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Abstract: This paper is dedicated to define for the first time the concept of complex n-refined
neutrosophic number as a direct application of n-refined neutrosophic sets and as a new
generalization of neutrosophic complex numbers. Also, it presents some of their elementary
properties such as, conjugates, absolute values, invertibility, and algebraic operations.
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1. Introduction

Neutrosophy is a new branch of philosophy founded by Smarandache [6,36], to study the indeterminacy in the
real world problems. It has a huge effect in many areas such as topology [7,27,29], equations [3,30], decision
making [8], abstract algebra [25,26,39,41], and number theory [35]. As an extension of these concepts, Salama
introduced the Neutrosophic crisp sets Theory as a generalization of crisp sets theory [53] and developed,
inserted and formulated new concepts in the fields of mathematics, statistics, computer science and information
systems through neutrosophics [54-59]. Neutrosophic algebraic studies began with the definitions of
neutrosophic groups [9,17], and rings [13]. The neutrosophic rings and their generalizations such as refined
neutrosophic rings [19], and n-refined neutrosophic rings [11,12], were very useful in the study of neutrosophic
algebraic structures. Neutrosophic algebraic structures were defined basing on neutrosophic rings and fields,
where we find many concepts from classical algebra were generalized into neutrosophic algebraic systems such
as neutrosophic matrices over neutrosophic fields [1,42], refined neutrosophic matrices over refined
neutrosophic fields [24], n-refined neutrosophic spaces over n-refined neutrosophic fields [21,32], linear
modules and ideals [4,5,20,22]. Neutrosophic complex numbers were firstly studied in [43]. Recently, many
of their properties were discussed in [44], especially their invertibility, absolute values, and complex functions.
Also, they were generalized into refined neutrosophic complex numbers in [46].

Through this paper, we study n-refined neutrosophic complex numbers for the first time. On the other hand, we
study many related properties of these numbers such as the invertibles, conjugates, and absolute values.
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2. Neutrosophic complex number

Definition 2.1.Neutrosophic Real Number:
Suppose that w is a neutrosophic number, then it takes the following standard form: w = a + bl where a,b
are real coefficients, and I represents the indeterminacy, where0./ = 0 and I™ = [ for all positive integers n.
For example:
w=1+2[,w=3=3+0I.
Definition 2.2. Neutrosophic Complex Number:
Suppose that z is a neutrosophic complex number, then it takes the following standard form: z = a + bl +
i(c+ dI) where a,b,c,d are real coefficients, and Iis the indeterminacy element, wherei? = —1 i.e.i =
V-1
We recall a + bl the real part, then it takes the following standard form Re(z) = a + bl.
We recall ¢ + dI the imagine part, then it takes the following standard form Im(z) = ¢ + dl.
For example:
z=4+1+i(2+2D)
Note: we can say that any real number can be considered a neutrosophic number.
Forexample: z=3=3+4+0.1+i(0+0.1)
Definition 2.3. Division of neutrosophic real numbers:
Suppose that w;, w, are two neutrosophic number,where
w, =a, +b,,w, =a, +b,l
Then:
W q + byl W a,b; —a,b,
w, a,+b,] a, ay(a,+by)

3. n-Refined neutrosophic complex humbers.

Definition 3.1.

We define a n- refine neutrosophiccomplex number by the following form:
z=(a, +a,I; + a1, + -+ a,l,) +i(b, + byl + bl + -+ b, L) , where
Qy, 04,0y, ..., Ay, by, by, by, ..., byare real coeffients. For example:

z= (=141 +2I,— ) +i(1 -2l — I, + 2I3)
Werecall a, + a1, + a,I, + -+ + a,I,, the real part, then it takes the following standard form Re(z) = a, +
al, + a,l, + -+ a,I,We recall b, + b1, + b,I, + ---+ b, I,, the imagine part, then it takes the following
standard form Im(z) = b, + b, I, + by, + -+ b, L.
Remark 3.1.An n-refined neutrosophic complex number can be defined as follows:

z=a+bl, +cl, + -+ fI3, where a, b, c, ..., fare complex number. For example:

