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Owing to their long excited state lifetimes, rare-earth ions in crystals are widely used in quantum
applications. To allow optical readout of the qubit state of individual ions, we propose to dope
the crystal with an additional nearby ancilla ion with a shorter radiative lifetime. We show how
a Bayesian analysis exhausts the information about the state of the qubit from the optical signal
of the ancilla ion. We study the effects of incoherent processes and propose ways to reduce their
effect on the readout. Finally, we extend the architecture to ions residing in two remote cavities,
and we show how continuous monitoring of fluorescence signals from the two ancilla ions leads to
entanglement of the qubit ions.

I. INTRODUCTION

During the past decades, impurities and defects in
solid state systems such as rare-earth ions in crystals [1–
3], quantum dots in nanoscale semiconductors [4–6] and
nitrogen vacancy (NV) centers in nanodiamonds [7–10]
have emerged as promising platforms for quantum tech-
nologies [11]. The popularity of these systems can
be attributed to their outstanding coherence proper-
ties [12, 13] and wide operating regimes [14–16]. For
instance, isolated rare-earth ions in crystals can be used
for robust quantum gates [17] and high precision sen-
sors [18] while ensembles of rare-earth ions are excellent
candidates for realising quantum memories and collec-
tive quantum effects [19–22]. The strong dipole-dipole
interactions between nearby ions can be used in a sim-
ilar manner as the Rydberg excitation blockade mech-
anism [23, 24] to implement quantum gates between
closely situated ions [17, 25]. However, their long co-
herence and excitation lifetimes prevent fast and reliable
optical readout of the qubit states.

In this article, we propose to separate the qubit stor-
age and manipulation from the readout by introducing
an ancilla ion. A schematic of the proposed architecture
is shown in Fig. 1(a). The readout ion is resonantly cou-
pled to a cavity mode such that its effective coupling to
the quantized electromagnetic field is Purcell enhanced,
thereby allowing a substantial fluorescence signal to be
emitted via the cavity mode towards a photon counter.
We propose to use an architecture with two low lying
qubit levels |0〉 and |1〉 and an excited level |e〉, which
interacts strongly with the excited state |↑〉 of the ancilla
(h̄ = 1)

Hdipole = µ
(
|e〉〈e| ⊗ |↑〉〈↑|

)
(1)
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FIG. 1: Schematic of the ancilla based (a) readout and (b)
entanglement protocols considered in this article. (a) A qubit
ion with ground states |0〉 and |1〉 is coupled to a readout
ion through an excited state interaction (1). The fluorescence
signal from the readout ion is collected by a cavity mode and
emitted towards an efficient photon counter, and the signal is
used to infer the qubit state. (b) The same architecture as
in (a) is used with two qubits and two readout ions to create
entangled states between the two qubits by mixing the two
fluorescence signals on a beamsplitter and monitoring both
output channels.

Depending on whether the qubit is in the excited state
or not, the readout ion experiences an energy shift µ,
and this leads to a change in the output signal when the
readout ion is subjected to a resonant continuous drive.

Such ancilla-based quantum measurement schemes
have proven beneficial in different settings [26–34], and
here we will focus our discussion on implementations
in rare-earth ion systems. Doping an inorganic crys-
tal like YAlO3, Y2O3 or Y2SiO5 with different species
of rare-earth ions leads to different coherence properties
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due to complex interactions between the host and the
dopants [35]. Hence, one can aim to engineer a hybrid
system with two species of ions, where the ion with ex-
cellent coherence and lifetime properties can be used as
a logical qubit, while the other, which has much faster
decay rate may serve as the readout ion. The decay rate
of the readout ion can be further enhanced by the Pur-
cell effect, which also guarantees that the ion predomi-
nantly emits through the cavity for efficient photo detec-
tion. Experimentally, there has been significant progress
in this direction confirming the feasibility of such archi-
tectures with rare-earth ions in crystals [33, 36, 37]. Al-
ternatively, one can use a single species of ion like Eu3+

as both qubit and readout as long as their transition fre-
quencies are sufficiently separated. The inhomogeneous
broadening in rare-earth systems ranges in the orders of a
few GHz and in a small crystal with few dopant ions one
can identify two closely situated ions with widely sepa-
rated transition frequencies. Recent experiments [1, 38]
report a Purcell factor exceeding 500, such that by mak-
ing the optical cavity resonant with a single optical tran-
sition of the readout Eu3+ ion, it experiences an effective
decay rate which is 500 times faster than that of the qubit
ion.

While the integrated fluorescence signal from the read-
out ion may in some cases suffice to infer the state of the
qubit, it is desirable to perform the readout as swiftly and
precisely as possibly. This requires optimized processing
of the stochastic detection signal and its temporal cor-
relations [39, 40] and is acomplished automatically by
a Bayesian analysis of the measurement signal [41–43].
In this work we investigate the performance of such an
analysis in detail. We consider different cases and explore
regimes where the Bayesian inference is clearly superior
to analyses based solely on the integrated counting sig-
nal. This happens, for instance, when the ancilla is driven
through the cavity mode, in which case the presence of
the ion affects the temporal fluctuations but not the mean
intensity, reflected from the cavity. We also study inco-
herent processes and ways to reduce their detrimental
effects on the readout process.

We proceed to show how two remote qubits ions, each
coupled to their own readout ancilla ions, can be brought
into a maximally entangled state in a probabilistic man-
ner. As illustrated in Fig. 1(b), the proposal involves
mixing of the output fields from the two cavities through
a beam-splitter and detecting the mixed signal with effi-
cient photon counters. Similar proposals have employed
the correlation between the photon polarization and Zee-
man sublevels of light emitting ions [44], while our scheme
uses different ions for the light emission and the storage
of the entangled state.

