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SUMMARY: Several numerical models reflecting the flexural response of steel-reinforced
concrete beams have been developed in the past. However, their adaption to carbon-reinforced
concrete needs to consider a different type of material behaviour. In addition, they must be
able to reflect numerous reinforcement layouts with more flexible configurations of textile
fabrics within the cross-section. In this paper, a general cross-section model for the derivation
of the moment-curvature and load-deflection curves for concrete beams reinforced with short
fibers, bar reinforcement and textile fabrics is introduced, which incorporates materials non-
linearities and is easily applicable to cross-sections with arbitrary shapes and reinforcement
layouts. The validation shows the ability of the model to reliably reproduce the experimental
results.
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1. INTRODUCTION

A wide range of numerical and analytical models and approaches for the evaluation
of the moment-curvature response of steel reinforced concrete elements subjected to
bending loading have been presented in the literature [1], [2], [3], [4], [5], [6], [7].
However, most of these models have been established based on specific assumptions
for the material models, cross-sectional shape and the layout of the reinforcement
layers. Moreover, only few research contributions have handled the case of carbon-
reinforced bending elements [8], [9].

Adding to this the fact that, while several concepts for the assessment of the ultimate
limit state (ULS) design of carbon-reinforced concrete beams exist, an efficient and
flexible approach to the deflection assessment in the serviceability limit state (SLS) is
still missing.

In this paper, a generic flexural model for RC bending elements is presented which
enables a flexible integration of different material models and an easy selection of any
cross-sectional shape and reinforcement layout. This is possible due to the modular
implementation of the model code in hierarchal structure of model components using
Python programming language in combination with a rapidly evolving ecosystem of
scientific computing libraries.

The model can be utilized for different types of concrete composites reinforced with
short fibers, bar reinforcement and textile fabrics. It can support the development of
hybrid cross-sectional layouts to optimally exploit the properties of high-performance
reinforcement materials [10].

The applicability of the model to bending elements is introduced and validated using
experimental data on concrete beams reinforced with carbon fabrics, carbon bars and
steel bars available in the literature. Using the model, it is possible to generate the
moment-curvature curve for a specific configuration of the cross-section for the
studied element. Depending on this, the load-deflection response can then be
calculated for arbitrary beam support and loading configurations.

The goal of this development is to provide a general, transparent, and efficient
assessment procedure for reinforced concrete beam deflection that serves as the basis
for applications in engineering practice.

2. MOMENT-CURVATURE MODEL
2.1. General implementation aspects

The computational procedure follows the usual arrangement of the equilibrium and
kinematic conditions at a representative cross-section of a beam in combination with
non-linear constitutive relations and is similar to the approach described in [10]. For
convenience, the kinematic assumption of linear strain profile is directly related to the
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cross-sectional curvature k. In this way, the M-k relation needed for the deflection
evaluation can be efficiently obtained using a set of non-linear equilibrium equations.
To achieve maximum flexibility, these equilibrium conditions are formulated and
implemented as a general integral function that can incorporate any material law for
the reinforcement layers and for the concrete in form of multi-linear or continuous
functions. Moreover, arbitrary number of reinforcement layers can be included.

The moment-curvature relationship is obtained by solving the equilibrium of the cross
section for a pre-defined relevant range of curvature values. By assuming that the
cross-section remains flat after deformation, a linear distribution of normal strains
along the cross-sectional height is obtained, which yields

s(z)=5b0t+z-@ ,0<z<h, (1)
where &, and &, are the strain values in the bottom and the top of the cross-section,
respectively, h is the height of the cross-section and z is the height of the evaluated
strain assuming z = 0 corresponds to the bottom of the cross-section. The curvature
is given as

_ dS(Z) _ _ €top — €bot
dz h

By combining (1) and (2) we obtain the strain profile over the cross-sectional height

= Eop = —K R+ &pot 2

&(z) = epor — K - Z, 3)

where &, is unknown. This strain profile is used as an input into the constitutive
relations defined for concrete and reinforcement in the next section to obtain the cross-
sectional stress profile as a function of k, z, e0¢.

2.2. Constitutive laws

2.2.1 Constitutive laws for the concrete

Figure 1 shows two types of applicable material laws: type (a) shows a material law,
that is used in this paper for model validation and is composed of a piecewise linear
function for both the compression and tension regions according to Yao et al. [7].
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Figure 1. Two possible variants for the constitutive law for concrete

The diagram in Figure 1 (b) represents another type of the constitutive law for concrete
with a compression curve based on the Eurocode 2 [11] and a continuous curve with
nonlinear softening in the tensile regime.

2.2.2 Constitutive laws for the reinforcement

A linear-elastic, brittle model was assumed for the carbon reinforcement as depicted
in Figure 2 (a).

a) o Carbon b) & Steel

3

Figure 2. Constitutive laws used for the reinforcement; a) carbon material law; b)
steel material law

For validation with experimental data with steel reinforcement, the elastic, ideally
plastic constitutive law was used for steel , see Figure 2 (b).

