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Abstract:We study mixed Riemann-Liouville fractional
integration operators and mixed fractional derivative in
Marchaud form of function of two variables in Hélder spaces of
different orders in each variables. The obtained are results
generalized to the case of Holder spaces with power weight
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I. INTRODUCTION

|n1928 H.G.Hardy and J.E.Littlewood [1] (see [13],
Theorem 3.1 and 3.2) showed that the fractiona integral

(I50)x)= f ol

X t)l a !
of order a (0,2) |mprov0£the Holder behavior of its density
exactly by the order « . More exactly, these operators
establish an isomorphism between the spaces H;([O,l]) and

H/([01]) under the condition a+A . This result was

extended in many directions. to the case of Holder spaces
with power weight [15] to the case of generalized Holder
spaces with characteristics from the Bari-Stechkin class[13],
[14]; to the case of more general weights [16], [17], etc.
Different proofs were suggested in [2], [3], where the case of
complex fractional orders was also considered the shortest
proof being givenin [2].

In the multidimensiona case, the statement about the
properties of a map in Holder spaces for a mixed fractional
Riemann - Liouville integral was studied in [4]-[12].

Asis known, the Riemann-Liouville fractional integration
operator establishes an isomorphism between weighted
Holder spaces for functions one variable. But for functions
two variable were not studied. This paper is aimed to fill in
this gap. We study mixed Riemann-Liouville fractional

O<x<1
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integration operators and mixed fractional derivative in
Marchaud form of function of two variablesin Holder spaces
of different orders in each variables. The obtained results
generalized to the case of Holder spaces with power weight
of functions of two variables.

Mixed Riemann-Liouville fractional integrals of order

(. 8)
(127, 0)x y)= .y[ olt, s)dtds

il |
x>0,y>0.

Mixed fractional derivatives form Marchaud of order

(@.8)

)

Dg+ﬂ0+¢ X, y) = M X y_ﬂ 4
oot ri- ) (1— B)
"‘ﬂ o(x.y)-olt.5)
m 2 dtds, x>0,y>0
)F J(: % X t y )l s
2
Consider the operators in a rectangle

Q={(xy):0<x<b0<y<d}.

Il. PRELIMINARY

For a continuous function ¢(x, y) on R? weintroduce the
notation

(800 Jx )=l ny)- plx.y).
(OK,, (oj(x, y)=o(x y+n)-o(xy),

(800001 3)= gl By-+1)=-plice b y) =0l y--)+ ol ).
So that

p(x+h, y+7)= (Xm wj(x, y)+ (oAla <0j(><, y)+
+ (LADh <o)(x, y)+e(xy).

Everywhere in the sequel by C,C,C, etc we denote

positive constants which may have different values in
different occurrences and even in the same line.

(©)

Definition 1. Let A,y <(0,]] We say that
gp(x, y)e H”(Q), if
|¢(X11 yl)_¢(X27 yZXSCl|X1_X2r +C2|y1_y2|7 (4)
foral (x,y,)eQ,i=12.

Condition (4) is equivaent to the couple

of the separate conditions
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(80 y){<C|h| ‘( o x y){<c It

uniform with respect to another variable.
By H/”(Q) we define a subspace of functions

@ e H*’(Q), vanishing at the boundaries x=0 and y =0
of Q.
Let 2=0 andlor 7 =0. Weput H*(Q)=L"(Q) and

H‘-"(Q):{coe Q) ‘[A o) y)( smm*}. Ae (]

Ho(Q)- {(p Q) ‘(A o) y)( <C, 11 |} ye(0a.

Definition 2. We say that ¢(x,y)e
A,ye(01,if

peH(Q) e (310 ) d <C,Ihflnt.

Wesay that p e H}"(Q), if p e H*"(Q)and
9(0,y)=p(x0)=0.
These spaces become Banach spaces under the standard

definition of thenorms;
1,0
(Ah ¢)(X, y)(
e — +

H*"(Q) , where

[elle = el + s

X,X+he[0,b] I h |)b
ye[0,d]
01
(A,, (p)(x,y
+ sp
wagen 17
11
(Ah,,, @](X, y
||¢ HA7 = A Ve I
seoteg, Il
Note that
(xY)eH(Q = [Ano|xy|<C, N1
X, y)e Q)= | A X Y)<C, |h[*|7|
(5)

for any 6 <[0,1], where C,2=C/C;”.
Proof. Let |h['>|n [, then

(Xh,v (pJ(X, y* =| p(x+hy+n)-p(xy+n)-

—p(x+h,y)+e(xy)|<
<| plx+hy+n)-p(x+hy) |+
+| ol y+n)-plxy) |<Clnl =
=Clp["*<C, |h[*|n [+,
Case |h['<|n | isconsidered similar.
So that

m ﬁ/w,(l—a),v (Q) JH

“(Q-H"(Q ®

where J stands for the continuous embedding.
Thenormfor (JH***"(Q) isintroduced asthe

0<6<1
maximum in 0 of norms for I—~|”"(1”’)y(Q). Since 0 <[0,1] is
arbitrary, it is not hard to see that the inequality in (5) is
equivalent (up to the constant factor C) to
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(B0 Joxy|<cmin{int.int ¥

We will also make use of the following weighted spaces.
Let p(x,y) be a non-negative function on Q (we will only
deal with degenerate weights p(x, y)= p,(x)p,(y)).

