
uceSsS&SsS , weS&5, ,ve 5 &5 and
5., 52 and 5 are subsets of V(G) such that
ISuFIS:I=ISIFk

Proof : Thefirst three results (i),(ii) and (iii) are true from the
definition of Steiner p-distance of S. It remains to show that
the triangle inequality holds. Let S, and S, be two non-empty
subsets of V (G) such that |S,|=|S,|=[S|=k. Clearly the result is
true if any two of the nodes are equal. Now choose distinct
nodes u,v and w as in the hypothesis. The Steiner p-distance
d,:(5) is the same for any two nodes in S. Also since
[SiFIS:=ISEK, the Steiner p-distance of S is a most
dys, (v} + d, s, (v,w).Hence fuzzy Steiner p -distance is a
metric.

B. Remark Thetriangle inequality holds only if
1S:I=1SI=1S.

C. Observation For afuzzy graph with n nodes, a Seiner
fuzzy set which haslessthan n verticesis not fuzzy Steiner 4
convex where k= 2,3,.....n
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D. Observation Obvioudy ey, ¢clul = d,s(u v} for all
nodes u,vin V(G) where d,z(u. v) is with respect to any

non-empty fuzzy subset 5 € V(&) and k= 2,3,....n where n
denotes the number of nodes.

E. Theorem For a connected fuzzy graph G with n nodes

wheren = 3 and k = 3,4,....,n, if uand v are distinct nodes
then le,clu) — e, (W) = dys(u.v) where S  V(G) with
|S=kand w.v € 5.

Proof: Let v beanode. The fuzzy Steiner p eccentricity of v
isthe maximum fuzzy Steiner p-distance of any non-empty set
of nodes with cardinality k that containsv say S. Let w be a
node with such maximum fuzzy Steiner p-distance with
respect to the set S with cardinality
K.(i.€) &y, clv) = dyslw, v). Suppose uis anode other than v
in S. Since fuzzy Steiner p-distance is a metric, by triangle
inequality we have

ey clv) = dyslw, v) < dslw,u) + dyslu, v) Also
dys{w.u) = eph._-r{u:l_
Hence ey clv) = e, clu) +d,slu.v).
= ey clv) —ey, clw) = dgslu,v) Similarly if we
interchange the nodes u and v, we (et

e, clw) —e, c(v) = dyslu, v).From these two inequalities
we obtain the required inequality.

F. Theorem For a connected fuzzy graph G,

rpk.;{G] = diamph.;{ﬂ-:l = EFPkG{G]

Proof: It followsfrom definitionthat ry, ¢ (G) < diam ¢(G)
for any k. Let u and w be two nodes with
dyslu, w) = diam (G} where S is a non-empty set of
nodes with |S=k. Let v be a node with r, c(G) = e, c(v).
Since fuzzy Steiner p-distance is a metric by triangle
inequality, we have

diampk._-,{G] = dpg{u. w) < dys, (u,v) + dys, (v.w) where
SiFISEISFk, S and S, are chosen such  that
uves &vwelS,. Now from observation D
dys, (wv) = e, cv) and  dys, (vow) = e, clv) Thus
diam, c(G) < e, (4= e, clv) =1, (G +

F“kG{G] = Eer.;{G]

Hence the resullt.

G. Observation For any node u of a connected fuzzy graph
G, diam c(G) — e, c(u) = mwheremis any arbitrary
non negative real number.

If G is a connected fuzzy graph then for node u,
ruk,_—r{li}] = e”k,_—r{u) < diam,, ¢(G) .Therefore
n’:‘nmpk.;(G] - eph._-r{u] =mwhere m = 0

H. Theorem For a connected fuzzy graph G, if S, S; and S,
are non empty subsets of vertices, then

ldys, (%) — dys, (x V)] = dys(u,v) whereu € 5 &Sy,

veES &S, xe5 &5,

The above theorem follows from triangle inequality in
theorem A

I. Theorem If a connected fuzzy graph G is Steiner
Ly, -self-centred, then every node of G is fuzzy Steiner Ly,
eccentric.