The material laws presented above are pre-configured in the model setup. However,
the implemented solution algorithm can handle any non-linear material law for both
concrete and the reinforcement because the stress values are evaluated for each point
along cross-section height.

2.3. Derivation of the moment-curvature relationship

The computational scheme depicted in Figure 3 exemplifies the strain and stress states
of a cross-section using the multi-linear concrete constitutive law shown in Figure
1(a). The residual tensile stress in the bottom part of the cross-section represents the
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effect of short fibers. The calculation procedure illustrated in Figure 3 is caried out in
four steps:

1-

The curvature values are assumed in a relevant range of the material behavior
with the aim of calculating the corresponding moment values for each given
curvature using the equilibrium conditions for normal force and moment in
the cross section.

By substituting equation (3) into the stress relations of concrete and
reinforcement o, (¢), a,-(¢), we obtain the stress distribution over the height
z as a function of the given curvature x and the unknown strain on the cross-
section bottom &,,.. In other words, for each curvature value, we get the
stresses in the concrete o.(e(x,z ep0t)) and in the reinforcement
0, ((k, z, epor)), according to the used material laws.

The stress distribution in the concrete is linearly approximated in a piecewise
way along the cross-section height. To determine the concrete contribution
of the normal force F., the stress at height z is multiplied by the
corresponding width b(z) and numerically integrated.

h
F = j 0.(2) - b(2) dz 4
0

The normal force from the reinforcement F,. is obtained as the sum of all
force contributions in all reinforcement layers, i.e.

F = Z Or; * Ary (5)

i
Assuming that the applied normal force is zero, the equilibrium of normal
forces in the cross section is simply given as

F.(k, €por) + Fr (K, €pot) = 0 (6)

The cross-section equilibrium is then solved numerically for &, for each
given curvature k in the relevant range k € (0, k.x)- The corresponding
bending momentvalue can then be evaluated using the following equation

M=2Fri-zi+fac-b-zdz @)
z

Kmax 1S defined such that the associated moment M (xc,,x) IS Smaller than
that of the maximum reached moment, i.e. beyond the peak of M-k curve.

The calculation exploits the open-source scientific computing library SciPy allowing
an efficient solution of the nonlinear set of equations in parallel on a standard
compulter.
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Figure 3. Summary of the approach used to calculate the moment M
corresponding to a given curvature «

3. CALCULATION OF THE DEFLECTION

To obtain the beam deflection for an arbitrary configuration of supports and loading,
the M-k curve is inverted into a k-M curve, as in Figure 4. The moment diagram along
the beam is determined for the given loading configuration and discretized as a
piecewise linear function along the length of the flexural beam, see Figure 5. At each
integration point, the curvature corresponding to the moment is assigned using the M-
Kk relationship. Finally, the deflection is obtained using a double integration of the
curvature curve along the beam over the longitudinal coordinate x, see Figure 5.

The ultimate load for the beam under given boundary conditions F,,, is calculated
using the maximum moment value M., in the M-k curve, see Figure 4. The relation
between the moment and the corresponding force can be obtained from the moment
diagram of the beam in its peak value, e.g. for the case of simply supported beam with
4-point bending setup, this can be calculated as F.x = Mpax/Xr, Se€ Figure 5.
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Figure 4. The calculated M-k curve with its inversion: a) M-k curve; b) inverted M-
K curve; c) stress state of the cross-section that corresponds to a loading level
indicated by the yellow circle
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Figure 5. The calculation of beam deflection based on the obtained M-k relation.

4. MODEL VALIDATION WITH EXPERIMENTAL DATA

The moment-curvature and load-deflection curves obtained using the introduced
model have been compared with experimental data. To show the feasibility of the
model in a broad range of applications, both carbon and steel reinforced concrete
sections have been included in the validation. Table 1 summarizes all the used
experiments.
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Table 1. List of experiments used for the validation of the model

TestllD P b h al a2 Asl As2 fs Es fcm Ec
[%] | [mm] | [mm] | [mm] | [mm] [ [mm?] | [mm?] |[MPa] [ [GPa] [[MPa] |[MPa]
Gribniak 2012 [S3-1-FO5 | 0.3] 278| 302 24 29 235 56 560 203 56| 35000
(steel) S3-1-F15 | 0.3| 279| 300 28 26 235 56 560 203 52| 34000
Yang 2010 R12-1 0.6/ 180| 270 35 - 253 - 600] 200| 191 46418
(steel) R13-2 0.9] 180| 270 35 - 380 - 600] 200| 192| 46680
von der Heid
2020* HB-SU-0 | 0.4 90 30 8 8 7 7| 2712 240 72| 39500
(carbon)
. . |B-M-S-K1| 0.6 400[ 200 19 - 452 - 550 200 64| 33525
El Ghadioui
B-M-C-K1| 0.2] 400| 200 35 - 140 -| 1891 135 64| 33525
2020 (carbon)
B-M-C-K2[ 0.3] 400| 200 66 - 140 -| 1891 135 64| 33525
* Mean values for multiple tests.
4.1. Steel