Definition 3. By H"/(Q,p) and H*"(Q, p) we denote

the spaces of functions ¢(x, y) such that pp e H*"(Q) and
po e H*"(Q) respectively, equipped with the norms

Il 0, = 1o - ) @ NPl o) = ol
By H/(Qp) and H;"(Qp) we denote the
corresponding subspaces of functions ¢ such that

P# o= PP, =0.

Below we follow some technical estimations suggested in
[2] for the case of one-dimensional Riemann-Liouville
fractional integrals. We denote

p(X, y)_ p(t, S) (8)

plt.skx=tf (y-s)~

where 0<6,0<2, a<t<x<b,0<s<y<d and

B(x, y;t,s)=

( ) () pz(y)_pz(s)

B,(x,t ,5)= L2 Y/ "L5) 9
S e R ey
Inthe case p(x, y)=p,(x)p,(y) wehave

A B(xt) . B(v.S)
B(x, y;t,5)=B,(x,t)B,(y,5)+ 5o + Get)
Let also

D,(x,h,t)=B/(x+h,t)-B(xt), t,xx+he[0,b], h>0,

D,(y.7.5)=B,(y+1,5)-B,(y.S), s,y,y+7<[0,d], 7>0.
Lemma 1 ([2). Let p(x)=x*, ucR" and

§=1-a,a<(0,1). Then

max(u-1,0) o
IB(xt) < C(?Xj @ : (10)
x+h\"™“*? h

| (X,t,h)<C( " j m (11)
Lemma 2 ([2). Let p(x)=x*, ucR" and

§=1+a,a (0,1). Then

X max(u-1,0) 1
|Bl(x,t]£C(?j ot 12
x+h )" h
D, x,t,h]<C( J Oy (13)

Similar estimates hold for B,(y,s) and D,(y,7,s) with

ply)=y".

Remark. All the weighted estimations of fractional
integrals in the sequel are based on inequalities (10)-(13).
Note that the right-hand sides of these inequalities have the
exponent max (u —1,0), which means that in the proof it
suffices to consider only thecase u>1,

evaluationsfor y <1 being the sameasfor x4 =1.
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The following statement is known (see the presentation of
this proof in [16], p. 190); a shorter proof was given in [2].
Nevertheless we recall the scheme of the proof from [2] to
make the presentation easier for the two-dimensional case.

Let p(x) the weight function and put w(x)= p(x)p(x),

@ HZ([0,b]; p). Evidently w(x)e HZ([0,b])and (0)=0
. Itis easy to see that

(P s @)X =151 x)+ My Xx),

where
Mgy )x)= %)j B (x (Ot

so that in (14) we have thefractional integral if O<« <1 and
the fractional derivativeif —1<a <0.

The representation (14) for the fractiona (integral)
derivative shows that the estimate for the continuity modulus
in the weighted case reduces to two simpler estimates:

1) the known non-weighted estimate of Hardy-Littlewood
for fractional integral and fractional derivative;

2) the estimate of the second term in (14), which is the
main part of the job.

Theorem 1. Let O<a <1, p(x)=x" and |w(x)< Cx"”
2w )x)e HA([0,b]) |

v

(7w, <capX).
Proof. In the proof, we use the foIIowi ng notation

(M2 Xx+h)= (M2 X x) = F (%, h)+ F,(x,h),
where

(14)

with ¢ <1+4 . Then operator (M

A+a<1 and

, <Csp|—-~

x€[0,b]

F(xh)= [Blx+howl)
F.(xuh)= [ DGt

The estimate of Fyinthecase 1< g <1+ A. The estimate
(12) for B,(x,t) implies
L et
Fl<Cx+h)" | ——=
Rl [y

x+h

=C(x+h) [~ (- ds<Ch
where O

G =Csp— [£(1-&) " dé <oo.
O<ed & 0
The estimate of F> inthe case 1< <1+ A . Applying the
estimate (13) for D,(x,h,t), we obtain
tHe dt B
D (x+h—t)x—t)"

gﬂwdg —< Czh" ,
- f{xm‘f]

1-¢

J' §}+a ﬂdg
CTE TR

x+h

|F,| < C(x+h)* _[
x+h

o
x+h“J‘
0

where

C,=Csawps*”

O<e<l
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(1. MAINRESULT
The definition in the Marchaud form may be used for all
~l<a,p<l:if a,>0 (2) gives the mixed fractional
derivative, if a, <0, itismixed fractional integral.
Let p(x,y)=p(x)p(y) be the weight function and put

v(xy)=pxyl(xy) @cH(Qp)
w e H(Q) and w(x, Y)oy.0 =0 Itiseasy to seethat

(0325.0)% y) = (354w )% y)+ CK A w %, y), (15)
where -1< a, # <1, C=const and

(Ketw)x,y)= I .y[ B(x, y;t,sh(t, s)dtds,

so that in (15) we have the mixed fractiona integral if
O<a,B<1 and the mixed fractional derivative if
~1<a,p<0.

