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Abstract—This paper presents an optimisation problem to
determine the optimal reclosure order of remotely operable
switches deployed in a smart grid consisting in a distribution
network equipped with one or more Energy Storage Systems
(ESS). The proposed solution integrates nonlinear real and
reactive power flow equations, by reconducting them to a set
of conic constraints, together with several network operator
requirements, such as network radiality and ampacity limits. A
numerical simulation validates the approach and concludes the
work.

Index Terms—Service Restoration, Controlled Black Start,
Power Network Resiliency, Mixed Integer Programming

LIST OF MAIN SYMBOLS

A Adjacency matrix of the distribution network’s graph
V,Vc Sets of: all the network nodes and reconnected nodes
VESS Set of the nodes equipped with a ESS,
θi Voltage phase at the i-th node
aij Boolean control variable representing the closure of

a breaker on line ij
CESS

i Capacity of the storage at the i-th node
h TIme step
PDG
i Active power of the distributed generator of the i-th

node
P load
i Total active power of the i-th node
Qst

i Short term prediction of the reactive power of the
i-th node

Qi Total reactive power of the i-th node
QDG

i Reactive power related to the distributed generator
of the i-th node

Qload
i Reactive power demand of the i-th node

SOCESS
i State of Charge (percentage) of the storage at the
i-th node

T Sampling time
Vi Voltage magnitude at the i-th node
vci Boolean variable representing the reconnection of

node i
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I. INTRODUCTION

During the recent years, a significant amount of research
and investments has been spent to improve the security
of power systems, which transitioned from purely passive
networks into an evolved Cyber Physisical System [1] in
which sophisticated controller are able to provide advanced
services, such as demand-side management and frequency
regulation, exploiting new active devices such as Energy
Storage Systems (ESSs) and Smart Home Controllers. In fact,
in modern micro grids, the quantity of controllable loads
and distributed generators is significantly increasing, also
thanks to the degree of freedom brought by electro-mobility,
and ESSs are being utilised to attain better service per-
formances (e.g., minimize power losses, improve frequency
regulation and enhance system stability [2], [3], resiliency
[4]) and security [5] and their number is expected to increase
significantly as distributed generation becomes even more
pervasive [6] and electric vehicles become predominat [7].
This work investigates the possibility of utilising medium-
sized ESSs at network distribution level, to allow the islanded
operation of a smart grid when the connection with the
transmission has been lost after a service disruption. The
scenario in which the proposed controller will operate is the
one of a complete distribution network black start [8], in the
sense that it is required to restore the service provision to a
portion of the distribution network after a black out and the
consequent opening of all the network breakers and switched
due to the automatic network protection systems. The goal
of the controller is then to determine an optimal reclosing
strategy for the remotely controllable network breakers that
it supervises, so that the ESSs and distributed generators can
sustain the network imbalance in an islanded mode (i.e., in
the absence of connection with the transmission network).
Regarding recent black start studies available in the literature,
we note that several works, such as [9]–[11],



are based on Mixed Integer Linear Programming to capture
operational constraints and operate the system with a logic
similar to the one considered in this work in both a single
optimisation or receding horizon fashion. Most of the works
available in the literature, as the present paper, assume the
availability of a communication network to remotely operate
the actuators and gather state information, while on the
contrary, the authors in [12] proposed a communication-free
solution. Ideally, when a short-term forecast of the incoming
faults or attacks happening on the transmission network is
available, a preventive controlled system separation (i.e., con-
trolled islanded operation before a service interruption) can
be actuated to avoid black outs [4], [13], but, nevertheless, a
solution for black start, as the proposed controller, shall be
paired with such solutions in order to be able to restore the
service provision even in case of failure of the procedure.

The present work extends and generalises the results from
the previous study of the authors [14], that dealt with the
same black start procedure, in the following directions, that
represent the major contributions of the work:
• The proposed controller integrates real and reactive

power flows, meaning that the assumption of having a
lossless network is removed.

• The problem is now modeled in a generalised framework
derived from the one proposed in [4] in which the
network topology is not assumed to be meshed but
is arbitrary, meaning that the proposed controller is
provided with a set of constraints to allow the operation
of the network while also being compliant with typical
network operator requirements, such as radiality and
expected survival time of the islands.

• The controller is now able to manage systems with
multiple ESSs, as it will be shown to be able to operate
several different islands whose number depend on the
available ESSs.

