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Abstract: In this paper, we are showing study of biorthogonal 
polynomials associated with generalization of Laguere 
polynomials of Srivastava and Singhal [14]. It happens to 
generalized Konhauser. here we are trying to obtain the 
generating functions, recurrence relations, biorthogonality 
relations, integral representations and also bilinear and bilateral 
generating relations for the new class of biorthogonal system. 

 Keywords: Biorthogonal polynomials, Laguere polynomials, 
generalized Konhauser, generating functions, recurrence 
relations,  

I. INTRODUCTION 

   The concept of two polynomials explain by Didon [1] 

and Deruyts [2] considered this concept in some detail. For 
example, given the set {Pn(x)} the set {Qn(x)} is uniquely 
determined and conversely over the different interval. 
considered this concept in some detail, and claimed that for 
these two polynomials. the set of polynomials in x, {Pn (x)} 
and {Qn(x)}, deg. Qn (x)=n, (n=0,1,2,.....) are said to be 
biorthogonal with respect to distribution d  (x) on interval 
[a,b] if: 

( ) ( ) ( ) nm,0xdaxQxP nn

b

a

= nm,0 =  

where ( )x  is a distribution function on interval (finite or 

infinite) with infinitely many points of increase and such 

that : ( ) ,xdx n
b

a

  for all n=0, 1,2,.... 

Not much attention was paid to the study of biorthogonal 
system of polynomials, till Spencer and Fano [3] 
encountered a pair of biorthogonal polynomials, while 
dealing with a problem related to the study of penetration 
and diffusion of X-Rays, and subsequently studies were 
made by Preiser [4] in ordinary differential equation of the 
third order and it also recommend for higer order form 
.Konhauser [5] , Carlitz [6] , Prabhakar and Kashyap [7] and 
Prabhakar & Tomar [9] describe some results on 
biorthognal function suggested by the Laguerre 
polynomials. Rahman [8] also expressed some explicit 
function of unearization coefficient of the product of Jacobi 
polynomials , 
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Madhekar and Thakare [10] has work on Biorthogonal 
polynomials suggested by the Jacobi polynomials and Al-
Salam and Verma [11] also described  Analogues of some 
biorthogonal function. Both Didon and Deruyts paid special 

attention to the situation in which ( )xPn  is a polynomial of 

degree n in xk (k fixed) 
  In this paper, we shall study the generalization of 
biorthogonal Polynomials suggested by Konhauser 
polynomials over the interval (0,  ) with respect to the 

distribution function ( ) ( )dxprexpxxw r−= 
 and also 

Obtain associated generating relations for 
( )( ) ( ) ( )k,p,r,xZandk,p,r,xY nn


. We recall the 

polynomials 
( )( ),k,p,r,xG n


 which are introduced by 

Srivastava and Singhal [14] and in attempt to provide an 
elegant unification of various known generalized of 
classical Hermite and Laguerre polynomials. These 
polynomials are defined by the generalized Rodrigues’s 

formula  

( ) ( ) ( ) ( ) ( ) ,pxexpxDx
!n

1
pxexpxk,p,r,xG rn

x
1krkn

n −







= +−−

where dx/dDx =  and parameters p,k,  and r are 

unrestricted in general. The explicit expansion  is given as

( ) ( ) ( ) ( )
n

j
i

0j

r
n

0i

n

n k

rj

j

i
1

!l

1
px

!n

K
k,p,r,xG 







 +








−
















= 

==

     (1) 

It is worth mentioning here that Srivastava and Singhal [14], 
Chandel [1] and Srivastava, P.N. [16] also consider the 
polynomials defined 

 
( )( ) ( )( )k,1,1,xGkk,xY 1

n
n

n
+− =                   (2)  

Thus, we observe that (2) provides a generalization of one 
member of the pair of Konhauser biorthogonal polynomials. 
This leads us to consider pair biorthogonal polynomials, one 
of which is connected with (1) 

II. PRELIMINARIES 

A.  Generalized konhauser polynomials 

In this section, we included the different kind of relation 
which are pair of biorthogonal sets of polynomials see 
[12,13,15]. 

( )( ) ( ) ( ) ( ) ( )k,p,r,xZwhere.,k,p,r,xZandk,p,r,xY nnn
  is a 

polynomial of degree n in 
kx , (k is fixed integer) while 

( )( )k,p,r,xYn
  is a polynomial of degree n in, ,x r

(r is 

fixed integer 

( ) ( )
( ) 

( )
( ) r/km1

xp

m

n
1

!np

r/kn1
k,p,r,xZ

kmr/km
m

n

0m
r/knn

++







−

++
= 

=


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( ) ( ) ( ) ( )
n

i
n

0j

riin

0i
n k

rj1

j

i
1

!i

xp
!n/1k,p,r,xY 







 ++








−= 

==

      (4) 

where ( ) 0r/1 +  and k/r is a positive integer. 