The article is structured as follows. In Sec. II, we in-
troduce the model, which is followed by a brief overview
of the stochastic master equation and conditioned dy-
namics in Sec. III. In Sec. IV, we introduce the Bayesian
inference method and its application for qubit readout for
different cases in Sec. IV A, IV B and IV C. In Sec. V,

we extend the architecture to multiple qubits and show
that a continuous measurement of the emitted signal can
generate maximally entangled states between remotely
situated qubits. Finally, we conclude in Sec. VI.

II. MODEL

We consider the system depicted in Fig. 1(a), where
two different rare-earth ions with known, distinct tran-
sition frequencies are spectrally separate from all other
ions in the crystal. Since rare-earth ions in crystals suffer
from inhomogeneous broadening, a small crystal will dis-
play distinct and well separated transition frequencies.
The qubit ion has an excited state |e〉 and two long-lived
ground states |0〉 and |1〉, which define the logical qubit.
We assume this ion to be far detuned from the cavity
resonance. A second readout ion (ancilla) of a different
species has only two states |↓〉 and |↑〉 and is coupled res-
onantly to the cavity mode. For simplicity, we assume
the bad cavity limit such that the cavity mode may be
adiabatically eliminated, resulting in an effective Purcell
enhanced decay rate γ of the readout ion. If the two
ions are in the vicinity of each other, they experience a
dipole-dipole interaction (1), with a strength

µ =
(ε+ 2

3ε

)2 µqµr
4πε0r3

m

[µ̂̂µ̂µr · µ̂̂µ̂µq − 3(µ̂̂µ̂µr · r̂̂r̂rm)(µ̂̂µ̂µq · r̂̂r̂rm)], (2)

where ~rm is the vector between their positions, µµµr(q) =
µr(q)µ̂̂µ̂µr(q) is the difference in the permanent dipole mo-
ment between the excited and the ground state of the
readout(qubit) ion and ε is the relative permittivity at
zero frequency, taking into account the local field correc-
tions due to the crystal host material. For typical values
of dipole moments, this energy shift is in the order of 1
GHz, 1 MHz and 1 kHz for an ion separation of 1 nm, 10
nm and 100 nm, respectively [25, 45].

The dipole interaction (1) imposes a frequency shift
of the readout ion conditioned on the state of the qubit
ion. Hence, the fluorescence signal obtained when the
readout ion is subjected to a classical drive is conditioned
on the state of the qubit ion. This mechanism effectively
conveys information about the state of the qubit ion.

The excited state |e〉 is crucial to facilitate the coupling
between the two ions, but it is more prone to pertuba-
tions than the ground states and it has a non-negligible
decay rate Γ (for simplicity, we shall assume an even
branching to the two ground states |0〉 and |1〉). Our
qubit is hence stored and processed in the ground states
|0〉 and |1〉, and only for the readout protocol, we ap-
ply a π pulse on the |0〉 ↔ |e〉 to temporarily transfer
the population in |0〉 to |e〉 while the |1〉 population is
unchanged.

We are now in a position to infer the original state
of the qubit by analyzing the excitation dynamics of the
readout ion. We first investigate the case where the read-
out ion is driven directly with a laser field with a Rabi
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frequency Ω↑↓, entering, e.g, from a direction perpendic-
ular to the cavity mode, so that only light scattered by
the ion may leave through the cavity mirror. In the frame
rotating at the laser frequency, this leads to a Hamilto-
nian of the form

Hreadout = −δ|↑〉〈↑|+ Ω↑↓
2

(
|↓〉〈↑|+ |↑〉〈↓|

)
, (3)

where δ is the atom-field detuning which we set to zero
in the following.

We then proceed in Sec. IV C to study a more practical
model where the cavity is driven by a coherent field of
amplitude β. In this way, the fluorescence intensity from
the ion is mixed with the reflection of the driving field
on the cavity mirror into the detection channel. If no
excitation is lost to other channels, all incident photons
are reflected, and it is by the temporal correlations rather
than by the integrated photon signal, that we shall be
able to infer the state of the qubit ion.

III. PHOTON COUNTING AND
CONDITIONAL DYNAMICS

The continuous driving of the readout ion results in
a fluorescence signal which is detected using a photon
counter. During any given short time interval dt, the
photon counter has the possibility to detect either one
photon or none. A photon detection is accompanied
by a quantum jump of the emitter to its ground state
and occurs in a time interval dt with a probability of
dp = Tr[Ĉrρ(t)Ĉ†r ]dt, where Ĉr =

√
γ(|↓〉〈↑|), and γ is

the Purcell enhanced decay rate of the ancilla ion due
to coupling to the rapidly decaying (and adiabatically
eliminated) cavity mode. Upon detection of a photon,
the density matrix ρ of the combined system of the qubit
and readout ion is updated according to

ρ(t) −−−→
jump

Ĉrρ(t)Ĉ†r , (4)

while in the absence of any photon detection, with prob-
ability 1 − dp, ρ propagates according to the no-jump
master equation-

ρ̇no jump = −i[H, ρ]− 1

2
{Ĉ†r Ĉr, ρ}. (5)

In either case the density matrix is subsequently renor-
malized by the factor 1/dp or 1/(1−dp), respectively. H
denotes the Hamiltonian of the qubit system. We define
a variable dNt, which takes values 1 or 0, depending on
whether the detector registers a photon or not, and the
complete detection record, consisting of such click and
no-click events, from t = 0 to T , is denoted {dNt}Tt=0.
When averaged over a large number of independent re-
alizations of the photo current, the stochastic dynamics
comply with the Lindblad master equation for the en-
semble averaged dynamics, which differs from (5) by an

additional sandwich term, Ĉrρ(t)Ĉ†r . Below, we shall add
extra terms to this equation to represent the unobserved
decay of the qubit system.