Regarding the control logic and the statement of our
pbolem, we considered the following operator requirements
to define the set of constraints proposed in the following:
• The network shall be operated in a radial way at all

times, with the additional requirement that one radial
island should span from each of the available ESSs to
both minimise power losses and to prevent having a
power exchange between two ESSs.

• Remotely operable breakers that have been closed shall
not be re-opened, in order to avoid excessive equipment
degradation. This implies also that a node for which
the service was restored should not have a further
service interruption, meaning that the SAIFI and SAIDI
indicators are not further lowered [15].

• The control shall be computed in a reasonable amount
of time, in the order of a few minutes, so that the
service restoration can start immediately. This is attained
thanks to the conification of the power flow equations
and the limited, or local, scope of the portion of network
controlled. The proposed controller has been designed to
overview a medium sized portion of the network under
the supervision of a regional control centre, as in larger

scale systems it is more convenient to instance multiple
copies of the controller after a regional network slicing.

• In order to avoid dangerous transient behaviours, a
limited amount of contemporary breaker reclosures has
to be allowed, as in [14], and the system sampling time
shall be adequately large (in the order of several seconds
to one minute).

• The optimal reconnection sequence shall be determined
in such a way that the service is restored to the most
loads possible, while also taking into account the ex-
pected survival time of the system.

The objective of the controller becomes then to find an
optimal reconnection strategy of all the network nodes in
such a way that the operative requirements of the list above
are satisfied at all times, wile also optimising network losses
and the survival time of the system.

The rest of the paper is organised as follows: Section II
details the proposed controller, describing its objective func-
tion and the constraints that model the underlying network;
Section III states the optimisation problem, summarising
the discussion of the previous section; Section IV presents
a numerical simulation to validate the approach. Finally,
Section V draws the conclusions and highlights future works.

II. PROPOSED CONTROL SYSTEM

A. Objective Function

The discussed control objectives are captured by the fol-
lowing objective function, which will be minimised by the
proposed controller:

F (A(h)) =
h=tf∑
h=0

|V|∑
i=1

(
−α vci (h)P

load
i (h)− β SOCESS

i (h) + γ Pi(h)
)
,

(1)

where A(h) is the adjacency matrix of the distribution
network’s graph at time h (as defined in Section II-B),
tf represents the survival time requested for the islanded
operation of the network and α, β, γ are relative weights
that prioritize the three considered objectives. Minimizing the
function (1) implies that our controller aims at providing as
much power as possible to the network customers (first term,
that will be shown to be a sum of the reconnected network
nodes weighted by their loads), while also doing a trade-off
with the energy reserves contained in the ESSs (second term)
and minimizing power losses (third term, as it will be clear
with the power flow introduction). As it will be discussed,
the third objective assures also that the conification procedure
[16]1 that will be employed in the following holds. Note
that in (1) it was assumed that the expected survival time
is known in advance to the network operator. In cases in

1As explained in section II-D3, conification is a coordinate transformation
procedure that allows the integration of nonlinear power flow equations in the
optimisation problem by defying a conic proxy of the original constraints,
with no effect on the solution quality.



which this assumption is not reasonable, various strategies
can be proposed:
• In a scenario in which the operator desires to reconnect

all the nodes of the network, it is sufficient to pick tf
equal to the number of nodes not equipped with an ESS
and impose a reconnection at each time step, as it will
be discussed in the following.

• From the previous point, it follows that the operator may
set a fixed maximum number of nodes to be reconnected,
and let the controller chose which node to reconnect and
in which order.

• By imposing tf to be equal to an arbitrary maximum
number of reconnected nodes, an additional term could
be added to (1) in order to capture a trade-off between
the reconnection and the expected survival time of the
system. Such term should be outside the summations in
(1) and act as a final cost associated to the network
topology at time tf . Given the power profile of the
ESSs at time tf , a reasonable estimation of the survival
time of the network is given by assuming a steady state
evolution and no fluctuations in the exogenous signals
(e.g., load profiles). Introducing the auxiliary variable τ
and the following set of constraints

τ <
CESS

i

100

SOCESS
i (tf )

PESS
i (tf )

∀i ∈ VESS , (2)

it is possible to obtain the desired trade-off by max-
imising τ , as its maximisation forces it to assume the
value of the shortest survival time predicted among all
the ESS (i.e., the minimum value of the right hand of
(2)).