 

B. First biorthogonal relation 

The polynomials sets  
( )( ) ( )( )k,p,r,xZandk,p,r,xY nn


 are biorthogonal 

with respect to the distribution function w (x) = 
( )x  exp 

(-pxr) over the interval (0,  ) 
The biorthogonal relation is given by (4) 

( ) ( ) ( ) ( ) ( )
( ) 

( ) n,m
p!rm

r/kn1
dxk;p,r,zzk;p,r,xYpxexpx

r/kn1nm
r

0


++

=−
++







where n,m  is Kronecker delta and k/r is a positive 

integer. We shall prove this relation later on. 

C. Generating function for 
( ) ( )k;p,r,xzN


 and 
( ) ( )k;p,r,xYn


 
use (2), we have 

( ) ( )
( ) 

( )
( ) r/km1

xp

m

n
1

!np

r/kn1
k;p,r,xZ

kmr/km
m

n

0m
r/knn

++








−

++
= 

=



 
( ) ( )

 ( )
( )

( ) r/km1!m

xp
n

!np

qr/1a
k;p,r,xZ

kmr/km

m

n

0m
r/kn

n
n

++
−

+
= 

=

  

( ) ( )
 ( )

( )
( )

( )  q/1sr/1q!m

xp
n

!np

qr/1a
k;p,r,xZ

q

1s

qm

mkmr/km

m

n

0m
r/kn

n
n

−++

−
+

=




=

=


(5)

 ( )
( ) ( )  ( ) qrqq

qr/km
q/xp;rq/1qr1.......rq/1,nF

!np

qnr/1
−+++−

+
=

thus, ( ) ( )k;p,r,xZn
  is in the hypergeometric form. 

where k/r=q, a positive integer. 
Now, 

( )
( )( )

( )
( )( )qn

kmmq
m

0m
qn

n

0nqn

n

n
0n r/1

xp

m

n
1

p!n

t

r/1

t
q;p,r,xZ

+








−=

+



=



=




=

 

( )
( ) ( ) ( )( )  q/1sr/1p!mn

xt

n

mn
1

q

1s

mnq

kmmn
nm

0m0n
−+++








 +
−=




=

+

+
+



=



=

 

( ) ( )

( )( )  q/1sr/1!m

tx1

p

t
q

1s

mkmm

0n
r/kn

n

0n
−++

−−
=




=



=



=

                (6)

 

( ) ( ) ( )  ( ) tq/x,rq/1qr1........rq/1.......;Fp/texp rq
q0

r/k
−−+++−=  

which is the generating function for ( )q;p,r,xZn
 . 

use (1) and (2), we observe that 
( ) ( ) ( )k;p,r,xGkk;p,r,xY 1

n
n

n
+− =                  (7) 

Hence ( )
( ) ( ) ( ) r1n1k

n

r1kn

n pxexpxDx
!nk

pxexpx
k;p,r,xY −= ++

−−−
  

  
Now using the analogues result, we get a generating 
function for ( )k;p,r,xYn

  as: 

( ) ( ) ( ) ( )  k/rrk/1n
n

0n

t11pxexpt1tk;p,r,xY −+−


=

−−−=
   (8) 

 

D. Second biorthogonal relation 

We have to prove relation (4) 

Consider,,, 

( ) ( ) ( )
 ( )

dxtu
r/1

1
k;p,r,xZk;p,r,xYpxexpx nm

qm

mn
r

00m0n 













+
−= 



=



=
  

( ) ( ) ( )
 ( )

dxu
r/1

1
k;p,r,xZtk;p,r,xYpxexpx m

qn

m
0m

n
n

0n

r

0 



























+








−= 



=




=






 

( ) ( ) ( )      ( ) r/kk/rrk/1r

0

p/texpt1pxexpt1pxexpx −−−−−−= −+−



  

( ) ( )  ( ) uq/x;rq/1qr1,.....rq/1.....,F m
q0 −+++=  

[Using (4) and (5)] 

( ) ( )  ( )
( )

( )( )
( )  dxt1pxexpx

r/1

u
p/uexpt1 k/rrqm

0qm

m

0m

r/kk/1 −+



=

+−
−−

+

−
−−= 

 

after some simplification, we get; (9) 

( ) ( ) ( )
 ( )

=




























+








− 



=




=





 dxu
r/1

1
k;p,r,xZtk;p,r,xYpxexpx m

qm

m
0m

n
n

0n

r

0

 

( ) 
( ) 

( ) ( ) 
( ) 

( ) ( ) mq

0m
r/1

q
r/1

p/ut!m/1
p

r/1
p/utexp

p.r

r/1



=
++ 

++
=

(9)

 

Comparing the coefficient of nmtu  on both sides of (9) we 

see that the coefficient of nmtu  when n  m, then the right 
hand member of (9) is zero and when n=m then the right 
hand member is non zero. 

