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Abstract

We consider the problem of learning structures
and parameters of Continuous-time Bayesian Net-
works (CTBNs) from time-course data under min-
imal experimental resources. In practice, the cost
of generating experimental data poses a bottle-
neck, especially in the natural and social sciences.
A popular approach to overcome this is Bayesian
optimal experimental design (BOED). However,
BOED becomes infeasible in high-dimensional
settings, as it involves integration over all possi-
ble experimental outcomes. We propose a novel
criterion for experimental design based on a varia-
tional approximation of the expected information
gain. We show that for CTBNs, a semi-analytical
expression for this criterion can be calculated for
structure and parameter learning. By doing so, we
can replace sampling over experimental outcomes
by solving the CTBNs master-equation, for which
scalable approximations exist. This alleviates the
computational burden of integrating over possible
experimental outcomes in high-dimensions. We
employ this framework in order to recommend in-
terventional sequences. In this context, we extend
the CTBN model to conditional CTBNs in order
to incorporate interventions. We demonstrate the
performance of our criterion on synthetic and real-
world data.

Learning directed dependencies in multivariate data is a
fundamental problem in science and has application across
many disciplines such as in the natural and social sciences,
finance, and engineering (Acerbi et al., 2014; Schadt et al.,
2005). However, large amounts of data are needed in order
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to learn these dependencies. This is a problem when data
is acquired under limited resources, which is the case in
dedicated experiments, e.g. in molecular biology or psy-
chology (Steinke et al., 2007; Zechner et al., 2012; Liepe
et al., 2013; Myung & Pitt, 2015; Dehghannasiri et al., 2015;
Prangemeier et al., 2018). Active learning schemes pave a
principled way to design sequential experiments such that
the required resources are minimized.

The framework of Bayesian optimal experimental design
(BOED) (Chaloner & Verdinelli, 1987; Ryan et al., 2016)
allows for the design of active learning schemes, which
are provably (Lindley, 1956; Sebastiani & Wynn, 2000)
one-step optimal. However, BOED becomes infeasible in
high-dimensional settings, as it involves integration over
possible experimental outcomes.

While active learning schemes have been previously applied
in order to learn dependency structures (Tong & Koller,
2001; Eaton & Murphy, 2007; He & Geng, 2008; Lind-
gren et al., 2018) or parameters (Rubenstein et al., 2017)
of probabilistic graphical models from snapshot or static
data, active learning schemes for longitudinal and espe-
cially temporal data is as of yet under-explored. Dynamic
Bayesian networks offer an appealing framework to formu-
late structure learning for temporal data within the graphical
model framework (Koller & Friedman, 2010). The fact that
the time granularity of the data can often be very different
from the actual granularity of the underlying process moti-
vates the extension to continuous-time Bayesian networks
(CTBN) (Nodelman et al., 1995), where no time granularity
of the unknown process has to be assumed.

In this manuscript, we present an active learning scheme for
learning CTBNs from interventions. We make the following
contributions: (i) We derive a criterion for active learning
suited for the case when the space of possible experimental
outcomes is high-dimensional in Section 2. (ii) In Section
3, we extend CTBNs to incorporate interventions, thereby
introducing conditional CTBNs (cCTBNs). (iii) We dis-
cuss pooling of interventional data in cCTBNs in Section
4. (iv) We derive semi-analytical expressions of our design
criterion from Section 2 for parameter and structure learning
in Section 5. (v) We demonstrate the performance of our
approach on synthetic and real-world data in section 6.
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1. Background
Interventions. Consider a directed acyclic graph G “

pV, Eq with nodes V ” t1, . . . , Nu and edges E Ď V ˆ V .
The parent-set of node n is then defined as parGpnq ”
tm | pm,nq P Eu. Conversely, we define the child-set
chG
pnq ” tm | pn,mq P Eu. Consider a joint distribution

over a set of random variables over a countable domain
ppX1, . . . , XN q, characterized by a Bayesian network with
graph G, i.e.,

ppX1, . . . , XN q “

N
ź

i“1

ppXi | XparGpiqq.

Interventions as popularized in (Pearl, 2000) are denoted via
a do-operation and correspond to a change to the model. In
our example, an intervention on variable Xk, dopXk “ xkq
would change the distribution to

ppX1, . . . , XN | dopXk “ xkqq “ 1pXk “ xkqp̃pX kq,
(1)

with 1p¨q the indicator function and p̃pX kq ”
śN
i“1,i‰k ppXi | XparGpiqq, where notation  k means all

variables except Xk. It corresponds to a model where
the conditional distribution of every variable remains un-
changed, but the value of variable Xk “ xk is fixed (Pearl,
2000; Spirtes, 2010). This do-operation contrasts traditional
conditioning

ppX k | Xk “ xkq “
ppXk “ xk | XparGpkqq

ppXk “ xkq
p̃pX kq,

where conditioning on Xk “ xk also affects the parents of
node k (instead of only its children). Interventions can also
be modelled as external condition variables (Pearl, 2000)
whose effects are equivalent to do-operations. A problem
that is encountered when learning from interventions is
data-pooling (Eberhardt, 2008): Under what conditions can
observations gathered under different interventions be used
to learn about the original model. We later show that CTBNs
allow for data-pooling naturally.

Conditional Continuous-time Markov Chain. We in-
troduce a conditional Continuous-time Markov process
(cCTMC) (Nodelman et al., 1995; Norris, 1997) by a tu-
ple pS, I,W, s0q. It defines a Markov process tSptqutě0

through a transition intensity matrix W : S ˆ S ˆ I Ñ R
over a countable state space S given a countable
space of external conditions (interventions) I and ini-
tial states s0, which may also be dependent on the
external condition s0 : I Ñ S. For the sake of con-
ciseness, we will often adopt shorthand notations of
the type pt1´tps1 | s, iq ” ppSpt1q “ s1 | Sptq “ s, iq, with
s, s1 P S, i P I. Given a condition, its time evolution
can be understood as a usual continuous-time Markov

chain (CTMC) with the (infinitesimal) transition probability
phps

1 | s, iq “ 1ps “ s1q ` hW ps, s1, iq ` ophq, for some
time-step h with limhÑ0 ophq{h “ 0. We note that any in-
tensity matrix W fulfills W ps, s, iq “ ´

ř

s1‰sW ps, s
1, iq

for any condition i. In the continuous-time limit hÑ 0, the
cCTMCs marginal probabilities can be shown to follow the
Chapman–Kolmogorov-, or master-equation

d

dt
ptps | s0, iq “

ÿ

s1‰s

“

W ps1, s, iqptps
1 | s0, iq (2)

´W ps, s1, iqptps | s0, iq
‰

.

Bayesian Optimal Experimental Design. The objective
of BOED is to find the design (intervention i) that maxi-
mizes the expected information gain EIGpiq about different
models Θ (Lindley, 1956; Chaloner & Verdinelli, 1987).
In our case Θ will be rate matrices W , or their induced
graph-structures, of continuous-time Markov processes (see
also Section 3). The EIGpiq corresponds to the expected
Kullback–Leibler (KL) divergence between prior ppΘq and
posterior ppΘ | Dq after intervention i under uncertain ex-
perimental outcome (data) D. The objective of this task can
then be formulated as

i˚ “ arg max
iPI

EIGpiq, (3)

EIGpiq “ E rKL pppΘ | D, iq || ppΘqqs ,

with the expectation taken with respect to ppD | iq. Unfortu-
nately, in practice, (4) is notoriously hard to evaluate (Foster
et al., 2019) rendering it impractical for our purposes.

2. Variational Box-Hill Criterion for Active
Learning

Evaluating the EIG is intractable, due to the repeated model
posterior evaluations for all possible outcomes D. For this
reason, various approximation techniques have been em-
ployed (Lewi et al., 2009; Rainforth et al., 2018; Foster
et al., 2019). Recently, promising advances via variational
approximations of the EIG have been made (Foster et al.,
2019). In the following, we want to take a similar route,
while making use of our model assumptions. One way to
do this is to upper-bound the EIG, which can be rewritten
as EIGpiq “ E

”

ln ppD|Θ,iq
ppD|iq

ı

, with the expectation with re-
spect to ppD,Θ | iq. By lower-bounding the marginal likeli-
hood ln ppD | iq ě E rln ppD | Θ, iqs´KL rqκpΘq||ppΘqs,
the expectation subject to some, yet unspecified, variational
distribution qκpΘq over models, one arrives at an upper-
bound to the EIG, which takes the form of a weighted KL-
divergence between different possible models Θ

EIGpiq ď E
“

E
“

KL
`

ppD | Θ, iq || ppD | Θ1, iq
˘‰‰

(4)
`KL pqκpΘq || ppΘqq ” VBHCpi, κq.
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Figure 1. a) Conditional CTBN with two nodes X1 and X2 and local interventions I1 and I2. Black means for interventions In ‰ 0 and
for Xnptq “ x0

n for all t. b), c) and d) are the h-discretized (unrolled) cCTBN for different interventions. b) Unrolled cCTBN without
intervention. c) Unrolled cCTBN with perfect intervention on X2 and d) with imperfect intervention.

Here the outer expectation is w.r.t ppΘq, the inner one w.r.t
qκpΘ

1q. We will refer to this quantity as the Variational
Box-Hill Criterion (VBHC). By setting qκpΘq “ ppΘq,
which we emphasize is not the minimizer of the VBHC
(and thus not the best approximation to the EIG), one re-
covers the classical Box-Hill criterion (BHC) (Box & Hill,
1967), BHCpiq ” E rE rKL pppD | Θ, iq || ppD | Θ1, iqqss,
with expectations w.r.t ppΘq and ppΘ1q. The BHC has been
used in different contexts (Reilly, 1970; Daniel et al., 1996;
Myung & Pitt, 2015; Ng & Chick, 2004) as a criterion for
design for model discrimination experiments, as it can be
computed analytically for some models (e.g. for Gaussian
distributions). To our surprise, it hasn’t received much atten-
tion otherwise. In contrast to the BHC, the VBHC allows
for minimization, and a thereby tightening the upper-bound
w.r.t κ before selecting an intervention

i˚ “ arg max
iPI

min
κ

VBHCpi, κq. (5)

To the best of our knowledge, we are the first to apply the
BHC to the discrimination of different (continuous-time)
Markov chains. Further, we note that our derivation via
variational inference is so far missing in the literature, and
we will demonstrate later that it can improve on the classical
criterion. The VBHC can be related to a popular variational
estimator for the mutual information (MI) (Poole et al.,
2019), where, however, the marginal likelihood is directly
replaced by a variational distribution. From a computational
perspective, the (V)BHC corresponds to the following sim-
plification: While computing the EIG (or the MI), the pos-
terior computation over all models has to be performed for
each experimental outcome, the (V)BHC only requires a
single posterior computation per model. This is especially
helpful in settings where (repeated) posterior computation
becomes prohibitively expensive.