z=(=1+i)+il, + 3 —20DI, — 2il;.
Remark 3.2.
InIn = In: ILI] = Imin @@n-
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Definition 3.2.The conjugate of a n-refined neutrosophiccomplex number:
Letz = (a, + a1, + ayl, + -+ a,l,) + i(b, + byI; + b1, + -+ b, 1)) & refined neutrosophic complex
number.We demote the conjugate of arefindneutrosophic complex number by z and define it by the following
form:

z="(a, + a,1, + a,l, + -+ a,I,,) —i(b, + byI; + b1, + -+ b, I,)
For example:
z=(-1-L+L+4l3)+i2+ L +L—13), Thenz=(-1—-1L+ L, +4I3)—i2+ 1, + I, — I3).
Definition 3.3.The absolute value of an n-refined neutrosophiccomplex number:
Suppose that z=(a, +a,l; +a,l,+ -+ a,l,)+i(b, + byl +b,I, +--+b,L,) is a refined
neutrosophic complex number. The absolute value of a z can be defined by the following form:

Izl = /(a, + ayl; + ayly + -+ anl,)? + (by + byly + by, + -+ + by 1,)?
Remark3.3.
(1. ==z
Proof: Letz = (a, + a1, + a1, + -+ a,I,) + i(b, + byI; + b1, + ---+ b,I,,), then
z="(a,+aly+a,, +--+a,l,) —i(b, + b I; + b1, +---+ b, I,).

Now.

@ = ((ao + alll + azlz + 4 anln) - l(bo + blll + bzlz + -+ bnln))
= (ao + alll + azlz + -+ anln) + i(bo + blll + bzlz + -+ bnln) =Z

(2).z+z = 2Re(2)
Proof: Letz = (a, + a1, + ayI, + -+ a,l,) + i(b, + byI; + b1, + ---+ b, I,), then
z=(a,+aly +ayl, +--+a,l,)—i(b,+ b1y + byI, + -+ b, I,).
Now.

zZ+Z= (ao + alll + azlz + -+ anln) + i(bo + blll + bzlz + -+ bnln)
+ (ao + a111 + azlz + + anln) - i(bo + blll + bzIz + + bnln)

z+z=2[(a, + a1, +a,I, + -+ a,lI,)] = 2Re(z)
(3).z—z=2Im(2)
PI’OOf Let zZ = (ao + a111 + azlz + -+ anln) + i(bo + b111 + bzlz + -+ ann)! then
zZ= (ao + a111 + azlz + -+ anln) - i(bo + b111 + bzlz + -+ ann).

Now.

z—z=(a, +a Iy +ayl + -+ ayl,) +i(b, + byl + byl + -+ b, 1,)
—[(ap +aqly +azl; + -+ ayl,) —i(by + byly + byl; + -+ by1,)]
z—z=(a, +a Iy +ayl, + -+ ayl,) +i(b, + byl; + b1, + -+ b, 1,)
—(a, + a;I; + ayl, + -+ ayl,) + i(b, + byl + byl + -+ by I,)
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z—7 =2i(b, + byl + b1, + -+ b, I,) = 2Im(z)
(4).z,+2z, =7+ 7,

Proof:
LetZI = (ao + a111 + azlz + -+ anln) + i(bo + blll + bzlz + -+ bnln),
Zy = (Co + C111 + CZIZ + -4 Cnln) + i(du + dlll + dzlz + o+ dnln).

Now.

71+ 2, = [(a, +¢c,) + (a; + c)); + (a, + ), + -+ (a, + )]
+ i[(bo + do) + (b1 + d1)l1 + (bz + dz)lz +t (bn + dn)ln]
Then.
2 +2, =[(a, +¢,)+ (a; + c)l + (ay + ¢l + -+ (a, + ¢, )I,]
- i[(bo + do) + (b1 + d1)l1 + (bz + dz)lz +t (bn + dn)ln]
z; + 7, = [(a, + a1 + ay1; + -+ a, 1) — i(b, + byI{ + b1, + -+ b,I,)]
+[(co + c1I; + eIy + -+, 1) —i(d, +dyI;, +dy0, + -+ d, )] =27 + 7,
Definition 3.4. The multiplication of two n-refined neutrosophicreal numbers:
Let w;, =a,+a,l{+a,ly+--+a,l,,w,=b,+ byl +b,I, +--+b,I, are two n-refined
neutrosophic real number, and we put:
No=ayg, Nj=ay+a;+a++a,;1<j<n