Proof: Suppose G isaconnected fuzzy graph which is Steiner
Ly, -self-centred. Then for every node G, the fuzzy Steiner iy,
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eccentricity is the same. Let v be the fuzzy Steiner
eccentric node of u.(i.€) e, ¢ (1) = d s(u,v) whereSis
a non-empty set with cardinality k. Now since G is fuzzy
Steiner wy, -self-centred we have,

€ G (u) = € G (v) = d,s(u,v). Hence u is a fuzzy
Steiner y, eccentric node of v. Therefore every node is fuzzy
Steiner py; eccentric.

J. Remark If a connected fuzzy graph G is Seiner
y-self-centred and for every node u such that u isa Steiner
Ly, eccentric node of another node v, then v should be one of
the Steiner w; eccentric nodes of u.

V. FUZZY UPPER STEINER Ml DISTANCE

Definition 5.1 For a connected fuzzy graph with n nodes the
fuzzy upper Steiner Li-distance between any two nodes of a
non-empty set S < V (G) is defined as the maximum sum of
reciprocals of arc weights of minimal connected fuzzy sub
graphs containing S. The corresponding steiner fuzzy treeis
called the maximum steiner fuzzy tree of S. The fuzzy upper

Steiner 1 distance of Sis denoted by D¢ (S) (or)
DHEEH,V) where u and v are nodes in S. Fork=2,3,....n,
we define the following parameters of fuzzy upper Steiner
LL-distance.

Definition 5.2 The fuzzy upper Steiner Liy-eccentricity
Euc (u) foranodeuinV (G)is

E,.c(u) = max{D s(u,v)/S € V(G),[S| =

k &u,v € 5}

Definition 5.3 Thefuzzy upper Steiner Ly radius of any node
uin Gisgiven by

Ryc(G) = min{E, c(u)/ ue V(G)}

Definition 5.4 Thefuzzy upper Steiner Ly, diameter of anode
uinV (G) isgiven by

DIAM,, ¢ (G) = max{E“kG (u)/ue V(G)}
Definition 5.5 A node uisafuzzy upper Steiner Ly, diametral
node (or) periphera nodeif

EH':G (u) = DIAMHEG (G)

Definition 5.6 Thefuzzy upper Steiner iy centre C,, (G) of
a connected fuzzy graph G is the fuzzy subgraph induced by
thenodes u of V(G) with E,, ¢ (u) = Ru.c (G).Thenodeu
iscalled fuzzy upper Steiner Ly, central node (or) fuzzy upper
Steiner Ly, eccentric node.

Definition 5.7 The fuzzy upper Steiner Ly median of a
connected fuzzy graph G is the fuzzy subgraph of G induced
by the nodes of minimum fuzzy upper Steiner Lt distance of a
k-subsetin G.

Definition 5.8 The fuzzy upper average Steiner Ly, distance
of a graph G, is defined as the average of the fuzzy upper
Steiner LL-distances of all k-subsets of V (G).

Definition 5.9 A fuzzy graph G is said to be fuzzy upper

Steiner py self-centred graphif the fuzzy upper Steiner py
eccentricity of every node of the graphis the same (or) if
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fuzzy upper Steiner py radius and fuzzy upper Steiner puy
diameter of the graph are equal.
Example 2 Let us consider the following fuzzy graph

Figure4

Figure 6
Nodes Fuzzy upper Steiner u.—eccentricities E.c
u max{1.6,5,2.5,10,10} 10
S max{1.6,2.5,7.2,5} 7
v max{2.5,2.5,5,4.5,7.5} 7.5
y max{5,7.5.5.7.5} 7.5
t max{2,10,2,5,4.5} 10
X max{2,5,5,5.10} 10
Table4
Nodes Fuzzy upper Steiner uz—eccentricities E.c
u max{4.1,7.5.7.6,7.5,12,10,3.6,12.5,5.10} | 12.5
s max{4.1,10.7.6,7.4.5.7.5,4.10,3.6,5} 10
v max{4.1,10,9.5,7.5,4.5,4.5,7.5,5,12.5.5} | 12.5
Table5

y max{10,10,7.5,10,7.7.6,7.5,10.9.5,10} [ 10
t max{9.5,10,7,4.5,12,4,4.5.3.6,12.5,10} 12.5
X max{10,7.5,12,4,4.5,10,7.5,10,5,5} 12