3. Model: Conditional Continuous-time
Bayesian Networks

Definition. Analogous to continuous-time Bayesian
Networks (Nodelman et al., 1995), we define Condi-
tional Continuous-time Bayesian Networks (cCTBN) as
an N -component cCTMC over factorizing state-spaces
S “ X1 ˆ ¨ ¨ ¨ ˆ XN , evolving jointly as a CTMC given
any condition i. In this work we consider local interven-
tions, thus we assume I “ I1 ˆ ¨ ¨ ¨ ˆ IN . We state
explicitly that single component states and interventions
are entries of the states and interventions of the global
cCTMC i.e. s “ px1, . . . , xN q for s P S with xn P Xn
and i “ pi1, . . . , iN q for i P I with in P In for all
n P t1, . . . , Nu. For cCTBNs the parent configuration
can be summarized via a directed, but possibly cyclic graph
structure G “ pV, Eq and in general depends on the cur-
rent intervention. We note that the graph of a cCTBN can
be unrolled on an infinitesimal time-grid (with spacing h)
to reveal the interaction graph G in time, which is again
acyclic (Cohn et al., 2010; Linzner & Koeppl, 2018). The
effect of unrolling is illustrated in figure 1 a) and b). In this
manuscript, our goal is learning the possibly cyclic graph
G.

The n’th nodes’ process tXnptqutě0 depends on its current
state xn P Xn, its condition in P In and of all its parents
Unptq “ un taking values in UGn ”

Ś

mPparGpnq Xm,
with

Ś

denoting the Cartesian product. For a cCTBN,
the global transition matrix phps

1 | s, iq then factorizes
over nodes phps1 | s, iq “

śN
n“1 phpx

1
n | xn, un, inq, into

local conditional transition probabilities. We define local
transition rates Λin : Xn ˆ Xn ˆ Un Ñ R for each
condition i P In. In the following, we write compactly
Λinpx, x

1, uq ” Λnpxn, x
1
n, un, inq. Subsequently, we can

express the local conditional transition probabilities as
phpx

1
n | xn, un, inq “ 1px “ x1q ` hΛinpx

1, x, uq ` ophq.
Lastly, we mention that an equivalent cCTMC can be
constructed by amalgamation (El-Hay et al., 2011). We
can define the global transition rate-matrix W through
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these sets W “ tG,Λu. This can be used to solve
the Chapman-Kolmogorov equation of a cCTBN by
transforming it into an equivalent cCTMC.

Properties. cCTBNs present an extension to CTBNs as,
given any condition i, a cCTBN is a CTBN. Paths of a
CTBN Sr0,T s “ tX

r0,T s
1 , . . . , X

r0,T s
N u assume values in the

space of piece-wise constant (cadlag) functions. The path-
likelihood of a cCTBN given a condition i is the likelihood
of a CTBN (Nodelman et al., 2003)

ppSr0,T s | Λ, G, i, s0q “ (6)
N
ź

n“1

ppXr0,T sn | X
r0,T s

parGpnq
,Λn, inq1pXnp0q “ x0

nq,

where we introduced the vector-valued path of the cCTMC
Sr0,T s “ tSptq | 0 ď t ď T u and its components Xr0,T sn “

tXnptq | 0 ď t ď T u for all n P t1, . . . , Nu and the (vector-
valued) initial state of the system s0 “ px

0
1, . . . , x

0
N q. The

conditional path-likelihood ppXr0,T sn | X
r0,T s

parGpnq
,Λn, inq of

an individual node n can in turn be expressed in terms of the
path-statistics (Nodelman et al., 2003), the number of tran-
sitions of node n from state x to x1 given the parents state
u denoted by Mnpx, x

1, uq and Tnpx, uq, which denotes the
amount of time node n spent in state x

ppXr0,T sn | X
r0,T s

parGpnq
,Λn, inq “ (7)

ź

x,x1‰x,u

Λinpx, x
1, uqMnpx,x

1,uqe´Tnpx,uqΛ
i
npx,x

1,uq.

In (Nodelman et al., 2003) it was shown that a marginal
likelihood for the structure of a CTBN can be calculated in
closed form under the assumption of independent gamma
priors over the rates

ppXr0,T sn | X
r0,T s

parGpnq
, inq9 (8)

ź

x,x1‰x,u

Γpᾱinpx, x
1, uqqβ̄inpx, uq

´ᾱinpx,x
1,uq,

where ᾱinpx, x
1, uq “ Mnpx, x

1, uq ` αinpx, x
1, uq and

β̄inpx, uq “ Tnpx, uq`β
i
npx, uq and αinpx, x

1, uq, βinpx, uq
being the hyper-parameters of the gamma priors.

Interventions. Without loss of generality, we denote 0 as
no intervention. This identifies the model with i “ 0 as the
un-intervened on or original model.

Perfect interventions. A perfect intervention, illustrated
in figure 1 c), corresponds to Pearls do-operation. While
it is known (Pearl, 2000), that interventions can be mod-
elled as additional variables, correspondence in the case of
cCTBNs can found directly. By setting Λinpx, x

1, uq “ 0
for the intervened node n with in ‰ 0, (7) evaluates to 1 iff
Mnpx, x

1, uq “ 0 for all x, x1 P Xn and u P UGn , and 0 oth-
erwise. Together with the indicator for the initial condition

in (6) this evaluates to an indicator 1pXr0,T sn “ x0
nq in the

path-likelihood (6). One then recovers the same relationship
as in the static model (1)

ppSr0,T s | Λ, G, i k “ 0, ik ‰ 0, s0q “

1pXr0,T sk “ x0
kqp̃pX

r0,T s
 k q,

with p̃pX
r0,T s
 k q ”

śN
n“1,n‰k ppX

r0,T s
n |

X
r0,T s

parGpnq
,Λn, inq1pXnp0q “ x0

nq and i k being the
vector-valued intervention without the k’th component.

Imperfect interventions, as studied for example in (Eaton
& Murphy, 2007), do not fix the state of the intervened
on n’th node, but only corresponds to a change to its path-
likelihood. In cCTBNs, this is reflected by Λinpx, x

1, uq
being an arbitrary function of the condition in ‰ 0. Here
the dependency of node n on its parents can but doesn’t
have to be broken. Imperfect interventions are illustrated in
figure 1 d).

4. Experimental Sequence Likelihood of a
cCTBN

We want to calculate the likelihood of a sequence of obser-
vations H ” tSr0,T s,k | 0 ď k ď Ku collected in K differ-
ent experiments under (possibly) K different interventions
Π ” tik | 0 ď k ď Ku.

Data-pooling for cCTBNs. Given an experimental se-
quence H under local interventions i, the likelihood of this
sequence can be expressed in terms of node-wise likeli-
hoods, independent on the order of the sequence,i.e.

ppH | Λ, G,Πq “
N
ź

n“1

ź

iPIn

ź

x,x1‰x,u

(9)

Λinpx, x
1, uqM̄npx,x

1,u,iq exp
“

´T̄npx, uqΛ
i
npx, x

1, uqq
‰

,

with sufficient statistics T̄npx, u, jq “
řK
k“1 1pikn “

jqT kn px, uq and M̄npx, x
1, u, jq “

řK
k“1 1pikn “

jqMk
npx, x

1, uq. This can be directly seen by considering
the joint likelihood

ppH | Λ, G,Πq “
K
ź

k“1

N
ź

n“1

ppXr0,T s,kn | X
r0,T s,k

parGpnq
,Λn, i

k
nq.

Inserting the likelihood (7) of Xr0,T s,kn | X
r0,T s,k
parpnq ,Λn, i

k
n,

the above claim follows after definition of the statistics.

The above result allows us to use samples generated un-
der interventions for the estimation of the original CTBN
with i “ 0, if each node was observed under condition
i “ 0 at least once. It reveals the penalty of performing an
experiment under a perfect intervention: The statistics of
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intervened-on node remain unchanged ´ the node is unob-
served. We give a simple example that interventional data
can be more informative than complete observations in the
presence of time-scale separation.

Example: Interventional Data can be more informative
than complete observations. Consider a minimal exam-
ple of a two node CTBN X Ñ Y with time-scale separa-
tion. For simplicity, we assume ΛXpx, x

1q “ ε Ñ 0, but
the argument translates to finite rates. Further, we assume
ΛXpx

1, xq ą 0 and Xp0q “ x. Then Xptq “ x1 can not
be observed for any finite t ě 0 and the posterior over any
rate ΛY py, y

1, x1q ą 0 remains the prior and can thus not be
learned. To see this we compute the posterior

ppΛY py, y
1, x1q | Y r0,T s, Xr0,T s “ xq “

ppY r0,T s | Xr0,T s “ x,ΛY py, y
1, x1qqppΛY py, y

1, x1qq

ppY r0,T s | Xr0,T s “ xq
,

however, by checking the likelihood (7), we find ppY r0,T s |
Xr0,T s “ x,ΛY py, y

1, x1qq “ ppY r0,T s | Xr0,T s “ xq,
because the number of transitions MY py, y

1, x1q “ 0, thus
ppΛY py, y

1, x1q | Y r0,T s, Xr0,T s “ xq “ ppΛY py, y
1, x1qq

and no information has been gained. On the other
hand, an intervention allows us to set Xr0,T s “ x1,
thus, for the observation time T being sufficiently large,
we will have MY py, y

1, x1q ą 0 almost surely and
ppY r0,T s | dopXr0,T s “ x1q,ΛY py, y

1, x1qq ‰ ppY r0,T s |
dopXr0,T s “ x1qq. Thus we have a finite information gain.