IV. BAYESIAN INFERENCE FOR QUBIT
READOUT

As described above, the system dynamics during a
time interval [0, T ] is conditioned on the specific real-
ization of the measurement signal {dNt}Tt=0, which is, by
Eqs. (4) and (5), governed by the evolution of the quan-
tum state. While the total count NT accumulated until
the final time T holds some information about the initial
qubit state, the temporal correlations in the full sequence
{dNt}Tt=0 may contribute significant further sensitivity to
the physical parameters governing the dynamics and the
initial qubit state [46–48].

This information may be extracted by Bayes’ the-
orem which updates the prior probabilities P (hi) of
given hypotheses (h1, h2, h3, ...), conditioned on a spe-
cific measurement outcome on the system. In our case
this measurement outcome is the entire detection record
{dNt}Tt=0, and Bayes’ rule states

P (hi|{dNt}T0 ) =
P ({dNt}T0 |hi)P (hi)∑
j P ({dNt}T0 |hj)P (hj)

, (6)

where P ({dNt}Tt=0|hi) is the probability to obtain the
record {dNt}Tt=0 if hypothesis hi is true. While it may
seem a formidable task to calculate these probabilities
and to evaluate the sum in the denominator for any
such record, the information is in fact already at hand.
The quantum jump sequence corresponding to the record
{dNt}Tt=0, occurs precisely with the probabilities dp and
1 − dp for the jumps and the no-jump intervals that
we listed above. For P ({dNt}T0 |hi), this yields a simple
product of the jump and no-jump probabilities encoun-
tered along the evaluation of the conditional quantum
states ρi, which we initiate and propagate separately ac-
cording to the different hypotheses. We are not interested
in the probability of a given, actually observed record
relative to other unobserved ones, and we are allowed to
renormalize the probabilities as long as we retain the ra-
tio between the different candidate hypotheses. The sum
in the denominator of (6) merely normalizes the proba-
bility distribution of the hypotheses.

As more time is allocated for detection, more informa-
tion (clicks and intervals with no clicks) becomes avail-
able and the probabilities assigned by Bayes rule (6)
converge. For our task, we consider two hypotheses,
which are the possible initial states of the qubit. That
is h0 : ρ0 = |0〉〈0| ⊗ |↓〉〈↓| and h1 : ρ1 = |1〉〈1| ⊗ |↓〉〈↓|.
At the final time T , the hypothesis hj with the largest
probability assigned by Bayes rule (6) is chosen as the
outcome of the state measurement.

We characterize the achievements of the Bayesian in-
ference scheme by the probability of assigning a false hy-
pothesis upon obtaining a given time series of photo de-
tect events,

QE(T ) = P (chooseh0|h1)P (h1)

+ P (chooseh1|h0)P (h0).
(7)
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For µ� Ω, the readout ion is tuned completely out of
resonance from the driving field if the qubit is prepared
in |0〉. Hence, no fluorescence occurs and the detection
of just a single photon signifies that the qubit is in |1〉.
The error probability (7) is in this case determined by
the probability of having no clicks given that the qubit
is in |1〉,
QE(T ) = P (no clicks for t ∈ [0,T]|ψ = |1〉)P (h1). (8)

The probability P (no clicks for t ∈ [0,T]|ψ = |1〉) is the
trace of the no-jump density matrix initialized in ρ1 =
|1〉〈1| ⊗ |↓〉〈↓| and propagated subject to the no-jump
master equation (5), and we find the analytic expression

QE(T ) =
4Ω2
↑↓ − γ2 cos(Ω̃t) + 2γΩ̃ sin(Ω̃t)

4Ω̃2
P (h1)e−γt/2,

(9)

with Ω̃ =
√

Ω2
↑↓ − γ2/4. We note that the error prob-

ability vanishes for large times t � γ−1, as it becomes
exponentially unlikely to have no emission events from
the resonantly driven readout ion. To evaluate the per-
formance of our proposal for intermediate values of µ, and
in the presence of unmonitored decoherence channels, we
have recourse to numerical simulations of the stochastic
dynamics. While in an experiment, the detection record
{dNt}Tt=0 is delivered by the photo counter, to find the
average probabilities P (choosehi|hj), we here simulate
a large number N = 20, 000 of such records. For each
of these trajectories, Bayes rule is applied to evaluate
the P (hj |{dNt}Tt=0) with j = 0, 1 and the most likely hy-
pothesis is identified. This is repeated for each of the two
possible initial states |0〉 and |1〉, yielding P (choosehi|hj)
from the number of occurrences where the initial state
was ρj , and the given trajectory favoured the hypothesis
hi.

For comparison, we consider also the error probabil-
ity if the state discrimination is based on the integrated
signal NT . This is the conventional analysis of many
experiments but it neglects the information held by the
temporal correlations in the counting signal, and it is ex-
pected to have a lower performance than the full Bayesian
analysis. The distributions of the total count P (NT |h0)
and P (NT |h1) have different mean values depending on
the qubit state. For example, at large µ� Ω↓↑, the total
count under hypothesis h0 is 0, while according to h1, the

mean number of clicks should be
γΩ2

↓↑
γ2+2Ω2

↓↑
T . In the nu-

merical examples, we sample the the total count distribu-
tions P (NT |h0) and P (NT |h1) from the 20,000 simulated
counting signals. Assuming an equal prior probability of
1/2, the average error probability is then given by 1/2
times

∑
NT

Min[P (NT |h0), P (NT |h1)].

