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1. Wave equation

The wave equation describing a ladder-type LC transmission line with non-centrosymmetric (β) and Kerr (γ)
nonlinearities stemming from the current-dependent Josephson inductance is
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where ϕ(x, t) = Φ(x, t)/φ0 is the ac phase (dimensionless magnetic flux) on the node x (a continuous coordinate that
is normalized on the cell size d) and φ0 = Φ0/2π is normalized flux quantum. The frequencies ωJ = 1/

√
LCJ and

ω0 = 1/
√
LC0 (here L is inductance, CJ is capacitance of the nonlinear element, and C0 is the ground capacitance)

are the plasma frequency and the transmission-line cutoff frequency, respectively. Equation (1) was first derived in
the case of pure Kerr nonlinearity (β = 0 and γ ̸= 0) for the Josephson traveling-wave parametric amplifier (JTWPA)
with four-wave mixing (4WM) by Yaakobi et al. [1]. This derivation is easily generalized on the case of JTWPA
exploiting two types of nonlinearities (β ̸= 0 and γ ̸= 0). This JTWPA can operate in either 4WM or three-wave
mixing (3WM) regime. It can be implemented using flux-controlled non-hysteretic rf-SQUIDs [2] or superconducting
nonlinear asymmetric inductive elements (SNAILs) [3, 4].

In the case of transmission line with pure non-centrosymmetric nonlinearity described by a slowly varying function
β(x), the wave equation takes the form
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where |dβ(x)/dx| ≪ k|β| and k ≈ (ω/ω0)/
√

1− ω2/ω2
J is dimensionless wave vector of the mode ω ≪ ω0. If β(x) is a

periodic function changing its sign every half a period, equation (2) can describe quasi-phasematching in a JTWPA
with 3WM [5]. Suppression of Kerr nonlinearity (γ = 0) in this transmission line is achieved by optimal setting of the
constant magnetic flux in the rf-SQUIDs (ϕdc = ±π/2) [2].

2. Coupled mode equations

The solution of the wave equation Eq. (2) is found using the coupled-mode equations (CMEs) method [6, 7] in the
form
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where ks,i,p,+,−,2p are wave vectors and As,i,p,+,−,2p(x) are slowly varying amplitudes of the signal (ωs), idler (ωi =
ωp − ωs), pump (ωp), combination frequencies (ω± = ωp + ωs,i), and the second harmonic of the pump (ω2p = 2ωp),
respectively. In our case, all these frequencies are below ωJ . Moreover, they are assumed to be much less than the
cutoff frequency ω0. The slowly varying amplitudes of the waves obey the relations∣∣∣∣∂2Aj
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The wave vectors of the waves traveling in the ladder-type transmission line with chromatic dispersion due to finite
plasma frequency ωJ are [2, 8]
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, where j = {s, i, p,+,−, 2p}. (5)
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These wave vectors are normalized on the reverse physical size d−1 of the elementary cell.
Substituting solution (3) into equation (2) and using relations (4) and (5) we obtain the set of CMEs for six basic

modes (according to classification of Dixon et al. [9], the so-called CME-2 set)
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where

∆k0 = kp − ks − ki, (12)

∆k1 = k+ − kp − ks, (13)
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describe the phase mismatches for corresponding mixing processes.
The set of differential equations (6)-(11) with initial conditions

Ap(0) = Ap0, As(0) = As0, and Ai(0) = A+(0) = A−(0) = A2p(0) = 0 (18)

is numerically solved on the interval 0 ≤ x ≤ N for various shapes of periodic function β(x) (with the period equal to
m = 2π/km) by means of the standard Runge-Kutta method.

3. Poling profiles

Implementation of a slowly varying nonlinear coefficient β(x) = η(x)|β0| (β0 is the maximum value of β(x)) in the rf-
SQUID-based transmission line is, in principle, possible by means of modulation of the critical current value Ic(x) (i.e.
modulation of the Josephson junction area) yielding modulation of the SQUID screening parameter βL(x) = LIc(x)/φ0

and thus of coefficient β ∝ βL. However, manufacturing identical rf-SQUIDs with fixed βL is obviously preferred in
the circuits consisting of a large number of these elements (N ∼ 1000). Because the modulation period m (∼ 500)
greatly exceeds the typical dimensionless wavelength λ (= 2π/k ∼ 50 ≫ 1), implementation of slow spatial variation
of nonlinear coefficient β is possible using variable density of inverted identical rf-SQUIDs per unit length, or the
so-called pulse-width modulation (PWM). In this case, the continuous signal is converted into digital code by means
of a 1-bit quantizer with the levels +1 and −1.
To convert a continuous nonlinearity profile η(x) into binary code ξ(x), where ξ(x) = ξn is a piecewise function

taking the values ±1, we use PWM of delta-sigma type (see, for example, Ref. 10). In this method, the quantization
error,

ϵ(x) = ξ(x)− η(x), (19)
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FIG. 1: Functions Sη(x) and Sη(x) plotted after conversion of the sine profile (21) (black curve) into binary code ξ(x) (not
shown) for two different modulation periods (sampling rates): (a) m = 40 and (b) m = 448.

is integrated, and when the integral∫ x

0
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∫ x

0

ξ(x′)dx′ −
∫ x

0

η(x′) dx′ ≡ Sξ(x)− Sη(x) (20)

exceeds the limits of ±1, the digital output ξ(x) changes its state.
We used this quantization method for conversion of two possible continuous QPM profiles into binary codes, i.e., a

sinusoidal profile

η(x) = sin(2πx/m) (21)

and a tapered meander, whose positive half-period (0 ≤ x ≤ m/2) is described by the formula

η(x) = −a ln[e−2x/abm + e−1/a + e−(m−2x)/abm] (22)

with fixed parameter values, a = 0.15 (describes rounding of the corners) and b = 0.2 (describes the slopes). As an
illustration of our method, the results of conversion of the sine waveform (21) using two different sampling rates are
shown in Fig. 1.
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