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ABSTRACT kernel [6], the cross term suppression and the frequency res-
We present a new method for time-frequency representatiogplution are achieved without much importance for the TFR
(TFR), which combines the Fourier-Bessel (FB) transformproperties. The reduced kernel [7] is an improved and gen-
and the Wigner-Ville distribution (WVD). The FB trans- eralized version of Choi-Williams distribution. In this direc-
form decomposes a multi-component signal into a numbetion, an application specific signal-dependent optimal kernel
of mono-component signals, and then the WVD techniquélesign [8], useful for different class of signals, is a major
is applied on each component of the composite signal tétep. Based on orthogonal expansion like Gabor expansion
analyze its time-frequency distribution (TFD). The simula-[9], a decomposition of the WVD achieves a balance between
tion results show that the proposed technique based on tiggoss terms and useful properties. A denoising approach [10]
FB decomposition is a powerful tool for analyzing multi- based on the shift-invariant wavelet packet (WP) decomposi-
component non-stationary signals and for obtaining the TFRon has been proposed for adaptive suppression of the cross

of the signal without cross terms. terms.
The WVD approach based on signal decomposition real-
1. INTRODUCTION ized by a perfect reconstruction filter bank (PRFB) has been

In many engineering applications such as speech analysigyna) into its components. The summation of the WVDs of
speech synthesis, radar, sonar and telecommunications, individual components results in the WVD of the com-

signals under considerations are known to be non-stationary,jse signal, where cross terms and noise are significantly
for which the signal parameters are time-varying. For specqoq,ced [11]'

tral analysis of such type of signals, the discrete Fourier . .
. In this paper, a new technique based on the FB transform
transform (DFT) can not be employed. The time-frequenc s been proposed. The present technique combines the FB

analysis technique [1], among other methods, was prOpos‘?ansform and the WVD. The FB transform decomposes a

to deal with such signals. ; . L . .
, X . multi-component signal into its constituents like the PRFB
The short-time Fourier transform (STFT) is one of thein [11]. However, the major difference between the two ap-

earliest methods used for time-frequency analysis. A movin : ; . ) :
window cuts out a slice of the signal, and the Fourier trans%maChes is that while using the PRFB-based technique we

form of this slice gives the local properties of the signal. ThemUSt knqw a priort the f.requency-.band of the signal, whereas
I ; no such information will be required for the proposed tech-

spectrogram, which is the squared magnitude of the STFT, lr% ue based on the FB transform

used for the analysis of non-stationary signals. The result o q '

analysis depends on the choice of the window function lead-

ing to a trade off between time localization and frequency 2. THE WIGNER-VILLE DISTRIBUTION

resolution [1].

Another commonly used TFD is the Wigner-Ville distri-
bution (WVD) [1, 2]. Theoretically the WVD has an infinite " ‘
resolution in time due to the absence of averaging over any Wi(t, @) :/ X(t+1/2)x" (t—1/2)e1°"dr (1)
finite time interval. Moreover for infinite lag length, it has an —co
infinite frequency resolution. The WVD being quadratic in ] ]
nature introduces cross terms for a multi-component signawherex’(t) is the complex conjugate of(t). In the fre-

The cross terms can have significant amplitudes and they c&iyency domain, the WVD is defined as follows:

corrupt the transform space. A particular application where -

the cross terms can have serious implications is speech analy- _ / . jét

sis, because speech can be modeled as a sum of amplitude VA, @) _mX(aH-é/Z)X (w—¢c/2)ede @
modulated (AM) and frequency modulated (FM) signals cor-

responding to the formant frequencies [3, 4]. whereX(w) is the Fourier transform of(t). The various de-