A. Finite dipole coupling strength µ

The top panel of Fig. 2(a) shows typical detection
records dNt registered from a single simulation of Eq. (4)

and (5) for each of the two possible initial states assum-
ing the interaction strength, µ = 5γ. When the qubit
is initially in |1〉, the π-pulse on the |0〉 ↔ |e〉 transi-
tion leaves the qubit state unchanged and the readout
ion exhibits usual Rabi oscillations with frequent photon
counts as shown by the blue record. On the other hand,
when the qubit is initially in |0〉, the π-pulse transfers the
population to |e〉. This activates the dipole-dipole inter-
action between the two ions and shifts the energy level of
the readout ion by an amount depending on µ, leading
to a reduced number of detection events as shown by the
orange record.

The Bayesian analysis considers two hypotheses, hi
(i = 0, 1), which are the possible initial states of the
qubit. The likelihood of each hypothesis conditioned on
the detection records {dNt}Tt=0 shown in the upper panel,
given by P (hi|{dNt}Tt=0) are shown in the lower panel of
Fig. 2(a). In both cases, the hypotheses are assigned
equal prior probabilities, P (h0) = P (h1) = 1/2, and we
see that periods with no detected photons (dNt = 0)
lead to a smooth evolution of the Bayesian probabili-
ties, favouring the hypothesis ρ0. This is intuitive since
the absence of photons consolidates the belief that the
readout ion is in the ground state. For the same reason,
discrete jumps, favouring ρ1, occur at each photon detec-
tion (dNt = 1) until the probabilities converge to the true
hypothesis at the final time. It is interesting to note that
when the qubit is in |1〉, the ancilla ion exhibits Rabi os-
cillations which govern the emission probability and this
explains the oscillations between two click events in the
lower panel of Fig. 2(a).

The evolution of the error probability QE(T ) is shown
in Fig. 2(b) for different strengths of the dipole coupling
µ. For all values, we observe a convergence to QE(T ) = 0
as T → ∞. However, the error probability decreases
more slowly for weaker interactions µ, where the con-
ditional energy shift of |↑〉 is less pronounced, allowing
almost equally frequent photon detections under both
hypotheses h0 and h1. For larger µ, an appreciable differ-
ence in the detection record (frequent detections under
h1 and no detections under h0) occur, resulting in fast
and reliable inference of the correct state. We see that
the numerical results, indeed, approach the analytic ex-
pression (9) in the limit µ� γ.

In Fig. 2(c), we exemplify the distributions of the to-
tal count NT accumulated during a time T = 17.4γ−1 (a
duration chosen here to yield an illustrative histogram)
for µ = 5γ. While it is clear that the qubit state |0〉 facil-
itates, on average, fewer photon emissions than the state
|1〉, a finite overlap between the two distributions still
persists. The associated error probabilities are shown as
dotted lines in Fig. 2(b) where we see that the integrated
signal delivers a larger error in the readout than the full
signal treated in a Bayesian analysis. The advantage of
the full signal is more pronounced for smaller values of
µ where the blockade of the readout ion is far from com-
plete, such that the two qubit states allow more similar
fluorescence signal.
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FIG. 2: Continuous driving and monitoring of the readout ion assuming a long lived qubit excited state |e〉. (a) Upper panel:
Simulated measurement records dNt from t = 0 to t = 25γ−1 for two possible cases: ψi = |0〉 and ψi = |1〉 (blue thin lines) with
µ = 5γ, Ω = 2γ. Lower panel: Bayesian probabilities of the two hypotheses h0 and h1 conditioned on the records shown in the
upper panel. Bold (dot-dashed) lines correspond to the hypothesis h0 (h1). Orange line with square markers (blue lines) show
probabilities conditioned on the counting signals from ψi = |0〉 (ψi = |1〉) in the upper panel. (b) Error probabilities QE(T )
for different values of the dipole-dipole interaction µ found from N = 20, 000 simulated detection records. The black, dashed
line correspond to the analytical expression when µ� γ. The dotted lines correspond to the incomplete inference based on the
integrated signal NT . (c) Normalized probability distributions of the total count NT for each of the two true states |0〉 and |1〉
shown for µ = 5γ at the time T = 17.40γ−1.

B. Effects of decay of the qubit excited state |e〉

We have seen that under ideal settings and with suf-
ficient time available, it is possible to perfectly infer the
qubit state from the measurement signal. However, any
qubit system will suffer from some dissipative coupling to
its environment. In the Introduction we proposed can-
didate rare-earth ion systems with orders of magnitude
difference in their excited state lifetimes, but to illustrate
the effects of dissipation more clearly, and to describe
cases with less favorable parameters, we shall here con-
sider qubit excited state decay rates Γ, just one or two
orders of magnitude smaller than the readout ion decay
rate γ. Such parameter regimes include the possibility
to use ions of the same species, where the qubit ion is
detuned away from the cavity resonance and does not
experience the Purcell enhanced decay rate of the reso-
nant readout ion. For simplicity, we consider equal decay
rates Γ to each of the two qubit ground states |0〉 and |1〉,
and we retain the jump dynamics (4) while supplement-
ing the no-jump dynamics of Eq. 5 with the additional
Lindblad terms, − 1

2

∑
n=0,1{Ĉ†nĈn, ρ} + ĈnρĈ

†
n , with

the unmonitored qubit decay operators Ĉn =
√

Γ(|n〉〈e|)
(with n = 0, 1).

The simulations proceed as above, and we sample the
error probability QE(T ) from 20, 000 simulated detection
records {dNt}Tt=0 subject to the Baysian analysis. The
results are shown as full lines with markers in Fig. 3(a)
for µ = 5γ and different values of Γ.

For the initial qubit state |0〉 where the initializing π-
pulse would bring the qubit ion to |e〉, the decay process
disengages the dipole coupling as the ion decays into |0〉
or |1〉. This mechanism eventually renders the photo cur-
rent indifferent to the initial state of the qubit ion, re-
sulting in an error probability QE(T ) which saturates at

a non-zero value around 0.2 for the values of Γ considered
here. This effect is enhanced with larger decay rates Γ.