III. INTEGRAL REPRESENTATIONS 

A. integral representation for ( ) ( )k,p,r,xYn
  

Osler [5] has given a fractional derivative formula as: 

( )
( ) ( )  ( )

( ) ( ) ( )
( )

( ) ( )
( ) ( )

zw

1

xhxg wgzg

whzh

zh

zgzf
DzfD

=

+


























−

−
=

 

where 
( )

( ) ( ) zfD xg
  denotes the fractional derivation of 

order with respect to g (z). 
For ( ) havewe,zzhandm ==

( )
( ) ( )  ( ) ( )

( ) ( )
 ............12,0m

wyzg

wz
zgzfDzfD

zw

1m

m
xg 
























−

−
=

=

+



  (10)

 

For  the  relatively more familiar derivative of order m now 
from (10), we have 

( )( ) ( ) ( ) ( ) ,pxexpxDxpxexp
!nk

x
k,p,r,xY r1n

x
1kr

n

nk1

n −= ++
−+−

  

( ) ( ) ( )
xy

1n

kk
rknnr

1k

yx

yx
pxexpxDxpxexp

!n

kx

=

+

+
−−






































−

−
−−= (11) 

from (11), we get integral representation as : 

( )
( ) 

( ) 
du

xu

uxupexp

i2

kr
k;p,r,xY

1nkk

knrr

c

kn1

n












−

−


=

+

++−−



(12) 

taking u=y  (1+t) and after simple manipulation, we get

( )
( ) ( ) 

( )( )
0t

1nk

1nrrkna
n
tn

1t1

t1t1pxexpt1
D

i2

k
k;p,r,xY

=

+

++

















−+

−+−+


=

(13)

 
from (15), we easily write the integral representation for 

( )k;p,r,xYn
  as: 
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( )
( ) ( ) 

( )( )
,dt

1t1

1t1pxexpt1

i2

k
k;p,r,xY 1nk

rrkn

cn +

+



−+

−+−+


= 

(14)

 which C is a closed contour enclosing t=0, but excluding 
t=1 and the roots of the equation (t+1)k -1=0 
 

B. Integral representation for ( )k;p,r,xZn
  

We consider, 
                   ( ) ( ) dtk;p,r,xZtxpsexp n

rr

0





−
 

( ) 
( )

( ) 
( ) dtxpsexpt

r/km1!m

xp
n

!np

r/kn1 rrkm

0

kmr/km

m

n

0m
r/kn

−
++

−
++

= +



=


 

( ) 
( )

( ) 
( ) 

( )k
m

n

0m
1r/1kn

s/x
r/km1!m

r/1km
n

s!n.rp

r/kn1

++

++
−

++
= 

=
+++

(15)
( ) 

( )

( ) ( ) 
( ) ( ) ( )  

( )









−+++++

−+++−++
= ++++

k

q1q1r/1kn

s/x;

rq/1qr1.......rq/r1,rq/1

rq/1qr1.........rq/1,n
F*

s!n.rp

r/1kn In 

particular for = , (15) reduces to the following form : 

( ) ( ) ( )
( )  ( )

( )

kn1

k1r/1kn

nkk

n
rr

0

s!n.r
s!n.rP

xsr/kn1
dtk;p,r,xZtxpsexp

n

++

++++




−++

=−

(16)

 now applying inverse Laplace transform techniques to 
(16),we get the integral representation for ( ) ( )k;p,r,xZn

  

( ) 
( ) ( ) ( ) ( ) 

( )  dt
t

1p/tutexp

i2

1
k;p,r,uZ

r/kn1

u!m
r/kn1

nr/k

C

r/1
n

r1

++


−+ −


=

++ 

(17)

 putting u = xr and t = psr in (17),  we get: 
( )

( ) 
( ) ( )

( ) 
( ) ds

s

1sxpsexp

i2

r
k;p,r,xZ

r/kn1

xp!n
knr2

nkrr

C

n

1rr/knr1

+−+


+−+−+ −


=

++ 

(18)

 where c is contour enclosing s=0 when k,r,  and n are 

integers. 
We also have differential formula for ( ) ( )k;p,r,xZn

  as 

( )

( ) 
( ) ( )

( )
( ) ( ) 

( )

0s

knr2

nkrr
!knr1

sn

1rr/knr1

s

1sxpsexp
D

!knr1

r
k;p,r,xZ

r/kn1

xp

=

+−+

+−+
+−+−+













 −

+−+
=

++

(19)

 
In particular, the above result reduces to the corresponding 
result Spencer and Feno (3) and Konhauser (5). 

IV. RECURRENCE RELATIONS 

The polynomials ( ) ( )k;p,r,xYn
  and ( ) ( )k;p,r,xZn

  

satisfy the recurrence relation 
 

A. The recurrence relation for 
( ) ( )k;p,r,xYn


 

( ) ( )( ) ( ) ( ) ( )k;p,r,xYprxk;p,r,xYprxD r
n

1r
n

1r
x

+−− −=−

(20) 
 
( ) ( ) ( ) ( ) ( )k;p,r,xYk;p,r,xYDxrp r

nn1x
r111 +

−

−−− −=  

(21) ( ) ( ) ( ) ( ) ( ) ( )k;p,r,xY1k;p,r,xY1Dxrp mr
n

m
n

m

x
r111 +−−− −=−  

(22) ( ) ( ) ( ) ( ) ( )k;p,r,xYk;p,r,xY1Dxrp k
nn

q

x
r111 +−−− =+−  

(23) 

where k/r=q is a positive integer. 