In the last two decades, the research has been carried aitable properties of the WVD such as preservation of time
for effective suppression of the cross terms and improvemerand frequency support, infinite time and frequency resolu-
of the frequency resolution, preserving the desired propertigions etc., make the WVD a useful tool for signal analysis [2].
of the quadratic TFDs [1]. The Choi-Williams distribution The main drawback of this distribution is that it is quadratic
[5] has a tradeoff between cross term suppression and ttend the method based on the WVD introduces the cross terms
frequency resolution. On the other hand, in the cone shaped the time-frequency domain making the transform space

'%é)posed [11]. The PRFB decomposes the multi-component

The WVD of a signak(t) is defined in the time domain as
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difficult to interpret [12]. The WVD of the sum d¥l signals  The integral in(6) is also known as Hankel transform. We
note that the FB transform coefficierfig(a) are unique for

f) — U (t 3 a given signak(t), similar to the Fourier coefficients. Unlike
X(t) = .;X'( ) ) the sinusoidal basis functions in the Fourier transform, the
= Bessel functions decay within the range of the signal, similar
is given by to the rise and fall of speech within a pitch interval [16, 17].
" Yot o Let the signak(t) be a damped cosine signal given by
t,w) = (1, 0) + 20 t, 0 4 _
V\&( ) l;\/\&q( ) kZ]_ e [ Xl( )] ( ) X(t) —g ot COS((J.)ot), oc>0 (10)
autocomponents crosscomponent

Then the 8§ order FB transform can be computed as [18]
which shows that the WVD of the composite signét)
hasM autocomponents an@"é’) cross-components, i.e., a [062+(0+ja)o)2] + [O¢2+(G— J'(Do)z]

cross term for every pair of autocomponents. The geom- [(02+ 02— w§)2+402m§}%

etry of these cross terms on the time-frequency plane has (11)
been well defined in [13]. Let the base sigrglt) be a lin-  After simplification(11) can be rewritten as

ear chirpxo(t) = el @t+28%) and letx (t) = Xo(t —t; )el@rt

3 3
2 2

o @
2

andxy(t) = xo(t —t2)el®2! be the time and frequency shifted o Ccos %9)
versions of the base signal. We form the composite signal Fo(a) = —3 12)
X(t) = x1(t) + x2(t), then, the WVD ok(t) is given by re

where
+218 (0 — (w2 + ap) — Bt —t2) 6 =tan ((124-62—6()3)
+4716 (0 — (Om+ @o) — B(t —tm)

x cog@q(t —tm) —tg(@ — ©m) + Ogtm] (5)
where (o) is the Dirac delta function that is zero every-
where except at the origingy = (@2 — 1), 4 = (2= Itcan be shown with a little effort that for small damping con-
t1), om= (25%), tn = (152). It is observed from the stantc, the FB transforn (o) will have peak-amplitude
above equation that the cross tefinoccurs mid-time, mid-  occurring ato ~ @, and far away from that poirig(cr) will
frequency,(ii) oscillates at a frequency proportional to thetend to become zero. Whexit) is the superposition of1
difference in frequency- and time-shifts of the signdls)  sub-signals(t), (3) expressed as
oscillates in the direction orthogonal to the line that connects

and

1
r=[(a®+ 02— wd)?+402wf]?

the autocomponents, arfi/) can have an amplitude twice M .
as large as the amplitude of the WVD of each signal under X(t) = Zle"" cog wit) (13)
consideration. i=
3. FOURIER-BESSEL (FB) TRANSFORM then the FB transform,
A signal exhibiting characteristics of amplitude or frequency M qcos(36:)
modulation or both may be more compactly represented by Fo(a) = 3 (14)
the Bessel function bases rather than by pure sinusoids [14]. i= r?
The FB transform of order zero of a signdt) is given by
[15], . where
Fo(c) :/0 tx(t) Jo(ort) dit (6) 6 _tan ( 2_2<;2iwi 2)
: : _ o+ 07 — o
whereJy is the Bessel function of the first kind of order zero.
The inverse FB transform is defined as: and
1
°° (2 ~2 02\2 2,213
x(t):/ o Fo(a) Jo(art) dox ) ri = [(0®+ 0 — 0?)’ +40°07]
0