5. Active Learning of CTBNs
In the following, we will use (V)BHC for choosing se-
quences of interventions for repeated experiments. To fa-
cilitate this, we now derive semi-analytical expressions for
the (V)BHC. We restrict ourselves to perfect interventions
only. To avoid clutter, we define the set of nodes not sub-
ject to an intervention ℵ ” tn P t1, . . . , Nu | in “ 0u. In
the following, experimental outcomes are possible paths
of a cCTBN D “ Sr0,T s and Λ0 ” Λi“0 are the rates
of the original model. As for the computation of the
(V)BHC we marginalize over possible future outcomes, we
introduce the notation Ŝr0,T s for a possible outcome path
Ŝr0,T s „ ppSr0,T s | Λ, G, i, s0q and its statistics, the num-
ber of transitions M̂npx, x

1, uq and dwell times T̂npx, uq of
the n’th node for all x, x1 P Xn and u P Un.

Active Parameter Learning. The VBHC can be calcu-
lated as an expected KL-divergence between different mod-
els. In the following, we derive the criterion for optimal
rate-estimation, given the structure G. The KL-divergence
between two cCTBNs, with different rate-matrices Λ and

Λ1 under the same intervention i and same graph G read

KL
´

ppSr0,T s | Λ, G, iq || ppSr0,T s | Λ1, G, iq
¯

“

ÿ

nPℵ

ÿ

x,x1,u

tErM̂npx, x
1, uq | Λ, G, is ln

Λ0
npx, x

1, uq

Λ10n px, x
1, uq

´ ErT̂npx, uq | Λ, G, istΛ0
npx, x

1, uq ´ Λ
10
n px, x

1, uquu.

The expected path-statistics of possible outcomes M̂n and
T̂n, can be calculated analytically and are given by the
solution ptps | s0, iq of the Chapman-Kolmogorov equation
(2)

ErT̂npx, uq | Λ, G, is “ (10)
ÿ

s

1psn “ xq1psparGpnq “ uq

ż T

0

dt ptps | s0, iq,

ErM̂npx, x
1, uq | Λ, G, is “ (11)

ErT̂npx, uq | Λ, G, isΛ0
npx, x

1, uq.

While the exact solution of the master-equation is a limiting
factor for larger graphs, we note that scalable methods that
approximate it exist (Cohn et al., 2010; El-Hay et al., 2010;
Linzner & Koeppl, 2018). For a derivation of the expected
moments, see Appendix B.2, for a derivation of the KL-
divergence B.1.

Under a Gamma prior for Λ, the posterior
ppΛ | H, Gq, calculated using (9), will be a Gamma
distribution due to conjugacy ppΛ | H, Gq “
ś

n,x,x1,u Gam
`

Λnpx, x
1, uq | ᾱnpx, x

1, uq, β̄npx, uq
˘

,
with ᾱnpx, x

1, uq “ M̄npx, x
1, u, i “ 0q `

αnpx, x
1, uq the posterior transition counts and

β̄npx, uq “ T̄npx, u, i “ 0q ` βnpx, uq the
posterior waiting times. Consequently, we
choose the same parametric form for qκpΛq “
ś

n,x,x1,u Gam pΛnpx, x
1, uq | ακnpx, x

1, uq, βκnpx, uqq,
with ακnpx, x

1, uq and βκnpx, uq being variational parame-
ters. We finally arrive at the semi-analytical expression for
the VBHC in terms of the variational parameters and the
expected path-statistics

VBHCpi, κq “ KL pqκpΛq || ppΛ | H, Gqq (12)

´

ż

dΛ ppΛ | H, Gq
ÿ

nPℵ

ÿ

x,x1,u

ˆ tErM̂npx, x
1, uq | Λ, G, is

ˆ pln Λ´ ψp0qpακnpx, x
1, uqq ` lnβκnpx, uqq

´ ErT̂npx, uq | Λ, G, is

ˆ

Λ´
ακnpx, x

1, uq

βκnpx, uq

˙*

,

where ψpkq is the di-gamma function of k’th order. The
KL-divergence KL pqκpΛq || ppΛqq between two Gamma
distributions has a closed form expression, – see Appendix
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Figure 2. Results of active structure learning from synthetic data. We plotted mean (line) and variance (areas) after repeating structure
learning for 500-times for each design. We plotted a) AUROC and b) AUPR for a different number of sequential experiments. In c) we
denoted the ground truth graph, where f denotes fast and s slow nodes.

B.3. We can compute the gradients BκVBHCpi, κq
analytically, which facilitates optimization of the bound for
large systems.

Active Structure Learning. The KL-divergence be-
tween two marginal CTBNs reads

KL
´

ppSr0,T s | G, iq || ppSr0,T s | G1, iq
¯

“

ÿ

nPℵ

ÿ

x,x1

ÿ

uPUGn

ÿ

u1PUG1n

E

„

E

„

ln
Γpα̃npx, x

1, u qq

Γpα̃npx, x1, u1qq

ˇ

ˇ

ˇ

ˇ

Λ, G, i



` E

„

E

„

α̃npx, x
1, u1q ln β̃npx, u

1q

ˇ

ˇ

ˇ

ˇ

Λ, G, i



´ E

„

E

„

α̃npx, x
1, u q ln β̃npx, u q

ˇ

ˇ

ˇ

ˇ

Λ, G, i



,

with the outer expectation w.r.t ppΛ | H, Gq and the inner
one w.r.t the path-likelihood ppSr0,T s | Λ, G, i, s0q. Further
we defined short-hands α̃npx, x1, u1q ” M̂npx, x

1, u q `
αnpx, x

1, u q and β̃npx, u q ” T̂npx, uq`βnpx, uq. The pos-
terior over structures can be computed in closed form, see
(8), by marginalization ppG | Hq “

ş

dΛ ppΛ | H, GqppGq,
with any pior ppGq (we assume a uniform categorical). It
is natural to assume a categorical distribution qκpGq “
CatpκGq.Then the VBHC for structure learning reads

VBHCpi, κq “ KL pqκpGq || ppG | Hqq (13)

´ ErErKLpppSr0,T s | G, iq || ppSr0,T s | G1, iqss,

with the inner expectation w.r.t qκpGq, the outer w.r.t
ppG1 | Hq. As the moments Erln M̂n | Λ, G, is and
Erln T̂n | Λ, G, is can not be evaluated in closed form, we
approximate the KL-divergence by a first-order expansion
around the moments (10) and (11), see Appendix B.4 for
details.

Discussion. We emphasize, that the expressions (12)
and (13), enable us to perform active parameter and
structure learning in high-dimensions, as the integration
over outcomes is performed analytically. As mentioned in
section 2, the corresponding BHC is computed by setting
qκpΛq “ ppΛ | H, Gq in (12) and qκpGq “ ppG | Hq
in (13). For the (V)BHC for parameter- and structure
learning, only the integral over ppΛ | H, Gq can not be
evaluated analytically, as for each realization of Λ, the full
master-equation needs to be solved. We thus approximate
this integral by NS posterior samples. We summarized the
computational steps mentioned above in algorithmic format
in Appendix A.

To highlight the computational benefit of the (V)BHC, we
compare inference complexity in the number of nodes N
and the cardinality of local state spaces |X |. For the EIG,
one needs to integrate the posterior over parameters for
all possible paths the network can take. The complexity
here is two-fold: (i) The number of possible paths scales as
|X |N and (ii) the complexity of a posterior-update, which
is dominated by computing conditional summary statistics
for transitions is N |X |N . Thus, in total the complexity of
calculating the EIG is given by the productN |X |2N . For the
(V)BHC calculation of the conditional summary statistics
is only performed once. Thus, we have a sum instead of a
product N |X |N ` |X |N .

6. Experiments
We evaluate the performance of interventions selected by dif-
ferent designs for sequential experiments. In all considered
scenarios, interventions are tuples of node and state pairs,
i “ ppm,xmq, pj, xjq, . . . q with m, j P t1, . . . , Nu and
xm P Xm, xj P Xj , which corresponds to a do-operation
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s
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<latexit sha1_base64="6mRLuDsNi0ndSicpZJ85iTFRiCw=">AAACP3icZVC7TsMwFLV5lvIqMLIgunSoooSHgAGpgoURJApITVTZzk1rYTuR7QCV1S9ghQ/iM/gCNsTKRgJlCNzFRz7n3Ht0aCa4sb7/iqemZ2bn5msL9cWl5ZXVxtr6lUlzzaDLUpHqG0oMCK6ga7kVcJNpIJIKuKa3pyV/fQfa8FRd2lEGkSQDxRPOiC2+Lky/0fQ9/3u2/oNgAppoMuf9NdwK45TlEpRlghjjiLacCRjXw9xARtgtGUAP1KBIP4wcJRRElcttchg5rrLcgmIVzhmijCR2mKTKmqrNMCIgPva9o/3IDUHcgS0EGhTcs1RKomIXahlDQnJhxy40yS+urLkMIldu/3u6V54t8hZNxhYeqi5HpPmO1C5AKSxfM5K0bawkeqTjqpxSOa4X3QZ/m/wPrna8YNfbudhrdk4mLdfQJtpGLRSgA9RBZ+gcdRFDgB7RE3rGL/gNv+OPH+kUnng2UGXw5xdJfbKC</latexit>

s
<latexit sha1_base64="6mRLuDsNi0ndSicpZJ85iTFRiCw=">AAACP3icZVC7TsMwFLV5lvIqMLIgunSoooSHgAGpgoURJApITVTZzk1rYTuR7QCV1S9ghQ/iM/gCNsTKRgJlCNzFRz7n3Ht0aCa4sb7/iqemZ2bn5msL9cWl5ZXVxtr6lUlzzaDLUpHqG0oMCK6ga7kVcJNpIJIKuKa3pyV/fQfa8FRd2lEGkSQDxRPOiC2+Lky/0fQ9/3u2/oNgAppoMuf9NdwK45TlEpRlghjjiLacCRjXw9xARtgtGUAP1KBIP4wcJRRElcttchg5rrLcgmIVzhmijCR2mKTKmqrNMCIgPva9o/3IDUHcgS0EGhTcs1RKomIXahlDQnJhxy40yS+urLkMIldu/3u6V54t8hZNxhYeqi5HpPmO1C5AKSxfM5K0bawkeqTjqpxSOa4X3QZ/m/wPrna8YNfbudhrdk4mLdfQJtpGLRSgA9RBZ+gcdRFDgB7RE3rGL/gNv+OPH+kUnng2UGXw5xdJfbKC</latexit>