In the following section, the model of the considered
network will be presented.

B. System Model

Let us model the distribution network as a graph G =
{V,A(h)}, where V represents the set of network buses and,
as already introduced, A(h) is the adjacency matrix at time
h. Its Boolean elements a(H)ij = a(h)ji are equal to 1 if,
at the considered time h, the breaker on the link between
buses i, j is closed, and 0 otherwise. By the properties of the
adjacency matrix, it follows that the following constraint is
required

aij(h) = aji(h). (3)

Furthermore, to model the fact that closed breakers shall
remain in that state for all instants following their reclosure
time h, we impose:

aij(h) ≤ aij(h+ 1). (4)

C. System Dynamics

The ESSs are the dynamical elements of the network, and
their state consists in the amount of energy they can provide
to sustain the network. The of charge ESS i ∈ VESS at time

h, SOCESS
i , is characterized by the following constrained

dynamics:

SOCESS
i (h+ 1) = SOCESS

i (h)− TPESS
i (h)

100

CESS
i

subject to :

PESS,min
i ≤ PESS

i (h) ≤ PESS,max
i

SOCESS,min
i ≤ SOCESS

i (h) ≤ SOCESS,max
i ,

(5)

in which the parameters PESS,min
i , PESS,max

i and
SOCESS,min

i , SOCESS,max
i represent the minimum

and maximum graded, or use-case specific, values for the
ESS power PESS

i and its state of charge. Note that the state
of the distribution network at time h is constituted also by
its current topology captured by the matrix A(h), whose
elements are the control variables that represent the breakers
closure aij(h).

D. Control Constraints and Logic

As already introduced, the logic of the controller revolves
around the necessity of determining an optimal reconnection
order for the network buses, so that the operational
requirements identified in Section i are satisfied.

1) Network Radiality: In order to impose the radiality of
the network during the entire procedure and in the consequent
islanded operation, it is sufficient to impose the following
constraint on the number of closed breakers at time h:

∑
{ij:aij=1,j>i}

aij(h) ≤ |Vc(h)| − |VESS | (6)

Where |·| represent the cardinality operator, and the set Vc(h)
contains the nodes for which the service has been restored
at time h (including the nodes equipped with an ESS). Con-
straints of the form of (6) are a common solution in network
reconfiguration problems but are typically unfit for active
networks, in which distributed generators and controllable
ESS are present, as they may allow the operation of a non-
radial network due to the formation of an autonomous island,
as shown in [17]. In purely passive networks, the constraints
such as (6) guarantee the radiality of the network thanks to
the presence of an additional set of constraints related to the
feasibility of the power flow, that implies that it is not possible
for a portion of the network to operate as a non-radial island
since there would be no controllable device able to feed it
with power.

In our scenario, even if the considered network is a smart
grid with an high penetration of distributed sources and ESS,
the ESS are the devices responsible for both feeding the
network and for controlling its voltage and frequency values,
meaning that a separate island with no ESS cannot appear in
a feasible power flow.

For these reasons, the constraint (6) in combination with
the constraints of section II-D3 will assure that the network
will be divided into a number of trees equal to the number



of ESSs at any time h.

2) Service continuity and power quality: In order to assure
proper service provision and avoid to decrease further the
SAIFI/SAIDI indicators, we impose to our controller not to
disconnect a load bus after it has been connected to an ESS
and its power provision was restored. In terms of sets, this
means

Vc
i (h) ⊆ Vc

i (h+ 1) ∀h. (7)

From (7) it follows that:

|Vc(h)| ≤ |Vc(h+ 1)|. (8)

Let the Boolean variable vci (h) represent the connection of
node i to the active portion of the network at time h, meaning
that vci (h) = 1 ⇐⇒ i ∈ Vc(h), Imposing the following set
of constraints

vci (h+ 1) ≥ vci (h), ∀h (9)

one imposes to the controller not to re-interrupt the service
to a node i.

Since the controlled variables are aij(h), in order allow
the controller to evaluate whether a node i is connected
to an ESS (i.e., the value of vci (h)), the controller has to
be provided with a set of constraints that directly link the
network topology A(h) with the variables vci (h). This can
be easily done by imposing

vci (h) ≥
1

|V|
∑

j∈{1,...|V|}

aij(h). (10)

It is trivial to verify that if aij(h) = 1 for at least one
value of j (i.e., there exist a closed breaker on a link that is
incident to the node i) vci (h) assumes the value of 1. For the
feasibility of the power flow, aij(h) = 1 implies that there is
power passing thought the line that connects the nodes i and
j, which means, for radiality of the network, that the node i
has been connected to a tree fed by an ESS.