The representation (15) for the fractional (integral)
derivative shows that the estimate for the continuity modulus
in the weighted case reduces to two simpler estimates:

1) the known non-weighted estimate of Hardy-L ittlewood
for mixed fractional integral (see [4]) and mixed fractional
derivative (see [7]); in the case weighted estimated of
Hardy-Littlewood for mixed fractional integral (see[4]);

2) the estimate of the second term in (15), which is the
mixed fractional derivative. It ismain part of the job.

Theorem 2. Let O<a, <1, 0< 4,7 <1, p(x,y)=x"y"
and let a+A<1, B+y<1and |yp(x y)KCx*y™ with
1 <1+, v<l+y . Then the operator K;” is bounded
from the space H;7(p) into H**"**(p).

Proof. We don’t proof this theorem. The proof of this
theorem can be seenin [3].

Theorem 3. Let O<a, <1, 0< 4,7 <1, p(x,y)=x"y"
and let a+1<1, B+y<1 and |w(xy)KCX'y with
1 <1+ 2, v<l+y. Then the operator K “;” is bounded
from the space H; 7 (p) into HZ =7 (p).

Proof. To estimate the term (Kofofy/Xx, y), we note that
the weight being degenerate, we have

plx.y)=plt.s)=[p(x)- pUILA(Y)- p(S]+

+ p(skp(x)- pt] + ot p(y)- p(s]
Thisleadsto the following representati on

( (% y)= fjaxt
+j iBl(x,t) "”(’ )

y(t.s)
(y-s)”

(X _ t)l+rz
here we used the notation (9).
For h>0 and x,x+he(0,b), we consider the difference

Gxy)= | [Blc+ OBy, Sl Sotds+

Evidently

(y,sh(t,s)dtds+

Kofo+ﬂl//xxi y) =

Y
dtds+ I B,(y,s)

0 0

dtds,

G,(x+h,y)-
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* I j D, (% h,t)B,(y. Shy(t, s)dtds+

dtds+

Xy
+I .[Bz(y, s, s)[ (x+h-t)™ -
0 0
Since y e H*“" , we have
ly(t,s)l< Ct* s,
|y (t,s)-p(x0)k Clt—x) s
Use (16) and (13) for variable s, we obtained

6, (x+ hy)— G, (x y) < c{

(16)

x+h

[[B0c+h,tft<dt+

X x+h

“ (% h )t dt+ I

~(x=1)*

X)),ﬂz
(x+h—t)

y,
(t—x)" Jy“
!
x+h Sy d s

+I| (x+h-t)™ ds+
[IB(x+h t)|t’*adt+f|D x,h t)t’“’dtﬁ ®

dt+

X S)y

(y-
S‘/

{ 23

Hence, by estimates for F; and F» from Theorem 1, we
have

|G,(x+h,y)-
The estimate
|Gz(X1 y+77)_
is symmetrical obtained.

For the mixed difference (AM j(x y) with h,7 > and

G,(x y]<Ch'.

G,(xy|<Cn

x,x+he[O,b] , vy,y+ne[0,d] the appropriate
representation leading to the separate evaluation in each

variable without losses in another variableis as follows:

(Zm sz(x, y)

x+h y+n

- I j B.(x+h,t)B,(y+7,s(t,s)dtds+

L;Ll//(t s)dtds+
s

Dz(y,%s)

Gt hot]? w(t, s)dtds+
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x
X
>

~(y-s)*”’ }//(t s)dtds+
~(y-9)*” l//(t s)dtds+
— (x=t)*“ ]y (t, s)dtds+

B(x+ht)(y+7-9)"

+
Oty X X Sy
Ot <« < =T Ot=—< Ot—<

D,(xhtfly+7-9)"’

1

+

3

B,(y+7, s)[(x+ h—t)**

D, (y,7, Sf(x+ h—t)** = (x—t)™ Jyt, s)ditcis+

. x+h y+n B (y+77 S)

(x+ h— )““

We omit the detal Is of evaluation of each term in the above
representation, it is standard viaLemma 2 and yields

(IAIM Gz)(x, y)( <C,h'n’

This completes the proof.

Theorem 4. Let p(x,y) have the form p(x,y)=x"y"
with u<l+2 , v<l+y and let
O<a,f<l0<Ay<l, A+a<l, y+pB<1 . Then the
operator J; establishes an isomorphism between the

spaces H7(p) and H 7 (p).

Proof. We should consider, as usual the following three
parts of the proof:
1) Action of the mixed fractional integral operator from the

space H/7(p) to the space H***7(p);

2) Action of the mixed fractiona differentiation operator
from the space H;*“*"(pp) to the space H;"(p);

3) The possbility to represent any function
f(x,y)e H " (p) as (322 o)x y) with the density in
H;”(p) Because of (16) the parts 1) -2) are covered by
Theorems 2 and 3. The part 3) is treated in the standard way
in case O<a,B <1 by using the possibility of similar
representation with the density from L(R?), p=(p, p,)-
See [16Theorem 24.4.

+

O t——x

+

O Ly %

w(t,s)dtds.
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