s
<latexit sha1_base64="6mRLuDsNi0ndSicpZJ85iTFRiCw=">AAACP3icZVC7TsMwFLV5lvIqMLIgunSoooSHgAGpgoURJApITVTZzk1rYTuR7QCV1S9ghQ/iM/gCNsTKRgJlCNzFRz7n3Ht0aCa4sb7/iqemZ2bn5msL9cWl5ZXVxtr6lUlzzaDLUpHqG0oMCK6ga7kVcJNpIJIKuKa3pyV/fQfa8FRd2lEGkSQDxRPOiC2+Lky/0fQ9/3u2/oNgAppoMuf9NdwK45TlEpRlghjjiLacCRjXw9xARtgtGUAP1KBIP4wcJRRElcttchg5rrLcgmIVzhmijCR2mKTKmqrNMCIgPva9o/3IDUHcgS0EGhTcs1RKomIXahlDQnJhxy40yS+urLkMIldu/3u6V54t8hZNxhYeqi5HpPmO1C5AKSxfM5K0bawkeqTjqpxSOa4X3QZ/m/wPrna8YNfbudhrdk4mLdfQJtpGLRSgA9RBZ+gcdRFDgB7RE3rGL/gNv+OPH+kUnng2UGXw5xdJfbKC</latexit>

f
<latexit sha1_base64="X7LuSAwahZD72Z/OlJ96B/uD4xM=">AAACP3icZVC7TsMwFLV5lvJqYWRBdGFAVVJAwIBUwcIIUksr0QjZzk1rYTuR7RQqq1/ACh/EZ/AFbIiVjaSUIfQuPvI5596jQxPBjfW8dzw3v7C4tFxaKa+urW9sVqpbtyZONYM2i0Wsu5QYEFxB23IroJtoIJIK6NCHy5zvDEEbHquWHSUQSNJXPOKM2OzrJrqv1Ly6N5ndWeBPQQ1N5/q+ivd7YcxSCcoyQYxxRFvOBIzLvdRAQtgD6cMdqH6WfhA4SiiIIpfa6DRwXCWpBcUKnDNEGUnsIIqVNUWbYURAeO7Vz44DNwAxBJsJNCh4ZLGURIWup2UIEUmFHbueif5wYU3LD1y+/f/pu/xsljdrMrTwVHQ5Is0k0kEGcmH+mpGkB8ZKokc6LMopleNy1q3/v8lZcNuo+4f1xs1RrXkxbbmEdtAe2kc+OkFNdIWuURsxBOgZvaBX/IY/8Cf++pXO4alnGxUGf/8AMV6ydQ==</latexit>

s
<latexit sha1_base64="6mRLuDsNi0ndSicpZJ85iTFRiCw=">AAACP3icZVC7TsMwFLV5lvIqMLIgunSoooSHgAGpgoURJApITVTZzk1rYTuR7QCV1S9ghQ/iM/gCNsTKRgJlCNzFRz7n3Ht0aCa4sb7/iqemZ2bn5msL9cWl5ZXVxtr6lUlzzaDLUpHqG0oMCK6ga7kVcJNpIJIKuKa3pyV/fQfa8FRd2lEGkSQDxRPOiC2+Lky/0fQ9/3u2/oNgAppoMuf9NdwK45TlEpRlghjjiLacCRjXw9xARtgtGUAP1KBIP4wcJRRElcttchg5rrLcgmIVzhmijCR2mKTKmqrNMCIgPva9o/3IDUHcgS0EGhTcs1RKomIXahlDQnJhxy40yS+urLkMIldu/3u6V54t8hZNxhYeqi5HpPmO1C5AKSxfM5K0bawkeqTjqpxSOa4X3QZ/m/wPrna8YNfbudhrdk4mLdfQJtpGLRSgA9RBZ+gcdRFDgB7RE3rGL/gNv+OPH+kUnng2UGXw5xdJfbKC</latexit>

s
<latexit sha1_base64="6mRLuDsNi0ndSicpZJ85iTFRiCw=">AAACP3icZVC7TsMwFLV5lvIqMLIgunSoooSHgAGpgoURJApITVTZzk1rYTuR7QCV1S9ghQ/iM/gCNsTKRgJlCNzFRz7n3Ht0aCa4sb7/iqemZ2bn5msL9cWl5ZXVxtr6lUlzzaDLUpHqG0oMCK6ga7kVcJNpIJIKuKa3pyV/fQfa8FRd2lEGkSQDxRPOiC2+Lky/0fQ9/3u2/oNgAppoMuf9NdwK45TlEpRlghjjiLacCRjXw9xARtgtGUAP1KBIP4wcJRRElcttchg5rrLcgmIVzhmijCR2mKTKmqrNMCIgPva9o/3IDUHcgS0EGhTcs1RKomIXahlDQnJhxy40yS+urLkMIldu/3u6V54t8hZNxhYeqi5HpPmO1C5AKSxfM5K0bawkeqTjqpxSOa4X3QZ/m/wPrna8YNfbudhrdk4mLdfQJtpGLRSgA9RBZ+gcdRFDgB7RE3rGL/gNv+OPH+kUnng2UGXw5xdJfbKC</latexit>

s
<latexit sha1_base64="6mRLuDsNi0ndSicpZJ85iTFRiCw=">AAACP3icZVC7TsMwFLV5lvIqMLIgunSoooSHgAGpgoURJApITVTZzk1rYTuR7QCV1S9ghQ/iM/gCNsTKRgJlCNzFRz7n3Ht0aCa4sb7/iqemZ2bn5msL9cWl5ZXVxtr6lUlzzaDLUpHqG0oMCK6ga7kVcJNpIJIKuKa3pyV/fQfa8FRd2lEGkSQDxRPOiC2+Lky/0fQ9/3u2/oNgAppoMuf9NdwK45TlEpRlghjjiLacCRjXw9xARtgtGUAP1KBIP4wcJRRElcttchg5rrLcgmIVzhmijCR2mKTKmqrNMCIgPva9o/3IDUHcgS0EGhTcs1RKomIXahlDQnJhxy40yS+urLkMIldu/3u6V54t8hZNxhYeqi5HpPmO1C5AKSxfM5K0bawkeqTjqpxSOa4X3QZ/m/wPrna8YNfbudhrdk4mLdfQJtpGLRSgA9RBZ+gcdRFDgB7RE3rGL/gNv+OPH+kUnng2UGXw5xdJfbKC</latexit>

VBHC
<latexit sha1_base64="i0hUhCj2PGvUb97/35blPdXeqdw="></latexit>

EIG
<latexit sha1_base64="cl5d3weWzUphuRMAk4KRkYnKbr0="></latexit>

II
<latexit sha1_base64="6emfKkjHXvmut/yE9LcwqxCmi28=">AAACSXicZVC7TsMwFHXKq5RXCyMLokuHKkp4CBiQKlhgA6mFSk1U2c5NG2E7ke0UKqufwQofxBfwGWyIiQTCkHIXH917zr3HhyQsUtpx3q3KwuLS8kp1tba2vrG5VW9s36k4lRR6NGax7BOsgEUCejrSDPqJBMwJg3vycJnP7ycgVRSLrp4m4HM8ElEYUayz1sDjWI8lN9fXs2G96djOT+39B24Bmqiom2HDanlBTFMOQlOGlTJY6ogymNW8VEGC6QMewQDEKPvH2DcEE2DlWarDU99EIkk1CFqaGYWFyt2FsdCqLFMUMwjOHfvs2DdjYBPQGUGCgEcac45FYDzJAwhxyvTMeCr8w6U1Xdc3+fb504P8bOY3yzTQ8FRWGczVj6V2BnJi/qopJ22lOZZTGZTphPBZLcvWnU/yP7g7sN1D++D2qNm5KFKuol20j1rIRSeog67QDeohimL0jF7Qq/VmfVif1tcvtWIVmh1UqsrCNziNteM=</latexit>

I
<latexit sha1_base64="RFrqrsW+3hwXToyXqRashKuVdjs=">AAACSHicZVC7TsMwFHXCuzwLIwuiS4eqSgoIGJAqWGADiT5EEyHbuWmj2k5kO0Bl5S9Y4YP4A/6CDbGRQBlC7+Kje8+59/iQhEVKO867Zc/NLywuLa9UVtfWNza3qttdFaeSQofGLJZ9ghWwSEBHR5pBP5GAOWHQI+OLYt57AKmiWNzqSQI+x0MRhRHFOm/deRzrkeTmKrvfqjlN56f2ZoE7BTU0rev7qlX3gpimHISmDCtlsNQRZZBVvFRBgukYD2EAYph/Y+Qbggmw8izV4YlvIpGkGgQtzYzCQhXmwlhoVZYpihkEZ07z9Mg3I2APoHOCBAGPNOYci8B4kgcQ4pTpzHgq/MOlNbeub4rt/08PirO53zzSQMNTWWUwVz+WGjkoiMWrJpw0lOZYTmRQphPCs0qerfs/yVnQbTXdg2br5rDWPp+mvIx20T6qIxcdoza6RNeogygS6Bm9oFfrzfqwPq2vX6ptTTU7qFS2/Q2HzLWQ</latexit>

BHC
<latexit sha1_base64="5h2aq0CA72qtPgpGpVg1P4bYfSw=">AAACSnicZVC7TsMwFHXKu7wKjCyILh1QlPAQMCAhWDoWibZITYRs56a1sJ3IdoDKym+wwgfxA/wGG2IhgTAE7uKje8+59/iQlDNtPO/NaczMzs0vLC41l1dW19ZbG5sDnWSKQp8mPFE3BGvgTELfMMPhJlWABeEwJHeX5Xx4D0qzRF6baQqhwGPJYkaxKVpBILCZKGEvupf5bavtud537fwHfgXaqKre7YbTCaKEZgKkoRxrbbEyjHLIm0GmIcX0Do9hBHJcfGQSWoIJ8PosM/FJaJlMMwOS1mZWY6lLe3Eija7LNMUcojPPPT0K7QT4PZiCoEDCA02EwDKygRIRxDjjJreBjn9xbc21H9py+9/To/Js4bcINTLwWFdZLPS3pb0ClMTy1VNB9rQRWE1VVKcTIvJmka3/N8n/YLDv+gfu/tVh+/yiSnkRbaNd1EE+OkbnqIt6qI8oStETekYvzqvz7nw4nz/UhlNptlCtGrNfz3O2KA==</latexit>