Furthermore, controlling the increase of the cardinality of
the set Vc(h) between two generic time instants h and h+1, it
is possible to force the controller to allow a maximum number
of contemporary breaker reclosures. A reasonable choice for
our case study, in the light of the operator requirements
considered in section I, is imposing a constraint of the form

|Vc(h+ 1)| − |Vc(h)| =

=
∑

j={1,...,|V|}

(vci (h+ 1)− vci (h)) ≤ 1 (11)

meaning that at most a single node is added to the set Vc

at every time step. Ideally, one could allow the number of
reclosures to be equal to the number of ESSs, but in order
to prevent that multiple nodes are reconnected to the same
ESS at the same time, and hence prevent dangerous tran-
sient behaviour and consequent power quality degradation,
a fictional flow and its related conservation constraints have

to be added to the control logic, as proposed in [16]. Such
approach would lead to a faster reconnection of the islands,
but would significantly increase the problem complexity and
may delay the start of the reclosing procedure and the service
restoration.

Once the evaluation of the variables vci (h) is made
available to the controller, it is now possible to define the
power flow of the network.

3) Network Power Flow: Before introducing the real and
reactive power flows from node i to node j at time h, Pij(h)
and Qij(h), we note that due to the energy conservation law
all the nodes in the network have to satisfy two power balance
equations:

Pi(h) = vci (h)
(
PDG
i (h)− P load

i (h)
)
+ PESS

i (h) =

=
∑
j

Pij(h) (12)

Qi(h) = vci (h)
(
QDG

i (h)−Qload
i (h)

)
+QESS

i (h) =

=
∑
j

Qij(h) (13)

In which the terms relative to the ESS can assume non-
zero values only if i ∈ VESS . The presence of the variable
vci (h) before the difference between the predicted values of
power generation and demand “enables” the node from the
point of view of the power flow, as it allows the right hand
of the equations to assume a value different from zero (note
that, by definition, if a node i is equipped with a storage
vci (h) = 1).

Denoting with Gij and Bij the line series conductance
and susceptance, the real and the reactive power flows are
captured by the following set of algebraic equations [18]:

Pij(h) =aij(h)[−GijVi(h)Vj(h) cos(θij(h))+

−BijVi(h)Vj(h) sin(θij(h)) +GijV
2
i (h)],

(14)

Qij(h) =aij(h)[+BijVi(h)Vj(h) cos(θij(h))+

−GijVi(h)Vj(h) sin(θij(h))−BijV
2
i (h)],

(15)

where θij(h) = θi(h)− θj(h) is the voltage angle difference
between the two nodes and Vi(h), Vj(h) are their voltage
values. Note that in (14) and (15), as customary in distribution
network operations [18], the shunt elements are neglected.

Following the same steps as in [4] and following the
procedure originally proposed in [16], the power flow equa-
tions can be transformed into a set of quadratic constrains.
This procedure will not influence the optimality of the found
solution since, as fully detailed in [16], the conified problem
shares the same solution with the starting nonlinear problem.

The transformation utilizes the following set of auxiliary
variables: ui(h) for each i ∈ V and Rij(h), Tij(h) for each
line defined as:

ui(h)← Vi(h)
2/
√
2

Rij(h)← Vi(h)Vj(h) cos θij

Tij(h)← Vi(h)Vj(h) sin θij .

(16)



Fig. 1. Test distribution network (adapted from [20])

Under this set of substitutions, the power flow equations
(14), (15) take the following form:

Pij(h)=aij(h)[−GijRij(h)+

BijTij(h) +Gij

√
(2)ui(h)]

(17)

Qij(h) =aij(h)[BijRij(h)+

GijTij(h)−Bij

√
(2)ui(h)]

(18)

As shown in [16], [19], with the addition of a new set
of auxiliary variables uiji (h) for all nodes i and lines ij,
(17) and (18) can be reduced to a set of linear equality and
conic inequality constraints. The new variables have to satisfy
the following constraints in order to impose the relations
uiji (h) = ui(h) if aij(h) = 1 and uiji (h) = 0 if aij(h) = 0:

0 ≤ uiji (h) ≤
(V max

i )2√
2

aij(h)

0 ≤ ui(h)− uiji (h) ≤
(V max

i )2√
2

(1− aij(h))

2uiji (h)u
ji
j (h) ≥ Rij(h)

2 + Tij(h)
2, Rij(h) ≥ 0.