In the fuzzy graph given in fig 4, for a 2-subset S={v,y} the
Steiner fuzzy trees givenin fig 5 are both minimum and

Retrieval Number: D9010049420/20200BEIESP
DOI: 10.35940/ijeat.D9010.049420
Journal Website: www.ijeat.org

2159 © Conpvriaht: All riahts reserved.

maximum Steiner fuzzy trees. The fuzzy Steiner p -distance
and fuzzy upper Steiner p -distance of S are same.
1 1
dl-l'f- (8)= D“G(Sj = E-F 04 =75
The fuzzy upper Steiner [i; eccentricitiesfor 2-subsets are
givenintable 4.
The fuzzy upper Steiner [i, radiusis
RukG (G) =min{10,7,7.5,7.5,10,10} = 7
The fuzzy upper Steiner i, diameter is
DIAMHkG (G) = max{10,7,7.5,7.5,10,10} = 10
The only fuzzy upper Steiner [i> eccentric nodeiss.

Fuzzy upper Steiner [~ diametral nodes are u, x and t.

For a 3-subset, T={s,v,y} the Steiner fuzzy treesare given in
fig 6. The fuzzy Steiner p distance and fuzzy upper Steiner
-distance of T are

1 1

d (TN=—+—+—=091,
ke (T) 0. +IZI.4+IZI.6

D .(S)=—+ ! + ! =10
REY 02 04 04

The fuzzy upper Steiner {5 eccentricitiesfor k = 3 subsets
aregivenintable5.

The fuzzy upper Steiner fi5 radiusis

R“aG (G) = min{10,12.5,12} = 10

The fuzzy upper Steiner 15 diameter is

]]IIF&J‘«IHG (G) = max{10,12.5,12} = 125

Fuzzy upper Steiner [y eccentric nodesaresandy.

Fuzzy upper Steiner [ diametral nodes are u,v and t.

VI. PROPERTIESOF FUZZY UPPER STEINER M
DISTANCE

The fuzzy upper Steiner p distance has the same characteristic
properties asthat of fuzzy Steiner p distance. The fuzzy upper
Steiner p -distance of a non-empty set of nodes 5 = V(G)
on a connected fuzzy graph G(V,o,n), (V, DHS (1,v)) where
u,v € 5 isametric.(i.€).The triangle inequality holds only
if [SFIS=IS]-

A. For 1= 3andk=34,...n, if u and v are distinct
nodesthen |E, ¢ (u) —E, (V)] = D s(u,v) where

S € V(G) with|9=kandu, v € S,

B. E,c (u) = Dus(uﬂ’) for all nodesu,vin V(G)
where D5 (1, v) iswith respect to any non-empty fuzzy

subset S & V(G)and k= 2,3,....n and n is the number of
nodes.

C. If Gisa connected fuzzy graph
Rukﬂ (G) = DIAMHKG (G) < ERukG (G)

D. For every node u of a connected fuzzy graph G(V,o,u),
DIAMHEG (G)— E“kc (u) =m

wheremis any arbitrary non
negative real number.
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E. If a connected fuzzy graph G isupper Seiner
Ly.-self-centred, then every node of G is fuzzy upper Seiner
Llj. eccentric.

F. If a connected fuzzy graph G is upper Steiner
Hy.-self-centred and for every node u such that u is a upper
Seiner L. eccentric node of another nodev, then v should be
one of the upper Steiner Ly, eccentric nodes of u.

VIlI. RELATIONBETWEEN FUZZY STEINER U

DISTANCE AND FUZZY UPPER STEINER H
DISTANCE

A. Observation: The following inegquality is obvious from
the definition of upper Steiner | -distance for any connected
fuzzy graph G and any non empty subset of nodes Sof V(G).

1< d,;(S) €Dy (S) < 0.