_ ) It can be identified now that for small damping constamts
The Bessel functions are orthogonal with respect to th@nd well-separated circular frequencias each term on the
weighting functions anda. The orthogonality relations are right-hand side of14) will represent a region of the FB vari-
given by able @ where the coefficients are non-zero corresponding to
w S(a—a) a sub-signal of the composite signal)_. Since coefficients
/ t Jo(at) Jo(a't) dt = ——~ (8) arereal, each componexft) can be directly reconstructed
0 o from the FB coefficient plot.
and When the signak(t) is available only for a finite duration
® , S(t—t) of time, we use the Fourier-Bessel series expansion of the
/0 a Jo(at) Jo(at’) da = t ©) signal to separate the signal components [19].
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4. TECHNIQUE BASED ON FB TRANSFORM

Table 1: Results for Gaussian modulated (GM) signal
In order to carry out the time-frequency analysis of a multi-

component non-stationary signal, the components of the sig- | Value of7 | Required Fourier-Bessel (FB) variables
nal are separated by using the FB transform. First, the FB 0.1 550-700 (150)
coefficients are calculated for multi-component signal from 0.3 600-660 (60)

(6). Every component of multi-component signal has non-
overlapping coefficients. Since coefficients are real; each
component is directly reconstructed from FB coefficient plotthe coefficients over larger range of variable are required in
Next, each reconstructed component is converted into an antire reconstruction of the signal.

lytic component signal. The analytic signabdh) is defined
as,Xa(n) = x(n) + jX(n), wherex(n) is the Hilbert transform
of x(n). The use of an analytic signal ensures that the spec
trum of xz(n) has nonzero values only for positive frequen-
cies, and the corresponding WVD has no spurious cross ter
at zero frequency. We apply WVD for each analytic compo- F
nent to analyze its time-frequency distribution, and finally |
summation of these distributions gives the WVD of com- o
posite signal. The block diagram of the proposed techniqu \)

Amplitude

based on FB transform and WVD is shown in Figure 1.
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Figure 1: Block diagram of the proposed technique Frequency

Figure 3: PSD of the GM signal: original (Dotted line), re-
5. SIMULATION RESULTS generated (Solid linef, = 0.1

We now discuss a few representative examples that are cho-
sen to study the performance of this proposed technique
based on the FB transform and the WVD. 5.2 Multicomponent signals

This section presents numerical examples of the proposed
. _ _method with the multicomponent signals which are syntheti-
For the test signal we use the Gaussian modulated (GM) sigally generated. The signals being considered are as follows
nal given by [5]:

5.1 Gaussian modulated signal

1 an?\ ny n
X[n] = Texp(fz> sin(2z f¢cn) (15) gi(n)=4. cos[Zn (§> 2—56]
wherer is a variable parameter ariglis the center frequency
of the modulated signal [20]. A set of 512 samples of the GM (512—n) n
signal with center frequency 100z is processed. Figures 2— +4. cos{Zn (8 +40> 256}
4 and Figures 5—7 show the original and regenerated signals,
power spectral density (PSD) plot of original and regenerated

signals and plot of the FB coefficients at two different value —a4 on32470 (1)) L
of 7. Sga(n) = 400|232+ 70. (550 ) 55

Table 1 shows the range of the FB variable where the

n n
coefficients are non-zero. Note that for smaller value of +4. COS[(ZE-80+ 100 (@)) ﬁ)}
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The signalgi(n) is a chirp signal which has two fre- [6] Y. Zhao , L. Atlas and R. Marks Il, “The use of cone
quency components at each time instant; the frequency of  shaped kernels for generalized time-frequency repre-
one component is increasing with time and the frequency of  sentation of nonstationary signal#2EE Trans. Signal
the other is decreasing with time, but the rate of the changeis  ProcessingVol. 38, No. 7, pp. 1084-1091, 1990.
same in both cases. For the simulation, we have considereg7] 3. jeong and W.J. Williams, “Kernel design for re-