BHC
<latexit sha1_base64="5h2aq0CA72qtPgpGpVg1P4bYfSw=">AAACSnicZVC7TsMwFHXKu7wKjCyILh1QlPAQMCAhWDoWibZITYRs56a1sJ3IdoDKym+wwgfxA/wGG2IhgTAE7uKje8+59/iQlDNtPO/NaczMzs0vLC41l1dW19ZbG5sDnWSKQp8mPFE3BGvgTELfMMPhJlWABeEwJHeX5Xx4D0qzRF6baQqhwGPJYkaxKVpBILCZKGEvupf5bavtud537fwHfgXaqKre7YbTCaKEZgKkoRxrbbEyjHLIm0GmIcX0Do9hBHJcfGQSWoIJ8PosM/FJaJlMMwOS1mZWY6lLe3Eija7LNMUcojPPPT0K7QT4PZiCoEDCA02EwDKygRIRxDjjJreBjn9xbc21H9py+9/To/Js4bcINTLwWFdZLPS3pb0ClMTy1VNB9rQRWE1VVKcTIvJmka3/N8n/YLDv+gfu/tVh+/yiSnkRbaNd1EE+OkbnqIt6qI8oStETekYvzqvz7nw4nz/UhlNptlCtGrNfz3O2KA==</latexit>

b)
<latexit sha1_base64="neQhbUZt15IwcFLjzcg/lsP684g=">AAACQHicZVC7TsMwFHV4lvJqYWRBdAGpqhIeAgakChbGgvqSaFTZzk0b1XYi2ylUVv+AFT6Iv+AP2BArE0kJQ+hdfORzzr1Hh0QsUNq2362FxaXlldXCWnF9Y3Nru1TeaaswlhRaNGSh7BKsgAUCWjrQDLqRBMwJgw4Z3aR8ZwxSBaFo6kkELscDEfgBxTr5uidH/VLFrtmz2Z8HTgYqKJtGv2wd9ryQxhyEpgwrZbDUAWUwLfZiBRGmIzyABxCDJP7QNQQTYHku1v6FawIRxRoEzXFGYaE41kM/FFrlbYpiBt6VXbs8c80Q2Bh0IpAg4JGGnGPhmZ7kHvg4Znpqesr/w7k1Tcc16fb/px/Ss0nepEpPw1PeZTBXs0jVBKTC9FUTTqpKcywn0svLCeHTYtKt87/JedA+rjknteO700r9Omu5gPbQATpEDjpHdXSLGqiFKPLRM3pBr9ab9WF9Wl+/0gUr8+yi3FjfP5uisqQ=</latexit>
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a)
<latexit sha1_base64="DqpMtLCZCs9EbD5cQAKaVsPN5dw=">AAACQHicZVC7TsMwFHV4lvIsjCyILiChKuEhYEBCsDACamklGqFr56aNajuR7QCV1T9ghQ/iL/gDNsTKRFLCELiLj3zOuffo0IRH2rjumzMxOTU9M1uZq84vLC4tr9RWb3ScKoYtFvNYdSho5JHElokMx06iEATl2KaD85xv36PSUSybZpigL6AnozBiYLKva9i+W6m7DXc8G/+BV4A6KebyruZsdYOYpQKlYRy0tqBMxDiOqt1UYwJsAD28RdnL4vd9S4EiL3OpCY98G8kkNShZibMapBZg+mEsjS7bNAOOwYnbOD7wbR/5PZpMoFDiA4uFABnYrhIBhpByM7JdHf7i0pqm59t8+9/Tt/nZLG9WZWDwseyyIPQ40k4GcmH+6qGgO9oIUEMVlOWUilE169b72+R/cLPb8PYau1f79dOzouUKWSebZIt45JCckgtySVqEkZA8kWfy4rw6786H8/kjnXAKzxopjfP1DZnGsqM=</latexit>

I
<latexit sha1_base64="RFrqrsW+3hwXToyXqRashKuVdjs=">AAACSHicZVC7TsMwFHXCuzwLIwuiS4eqSgoIGJAqWGADiT5EEyHbuWmj2k5kO0Bl5S9Y4YP4A/6CDbGRQBlC7+Kje8+59/iQhEVKO867Zc/NLywuLa9UVtfWNza3qttdFaeSQofGLJZ9ghWwSEBHR5pBP5GAOWHQI+OLYt57AKmiWNzqSQI+x0MRhRHFOm/deRzrkeTmKrvfqjlN56f2ZoE7BTU0rev7qlX3gpimHISmDCtlsNQRZZBVvFRBgukYD2EAYph/Y+Qbggmw8izV4YlvIpGkGgQtzYzCQhXmwlhoVZYpihkEZ07z9Mg3I2APoHOCBAGPNOYci8B4kgcQ4pTpzHgq/MOlNbeub4rt/08PirO53zzSQMNTWWUwVz+WGjkoiMWrJpw0lOZYTmRQphPCs0qerfs/yVnQbTXdg2br5rDWPp+mvIx20T6qIxcdoza6RNeogygS6Bm9oFfrzfqwPq2vX6ptTTU7qFS2/Q2HzLWQ</latexit>

II
<latexit sha1_base64="6emfKkjHXvmut/yE9LcwqxCmi28=">AAACSXicZVC7TsMwFHXKq5RXCyMLokuHKkp4CBiQKlhgA6mFSk1U2c5NG2E7ke0UKqufwQofxBfwGWyIiQTCkHIXH917zr3HhyQsUtpx3q3KwuLS8kp1tba2vrG5VW9s36k4lRR6NGax7BOsgEUCejrSDPqJBMwJg3vycJnP7ycgVRSLrp4m4HM8ElEYUayz1sDjWI8lN9fXs2G96djOT+39B24Bmqiom2HDanlBTFMOQlOGlTJY6ogymNW8VEGC6QMewQDEKPvH2DcEE2DlWarDU99EIkk1CFqaGYWFyt2FsdCqLFMUMwjOHfvs2DdjYBPQGUGCgEcac45FYDzJAwhxyvTMeCr8w6U1Xdc3+fb504P8bOY3yzTQ8FRWGczVj6V2BnJi/qopJ22lOZZTGZTphPBZLcvWnU/yP7g7sN1D++D2qNm5KFKuol20j1rIRSeog67QDeohimL0jF7Qq/VmfVif1tcvtWIVmh1UqsrCNziNteM=</latexit>

a)
<latexit sha1_base64="jIS6Der3FbkBFbR4m4SYgbuK/FE="></latexit>

b)
<latexit sha1_base64="6sSqy1KX4Fi510NryYaT0LkZx7g="></latexit>

Figure 3. a) Results of active parameter learning in from synthetic data. We plotted mean (line) and 25-75% confidence intervals of the
mean-squared error of the estimated rates for various experimental designs after repeating parameter learning for 500 times. In b) we
denote the graph, where f denotes fast and s slow nodes. Color-scales denote the marginal probability of intervening on this node in the
k’th experiment for regions I and II, see a).

of setting the m’th node into state xm and the j’th node
into state xj . In the following, we search the optimal inter-
vention in the set of all possible interventions of this type.
In order to select the optimal invervention, we compare
the EIG (4) and the (V)BHC (5) given (13) for structure
and (12) for parameter learning, and also compare to ran-
dom or no interventions (passive). Neither the EIG, nor the
(V)BHC can be computed completely in analytical form.
We employ a (nested) monte-carlo scheme for the compu-
tation of the EIG, see Appendix A. For the computation
of the (V)BHC, we approximate the integration over rates
via posterior sampling. We discuss using sample estimates
of design criteria in Appendix C.1. For the problem sizes
considered, the (exact) solution of the master-equation has
a negligible contribution to the run-times, compared to the
repeated posterior computations. Thus, we throughout com-
pare EIG and (V)BHC given the same number of posterior
samples NS . Minimization of the VBHC is feasible using
standard Matlab optimizers as gradients BκVBHCpi, κq are
computed analytically.

6.1. Synthetic Data

For synthetic experiments, we learn structures and param-
eters from randomly generated CTBNs with L “ 4 nodes
with binary state-spaces. As the amount of data needed to
identify structures and parameters varies strongly with the
underlying ground truth, we display results for fixed ground
truths. We generate problems, which contain features that
can be identified and exploited by an active learning scheme.
As shown in this manuscript, one way to do this is by in-
ducing time-scale separation. For structure and parameter
learning, we thus create problems containing fast and slow
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<latexit sha1_base64="Ap310pRV7igu/zBYkekDcQShhTk="></latexit>

children
<latexit sha1_base64="uvOXG/7RQLMArbJ1vxzoB0hSavI="></latexit>

married
<latexit sha1_base64="TBXrDkLNcFFKQ6ptbIxBXegoIMo=">AAACTHicZVA9T8MwEHUKlFI+CyMLoksHVCUFBAxIFSyMRWoBqQnIdi6tVduJbAeorP4PVvhB7PwPNoREUsoQ+hY/3b27e34k4Uwb1/1wSguLS+Xlykp1dW19Y3Ortn2j41RR6NGYx+qOYA2cSegZZjjcJQqwIBxuyegy798+gtIsll0zTiAQeCBZxCg2WeneN/BsrMBKMQgnD1t1t+lOsTdPvBmpoxk6DzWn4YcxTQVIQznW2mJlGOUwqfqphgTTER5AH+Qg+8owsAQT4MVeaqLTwDKZpAYkLfSsxlILbIZRLI0ujmmKOYTnbvPsOLBD4I9gMoECCU80FgLL0PpKhBDhlJuJ9XX0xwtrul5g8+3/T/fzs5nfLNYwj6joCws9tXSQkVyYv3osyIE2WZRjFRblhIhJNcvW+5/kPLlpNb3DZuv6qN6+mKVcQbtoHzWQh05QG12hDuohihR6Qa/ozXl3Pp0v5/tXWnJmMzuogFL5B5uXt48=</latexit>

b)
<latexit sha1_base64="6sSqy1KX4Fi510NryYaT0LkZx7g="></latexit>

a)
<latexit sha1_base64="jIS6Der3FbkBFbR4m4SYgbuK/FE="></latexit>

Figure 4. a) Mean and variance (area) of the evolution of the pos-
terior entropy in BHPS data-set for 100 repetitions. b) Sketch of
the underlying network, where "disabled" is a root node.

nodes. In both cases, we exhaustively search in the space
of all possible interventions, including targeting multiple
nodes or performing no interventions. For each trajectory,
an initial state s0 is drawn at random, which is accessible
to the design (although a distribution of initial states could
also be learned). We set NS “ 10 and the length of each
trajectory fixed to be τ “ 3 a.u..