( )  ( ) ( ) ( )( )k;p,r,xYk;p,r,xY11Dxrp k
1nn

q

x
r111 +

−

−−− =−+−  (24) 

( )( ) ( ) ( ) ( )( )k;p,r,xYk;p,r,xYk;p,r,xY k
1nn

k
n

+

−

+ =−  (25)

( ) ( ) ( ) ( ) ( ) ( )k;p,r,xY1nkk;p,r,xYprxknxD nn
r

x
 +=−++  (26) 

( ) ( ) ( ) ( ) ( )( )k;p,r,xY1nkk;p,r,xYprxk1xD k
1nn

r
x

−

+

 +=−−++  (27) 

( ) ( ) ( ) ( ) ( ) ( ) ( )( )k;p,r,xY1nkk;p,r,xYprxk;p,r,xYk1 k
1n

r
n

r
n

−

+

+ ++=−+  (28) 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )k;p,r,xYprxk;p,r,xY1knk;p,r,xY1nk r
1n

r
n1n

+

+



+ −++=+   (29) 

 
      B.   The recurrence relation for ( ) ( )k;p,r,xZN



( ) ( ) ( ) ( )k;p,r,xZkxk;p,r,xZD k
1n

1k
nx

+

−

− −=  (29)

( ) ( ) ( ) ( ) ( ) ( )k;p,r,xZkk;p,r,xZDx km
mn

m
n

m

x
k1 +

−

− −=  (30)

( ) ( ) ( )
( ) 

( )( ) 
( ) ( )k;p,r,xZ

r/1nk1r

r/kn1kp
k;p,r,xZkxD 1n

k

nnx


−

−


−++

++
=−  (31)

( ) ( ) ( ) ( ) ( )k;p,r,xZknr1k;p,r,xZ1rxD r
nnx

− +−+=






 +




 −+

(32) 

( ) ( ) ( ) ( ) ( ) ( )
( ) 

( )( ) 
( ) ( )k;p,r,xZ

r/1nk1r

r/kn1kp
k;p,r,xZknr1k;p,r,xZknr1 1n

1
r

nn


−

−
−

−++

++
=+−+−+−+

(33)

( )  ( ) ( ) ( ) ( ) ( ) ( )k;p,r,xZx1nk;p,r,xZx1Dxrp 1n
kkr1

n
r1q

x
r111 

+

−−−+−+−−− +=−
(34) 

where q=k/r.  

V. MAIN RESULTS 

A. proofs from (20) to (31) 

Rewrite equation (15) in the following form: 

( ) ( ) ( ) 
( )( ) 




























−+

+−+


=−

+

+



 1nk

rrkn

C

n
r

1t1

t1pxexpt1

i2

k
k;p,r,xYpxexp dt 

differentiating both sides with respect to x, we get : 

( ) ( ) ( ) ( ) 
( )( )

dt
1t1

t1pxexpt1

i2

prxk
k;p,r,xYprxD

1nk

rrknr

C

1r

n
1r

x 



























−+

+−+



−
=−

+

++−
−


 

Using (26), we get : 

( ) ( ) ( ) ( ) ( ) ( )k;p,r,xYprxk;p,r,xYprxD r
n

1r
n

1r
x

+−− −=−  

which proves (19) 
Now multiplying (19) both sides by r111 xrp −−−  and after 

simplification we get result (20) 
result (21) and (22) are obvious iterations of (20). 

• proof of (20) 
Subtracting (23) both sides by ( ) ( )k;p,r,xYn

  

and after some simplification we get: 

( )  ( ) ( ) ( ) ( )k;p,r,xYk;p,r,xY11Dxrp k
1nn

q

x
r111 +

−

−−− =−+−  

• proof of (21) 

From equation (22) and (23), we get : 
( )( ) ( )( ) ( ) ( )k;p,r,xYk;p,r,xYk;p,r,xY k

1nn
k

n
+

−

+ =−  

• proof of (22) 

Rewrite equation (15), in the following form : 

( ) ( ) ( )( )

( )( ) 



























−+

−


=−

+

+−−−



 1nk

knrkn1

C

n
r

1xu

upuexpx

i2

k
k;p,r,xYpxexp

 du 

differentiating both sides with respect to ‘x’ and after 

simplification we get : 
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( ) ( ) ( ) ( ) ( ) ( )k;p,r,xY1nkk;p,r,xYprxknxD nn
r

x
 +=−++  

• proof of (23) 

Rewrite equation (15), in the following form : 

( ) ( )( )

( )( )
du

1x/u

x/upuexp

i2

k
k;p,r,xYpxexp

1nk

knr

C

n
r





























−

−


=−

+

+





differentiating both sides with respect to x and rearranging 
terms, we get  

( ) ( ) ( ) ( ) ( ) ( )k;p,r,xY1nkk;p,r,xYprxk1xD k
1nn

r
x

−

+

 +=−−++

which proves (26). 

