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Graphs of some standard Graphs
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Abstract: In this article, we have obtained vertex polynomial
of Middle, Lineand Total graphs of some standard graphs namely
complete graph, star, path, cycle and wheel graph.
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I.INTRODUCTION

In this paper, we have considered only finite graphswhich
are non-trivial, undirected, having no self- loops and having
no parallel edges. Two edges of a graph are adjacent if they
have a common vertex. If a vertex v is an end vertex of an
edge e, then edge e is incident on vertex v. Vertices and
edges are called elements of agraph and are neighborsif they
are either incident or adjacent. K, ,, representsastar. A wheel
graph W, and is defined asW,, = K; + C,_, A graphG is
k — regular if each vertex has degree k. If x = uv isan edge
of a graph G, and w is not a vertex of G, then x is said to
subdivided if it is replaced by the edges uw and vw. For
terminologies and notations, we refer [1]. The vertex
polynomial of the graph G [2] is defined as V(G;x) =
Zfz(? vex®, where A (G) = max {d(v): v € V(G)} and v,
is the number of vertices of degree k . The roots of a vertex
polynomial are called vertex polynomia roots.

II.MIDDLE GRAPH, LINE GRAPH, TOTAL GRAPH AND
VERTEX POLYNOMIAL WITH AN EXAMPLE.

In this part, we list the definitions of Middle graph,
Line graph and Total graph of a graph with an example. Also
we show their vertex polynomials.

Let G beagraphwith |[V| = mand |E| = n . Itsline
graph L(G) contains vertices which are edges of G and edges
in L(G) are drawn between vertices if they have common
vertex in G. Middle graph M (G) has vertex set containing all
vertices and all edges of G and edges of M (G) between new
vertices are drawn only when the edges corresponding in G
are adjacent. Total graph T'(G) has vertex set containing all
vertices of ¢ and all edges of G and two vertices of tota
graph are adjacent if they happen to be neighborsin G. The
following figures show a graph, its line graph, middle graph
and total graph with their vertex polynomials.
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Figure1- Graph G.

Inthisgraph, wefind 1, 2 and 1 vertices of degrees 1, 2 and 3
respectively. Thus V(G;x) =x +2x?+x3 . Now we
consider itsline graph asin Figure 2.

Figure2—L(G)
We notethat L(G) hasfour vertices of which two are of
degree 2 and remaining two are of degree 3. Thus
V(L(G); x) = 2x? + 2x3
Now, we consider middle graph M (G) as shown in Figure 3.

Figure3—M(G)

The middle graph has one vertex of degree 1, two vertices of
degree 2, one vertex of degree 3, two vertices of degree 4 and
two vertices of degree 5. Thus V(M (G);x) = x + 2x% +
x3 + 2x* + 2x>. Now we consider total graph T(G) as
shown in Figure 4.
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T(G), thetota graph hasl, 4, 2 and 1 vertices of degrees 2, 4,
5 and 6 respectively.

ThusV(T(G); x) = x% + 4x* + 2x° + x°

I.MAIN RESULTS
Theorem 3.1: If M(K,,) ismiddle graph of K,,, then

nn-—1
V(M(Ky); x) = nx" 1 + nn—1) 5 )xZ"‘2

Proof: We note that K,, has n vertices, whereas its middle
graph M(K,,) has "Zzﬁ vertices by definition of middle
graph. We can partition vertex set of M(K,,) intotwo digoint
subsets I, and V, asfollows:

V;: Vertex set with [V;| = n, degree being (n — 1) for each
vertex and

Vy: Vertex set with|V,] = "7,
each vertex.

degree being (2n — 2) for

Hence V(M (K,); x) = nx™ 1 + @xm—z

Theorem 3.2: If M(K,,) ismiddle graph of K, ,,, then
V(M(Kyp);x) = nx™?! +x™ + nxforn > 2

Proof: We note that K; ,, has (n + 1) vertices, wheress its
middle graph M (K, ,) has (2n+ 1) vertices by definition
of middle graph. We can partition the vertex set of M (K ,,)
into digoint subsets V; V,and V; asfollows:

V;: Vertex set containing 1 vertex of degreen,
V,: Vertex set with |V, | = n, each vertex being pendant and

V3: Vertex set |V;| = n,degreebeing (n + 1) for each vertex.
Thus V(M(Klyn); x) =nx™1 + x™ + nx

Theorem 3.3: If M(B,) isthemiddle graph of B,, then
VIMB);x)=2x+ (n—2)x>+(n—1)x3n =3

Proof: We note, by definition of middle graph that, M(B,)
contains (2n — 1) vertices. We can partition the vertex set
of M(B,) into three digoint subsets V; V,and V; asfollows:

V;: Vertex set containing 2 vertices, each of degree 1,

V,: Vertex set with |V,| = n — 2, degree being 2 for each
vertex and

Vs: Vertex set with [V;] =n— 1, degree being 3 for each
vertex.