170 sample points of the signgd(n). _ duced interference distributiondEEE Trans. Signal
The signalgy(n) is another chirp signal which has two Processing\Vol. 40, No. 2, pp. 402-412, 1992.
frequency components at each time instant, the frequenciefs] R.G. Baraniuk and D.L. Jones, “A signal dependent

of both components afl,(n) are increasing with time and ) . . et
N . : time-frequency representation optimal kernel design,
also the rate of change is different. For the simulation, we IEEE Trans. Signal Processing/ol. 41, No. 4, pp.

have considered 512 sample points of the sigaét).

The WVD of the signalg;(n) andgz(n) are shown in 1589'.1601’ 1993. -~ )
the Figures 8 and 10 respectively. Observe that due to prest9] S. Quian and D. Chen, “Decomposition of the Wigner-
ence of strong cross terms, the magnitude of an individual ~ Ville distribution and time frequency distribution se-
signal does not remain same. This may mislead us to inter-  ries,” IEEE Trans. Signal Processinyol. 42, No. 10,
pret that the test signal is a three component signal. However, ~ Pp. 2836-2842, 1994.
the ambiguity is resolved when the components of the signdgll0] I. Cohen, S. Raz and D. Malah, “Adaptive suppres-
are separated by using the FB transform. The WVD of the sion of Wigner interference terms using shift-invariant
separated components are computed, and summation of these wavelet packet decompositionsSignal Processing
distributions gives the WVD of the composite signgi$n) Vol. 73, pp. 203223, 1999.

andgy(n) with out cross terms, as shown in Figures 9 and 1}11] F. sattar and G. Salomonsson, “The use of a Filter bank
respectively. and the Wigner-Ville distribution for time-frequency
representation,JEEE Trans. Signal Process\ol. 47,

6. CONCLUSION pp. 1776-1783, 1999.
In this paper, we have demonstrated that undesirable crofs2] S. Kadambe and G. Faye Boundreaux-Bartels, “A Com-
terms in the WVD of a multi-component signal can be ef- parison of the Existence of “CROSS TERMS" in the

fectively removed by the method based on the FB transform.  Wigner Distribution and the squared Magnitude of the
The proposed method decomposes the signal into its con-  Wavelet Transform and the Short Time Fourier Trans-
stituent components, and the components can be processed form,” IEEE Trans. Signal processing/ol. 40, pp.
individually. 2498-2517, October 1992,

It has been illustrated through simulation that by using13] F. Hlawatsch, “Interference terms in the Wigner distri-
the FB decomposition technique, the frequencies of the linear ~ pyytion ” Proc. Int. Conf. on Digital Signal Processing
chirp signals of a multi-component signal can be estimated 5 363-367, Florence, Italy, Sept 5-8, 1984.
accurately. v . . .

A particular application where this method will be useful 141 J- Sthroedep S,[')gn.al réqcesls::r)\g via F.ou?/elr—gessel Se-
is speech analysis, because speech can be modeled as a sum Ti; 1)2(2""23'5;’;’ Igital Signal Processingvol. 3, pp.
of AM and FM signals corresponding to formant frequen- e ' ) o
cies, and one of the main objectives in the analysis of speedA5] G. Arfken, Mathematical Methods for Physicistsca-
signals is estimating the formant frequencies. demic Press, Orlando, FL, 1985.

The method for decomposition of the signal as presentefi6] F.S. Gurgen and C.S. Chen, “Speech enhancement by
in this paper is advantageous over the technique based on the Fourier-Bessel coefficients of speech and noideE
filter bank approach, because here we do not need any prior  ProceedingsVol. 137, No. 5, pp. 290-294, Oct 1990.

information about the frequency-band of the signal. [17] K. Gopalan and T.R. Anderson, “A Comparison of
Speaker Identification Results Using Features Based on
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