(19)

It is trivial to verify that the constraints (19) imply the two
sought relations, and, as detailed in [16], [19], as long as the
third constraint is active the conified power flow shares the
same solution with the original nonlinear one. The activation
to the equality of the third constraint in (19) can be imposed
by minimizing Rij [16] and this is attained by our controller
thanks to the presence of the third term in the objective
function (1), which represents the minimization of power
losses. The power flow equations hence become [4]:

Pij(h) = −GijRij(h) +BijTij(h) +Gij

√
(2)ui(h) (20)

Qij(h) = BijRij(h) +GijTij(h)−Bij

√
(2)ui(h) (21)

To conclude, we mention that the variables Vi(h) and
θi(h) can be freely set on the nodes that are equipped with
an ESS, within adequate operative bounds, and the original
variables of the system can trivially be reconstructed from
the inversion of auxiliary variables substitutions.

Fig. 2. Optimal breaker reclosure order. Nodes equipped with an ESS are
whited.

4) Physical Limitations of the System: To assure physical
feasibility and secure operation of the network, voltage and
current ampacity limits have to be imposed for all nodes,
lines and times:

V min
i ≤ Vi(h) ≤ V max

i ,

Iij(h)
2 ≤ Imax

ij
2.

(22)

Note that all other physical variables are also bounded by
box constraints determined by the grading of the network
equipment and are omitted for brevity.

III. PROBLEM STATEMENT

The following problem is defined:

Problem 1 - Optimal Controlled Black Start
Find argmin{(1)}
subject to
(3)-(6),
(9)-(11),
(16), (19)- (22).

IV. SIMULATIONS

The network considered for the simulation is the one
depicted in Figure 1 and already investigated in [4]. It consists
of 16 buses connected by a total of 20 lines. Three identical
ESSs 0.5 MW / 0.5 MVA / 0.5 MWh are placed respectively
on buses 3, 7, 9 and three nodes are assumed to produce a
net amount of power thanks to the presence of photo-voltaic
panels. The loads have a mean value of 50 kW, representing
a situation in which the operator concluded a load shedding
analysis to determine a quantity of power to provide critical
services and infrastructures in the area, while distributed
generators produce an amount of power of approximately 70
kW.

All the lines in the considered network are assumed to be
equipped with a remotely controllable breaker, making the
considered network, while limited in scale, representative of
larger scenarios in which the number of operable switches per
HV/MV substation is lower (for both operative and economic
factors). In this test we imposed to the controller to reconnect



exactly one node at each time instant, with a 60 seconds
sampling time. The weights α, β, γ were all set to 1 for
simplicity, and the storages were assumed to start with a
state of charge level between 60 and 70%, losing about 4%
of their energy at the end of the procedure.

The simulation was run on Julia 0.7 [21] utilising the Jump
modelling language [22] and the solver Gurobi [23]. The
solving time was between 3 and 5 minutes in our testing, on
a ultra-low voltage 4.0 GHz intel i7.

Figure 2 reports the optimal breaker reclosure order and the
final network topology. We note that the procedure starts by
reconnecting node 6, on which there was one of the highest
loads, and then it builds a tree starting from node 3. Due to
the structure of (1), renewable nodes are connected with a
lower priority, with the tendency of placing them at the end
of the three branches to reduce power losses. We mention
that the nodes in proximity of the primary substations had
a minimal quantity of load, so it is not surprising that their
reconnection happens at the very last steps.

V. CONCLUSIONS AND FUTURE WORKS

This paper formulated an optimisation problem for distri-
bution network black start in presence of distributed energy
sources and Energy Storage Systems (ESSs). Thanks to a
conification procedure, it was possible to include in the
optimisation both real and reactive power flows, together with
several operative constraints to capture a series of network
operator requirements, spacing from service continuity to
network radiality. The proposed controller solves the result-
ing optimisation problem and a numerical simulation was
reported to validate the approach. Future works is related to
improving the scalability of the algorithm.
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