Thus VIM(R);x) = 2x+ (n— 2)x? + (n — 1)x3
Theorem 3.4: If M(C,, ) isthe middle graph of C,, then
V(M(C,);x) = nx% +nx*
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Proof: We note, by definition of middle graph that, M(C,, )
contains 2n vertices. We can partition the vertex set
of M(C,, ) into V;and V, asfollows:

V,: Vertex set containing n vertices of C,, , each of degree 2
and

V,: Vertex set containing n new vertices obtained by
definition of middle graph, each of degree 4.

ThusV(M(C, ); x) = nx? + nx*

Corollary 3.5: Thevertex polynomial rootsof M(C,,) areO,
Oand +i

Proof: In view of Theorem 3.4, vertex polynomial roots of
M (C,,) can be obtained by taking
l+nxt=0 = x=00and +i

Theorem 3.6: If M(W,) isthe middle graph of W, then
VIM(W,);x) = (n—Dx™"2 +x" 1+ (n—1)x® +
(n—1Dx3forn=>5

Proof: We note, by definition of middle graph that, M (W, )
contains (3n — 2) vertices. We can partition vertex set

of M(W,, ) into four digoint subsets V;, V,, V; and V, as
follows:

V;: Vertex set containing a single vertex of degree (n — 1),

V,: Vertex set with |V,| = n — 1, degree being 3 for each
vertex,

Vs: Vertex set |V;| = n— 1, degreebeing 6 for each vertex,
and

Vy: Vertex set [V, | =n—-1,
vertex.

Thus VIM(W,);x) = (n— Dx™2 +x™" 1+ (n — 1)x% +
(n—1)x3

degree being n + 2 for each

Theorem 3.7: If L(K,,) istheline graph of K,, ,then
n(n Do
V(L(Kn) x)) -

Proof: Using definition of line graph, we easily understand
2_

that L(K,) is an — regular graph with “— vertices and

every vertex will be of degreen.

Thus V(L(Ky; x)) = @x”.

Theorem 3. 8: If L(Ky,) is the line graph of K, ,, then
4 (L(Kl_n); x)) = nx" !

Proof: By definition of line graph, of a graph, we easily
understand that L(K; ,,) is a complete graph K;,and therefore
every vertex will be of

degree(n — 1).
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ThusV (L(Kl_n; x)) =nx""1

Theorem 3.9: If L(P,) is the line graph of B,, then
V(L(R);ix)) = 2x+ (n—3)x* n>3

Proof: By definition of line graph, we easily understand that
L(BR,) isapathgraph P, _;.

Thus V(L(P,);x)) = V(Py_y; X).

It is easy to note that path graph P,,_; will have 2 pendant
vertices and remaining (n — 3) internal vertices will be of
degree 2.

Thus V(L(B,);x)) = 2x + (n — 3)x2.

Theorem 3.10: If L(C,)isthelinegraph of C,, thenis
V(L(Cp);x)) = nx?.

Proof: By definition of line graph , we easily understand that
L(C,) = C, itself. Asdegree of every vertex of C,, is2and as
it hasn vertices, wefind V(L(C,);x)) = nx?.

Corollary 3.11: The vertex polynomial root of L(C,)is O
with multiplicity 2.

Proof: In view of Theorem 3.10, vertex polynomia roots of
L(C,) can be abtained by taking
nxt=0 = x=00an+0

Theorem 3.12: If L(W,) istheline graph of W, then
VILWy;x)=m—Dx*+ (n—Dx", n=>4

Proof: We know, awheel graph W, will have n vertices and
(2n — 2)edges. The vertex set of L(W;,) will have (2n — 2)
vertices and we can partition the vertex set into two digoint
subsets V; and V, asfollows:

Vi: Vertex set with |V;| = n — 1, degree being 4 for each
vertex

V,: Vertex set with |V,| =n — 1, degree being n for each
vertex

ThusV(L(W, ;%)) = (n — Dx* + (n — 1™
Theorem 3.13: If T(K,,) isthetotal graph of K, then

vy x ="

2n-2

n(n-1)

Proof: We note that K,,will haven vertices and
edges. By definition of total graph of a graph, we note that,
total graph T(K,) will haven + 220 = 20D yertices
and each vertex will be of degree (2n — 2).