• proof of (24) 

Eliminating the term ( ) ( )k;p,r,xYxD nx
 between (21) 

and (23) we get: 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )k;p,r,xY1nkk;p,r,xYprxk;p,r,xYk1 k
1n

r
n

r
n

−

+

+ +=−−+

on transposition we get : 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )k;p,r,xY1nkk;p,r,xYprxk;p,r,xYk1 k

1n
r

n
r

n
−

+

+ +=−−+  
• proof of (25) 

Eliminating the term ( ) ( )k;p,r,xYxD nx
  between (21) 

and (26), we get:  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )k;p,r,xY1nkk;p,r,xYprxk;p,r,xY1kn k
1n

r
1n

r
n

+

+

+

+

 +=−++  
• proof of (26) 

Now putting u=sx in relation (19), we get: 
( )

( ) 
( ) ( )

( ) 
( ) du

u

xupuexp

i2

r
k;p,r,xZ

r/kn1

p!n
r/knr2

nkkr

C

n

r/knr1

+−+


+−+ −


=

++ 

differentiating both the sides with respect to x and after 
simplification we get: 

( )

( ) 
( )( )  ( ) 

( )( ) du
u

xupuexp

i2

rnkx
k;p,r,xZD

r/kn1

p!n
r/1nkr2

1nkkr

C

1k

nx

r/knr1

−+−+

−−−


+−+ −


=

++ 

after some simplification we get 
( ) ( ) ( ) ( )k;p,r,xZkxk;p,r,xZD k

1n
1k

nx
+

−

− −=  
 

• proof of (27) 

From equation (31), we have 
( ) ( ) ( ) ( )k;p,r,xkZk;p,r,xZDx k

1nnx
k1 +

−

− −=  

which on integration ‘n’ times further gives the recurrence 
relation: 

( ) ( ) ( ) ( ) ( ) ( )k;p,r,xZkk;p,r,xZDx km
mn

m
n

m

k
k1 +

−

− −=
 

 

• proof of (28) 

Now putting u=sx in relation (18), we get : 
( )

( ) 
( ) ( )

( ) ( ) 
( ) r/knr2

nkr

C

n
kn

r/knr1

u

1x/upuexp

i2

r
k;p,r,xZx

r/kn1

p!n
+−+

−
+−+ −


=

++  du 

differentiating both the sides with respect to x and after 
simplification we get  

( )

( ) 
  ( )( )  ( )( ) 

( )( )
du

u

1x/upuexp

i2

rnkx
k;p,r,xZknxD

r/kn1

p!n
r/1nkr2

1nkr

C

1k

n
1

x

r/knr1

−+−+

−
−−

−
+−+ −



−
=−

++ 
 

or 

( ) ( ) ( )
( ) 

( )( ) 
( ) ( )k;p,r,xZ

r/)1nk1r

r/kn1kp
k;p,r,xZknxD 1n

k

nx


−

−


−++

++−
=−

 
• proof of (29) 

Differentiating (19), both the sides with respect to x we get : 

( ) ( ) ( )
( ) 

( ) 
( )( )k;p,r,xZ

r/knr1

r/kn1r
k;p,r,xZ1rxD r

nnx
−

+−+

++
=+−+ or 

( )( ) ( ) ( ) ( ) ( ) ( )k;p,r,xZknr1k;p,r,xZ1rxD r
nnx
− +−+=+−+  

 

• proof of (30) 

Eliminating the term ( ) ( )k;p,r,xZxD nx
  from (30) and  

(32), we obtain the following recurrence relation: 

( ) ( ) ( ) ( ) ( ) ( )
( ) 

( )( ) 
( ) ( )k;p,r,xZ

r/1nk1r

r/kn1kp
k;p,r,xZknr1k;p,r,xZknr1 1n

1
r

nn


−

−
−

−++

++
=+−+−+−+

 
• proofs of (31) 

Rewrite the equation (10) in the following form : 
( )

( ) 
( ) ( )

( )  
( )knr2

nkkqrr

C

n

1rr/knr1

s

1sspxpsexp

i2

r
k;p,r,xZ

r/kn1

xp!n
+−+


+−+−+ −


=

++ 
 ds 

where k/r=q, 
( ) 

( )

( ) 
( ) ( )( )

ds
s

1sxpsexp

i2

rp
ds

s

1sxpsexp

i2

rp
or

1nkrk2

nkrr

C

q

knr2

nkrr

C

q

++−−++−+

−


+

−


= 

differentiating both sides with respect to x, q times, we get : 

( )  ( )( ) ( ) ( ) ( ) ( )k;p,r,xZx1nk;p,r,xZx1Dxrp 1n
kkr1

n
r1q

x
r111 

+

−−−+−+−−− +=−
 

VI. SPECIAL CASES 

The following known special cases of (11) and (12) are 

• spencer and fano polynomials 

 Taking, k=2, r=1, p=1; we get: 
( )( ) ( )( ) ( ) ( ) ( ) ( )x2,1,1,xZand2,1,1,xxZ 1111