Active Structure Learning. We generate ground truth rates
by sampling rate-parameters from independent Gamma-
distributions Λ˚ „ GampΛ | αf{s, βf{sq with two differ-
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ent types hyper-parameters f and s, referring to fast and
slow nodes, respectively. We used αf “ 5, αs “ 1{5
and βf “ βf “ 1. We then perform structure learning
via exhaustive scoring as in (Nodelman et al., 2003). As
a metric for structure learning, we employ the area under
the Receiver-Operator-Characteristic curve (AUROC) and
Precision-Recall curve (AUPR), which are frequently used
to quantify the performance of (structure) classifiers. For
an unbiased classifier, both metrics should approach one in
the limit of infinite data. In figure 2 a) and b), respectively,
we show the results for structure learning. As AUROC and
AUPR can only be calculated w.r.t a ground truth, they can
not be made an objective for a design.

Active Parameter Learning. For parameter learning, we
fix the ground truth structure and the ground truth rates
across experiments. Following CTBN literature (Cohn
et al., 2010; El-Hay et al., 2011), we chose the ground
truth rates Λ˚ as scaled softmax functions Λ˚npx, x

1, uq “
rf{ssoftmaxpγ

ř

yPu 1px “ yqq for the n’th node, with
γ “ 3 and rs “ 1{5 and rf “ 5 for slow and fast nodes, re-
spectively. We quantify the performance of parameter learn-
ing by the posterior averaged mean-squared-error (MSE),
defined by MSEpΛq “ ErpΛ´ Λ˚q

2
s, with the expectation

subject to the current rate-posterior ppΛ | H, Gq. The re-
sults of this experiment are shown in figure 3 a). Similar to
the case of structure learning, the ground truth rate-matrix
is unavailable during the experiment, and the MSE can thus
not be used as a design objective. We also investigate the
qualitative behavior of the designs in figure 3 b), where we
provide the marginal probability of intervening on a node
in the k’th step of the experiment. For the (V)BHC it can
be seen, that recommended interventions follow the intu-
ition of exploiting time-scale separation, as interventions
targeting slow nodes pointing on the fast node have higher
probability.

6.2. Real-World Data

British Household Data-set. We apply our method to the
British Household Panel Survey (BHPS) (on Micro-social
Change, 2003). This data-set has been collected yearly from
1991 to 2002, thus consisting of 11 time-points. Each of the
1535 participants was questioned about several facts (vari-
ables) of their life. We choose 3 variables "marital status",
"has children under 12" and "is registered disabled" of those
facts. We had no means of intervening on this data-set di-
rectly, but can use it as a proof of concept in order to verify
our method on real world data. For this, we identified "is
registered disabled" as a root node, meaning there is no edge
from "marital status" or "has children under 12" to this node.
We confirmed this by performing network inference on the
full data-set, see inlet 4 b). We then selected for a subset
where the variable "is registered disabled" remains in one
state during the complete trajectory. We interpreted these

cases as interventions, which is valid as conditioning on a
root node is the same as intervening on a root node. We then
simulated an experiment, where one either draws a data-
point from the full-set or from the subset of interventions on
"is registered disabled". We performed this experiment for
passive, random, VBHC designs and negative VBHC design
(always pick the worst possible intervention) for structure
learning with NS “ 40 posterior samples as recommenders
for interventions. For details on the processing of this (in-
complete) data-set, we refer to the Appendix C.2. As for the
real-world data-set no ground truth structure is available, we
track the evolution of the posterior entropy over structures
for 100 independent runs, see figure 4 a). In Appendix C.3,
we show that for all designs the inferred network converge
against the one inferred using the full data-set (using AU-
ROC and AUPR as metrics). We note that the effect of
active learning can be expected to be small in this synthetic
scenario, as we were only able to intervene on a single node.

7. Conclusion
We presented a novel variational criterion for active learning,
that alleviates the curse of dimensionality when integrating
over all possible experimental outcomes. We presented
cCTBNs, a framework to study the effect of interventions
on CTBNs. We have shown that our novel criterion can be
calculated semi-analytically for cCTBNs and can be used
to recommend interventions that speed-up structure and
parameter learning on synthetic and real-world data. In
this manuscript, we performed exact inference and exhaus-
tive search, limiting us to small graphs. However, many
principled approximation techniques for inference (Cohn
et al., 2010; El-Hay et al., 2010; 2011; Rao & Teh, 2012),
and structure learning (Nodelman et al., 2005; Linzner et al.,
2019) are available that allow learning of large scale CTBNs
and are compatible with our framework.
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Supplement: Active Learning of Continuous-time Bayesian Networks through
Interventions

A. Algorithms

Algorithm 1 Computation of VBHC for Parameter Learning
Input: Proposed intervention i, current initial state s0, desired number of posterior-samples NS , current belief over
parameters ppΛ | H, Gq, initial variational parameters ακ,0, βκ,0. As initial values for the optimization, we set the
initial values for the optimization to the posterior counts ακ,0 “ ᾱ, βκ,0 “ β̄, see main-text.
for nS = 1 : NS do

Draw Λ̂nS „ ppΛ | H, Gq.
Perform intervention by setting Λ̂nS ,n “ 0 and initial state x0

n for all n R ℵ.
Calculate W from Λ̂nS and G by amalgamation.
Solve the master-equation main-text (3) subject to W and s0 and recover ErM̂ps, s1qs and ErT̂ psqs using appendix
(19) and (18) respectively.
for n = 1 : N do

Compute expected statistics ErM̂n | Λ̂nS , G, is and ErT̂n | Λ̂nS , G, is from ErM̂ps, s1qs and ErT̂ psqs, see appendix
(16) and (17).

end for
end for
Calculate VBHCpi, κq via main-text (12) and gradients appendix (20) and (21) with weighted posterior samples
replacing

ş

dppΛ | H, Gq with
řNS
nS“1 ppΛ̂nS | H, Gq.

Minimize w.r.t κ.
Output: minκ VBHCpi, κq.

Algorithm 2 Computation of VBHC for Structure Learning
1: Input: Proposed intervention i, current initial state s0, desired number of posterior-samples NS , current belief over

parameters ppΛ | H, Gq and structures ppG | Hq, initial variational parameters κ.
2: for n = 1 : N do
3: for nS = 1 : NS do
4: for parpnq in power-set of V do
5: Draw ĜnS „ ppG | H,parpnqq.
6: Draw Λ̂nS „ ppΛ | H, ĜnS q.
7: Perform intervention by setting Λ̂nS ,n “ 0 and initial state x0

n for all n R ℵ.
8: Calculate W from Λ̂s and ĜnS by amalgamation.
9: Solve the master-equation main-text (3) subject to W and recover ErM̂ps, s1qs and ErT̂ psqs.

10: Compute expected statistics ErM̂n | Λ̂nS , ĜnS , is and ErT̂n | Λ̂nS , ĜnS , is from ErM̂ps, s1qs and ErT̂ psqs, see
appendix (16) and (17).

11: end for
12: end for
13: end for
14: Calculate VBHCpi, κq using appendix (26) and gradients appendix (27) with weighted posterior samples replacing

ř

G|parpnq

ř

G1|par1pnq ppG | HqqpG1q
ş

dppΛ | Gq with
ř

nS ,n1S
ppĜnS | HqqpĜn1S qppΛ̂nS | ĜnS q.

15: Minimize w.r.t κ.
16: Output: minκ VBHCpi, κq.
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Algorithm 3 Computation of the EIG for Parameter Learning
1: Input: Proposed intervention i, current initial state s0, desired number of posterior-samplesNS , number of path samples
NP , current belief over parameters ppΛ | H, Gq.

2: Set EIG “ 0.
3: for nS = 1 : NS do
4: Draw parameter Λ̂nS „ ppΛ | H, Gq
5: Perform intervention by setting Λ̂nS ,n “ 0 and initial state x0

n for all n R ℵ.
6: for np = 1 : NP do
7: Draw path Ŝr0,T s „ ppSr0,T s | Λ̂nS , G, i, s0q.
8: Set EIG “ EIG` 1

NPNS

´

ln ppΛ̂nS | Ŝ
r0,T s,Hq ´ ln ppΛ̂nS | Hq

¯

.
9: end for

10: end for
11: Output: Estimate EIG.

Algorithm 4 Computation of the EIG for Structure Learning
1: Input: Proposed intervention i, current initial state s0, number of path samples NS , current belief over parameters
ppΛ | H, Gq and structures ppG | Hq.

2: Set EIG “ 0.
3: for n = 1 : N do
4: for parpnq in power-set of V do
5: for ns = 1 : NS do
6: Draw ĜnS „ ppG | H,parpnqq.
7: Draw parameter Λ̂nS „ ppΛ | H, ĜnS q.
8: Perform intervention by setting Λ̂nS ,n “ 0 and initial state x0

n for all n R ℵ.
9: Draw path Ŝr0,T s „ ppSr0,T s | Λ̂nS , ĜnS , i, s0q.

10: Set EIG “ EIG` 1
NS

´

ln ppparpnq | H, Ŝr0,T sq ´ ln ppparpnq | Hq
¯

,
see appendix (25).

11: end for
12: end for
13: end for
14: Output: Estimate EIG.
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B. Derivations
All derivations are done for a fixed set of conditions i and respective initial states s0. We will omit those in the following
derivations for readability.