M0=b0, Mj=b0+b111+b212+"'+bnln ; 1S]Sn

Then a product w;.w, is defined by form:

n
Wy Wy = NoMy + ) [N;M; = Negy Mgy 1, + [N, My, = NoMoll,

i=1
Definition 3.5.The multiplication of two n-refined neutrosophic complex numbers:
Letz; = (a, + a1, + ayl, + -+ a,I,) + i(b, + byI; + byI, + -+ b,1,,),
z, = (¢ + 11y + eIy + -+ ¢, 1) +i(d, + d Iy + d,I, + -+ d,1,).
A product zq.Zz, is defined by form:
2.2, = [(a, + a1 + a1, + -+ a,l,)
+i(b, + byI; + b1 + -+ b, I)][(c, + c1I; + ¢, I, + -+ ¢, I,,)
+i(d, +dqI; +d,I, + -+ d,I,)]
Z1.Zy = (a, + a411 + a,I, + -+ a,1,)(c, + c I + ¢, I, + -+ ¢, I,,)
—(by +byIy + by, + -+ b, 1), +dIy +d,1, +-+d,I,)
+i[(a, + a1y + ayl, + -+ a,1,)(d, +dI; +d,05 + -+ d,1,)

+ (¢, + c111 + c15 + -+ c,1,)(b, + byI; + b, I, + -+ b,I,))]
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By using Definition 3.4, we get the product z1.2Z;.

Remarka3.1.

(1).Z1.Z2 =Z1.Zy
(D.z.z = |z|%
Definition 3.6.Let w = a, + a{I; + a,I, + -+ a,I,, be a n-refinedneutrosophicreal number, then the

invertible of w defined as follows:

1
= = (ao+a111+a212 +"'+an1n)_1

1
-1
w  a,+ady+al, +--+a,l,

w - =

== (@)™ 4 Ty [M; = My ] 7 i + [(M,) 71 = (M) iy, where:

My =ay, M; =a,+a s +al, ++apl, ; 1<j<n

Definition 3.7. The invertible a n-refined neutrosophic complex number.
Let z= (ao + a111 + a212 + -+ anln) + l(bo + blll + bzlz + -+ bnln) y then the |nVert|b|e Of VA

defined as follows:

Ll 1 7 _
Z

- (ao + alll + azlz + "'+ anln) + l(bo + blll + bzlz + oo + bnln) B zZ.Z B W

VA

Z_ (1+11_12+213)_l(2+211_12_13) (1+Il_12+213)_l(2+211_12_13)
|Z|2 (1+11_12+213)2+(2+211_12_I3)2 5+9Il+212+713

Z_1 = [(1 + 11 - 12 + 2[3) - 1(2 + 211 - 12 - 13)](5 + 911 + 212 + 713)_1

_1 = (1 + [1 - 12 + 213)(5 + 9[1 + 2[2 + 7[3) 1 1(2 + 211 13)(5 + 911 + 212 + 713)_1

1 1 1

1 1 1
Il+ I2+ 13>_l(2+211_12 13) <5 5 7 )

Z_1=(1+11 12+213)<5 5 7

By using the Definition 3.4 we get:

1+1 1+21)(1+11+11+11)—1+551 441+291
o2 3\5 "5 76277375742t 2102 353
2+21,-1 1)<1+ I, + 1+11>—2+2981 121
2 BA\g'gtlg2 7375 51 352 35

Hence,

27 z(%-i_%h 21012 13) ( +_11 3512_513)'

The condition of invertibility can be found in [41].
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5. Conclusions

In this paper, we have defined for the first time the concept of n-refined neutrosophic complex
numbers. Also, we have discussed some of their elementary properties such as the conjugate, the
multiplication, absolute values and other related topics.

As a future research direction, we aim to study the natural generalization of those numbers by n-
cyclic refined neutrosophic complex numbers.
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