 ==  

• konhauser polynomials 

Taking, r=1, p=1; we get: 
( )( ) ( ) ( ) ( )( ) ( ) ( )k1,1,xZk,xZandk,1,1,xk,x nnnn

 ==  

• laguerre polynomials 
Taking, k=1, r=1, p=1, we get: 

( )( ) ( )( ) ( ) ( )1,1,1,xZ1,1,1,xxL nnn
 ==  

• bessel polynomials 

Other than above (11) and (12) also give rise to 
biorthogonal polynomials sets associated with Bessel 
polynomials given below for k=-1 and r = -1, we get : 

( ) ( ) ( )  ( ) ( ) ( )−+−=−−  ,n2,xn/!n/11,1,x n
n

n
 

where 
( ) ( )  ,,xn  is generalized Bessel polynomials  

defined by 

( ) ( ) ( ) n/expxDn/expx1,,1,x n22n2n
n −=−− +−+−−  

clearly the above polynomials satisfy the biorthogonal 
property, 

( ) ( )
( ) ( )

n,m1m

1n

mn

n

x

0 !m

1m!n1
dx,,xq,n2,x

x
ex 



+−−
=+−+







 
+−

−
−






 

VII. BILINEAR AND BILATERAL GENERATING 

RELATIONS 

In the section, we have derived some generating function for 

http://www.ijbsac.org/
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( ) ( ) ( ) ( )k,p,r,xZandk,p,r,xY nn
 . 

Now in this section we shall adopt group theoretic method 
to obtain a new class of bilinear and bilateral generating 
relations associated with  

( ) ( ) ( ) ( )k,p,r,xZandk,p,r,xY nn
  all the result 

derived here appear in the form of some theorem. We prove 
the following theorems with application. 
Theorem-1 
If there exists a generating relation of the form 

( ) ( ) ( ) n
nn

0n

wk,p,r,x!naw,xG 


=

=
 (35)

( ) ( ) ( ) ( ) ( ) t1tv,t1xGt1t11pxexp k/1k/1
k

r
r −−−

















−−
−+−

−

                 (36)

 

Proof: Consider the linear partial differential operator   as 
follows  

( )yrpx1
x

ky
x

xy r2 −++



+




=  

Such that 
( )( ) ( ) ( ) ( ) k,p,r,xYy1nky!nk,p,r,xY 1n

1nn
n



+

+ +==

(37) 
 Such that Hence, clearly   form a raising Lie-operator for 
the class of function ( ) ( ).k;p,r,xn

  The multiplier 

representation of this operator is given by 

( ) ( ) ( )  ( ) ( ) ( ) k/1k/rr kwy1kwy11pxexpy,xfwexp +−−
−−−=            

( ) ( ) 1k/1 kwy1y,kwy1xf* −−
−−  

Let us now consider the following generating relation;  

( ) ( ) ( ) n
nn

0n

wk;p,r,x!naw,xG 


=

=
             (38)

 

replacing w by wyz in (37), we get; 

( ) ( ) ( ) ( )nnn
0n

wyzk;p,r,x!nawyz,xG 


=

=
         (39)

 

operating both side of (38) by exp (w ), we get; 

( ) ( ) ( ) ( ) ( )( )n
nn

0n

wyzk;p,r,x!na,wexpwyz,xGwexp 


=

= 

(40) 
now, using (37) the left hand member of (39) becomes. 

( )   ( ) ( ) k/1k/rr kwy1kwy11pxexp +−
−−−  

         

( ) ( ) 1k/1 kwy1y,kxy1xG −−
−−

              (41)
 

also using (34) the right hand member of (38) becomes 

( ) ( ) ( ) !nyk,p,r,x!m/1zwa n
n

mnmn
n

0m0n

+


=



=



( )( ) ( )( ) k,p,r,xyzw!mn!m/1ak n
mnnmn

n
m

0m0n

++


=



=

+= 

(42) 

( ) ( ) ( ) ( ) k,p,r,xkwy!n!m/1a n
mn

mn
0m0n

−

−



=



=

=   

equating (41) and (42) and then putting kwy=t, zt/k=v, 
we get the following relation; 

( )   ( ) ( ) ( ) ( ) t1tv,t1xGt1t11pxexp k/1k/1k/rr −−−−−
−+−−  

( ) ( ) ( )vtk;p,r,x n
n

n
0n

= 


=


 

Where  ( ) m
m

0n
n v

m

n
a!mv 








= 



=

 

This completes proof of the theorem. 
Theorem-2 
If there exists a bilinear generating relation of the form 

( ) ( ) ( ) ( )s;u!nwaw,u,xG n
2n

n
0n




=

=
               (43)

 

then there exists a generating relation of the form : 
( ) ( ) ( ) ( )    s/rrt/rrs/1t/1 sw1uwt11pxexpsw1tw1 −+−−