B.1. Kullback–Leibler divergence between two CTBNs

Evaluation of our design criteria (V)BHC, requires the calculation of the KL-divergence between two cCTBNs.

The likelihood of observing a CTBN path D “ Sr0,T s is (expressed in terms of its sufficient statistics)

ppSr0,T s | Λ, Gq “
ź

n

ź

x,x1,u

Λnpx, x
1, uqMnpx,x

1,uq exp
 

´Λnpx, x
1, uqTnpx, uq

(

. (14)

The KL between two measures is defined via the integration over all paths

KL
´

ppSr0,T s | Λ, Gq || ppSr0,T s | Λ1, Gq
¯

“

ż

dppSr0,T s | Λ, Gq ln
ppSr0,T s | Λ, Gq

ppSr0,T s | Λ1, Gq
.

Inserting (14) yields

KL
´

ppSr0,T s | Λ, Gq || ppSr0,T s | Λ1, Gq
¯

“
ÿ

n,x,x1‰x,u

(15)

 

Λ1npx, x
1, uq ´ Λnpx, x

1, uq
(

E
”

T̂npx, uq | Λ, G
ı

´ ln
Λnpx, x

1, uq

Λ1npx, x
1, uq

E
”

M̂npx, x
1, uq | Λ, G

ı

,

with the expectations being taken with respect to the process ppSr0,T s | Λ, Gq. The expected moments can not be calculated
from the parametric form of ppSr0,T s | Λ, Gq directly. Instead, we will construct an ODE for the moments of the CTMC
recovered after amalgamation, and recover its expectation as solutions. The moments of the CTBN can then be calculated as
projections of the CTMC moments, the dwelling times per state T psq and the number of transitions Mps, s1q

M̂npx, x
1, uq “

ÿ

s,s1

Mps, s1q1ps1n “ x1q1psn “ xq1psparpnq “ uq, (16)

T̂npx, uq “
ÿ

s

T psq1psn “ xq1psparpnq “ uq. (17)

B.2. Moment ODEs of a CTMC

Expected Dwelling-times. The expected dwelling-times E rT psqs in a state s P S of a CTMC are calculated as solution of
an ODE. For this, we need to consider the evolution of the stochastic process T ps, tq, the dwelling times in state s P S up to
time t. For this process we can denote transition probabilities, by considering the dynamics of the CTMC

ppT ps, t` hq “ τ ` h | T ps, tq “ τq “ ppSpt` hq “ s, Sptq “ sq,

ppT ps, t` hq “ τ | T ps, tq “ τq “ 1´ ppSpt` hq “ s, Sptq “ sq.

Thus T ps, tq evolves according to

ppT ps, t` hq “ τq “ ppSpt` hq “ s, Sptq “ sqppT ps, tq “ τ ´ hq

` r1´ ppSpt` hq “ s, Sptq “ sqs ppT ps, tq “ τq.

For small h, we can expand ppT ps, tq “ τ ´ hq “ ppT ps, tq “ τq ´ hBτppT ps, tq “ τq ` ophq, and we arrive at

ppT ps, t` hq “ τq ´ ppT ps, tq “ τq

h
“ ´ppSptq “ sqBτppT ps, tq “ τq ` ophq.

We can now take the expectation E rT ps, tqs “
ş8

0
dτ 1τ 1ppT ps, tq “ τ 1q, and the continuum limit hÑ 0 in order to arrive at

BtE rT ps, tqs “ ´ppSptq “ sq

ż 8

0

dτ 1 τ 1Bτ 1ppT ps, tq “ τ 1q,
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which, after integration by parts, reduces to simply

BtE rT ps, tqs “ ppSptq “ sq.

Thus, the expected dwelling-time is given by the solution

E rT psqs “

ż T

0

dt ppSptq “ sq. (18)

Expected Number of Transitions. Similarly to above, we can compute the expected number of transitions of a CTMC
E rMps, s1qs. The computation is analogous to above. We consider the stochastic process Mps, s1, tq of transitions from s
to s1 till time t. Transition probabilities are

ppMps, s1, t` hq “ k |Mps, s1, tq “ k ´ 1q “ ppSpt` hq “ s1, Sptq “ sq,

ppMps, s1, t` hq “ k |Mps, s1, tq “ kq “ 1´ ppSpt` hq “ s1, Sptq “ sq.

After inserting the identity ppSpt` hq “ s1, Sptq “ sq “ 1ps “ s1q ` hW ps, s1q ` ophq, we arrive at

ppMps, s1, t` hq “ kq ´ ppMps, s1, tq “ kq

h

“W ps, s1qppSptq “ sq
“

ppMps, s1, tq “ k ´ 1q ´ ppMps, s1, tq “ kq
‰

` ophq.

The expected number of transitions can be calculated via E rMps, s1, tqs “
ř8

k“0 ppMps, s
1, tq “ kq. Noticing that

ppMps, s1, tq “ k ´ 1q “ 0 for k ă 1, we can perform an index-shift k Ñ k ` 1and arrive at

E rMps, s1, t` hqs ´ E rMps, s1, tqs

h

“W ps, s1qppSptq “ sq
“

E
“

Mps, s1, tq
‰

´ E
“

Mps, s1, tq
‰

` 1
‰

` ophq,

and thus in the continuum limit hÑ 0 we recover the ODE,

BtE
“

Mps, s1, tq
‰

“W ps, s1qppSptq “ sq,

with the solution

E
“

Mps, s1q
‰

“W ps, s1qE rT psqs . (19)

B.3. (V)BHC for Parameter Learning

Equipped with the moments derived in the last Section, we can now derive the (V)BHC. The VBHC takes the form of an
expected KL-divergence

VBHC “

ż

dΛ

ż

dΛ1 ppΛ | H, GqqκpΛ1qKL
´

ppSr0,T s | Λ, Gq || ppSr0,T s | Λ1, Gq
¯

`KL pqκpΛq || ppΛ | H, Gqq ,

with the KL given in appendix (15). As explained in the main-text, we
have ppΛ | H, Gq “

ś

n,x,x1,u Gam
`

Λnpx, x
1, uq | ᾱnpx, x

1, uq, β̄npx, uq
˘

and choose
qκpΛ

1q “
ś

n,x,x1,u Gam pΛnpx, x
1, uq | ακnpx, x

1, uq, βκnpx, uqq. As the expected moments in (15) only depend on
Λ, we can calculate the integral over Λ1 analytically. For this, we notice that the moments

E
“

Λnpx, x
1, uq

‰

“
ακnpx, x

1, uq

βκnpx, uq
,

E
“

ln Λnpx, x
1, uq

‰

“ ψp0qpακnpx, x
1, uqq ´ lnβκnpx, uq,
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where the expectation is w.r.t qκpΛq, have a closed form expression. By insertion into (15), we recover the expression from
the main-text. Finally, we notice that

KL
`

qκpΛ
1q || ppΛ | H, Gq

˘

“
ÿ

n,x,x1,u

KL
`

Gampακnpx, x
1, uq, βκnpx, uqq ||Gampᾱnpx, x

1, uq, β̄npx, uqq
˘

,

with the KL-divergence between two gamma-distributions (Soch & Allefeld, 2016)

KL
`

Gampακnpx, x
1, uq, βκnpx, uqq ||Gampᾱnpx, x

1, uq, β̄npx, uqq
˘

“

ᾱnpx, x
1, uq ln

ˆ

βκnpx, uq

β̄npx, uq

˙

´ ln

ˆ

Γpακnpx, x
1, uqq

Γpᾱnpx, x1, uqq

˙

` pακnpx, x
1, uq ´ ᾱnpx, x

1, uqqqψpακnpx, x
1, uqqq ´ pβκnpx, uq ´ β̄npx, uqq

ακnpx, x
1, uq

βκnpx, uq
.

Gradients. The gradients of the VBHC can be calculated in (semi-)analytical form

Bακnpx,x1,uqVBHC “

ż

dΛ ppΛ | H, GqE
”

T̂n | Λ, G
ı

"

Λψp1qpακnpx, x
1, uqq ´

1

βκnpx, uq

*

(20)

` ακnpx, x
1, uqψp1qpακnpx, x

1, uqq ´
pβκnpx, uq ´ β̄npx, uqq

βκnpx, uq

Bβκnpx,uqVBHC “

ż

dΛ ppΛ | H, GqE
”

T̂n | Λ, G
ı

"

ακnpx, x
1, uq

βκnpx, uq
2
´

Λ

βκnpx, uq

*

(21)

`
ᾱnpx, x

1, uq

βκnpx, uq
´
ακnpx, x

1, uq

βκnpx, uq
` pβκnpx, uq ´ β̄npx, uqq

ακnpx, x
1, uq

βκnpx, uq
2
.

If necessary, also higher-order derivatives can be computed in principle.

In all results above, the corresponding BHC expressions are recovered by setting βκnpx, uq “ β̄npx, uq and ακnpx, x
1, uq “

ᾱnpx, x
1, uq.

B.4. (V)BHC for Structure Learning

KL-divergence between Marginal CTBNs. The marginal likelihood of a path Ŝr0,T s „ ppŜr0,T s | Λ, Gq, with statistics
T̂npx, uq and M̂npx, x

1, uq, given a structure and history H can be calculated via marginalization of (14)

ppŜr0,T s | G,Hq “
ż

dΛ ppΛ | H, Gq
ź

n

ź

x,x1,u

Λnpx, x
1, uqM̂npx,x

1,uq exp
!

´Λnpx, x
1, uq ` T̂npx, uq

)

9
ź

n

ź

x,x1‰x,u

Γpα̂npx, x
1, uqqβ̂npx, uq

´α̂npx,x
1,uq, (22)

where α̂npx, x
1, uq “ M̂npx, x

1, uq ` ᾱnpx, x
1, uq and β̂npx, uq “ T̂npx, uq ` β̄npx, uq and

ᾱnpx, x
1, uq “ αnpx, x

1, uq `Mnpx, x
1, u, i “ 0q and β̄npx, x1, uq “ βnpx, uq ` Tnpx, u, i “ 0q, see main-text. The KL

between two measures, in this case CTBNs with different graphs, is defined via the integration over all paths

KL
´

ppSr0,T s | G,Hq || ppSr0,T s | G1,Hq
¯

“

ż

dppSr0,T s | G,Hq ln
ppSr0,T s | G,Hq
ppSr0,T s | G1,Hq

.