2

Thus
nn+1)
> x

V(T (Kn); x) = an-2
Theorem 3.14: If T(K; ,) isthetotal graph of K, ,then
V(T (Kynx) = nx? + nx™? + x2"
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Proof: We know a star graph K; ,will haven + 1 vertices
and n edges. We note that total graph T'(K,,) of star graph
K; nwill have (2n + 1) by the way in which total graph is
defined and we can partition this the vertex set into 3 digjoint
subsets V;, V,and Vs asfollows:

V,: Vertex set containing asingle vertex of degree 2n,

V,: Vertex set with [V,| = n — 1, degree being 2 for each
vertex and

V,: Vertex set |V;| = n, degree being 2 for each vertex.
Thus V(T (Ky s x) = nx? + nx™1 4 x2n

Theorem 3.15: If T(R,) isthetotal graph of T(P, ), then
V(T(P);x) =2x%+2x3+ (2n—5)x* ,n >3

Proof: We know, a path graph P,, will haven vertices and
(n — 1)edges. By definition of total graph, we note h T(B,)
will have (2n — 1) vertices and we can partition this vertex
set into 3 digoint subsets V;, V,and V; asfollows:

V;: Vertex set containing 2 vertices, each of degree 2,
V,: Vertex set containing 2 vertices, each of degree3 and

V5: Vertex set containing (2n — 5) vertices, each of degree
4.

ThusV(T(P); x) = 2x% + 2x3 + (2n — 5)x*

Theorem 3.16: If T(C,,) isthetotal graph of C,,, then
V(T(C,); x) = 2nx*

Proof: We know, a cycle graph C, has n vertices. By
definition of total graph of agraph, wenotethat, T(C,,) of C,
isad— regular graph with 2n verticesand each vertex will be
of degree 4. Thus V(T (C,); x) = 2nx*.

Corollary 3.17: The vertex polynomial root of T(C,)is0
with multiplicity 4.

Proof: In view of Theorem 3.16, result is obvious.

Theorem 3.18: If T(W,) isthetota graph of W, then
V(T(Wy;x) = 2n — 2)x® + (n — 1)x™+2 4 x2172,
forn>5

Proof: We know a wheel graph W, hasn vertices and 2n —
2 edges. By definition of total graph, we note that T(W,) of
W, will have (3n — 2) vertices and we can partition this
vertex set into three digoint subsets V;, V,and V; as
follows:

Vi: Vertex set containing (2n — 2) vertices, each of degree
6’
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V,: Vertex set containing a single vertex of degree (2n — 2)
and

V5: Vertex set containing (n — 1) vertices, each of degree
(n+ 2).

ThusV(T(W,; x) = (2n — 2)x® + (n — 1)x™+2 4 x21~2

IV.CONCLUSION

Vertex polynomial is one of the possible ways in which we
can represent a graph algebraically. We can compare this
polynomials with other polynomials associated with graph
also.

REFERENCES

1. F.Haray, Graph Theory, Addison-Wesley, Reading- Mass (1969).

2. JDevara and E.Sukumaran, On Vertex Polynomial, International J. of
Math. Sci. & Engg. Appls. (IIMSEA), Val. 6 No. | (January, 2012), pp.
371-380.

3.  A.M.Anto and P.Paul Hawkins, Vertex Polynomia of Graphs with
New Results, Global Journal of Pure and Applied Mathematics,
Volume 15, Number 4 (2019), pp. 469-475.

4. Malikarjun Basanna Kattimani and Sridhara K.R., Transitive
domination polynomid in graphs, Studies in Indian Place Names
(UGC Care Journal), ISSN: 2394-3114, Vol-40-Issue-70-March 2020,
pp. 440-447.

AUTHORS PROFILE

Dr.Mallikarjun Basanna Kattimani , He is
working as Professor and Head, Department of
Mathematics & Dean of Examinations at The
Oxford College of Engineering, Bangalore. His
current area of research interest is Graph Theory.
He has successfully guided one student for Ph.D.
and presently guiding 6 students for Ph.D. He has
introduced many domination parameters in Graph
Theory and has published 12 research papers in
national and international journals. In addition, he has 7 extended research
articlesto his credit. He has around 28 years of rich teaching experience.

SridharaK.R., Heisworking as Assistant Professor
and Head, Department of Mathematics, A.P.S.
College of Engineering, Bangalore. Hisresearch area
of interest is Graph Theory. He has around 21 years
of teaching experience.

Retrieval Number: H0794044820//20200BEIESP
DOI: 10.35940/ijmh.H0794.044820
Journal Website: www.ijmh.org

89

Published By:
Blue Eyes Intelligence Engineering
& Sciences Publication

© Copyright: All rights reserved.

Exploring Innovation


http://www.ijmh.org/