The first two diagrams in Figure 6 compare the prediction of the M-k with the
experimental results. Figure 6 (a) shows a comparison between M-k curves for two
beams with different short fiber contents conducted by Gribniak et al. [12] and the
simulated M-« response. Two UHPC beams with different reinforcement ratio and a
concrete compressive strength f,,,, ~ 191 MPa were conducted by Yang et al. [13].
The experimental M-k curves are illustrated in Figure 6 (b) with the corresponding
curves obtained using the model.

A validation for the load-deflection response for steel reinforcement was provided
using experimental results delivered by EI Ghadioui et al. [14] for a simply supported
beam tested with 4-point bending setup. The load-deflection curves obtained by the
model and by the experiment is compared in Figure 6 (c).

The comparison in all three cases shows the ability of the model to correctly reproduce
the behavior of the beams including the post-cracking and steel yielding phases of the
response.
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Figure 6: Comparison between simulated and experimental results for steel-
reinforced beams; a),b) M-k curves [12], [13]; c¢) load-deflection curve [14]

4.2. Carbon

The load-deflection curves predicted for carbon-reinforced beams by the model are
compared with the experimental results in Figure 7.

The experimental results of [14] for two identical beams reinforced with CFRP bars
with different static effective heights d are shown in Figure 7 (a). The behavior
predicted by the model shows a very good agreement for the initial phase before and
after cracking (up to about 10 kN), but after that a slight overestimation of the beam
stiffness is observed. This can be attributed to the loss of stiffness due to the multiple
cracks, which is evident from the experimental curves and which was not predicted
by the current implementation of the model.

The comparison of the test results including two test series by von der Heid et al. [15]
with the simulation in terms of the load-deflection curves for the tested plates are
shown in Figure 7 (b). The underlying M-« relation is exemplified in Figure 7 (b*)
both for the model and the experiment.
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Figure 7: Comparison between simulated and experimental results for carbon-
reinforced elements; a) load-deflection curves by EI Ghadioui et al. [14]; b) load-
deflection and M-k curves by von der Heid et al. [15]

5. BASIS FOR SERVICEABILITY DESIGN RULE

The implemented model can serve as a basis of a simple engineering design rule for
carbon-reinforced concrete elements in the serviceability limit state (SLS). To comply
with the simplified SLS design concept used in the Eurocode 2 [11] and the fib Model
Code [16] the relation between the span/depth (L/d) and reinforcement p ratios has
been evaluated in a parametric study covering the relevant range both for steel and for
carbon-reinforced specimens. The results of the study are summarized in Figure 8
showing a qualitatively different shape of the admissible design region. In agreement
with the results presented recently by El Ghadioui [17], the carbon reinforced
elements exhibit a pronounced transition point between the tensile failure of the
reinforcement (left branch) and the compressive failure of concrete (right branch).
Two different values of E-moduli and of the carbon tensile strength have been
considered in the presented study.

35
— C30 - Steel - EC2
30 1 C30 - CFRP - Ef = 230,000 N/mm?
f. = 3600 MPa
25 4 —— C30 - CFRP Ef = 100,000 N/mm?
fy = 1500 MPa
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10 1 |Reinforcement compressive fail
nsile failure
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Figure 8: Comparison between (L/d — p) curves for steel and carbon reinforcement
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6. SUMMARY AND CONCLUSION

The described model for the calculation of the moment-curvature relation and the
load-deflection response of RC elements exposed to bending load provides a basis for
the derivation of general SLS rules as exemplified for beams reinforced with carbon
fabrics. The object-oriented model implementation is based on Python programming
language and is available on the version control platform GitHub at
https://github.com/bmcs-group as part of the brittle-matrix composite structures suite
maintained by the authors. This model offers flexibility in several ways. For example,
it makes it easy to insert and configure arbitrary types of material models for both
concrete and reinforcement, or to use any cross-section shape and reinforcement
layout in terms of the number and location of reinforcement layers. The model is based
on a numerical piecewise evaluation of the stress and forces along the cross-section
and a non-linear solution of the equilibrium of the cross-section that makes use of the
SciPy scientific library for Python. The model was validated with experimental data
which demonstrated its ability to correctly predict the experimental results for both
steel and carbon reinforcement.

In this paper, a multi-linear material law for concrete was used for the validations. In
the following refinement steps, more sophisticated constitutive laws will be
integrated, exploiting the modular design of the framework. Moreover, an extension
of the model to take the effect of the bond behaviour and tension-stiffening in the
cracked region along the beam into account is planned. Finally, a comprehensive web
application with a wide range of design options will be provided for public access.
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