The saturation occurs once the qubit ion excited state
has with certainty decayed to a statistical mixture of the
two ground states ρqubit = (|0〉〈0| + |1〉〈1|)/2. By reex-
citing the ion from the |0〉 state component, it is possi-
ble to extract further information, as half of the popula-
tion undergoing the decay returned to its original ground
state |0〉 while the other half has become indistinguish-
able from the other hypothesis, i.e., the initial state |1〉.
As seen from the dotted lines in Fig. 3(a), a π pulse ex-
citation applied at the time tπ = 30γ−1 allows a further
reduction in the error probability by approximately 15%.
To extract further information, one can apply multiple
π-pulses until all the population has been transferred to
the |1〉 state.

Another possibility to improve the error probability
in the presence of dissipation is to apply a continuous
Rabi drive Ω on the |0〉 ↔ |e〉 transition throughout the
readout process as described by the Hamiltonian term

Hdrive =
Ω

2

(
|0〉〈e|+ |e〉〈0|

)
. (10)

The resulting error probabilities for two different driv-
ing strengths Ω = 0.50γ and Ω = 2.50γ are displayed
in Fig. 3(b). We note that at short times t <∼ Γ−1, the
driving decreases our ability to discern the two hypothe-
ses compared to the case of no driving. This is because
the Rabi oscillation between |e〉 to |0〉 periodically dis-
engages the dipole-dipole interaction. At longer times,
however, the drive serves its purpose to reexcite the qubit
and thereby restores some sensitivity to the qubit initial
state. The error probability nonetheless saturates at a fi-
nal value as in the pulsed scheme of Fig. 3(a), allowing for
these parameters a lowering of QE(T ) by approximately
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FIG. 3: Bayesian inference in the presence of excited state
decay. (a) Error probability QE(T ) for different values of Γ.
The dashed lines correspond to the case when a π-pulse is
applied to the |0〉 ↔ |e〉 transition at the time tπ = 30γ−1.
(b) QE(T ) for Γ = 0.05γ when the qubit-ion is subjected to
a continuous driving of the |0〉 ↔ |e〉 transition with Rabi
frequency Ω. Results are shown for µ = 5γ and N = 20, 000
and for different values of Ω.

26%. The saturation at a finite QE for long times is due
to the inevitable shelving of the population in the uncou-
pled qubit state |1〉, producing indistinguishable photo
currents.

C. Inference by light reflected from the cavity

In the previous subsections, we considered the case
when the readout ion was directly driven with a Rabi
frequency Ω↑↓. Experimentally, it is convenient to drive
the readout ion by a pump field incident on the cav-
ity. The readout signal shown in Fig. 1(a) then contains
both the reflected laser field from the cavity mirror and
the signal transmitted through the mirror from inside the
cavity. If there are no internal losses and the readout ion
decays only by the Purcell enhanced cavity emission, all
incident photons are eventually detected and the total
number of detection events carry no information about
the qubit state. The same is not true for the signal record
{dNt}Tt=0 which carries temporal correlations due the in-
teraction with the readout ion. The optimal inference

protocol is also for this situation described by the quan-
tum trajectory formalism and Bayes rule.

The cavity mode is continuously driven by a coherent
source of amplitude β, and to formally describe this situ-
ation we assume a weak Jaynes-Cummings coupling con-
stant g of the read-out ion to the cavity and a rapid cav-
ity decay rate κ through the input mirror, which permits
adiabatic elimination of the quantum state of the cavity
field. The intracavity field will be of magnitude 2β/

√
κ,

while a correction to the field due to the interaction with
the read-out ion will act back on the dipole and cause
its Purcell enhanced damping with a rate γ = 4g2/κ.
We ignore other decay channels for the readout ion and
if we assume no internal cavity losses, input-output the-
ory yields an output field described by the interference
of the intra-cavity field, expressed as a sum of 2β/

√
κ

and a readout ion contribution, and the reflected driving
field. The result is an output field given as Ĉr +β. Since
this plays the role of the annihilation operator of the out-
put detected field, it is convenient to rewrite Eq.(4) and

(5) with Ĉr + β appearing instead of Ĉr. This rewrit-
ing, in turn, causes a correction to the Hamiltonian, and
yields the net interaction in Eq.(3), with the value of
Ω↑↓/2 = gβ/

√
κ = β

√
γ/2.

The new equations describe quantum jumps due to
the detection of a photon in the reflected field, and these
jumps now occur with a mean probability given by the
classical flux of photons |β|2 while individual jumps have
a weaker back action on the quantum state of the ions
due to the c-number component of the jump operator. .

In the top panel of Fig. 4(a), we plot the cumulative

sum of the detection events
∑T
t=0 dNt as a function of

time for 20 realizations simulated using the above re-
placements in Eq. 4 and Eq. 5. While the active read-
out ion does not change the total number of counts it
modifies the fluctuations in the reflected signal. Due to
the strong reflected component of the probe field, we are
not in a regime where we observe the anti-bunching of
the bare ion fluorescence, but rather in a regime where
the large classical β amplitude serves as a local oscillator
for homodyne detection of the ion signal [49]. The power
spectrum of the homodyne signal current could reveal
the emission components by the ion, while the trajectory
(Bayesian) analysis registers correlation to all orders and
is even more sensitive to the ion signal contribution, see,
e.g., Ref. [50].