−+−−−−  

(44)
 

( ) ( ) ( ) ( ) 11s/1t/1 ws1wt1wg,sw1u,tw1xG −−−−
−−−−  

( ) ( ) ( ) ( ) ( )s;ux,g,wf!nwg n
s,t

n
m

0j0n 1




=



=

=   

Where(44)

( ) ( )
( ) ( )

( ) ( )!j!jj

gswta
x;g,wf

221

2j2jjj
2jn

j,nmin

0j

s,t
n

211

2
−

=

−

−

=


 

( ) ( ) ( )t;x!j2jn*
2/2jn21

1



−+
−+  

Proof: 

Consider the linear partial differential operator i  follows 

( ) 2,1i;rpx1y/,kyx/xy r
iii =−+++=  

Such that 

(45) ( )( )  ( ) ( ) ( )t,xy!1nky!nt,x 1n
1n

i

n

in


+

+ +=  

hence, clearly 
i  form a raising Lie-operator for the class 

of function ( ) ( )k;p,r,xn
 . The multiplier representation 

of this operator is given by 

( ) ( ) ( ) ( ) k/1

iii kwy1y,xfwexp
+−

−=              (46) 

( )   ( ) ( ) 1

ii

k/1

i

k/r

i
r kwy1y,kwy1xfkwy11pxexp

−−−
−−−−

        (47)
 

assuming, that (46) exists, we substitute wy1y2 g in the place 
of w and operating both sides by exp 

( ) ( ),wexpw 21    

we get ( ) ( ) ( )gywy.u,xGwexpwexp 2121   

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )s;ut,x!ngywyawexpwexp nn

n

21n
0n

21




=

=   

now, using (36), the left hand member of (37) becomes 

( ) ( ) ( ) ( )   s/r

2
rs/1

21 swy11puexpswy1wexp
−+−

−−−  

( ) ( ) 1

22

s/1

2 swy1y,swy1uG
−−

−−

( ) ( ) ( ) ( ) s/1

2

t/1

1 swy1twy1
+−+−

−−=              (48) 

( )  ( )  s/r

2
rt/r

i
r swy11pukwy11pxexp*

−−
−−+−−

( ) ( ) ( ) ( ) 1

2

1

121

s/1

2

k/1

1 swy1twy1gywy,swy1u,twy1xG
−−−−

−−−−
 

also using (36), we see that the right member side of (37) 
becomes, 

https://www.openaccess.nl/en/open-publications
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( ) ( ) ( ) ( ) ( ) ( )
!j!j

s,ut;xw!ngywya

2i

nn
jj2n

21n

0j0j0n

21

21



=



=



=




( )( )( )  ( ) ( )( ) 
!j!j

y!ns,uwy!nt,xgwa

2i

n
2n

j
2

n
1n

j
1

njjn
n

0j0j0n

212i

21

++

=



=



=




( ) ( )( )  ( ) ( ) ( ) 212jn

j
1

j1

1jn

j

2i

njjn
n

0j0j0n

yjn!jns,usyjnt,xt
!j!j

gwa
2

21

1

1

2i

21

+++ 

+

+

+

++

=



=



=



(49)
( )

( )
( ) ( )( ) 2

21

21

2211

21

j
21jjn

jj

221

jnjjnjnmin

0j0j0n

s!j2jnt,ut
!jjj

gw
−+

−
= 

−+

−
−++−

=



=



=


                             

( ) ( ) n
2

j2jn
1n yy!ns,u* 21 −+             (50) 

Theorem-3 
If there exists a generating relation of the form 

( ) ( ) ( ) n
nn

0n

wk;p,r,xZaw,xG 


=

=

      (51)

 

then there exists a generating relation of the form ; 

( ) ( )
( )

( )
( )

( )












 −

−

−
−−

−
−

wr

vtwrx
,

vt

vtwrx
Gwr/vtwr/vtrw

r/122

r/1

r/122
1r/1r/11

( )v,xt n
n

n

0m

=
=     

 

where

( ) ( )  ( ) ( ) ( ) mnm
mmm

n

0m
n vk;p,r,xZr/km11!m/av,x −

=

++−=   

Proof: 
Consider the linear partial differential operator   as 
follows : 

 








+−




+




= − 1r

y
y

x
xy r Such that 

( ) ( )  ( ) ( ) ( )k,p,r,xZknr1yk,p,r,xZ nn
 +−+=   (52) 

Hence, clearly   forms a raising Lie-operator for the class 
of function ( ) ( )k,p,r,xZn

 . The multiplier representation 

of this operator is given by 

( ) ( ) ( )( ) ( )  ( ) r/1rr/1rrr/r1r ywr,y/ywrxfyyrw,y,xfwexp +++=
−

(53)
 

Now consider the following generating relation; 

( ) ( ) ( ) n
nn

0n

wk,p,r,xZaw,xG 


=

=
                    (54)