B. Theorem

For every connected fuzzy graph G for which
ruc(G) =aadR, ¢(G) = bwhereab are any real
numbers, then 1 = a < b < wo,
Proof : Let Sbe anon-empty subset of nodes with cardinality
k. From Observation A (VII), d,c (5) = D, (5).1 = a
and b =< ©0 are obvious.
Letr, c(G) =aandR, c(G)=b

a=r,c(G)= min{euk_r‘ (u\ue "L"'[G]}

= minuEV,:,;;,[maxﬁdus(u,v)\S cV(G),5| =k&uvE S} Arc weight =
k&u,veS}

S MR, gy {max{D, g (w,v)\S EV(G), [S| =
= min{EuL_G (Wue T."'[G]}

R,.c(G)=b.
C. Theorem
For every connected fuzzy graph G for which
diam, ¢ (G)=a and DIAM,, ¢ (G) = b whereab are

any real numbers, thenl = a < b < o0,
Proof: Let S be anon-empty subset of nodes with cardinality
k. From Observation A(VII), d,c (5) < D,z (5). Let

diam, ¢ (G)=a and DIAM,, ¢ (G) = b. Clearly
1<aandb < o aetrue
a =diam, ;(G) = msu-:{eHLG (Whu € V(G)}

= Max, ey )[max[ <(uv)\SCV(G),IS| =k&uve S}

International Journal of Engineering and Advanced Technology (IJEAT)
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VIIl. APPLICATION

Thefuzzy Steiner p distance has applicationin many
communication networks.

Table6
Roadways Between Two Locations Di;::;n Pa}ss?nhigcﬁsan \‘»;:ir;ht
Hour

R Market Bustand 0.5km 100 0.33
R; Bustand Hospital 3.5km | 250 0.83
R. Market Hospital 38km | 230 0.77
Ry Police station | Market 0.3km |67 0.22
R; Police station | Fun Mall 1.8km | 112 0.37
Rs Mall Harbour 1km 98 0.32
R Harbour College Skm 80 0.27
Rg Hospital College 23km | 300 1
Re School College 2.6km | 280 0.93
R Bustand Harbour 1.2km | 200 0.67

We can consider atraffic network problem.There are 8 major
locations in an area such as bustand,hospital, mall, schooal,
college, harbour,market and police station.There are
roadways connecting these facilities. A sample dataisgivenin
table 6.This can be modelled into afuzzy graph with locations
as nodes and the roadways connecting the facility locations as
arcsgivenin fig 7. Arcweight for roadway Rg with maximum
number of vehicles(300) is given the maximum membership

value 1.For the other roadways,
Number of vehicles
300

Let S={bustand,hospital,college harbour}.The minimum
Steiner fuzzy tree of S which gives the Steiner p -distance is
the shortest route that connecting all the locations in S with
more traffic shown in fig 8.The maximum Steiner fuzzy tree
of Swhich gives the upper Steiner [ -distance is the shortest
route that connecting the locationsin S with less traffic given
infig9.

tnﬂrkf_"l_ hospil r.al

schm:l
o u,
cullcgc
pollccstatn:nl

o Fun mall| h.:rl.mur|

Figure?7

S MAX ey gy {max{D 5 (u,v)\S S V(G),[8] = k& u,v € §} /
= maxiE uJue V(G
{ “L'c'[ ) ( ]} | Ersstanrna |
=DIAM, ¢(G) = b \
[(harbowr]
Figure8
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hospital

o=l

college

0.6 0.27

| bustand |

Figure9

Steiner u -distance of S=3.69
Upper Steiner 1 -distance of S=6.39.

IX. RESULT AND DISCUSSION

Another real life application of Steiner and upper Steiner p
distances is a message transmitting network. Suppose a
message transmitting network with processors, can be
modelled into afuzzy graph with processors as nodes and link
between two processors as arcs and message transmitting
speed between the processors as arc weights. The reciprocal
of arc weight denotes the message flow rate between the
processors. Here the Steiner W distance of some k processors
gives the net message flow rate of minimal fast
communicating link containing these processors and fuzzy
upper Steiner 1 distance gives the net message flow rate of
minimal slow communicating link containing these k
processors.

X. CONCLUSION

In this article we have introduced and scrutinized the similar
properties of Steiner p distanceand upper Steiner L distances
in fuzzy graphs by merging the Steiner distance and p
distance with a real life application. These distances also
have application background in various communication
networks like telecommunication networks, radio stations
message transmitting networks, channel networks, radio
stations, transports, wireless mobile Ad-hoc networks..etc.
and are used in network analysis.
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