The strength of the coherent source β is maintained
at 2γ, and we collect around 30|β|2 = 120 photons dur-
ing the time 30γ−1. However, as envisaged above, the
total count does not statistically differ between the two
hypotheses, as evident from Fig. 4(a), where orange and
blue curves correspond to ψi = |0〉 and ψi = |1〉 respec-
tively. For comparison,

∑
{dNt}Tt=0, is shown in the inset

of panel (a) for the case of direct driving.
In the lower panel of Fig. 4(a), we show examples of

the conditioned probabilities for the two hypotheses hi
(i = 0, 1), where the bold (dotted) curves correspond to
the correct (incorrect) hypothesis. It is interesting to ob-
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FIG. 4: Continuous monitoring of the ancilla using photon
counting on the signal reflected from the cavity, driven by a
coherent field of amplitude β. (a) Upper panel: Cumulative

sum of the measurement record
∑T
t=0 dNt for 20 realizations

of the two possible cases of ψi. The insert shows
∑T
t=0 dNt for

the case of direct driving studied in Sec. IV A. Lower panel:
Bayesian probabilities of the two hypotheses h0 and h1 condi-
tioned on two of the records shown in the upper panel. Bold
(dot-dashed) lines correspond to the hypothesis h0 (h1). Or-
ange (blue) lines show probabilities conditioned on one of the
counting signals from ψi = |0〉 (ψi = |1〉) in the upper panel.
(b) Average inference error probability QE(T ) as a function of
time for different values of dipole-dipole interaction µ sampled
from N = 20, 000 realizations. The dotted line corresponds
to inference based on the total number of detection events.
In all the simulations, β2 = 4γ.

serve that although the total number of detected photons
are indistinguishable for the two cases in the long time
limit, the probabilities of the two hypotheses conditioned
on the full measurement signal {dNt}Tt=0 can efficiently
infer the state of the qubit. Contrary to Fig. 2(a) where
each click triggers a jump in the probabilities, we now
see a smoother, more continuous convergence since each
of the numerous photo detections, likely stemming from
the driving source, provides much less information.

In Fig. 4(b), we plot QE(T ) as a function of time for
different values of µ. For short times, the initial transient

dynamics of the readout ion implies a transient temporal
dependence of the cummulated count NT on the qubit
state and the QE (dashed lines) decreases correspond-
ingly. However, for longer probing times, the integrated
signal Nt is dominated by the steady state flux which car-
ries no information and the error probability saturates at
0.5. The Bayesian analysis (bold curves with markers),
on the other hand, infers the qubit states perfectly from
the qubit dependent temporal correlations in the count-
ing signal. Absolute discrimination is reached faster for
larger values of µ but it may be noted that in general the
inference time is longer compared to the case when the
readout ion is driven directly in Fig. 2(b).

While the Bayesian analysis of the full measurement
record thus turned out to be crucial to properly infer the
qubit state, we note that extraction of average statisti-
cal correlations from the count record beyond the mean
detection rate may also provide a direct quantitative cri-
terion to infer the qubit state. For brevity, we omit a
detailed investigation of the effects of dissipation of the
qubit ion for this model. The detrimental effects of a
decaying excited state are similar to those observed in
Sec. IV B, and a continuous Rabi drive Ω on the qubit
|0〉 ↔ |e〉 transition can improve the error probability QE
but only until the ion has become shelved in the state |1〉.

V. ENTANGLEMENT OF REMOTE QUBITS

Quantum entanglement is a precious and crucial re-
source in many quantum protocols, and any relevant
quantum computing platform must be able to produce
entangled states between qubits. In the following, we
discuss how the ancilla based architecture sketched in
Fig. 1(a) can be used in a probabilistic entanglement gen-
eration scheme for two remote rare-earth ion qubits. Our
proposal is based on ideas developed in Ref. [51–55] for
a wide range of systems. As illustrated in Fig. 1(b), we
consider two identical cavities A and B, each containing
a qubit ion with long-lived states |0〉(A/B) and |1〉(A/B),
and a excited states |e〉(A/B) which are coupled to the
readout ion via the dipole-dipole interaction (1). The
readout ions, with energy levels |↑〉(A/B) and |↓〉(A/B),
have a short lifetime and are subjected to a continuous
drive with Rabi frequencies ΩA↑↓ and ΩB↑↓, where the su-

perscript (A/B) represents the two cavities. Instead of
monitoring the emission from individual cavities which
appear in modes â1 and â2, we combine the two fluores-
cence signals in a 50:50 beam splitter and continuously
monitor the mixed signals â1 + â2 and â1 − â2 in the
output ports using two single photon detectors. Since
photon detectors are insensitive to frequency and phase,
photons arriving from each of the cavities are indistin-
guishable such that detections effectively entangle the
sources A and B.

In our model, where the cavity and traveling light
fields are eliminated, this measurement procedure causes
a backaction on the two-qubit system represented by the
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two jump operators, χ̂+ ≡ 1√
2
(ĈAr + ĈBr ) and χ̂− ≡

1√
2
(ĈAr − ĈBr ), where Ĉ

(A/B)
r =

√
γ|↓〉(A/B)〈↑|(A/B).

Considering a photon counter of quantum efficiency η,
such that 0 ≤ η ≤ 1, the state of the system upon de-
tection of a photon due to a quantum jump in χ̂+ or χ̂−
leads to update of ρ as follows-

ρ(t) −−−→
jump

ηχ̂±ρ(t)χ̂†± (11)

In the absence of any photon detection, the no-detected-
jump master equation is given by

ρ̇no jump = −i[H, ρ] +
∑
α=±

[
(1− η)χ̂αρχ̂

†
α

− 1
2{χ̂

†
αχ̂α, ρ}

]
.

(12)

Since the photon detector has an efficiency of η, this im-
plies that in a fraction of (1− η) times, emitted photons
pass undetected. Such undetected jump events are incor-
porated in the term with prefactor (1−η) in the equation
above.