 

replacing w by wz and then multiplying both sides of (54) 

by 
y ; we get 

( ) ( ) ( ) ( )nnn
0n

wxk,p,r,xZayywz,xG 


=

 =

(55) 
operating both sides of (55) by exp (w ), we get 

( ) ( )  ( ) ( ) ( ) ( ) 







= 



=

 
n

n
0n

n wzk,p,r,xZaywexpywz,xGwexp (56) 

now, using (51), the left hand member of (54), becomes: 

( )( ) ( )  ( ) r/1rr/1rrr/r1r ywr,y/ywrxGyyrw +++ +−

 
(57)

 

also using (40), we see that the right hand member of (44) 
becomes 

( )( ) +


=



=

 yk;p,r,xZzwa n
mnmn

n
0m0n

 

( ) ( )  ( ) ( ) ( ) mrmr
n

mnmn
n

0m0n

yk;p,r,xZmr/kn11rzw!m/1a −−+


=



=

++−−= 
 

(58) 

( ) ( ) ( ) ( ) ( ) ( )k;p,r,xZr/mnk11!m/1awzy mr
mnmmn

n

0m

n

0n

−

−−

=



=

 −++−=   

 ( )mtzy/1* −  

equation (45) and (46), we get; 

( )( ) ( )  ( ) r/1rr/1rrr/r1r ywr,y/ywrxGyyrw +++
−

 

( ) ( ) ( ) ( ) ( ) ( )k;p,r,xZr/mnk11!m/1awz mr
mnmmn

n

0m

n

0n

−

−−

=



=

−++−=   

  ( )mtzy/r* −   (59) 

finally putting wz=t and –r/zyt=v in (59), we get 

( ) ( )
( )

( )
( )

( )












 −

−

−
−−+


−

wr

vtwr
,

vt

vtwrx
Gwr/vtwr/vtrw;

r/122

r/1

t/12
kr/1r/1  

 ( )v,xt n
n

0n

=


=

 

where ( ) ( )  ( ) ( ) ( ) mmr
mm

n

0m
n vk;p,r,xZr/km11!m/av,x −

=

++−=   

This completes proof of the Theorem. 
Theorem-4 

( ) ( ) ( ) n
nn

0n

wk;p,r,xaw,xF 


=

=
                  (60)

 

then there exists a generating relation of the form, 

( ) ( )   ( )u,xtt,xp/utFutexp n
n

0n

r/11 =+− 


=

 

Where 

        
( ) ( ) ( ) ( ) jrj

nn

n

0j
n uk;p,r,x!j/1au,x +

=

= 
   (61)

 

Proof: 
Consider the linear partial differential operator  as follow 

Such that     ( )prx/xy 1rr −= +−

                    (62) 

( )( )  ( ) ( ) rr
nn yk;p,r,xpryk;p,r,x ++ −== the 

multiplier representation of this operator is given by 

( ) ( ) ( ) ( ) y,xwryfwpryexpy,xfwexp
r/1rrr +−=

    (63) 
let us now consider the following generating relation 

( ) ( ) ( ) n
nn

0n

wk;p,r,xaw,xF 


=

=
                   (64)

 

replacing w by wz and then multiplying both side of (49) by
 , we get  

( ) ( ) ( ) ( )nnn
0n

wzk;p,r,xawz,xF 


=

 = 
       (65)

 

operating both sides of (49) by exp ( )w , we get: 

( ) ( )  ( ) ( ) ( ) ( ) 







= 



=

 
n

nn
0n

wzk;p,r,xawexpwz,xFywexp

(66) 
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now using (47), we see that the left hand member of (50) 
becomes 

( ) ( ) wz,xwryFwpryexp
r/1rrr +− 

                   (67) 

also using (46), the right hand member of (50) becomes, 

( ) ( ) ( ) +


=



=

 yky;p,r,xzw!j/1a n
jnjn

n
0j0n

 

( ) ( ) ( ) ( )( ) rjr
n

jjjnn
jn

0j0n

yk;p,r,xpr1zw!j/1a ++−

−



=



=

−= 

(68)
( ) ( )( ) ( ) ( ) 








−= +

−



=



=

 yk;p,r,xz/rpy!j/1awt r
n

jr
jn

0j

n

0n   

(69)

 

equating (51) and (52), we get: 

( ) ( ) wz,xwryFywpryexp
r/rrr  +−

            (53)
 

( ) ( ) ( ) ( ) ( ) 







−= +

−



=



=

 yk;p,r,xz/rpy!j/1awt rj
n

jr
jn

0j

n

0n

finally, putting wz = t and ( ) uz/rpyr =− in (53), we get 

( ) ( )   ( )u,xtt,xP/utFutexp n
n

0n

r/1r =+− 


=

where

( ) ( ) ( ) ( ) jr
n

n
n

0j
n uk,p,r,x!j/1au,x +

=

=   

This completes proof of the theorem 

VIII. CONCLUSION  

As we can see, the results are different in many conditions 
of generalization for one member of the pair of Konhauser 
biorthogonal polynomials, generating relation and its really 
get multiple representation of the such kind operators which 
are discuss in the above results. 
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