In order to avoid solving the computationally taxing solution of the marginal master-equation (Studer et al., 2016; Linzner &
Koeppl, 2018) (which is an integro-differential equation), we can express this in terms of the original path-measure

KL
´

ppSr0,T s | G,Hq || ppSr0,T s | G1,Hq
¯

“

ż

dppΛ | G,Hq
ż

dppSr0,T s | Λ, Gq ln
ppSr0,T s | G,Hq
ppSr0,T s | G1,Hq

.
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Inserting (22) yields

KL
´

ppSr0,T s | G,Hq || ppSr0,T s | G1,Hq
¯

“

ż

dppΛ | G,Hq
ż

dppSr0,T s | Λ, Gq
ÿ

nPℵ
(23)

ÿ

uPUGn

ÿ

u1PUG1n

ÿ

x,x1‰x

„

ln
Γpα̂npx, x

1, u qq

Γpα̂npx, x1, u1qq
` α̂npx, x

1, u1q ln β̂npx, u
1q ´ α̂npx, x

1, uq ln β̂npx, uq



.

As mentioned in the main-text, exact computation of the integral w.r.t ppSr0,T s | Λ, Gq is not feasible, due to non-linearity.
For this reason we expand this KL around the expected transitions and dwelling times and arrive at

KL
´

ppSr0,T s | G,Hq || ppSr0,T s | G1,Hq
¯

«

ż

dppΛ | G,Hq
ÿ

nPℵ

ÿ

uPUGn

ÿ

u1PUG1n

ÿ

x,x1‰x

(24)

„

ln
ΓpErα̂npx, x

1, u qsq

ΓpErα̂npx, x1, u1qsq
` Erα̂npx, x

1, u1qs lnErβ̂npx, u
1qs ´ Erα̂npx, x

1, u q lnErβ̂npx, uqs



,

” Frκ, ppG | Hqs

with Erα̂npx, x
1, uqs ” ᾱnpx, x

1, uq ` ErM̂npx, x
1, uq | Λ, Gs and Erβ̂npx, uqs ” β̄npx, uq ` ErT̂npx, uq | Λ, Gs.

Below, we derive higher-order moments of the transitions and dwelling-times. This allows to compute higher-order
approximations of this KL-divergence, under higher computational costs. However, in this work a first order approximation
was sufficient to demonstrate effectiveness of our method.

VBHC for Structure Learning. We can then approximate the VBHC by

VBHC « Frκ, ppG | Hqs `KL pqκpGq || ppG | Hqq ,

with the KL-divergence, between two categoricals

KL pppG | Hq || qκpGqq “
ÿ

G

qκpGq pln qκpGq ´ ln ppG | Hqq .

While the form of F is compact, it is helpful for computational reasons to re-order this summation into a node-wise form.
This is helpful, as it will allow is to compute sample approximations of the VBHC, where only a summation over local
parent-sets instead of global graphs needs to be performed

Frκ, ppG | Hqs “
ÿ

nPℵ

ÿ

G,G1

ppG | HqqpG1q
ż

dppΛ | G,Hq
ÿ

uPUGn

ÿ

u1PUG1n

ÿ

x,x1‰x

„

ln
ΓpErα̂npx, x

1, u qsq

ΓpErα̂npx, x1, u1qsq
` Erα̂npx, x

1, u1qs lnErβ̂npx, u
1qs ´ Erα̂npx, x

1, u q lnErβ̂npx, uqs



.

The product form of (22) translates to a product posterior, if not broken by the prior, over parent-sets

ppG | Hq “
ź

n

ppparGpnq | Hq (25)

9
ź

n

ppparGpnqq
ź

x,x1‰x

ź

uPUGn

Γpᾱnpx, x
1, uqqβ̄npx, uq

´ᾱnpx,x
1,uq.

This allows us to rewrite
ÿ

nPℵ

ÿ

G,G1

ppGqqκpG
1q “

ÿ

nPℵ

ÿ

parpnq,par1pnqĂV

ppparpnq | Hqqκppar1pnqq
ÿ

G|parpnq,G1|par1pnq

ppG | HqqκpG1q.
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Figure 5. Mutual information between design sample estimates and recommended interventions for different number of samples NS .
Areas denote 25-75% confidence intervals.

We then get the form of the VBHC for structure learning, as used in algorithm 2

Frκ, ppG | Hqs “
ÿ

nPℵ

ÿ

parpnq,par1pnq

ppparpnq | Hqqκppar1pnqq (26)

ÿ

uPUparpnq
n

ÿ

u1PUparpnq1
n

ÿ

G|parpnq

ÿ

G1|par1pnq

ppG | HqqκpG1q
ż

dppΛ | G,Hq
ÿ

x,x1‰x

„

ln
ΓpErα̂npx, x

1, u qsq

ΓpErα̂npx, x1, u1qsq
` Erα̂npx, x

1, u1qs lnErβ̂npx, u
1qs ´ Erα̂npx, x

1, u q lnErβ̂npx, uqs



.

Similarly, we make the ansatz for qκpGq “
ś

n qκpparGpnqq, then the KL-divergence decomposes

KL pppG | Hq || qκpGqq “
ÿ

n

ÿ

parpnq

qκpparpnqq pln qκpparpnqq ´ ln ppparpnq | Hqq .

Gradients. The gradient for the parameter qκppar1pnqq can be calculated to be

Bqκppar1pnqqVBHC “ 1` ln qκppar1pnqq ´ ln pppar1pnq | Hq `
ÿ

parpnq

ppparpnq | Hq (27)

ÿ

uPUparpnq
n

ÿ

u1PUparpnq1
n

ÿ

G|parpnq

ÿ

G1|par1pnq

ppG | HqqκpG1q
ż

dppΛ | G,Hq
ÿ

x,x1‰x

„

ln
ΓpErα̂npx, x

1, u qsq

ΓpErα̂npx, x1, u1qsq
` Erα̂npx, x

1, u1qs lnErβ̂npx, u
1qs ´ Erα̂npx, x

1, u q lnErβ̂npx, uqs



.

C. Experiments
C.1. Additional Experiments

Sample Estimates of Design Criteria. We want to investigate the viability of using sample estimates of different criteria
for active learning of CTBNs. One basic requirement on such an estimate is that its recommendations actually depend
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Figure 6. a) Mean and variance (area) of the evolution of the posterior entropy in BHPS data-set for 100 repetitions. b) Sketch of the
underlying network. c) AUROC and d) AUPR converge equally fast to the inferred network b) for all criteria but negative VBHC.

on the history of observations H ÝÑ
design

i. We can make this formal by the following non-parametric dependency check:

The recommended intervention i is dependent on experimental sequence H if they share high mutual information Ipi,Hq.
We stress, that this does not reflect the quality of recommended interventions! We calculate the MI for random graphs of
size L “ 3 for different sample sizes NS for random histories H consisting of 30 trajectories drawn from our synthetic
network. The results are displayed in figure 5. For all sample sizes considered, (V)BHC shares a much higher MI with their
recommended interventions, than the sample estimate of the EIG.

C.2. Processing of British-Household Data-set

As mentioned in the main-text, the British-Household Data-set is incomplete, as no complete paths of variables are provided,
but only their measurement at singular time-points ti P t1, . . . , 11u (yearly for 11 years). In order to process, this kind of data,
we employ a standard forward backward filter for continuous-time Markov jump processes, as in (Opper & Winther, 2001;
Opper & Sanguinetti, 2008; Cohn et al., 2010; Linzner & Koeppl, 2018). For this data Y r0,T s ” tY ptiq | ti P t1, . . . , 11uu
and Y ptiq „ ppY ptiq | Sptiqq some observation model, with measurements at singular time-points, posterior inference of
the marginals ppSptq “ s | Y r0,T sq is implemented by solving a time-dependent master-equation

d

dt
ppSptq “ s | Y r0,T sq “

ÿ

s1‰s

”

Ŵ ps1, s, tqppSptq “ s | Y r0,T sq ´ Ŵ ps, s1, tqppSptq “ s1 | Y r0,T sq
ı

with Ŵ ps, s1, tq “W ps, s1qρps
1,tq

ρps,tq and

d

dt
ρps1, tq “ ´

ÿ

s1‰s

“

W ps1, sqρps, tq ´W ps, s1qρps1, tq
‰

subject to: lim
tÑt´i

ρps, tq “ lim
tÑt`i

ρps, tq ln ppY ptiq | Sptiq “ sq.

This allows to calculate the marginal likelihood

ppY r0,T s |W q “
ź

s,s1‰s

W ps, s1qErMps,s
1
q|Y r0,T ss exp

!

W ps, sqE
”

T psq | Y r0,T s
ı)

,

with E
“

T psq | Y r0,T s
‰

”
ş

dt ppSptq “ s | Y r0,T sq and E
“

Mps, s1q | Y r0,T s
‰

” W ps, s1qE
“

T psq | Y r0,T s
‰

. By calcula-
tion of the corresponding moments of the CTBNs by appendix (17) and (16), we can also write this likelihood in terms of
rates Λ and structure G

ppY r0,T s | Λ, Gq “
ź

n,x,x1‰x,u

Λnpx, x
1, uqErMnpx,x

1,uq|Y r0,T ss exp
!

Λnpx, x, uqE
”

Tnpx, uq | Y
r0,T s

ı)

.
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As can be seen in (Linzner & Koeppl, 2018), this finally allows to form a posterior over parameters
ppΛ | Y r0,T sq9ppY r0,T s | ΛqppΛq, which is again a Gamma distribution, if ppΛq is gamma-distributed. Similarly, this
holds for structures, by marginalization. Aside from this posterior calculation, everything about our method remains the
same for incomplete data.

In Fig. 6 a), we track the evolution of the posterior entropy over structures for 100 independent runs. In Fig. 6 b) and c), we
show that for all designs (except the "worst" design neg. VBHC) the inferred network converges against the one inferred
using the full data-set (using AUROC and AUPR as metrics). We note that the effect of active learning can be expected to be
small in this synthetic scenario, as we were only able to intervene on a single node.