To generate maximally entangled states between the
qubits, both qubits are initialized in a superposition state
1√
2
(|0〉 + |1〉). This is followed by a π pulse on the

|0〉 → |e〉 transition, which engages the dipole-dipole
interaction between |e〉 and |↑〉 in both cavities. We
simulate an experiment by solving the stochastic mas-
ter equation (11), (12), and at the final time a π-pulse is
performed on the |e〉 → |0〉 transition in order to restore
the ions to the qubit subspace.

One caveat of this scheme is that it produces an en-
tangled state between the qubits and the readout ions,
such that upon tracing out the readout ions, the qubits
are left in a mixed state. We propose to eliminate this
issue by turning off the Rabi drives of the readout ions
for a duration t � γ−1 at the end of the protocol as
shown in Fig. 5(a). The readout ions then decay to their
ground states and factor out, and as long as the emission
is monitored (with η = 1), the purity of the qubit state
is ensured. The qubit state can at this point be written

|Ψ〉 =

4∑
i=1

αi|ψi〉, (13)

where we define the two-qubit basis

|ψ1〉 = |0, 0〉(A,B),

|ψ2〉 = |1, 1〉(A,B),

|ψ3〉 =
1√
2

(|0, 1〉+ |1, 0〉)(A,B),

|ψ4〉 =
1√
2

(|0, 1〉 − |1, 0〉)(A,B). (14)

Here |ψ1〉 and |ψ2〉 are (undesirable) product states, while
|ψ3〉 and |ψ4〉 are maximally entangled states between the
two qubits.

FIG. 5: Entanglement between remote qubits by continu-
ous photon counting of the mixed signals from the two cavi-

ties. Panel (a) shows the Rabi drive Ω
(A,B)
↑↓ as a function of

time. Panels (b-e) show the population in each of the states,
|ψi〉, given by |Ci|2 subjected to continuous monitoring of the
mixed signal where i = 1, 2, 3, 4 (b,c,d,e) for 2500 runs. The
trajectories reaching a value Tr(ρ|ψi〉〈ψi|) > 0.99(< 0.01) are
indicated with cyan (orange) in each panel.

The scheme can be intuitively understood as follows.
The initial state is a superposition with 25% population
in each of the product states |ψ1〉, and |ψ2〉 and 50% pop-
ulation in the entangled state |ψ3〉. After excitation by
a π pulse from |0〉 to the excited state |e〉 , the qubits
control the ancilla emission. The measurement scheme
involves counting ancilla photons, and we thus effectively
measure the total occupation of the qubit excited state,
which can have- (i) high flux from two emitting ancilla
ions, (ii) average flux from one emitting ancilla or (iii)
low flux when emission from both ancilla ions is sup-
pressed. (i) and (iii) correspond to the qubit product
states |ψ1〉 and |ψ2〉, while, due to the beam splitter, the
photon count rate corresponding to precisely one emit-
ting ancilla ion does not distinguish which cavity emits.
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Hence it yields a projection on |ψ3〉 or |ψ4〉. The rela-
tive sign between the state components of the entangled
states changes by each count event in the output arm
that carries the “minus” component of the interfering sig-
nal, so the two entangled states are also distinguished by
the measurement sequences, and for long probing times
they will heralded by the detection record with equal 25%
probabilities.

In Fig. 5(b-e), we display the state populations
Tr(ρ|ψi〉〈ψi|) as functions of time. Each panel con-
tains results of 2,500 independent realizations. We ob-
serve that in every run, the state has been projected
on exactly one of the states |ψi〉 at the final time (i.e.
Tr(ρ|ψi〉〈ψi|) = 1 for any one value of i, while the oth-
ers are 0). In each panel, trajectories reaching a value
Tr(ρ|ψi〉〈ψi|) > 0.99 are indicated with cyan, while the
remaining are orange. From N = 20, 000 independent
simulations, we observe that the four states occur with
equal probability. This implies that this protocol has a
50% chance of heralding a maximally entangled state.

As shown in Fig. 5(b-e) the collapse to |ψ1〉 and |ψ2〉
in (b) and (c) occurs faster than to the two entangled
states in (d) and (e). This is because the number of
emitted photons takes distinctly lower and higher values
for the two product states than for the two entangled
states while the population switches between the two en-
tangled state at each detection associated with the jump
operator χ̂−. Such an event may be triggered by decay
of a readout ion even after the resonant drive is turned
off at t = 20γ−1, and the qubit state only chooses be-
tween |ψ3〉 and |ψ4〉 according to which last jump oper-
ator χ̂± applies. In the simulations, we notice a single
event around t = 23γ−1 where one of the trajectories ex-
hibits a very unlikely behaviour (marked with dotted red
curve in Fig. 5(c) and (e)). This event is caused by the
qubits predominantly occupying the product state |ψ2〉,
but then a rare long period with no photo detection in
one of the detectors causes a rotation towards the entan-
gled state |ψ3〉. This rotation would have continued if
a detection event had not abruptly projected the state
back into |ψ2〉.

Our results demonstrate that under ideal conditions,
the measurement-based scheme is able to produce a high
fidelity entangled pair of remote qubits with a heralding
probability of 50%. Due to the insensitivity of counters to
photon phases, the protocol is robust to known phase and
frequency variations between the two sources. However,
under uncontrolled phase fluctuations between the two
components A and B, it will not be possible to distinguish
|ψ3〉 and |ψ4〉 by the measurement signal, and the scheme
fails.

Even though state-of-the art photon detectors can
reach very high efficiencies, propagation loss and finite
photon detection efficiency imply that a finite fraction η
of the photons are undetected as represented by the term
with the prefactor (1− η) in the stochastic master equa-
tion (12). For finite values of η, the trajectories which
would ideally lead to the maximally entangled states |ψ3〉

and |ψ4〉 now lead to mixed states. There is a trade-off
between too short probing times which do not adequately
distinguish |ψ3〉 and |ψ4〉 from |ψ1〉 and |ψ2〉 and too long
probing times where the increased probability of missing
a photon detection event translates directly into uncer-
tainty about the sign in the entangled state superposi-
tion. We study this trade-off, exploiting the fact that
for a given detection record dNt, the stochastic master
equation yields a definite final mixed state. Based on its
entangled state content, we may choose to reject or re-
tain the outcome, and thus exchange success probability
for an increase in fidelity of the heralded state.

In Fig. 6, we present the distribution of fidelities of any
one of the two maximally entangled states |ψ3〉 and |ψ4〉
as extracted from N = 2500 independent simulations of
the experiment with a detector efficiency of (1−η) = 0.95
and different durations of the experiment. The orange
histograms reveal a variety of values of the fidelities, and
we recall that since the fidelity is known in each run of the
experiment, it is possible to discard low-fidelity events
and retain only a smaller fraction of events with a higher
fidelity. The blue curve with markers show the cumula-
tive percentage of the runs that exceed the fidelity argu-
ment on the x-axis of the plots. In panel (a), about 5% of
trajectories reach fidelities above 0.9 when (1−η) = 0.95.
The absence of trajectories reaching near-unit fidelities in
Fig. 6 (a) is due to the long probing time of T = 25γ−1

and the resulting high probability of undetected photons.
Indeed, the shorter probing time T = 15γ−1 in Fig. 6
(b) leads to a visibly larger fraction of trajectories with
high fidelities. In Fig. 6 (c) we present results for the
even shorter probing time T = 6γ−1, and here we ob-
serve a clear division between experimental runs leading
to heralding of a high fidelity |ψ4〉 state, and runs that
signal a dominant |ψ3〉 component with a much lower fi-
delity. The difference between the two is caused by the
conservation of the initial exchange symmetry of the state
under no-click evolution and clicks governed by the jump
operator χ̂+, which only exchanges the population be-
tween the symmetric states |ψ1〉, |ψ2〉 and |ψ3〉, while a
single, early application of the jump operator χ̂− suffices
to significantly populate the initially unoccupied anti-
symmetric state |ψ4〉. In Fig. 6 (d) and (e) we show the
dependence of the cumulative percentage of trials that
surpass different values of the fidelity for three different
values of (1 − η) = 0.95, 0.85 and 0.75. When probed
for T = 15γ−1 (panel (d)), the number of high fidelity
outcomes drops drastically as the efficiency of the detec-
tor decreases. For the shorter probing time T = 6γ−1,
(panel (e)), however, the scheme performs better due to
the symmetry arguments explained above, and one may
achieve the entangled state |ψ4〉 with fidelities above 0.9
even with the single-photon detector efficiency as low as
75%.
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FIG. 6: Heralding of high fidelity entangled states with a finite detector efficiency . The orange histograms show the distribution
of |ψ3〉 and |ψ4〉 fidelities for N = 2500 independent measurement trajectories, and the blue curves with square markers
illustrate the cumulative percentage of trajectories surpassing different values of the fidelity above 0.5. The detector efficiency
is (1 − η) = 0.95, and the probing time assumes the values T = 25γ−1 in panel (a) , T = 15γ−1 in panel (b), and T = 6γ−1

in panel (c). The vast difference between state |ψ3〉 and |ψ4〉 fidelities in panel (c) is explained in the text. Panels (d) and
(e) show the cumulative percentage of trajectories surpassing different values of the fidelity for different detector efficiencies
(1− η) = 0.95, 0.85 and 0.75 (from above).

VI. CONCLUSIONS

We have investigated the possibility of using an an-
cilla ion to read out the state of a qubit rare-earth ion in
crystals. The ions exhibit large state-dependent dipole-
moments, leading to dipole-dipole interaction between
them when they are situated in close vicinity. We pro-
pose to exploit this interaction to infer the state of the
qubit ion by monitoring the emission from a continuously
driven ancilla, whose dynamics depend on the state of the
qubit. This requires that two species of closely lying ions
are spectroscopically identified in the crystal, one serving
as a qubit with excellent coherence and lifetime proper-
ties and another as an ancilla with a closed two-level
transition and stronger coupling to its optical surround-
ings. Using a stochastic master equation, we simulated
experiments and showed how a Bayesian analysis of the
measurement signal obtained from photon detection can
infer the initial state of the qubit. When the readout ion
is driven via the cavity input mirror, as e.g., in exper-
iments with fiber cavities, a Bayesian analysis extracts
temporal correlations in the counting signals crucial for
the distinction of the qubit states.

Next, we showed how the same architecture may
be used to probabilistically create maximally entangled
states between remote qubits. To this end, we consid-
ered a system with two cavities, each with its own qubit,
which is dipole-coupled to a continuously driven ancilla.

We showed that by mixing the two fluorescence signals on
a beamsplitter whose output ports are continuously mon-
itored, the two-qubit state can be stochastically collapsed
to an entangled state with 50% success probability. This
scheme, in its simplest form, suffers from propagation
and detection losses, but we demonstrated that one may
optimize the process duration and retain fewer outcome
states and thus exchange success probability for fidelity
of the heralded state.

Our analysis took its starting point in previous propos-
als for ancilla-mediated read out by fluoresence detection.
We assumed a weak coupling of the bad cavity mode to
the ancilla ion, while in the regime of strong coupling
and a good cavity, it is possible to detect the qubit state
populations by their ability to split and shift the cav-
ity resonance [56]. Similar schemes can be implemented
with our ancilla ion, benefiting from the possibility to
separately optimize the qubit properties of one ion and
the optical properties of the readout ion. The readout
would here be done by a phase shift measurement, and
sequential illumination of multiple cavities could be used
to entangle qubits with a higher tolerance to detector
inefficiency [57].
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