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Abstract: This paper is dedicated to investigating the following elliptic equation with Kirchhof type involving the

p-Laplacian operator:

- (a’fﬂ |Vu\pd$+b) Apu:,u|u|p*_2u—|—)\\u|p_2u in Q,
u=20 on 0f,

where is © a bounded domain in R" (n >3), Apu := —div (|[Vul[’"*Vu), for 1 < p < n denotes the p— Laplacian
operator, and A > 0 is a real parameter and a,b > 0:a+ b > 0 are parameters.

Using variational methods and critical points theory, we prove that the above problem has a positive solution and
multiplicity result in certain cases. Our result is regarded as general which extend the results of related literatures. At

the end, we give some real applications.
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1. Introduction

In this paper, we consider the p— Kirchhoff equation:

{ —(a [ IVulPdz +b) Apu = p " 2u+ AP in Q, (1)

u=20 on 02,
where is a bounded domain in R” (n > 3), Apu = —div (|Vu|P=2Vu), for 1 < p < n denotes the p— Laplacian
operator, and A > 0 is a real parameter and a,b > 0:a+ b > 0 are parameters and p* := % is the Sobolev

critical exponent in the embedding W» (R") < LP" (R™).

In 1883, Kirchhoff introduced a model given in [12], as a generalization of the well known d’Alembert’s

2
0%u

for free vibrations of elastic strings. The parameters in above equation have a physical significant meanings

wave equation,

ou

Pu_fpo  E ["|ou
P ox

o2 n 2L,

as follow: L is the length of the string, F is the area of the cross section, p is the Young modulus of the
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material, py is the mass density, and is the initial tension. Some interesting studies for Kirchhoff type problem
in a bounded domain of R™ by variational methods can be found in [1], [2],[3], [9], [10], [26],and [27]. More
recently, there are several papers having studied (1) with p = 2, see for example [20] and [21] .

The problem (1) is called nonlocal because of the appearance of the term [, [Vu[Pdz and which causes
some mathematical difficulties. In the same time, this term evokes the problem more interesting and fruitfull
in physics. The problem (1) is related to the stationary analogue of the evolution of the equation of Kirchhoff
type,

uy — (a o [VulPdz 4+ b) Apu = f (z,u) in €, (3)

which is used to describe some phenomenon appeared in physics and engineering, due to it is regarded as a
good approximation for describing vibrations of beams or plates, see [4] and [5].

We cite here, some brillant works in a particular case when p = 2 of the problem (1), Mao and Zhang in

[18] have counsidered othe following Kirchhoff type equation:

—(a [ |Vu]?dz +b) Au= f(z,u) inQ, "
u=20 on 01}, )

by using minimax methods, they obtained the existence and multiplicity of sign changing solutions.

In this paper, our main results state as follows

Theorem 1.1. Let Q be a bounded domain in R™ (n > 3),assume a,b > 0:a+b >0 and p* =4 then the
following assertions are true:

(i). Assume that a > 0,b > 0,0 < p < aK (n,p)2 and 0 < A < b\, then the equation (1) has no positive
nontrivial solution.

(ii). Assume that a > 0,b> 0,0 < pu < aK (n,p)* and X > bX1, then the equation (1) has a positive nontrivial
solution.

(iti). Assume that a > 0,b > 0,0 < p < aK (n,p)Q, then for any k € Z%, there ewists A, > 0 such that the

equation (1) has at least k pairs nontrivial solutions for A > A > 0.

Our paper is organized as follows: in the first section we give a literature review of our problem and
a significant applition in physics, in the second one, we establish a the used technique and remind some
mathematical materials to prove our main results. The third section deals with the proof of useful and fruitful
lemmas for the equation (1). In the forth section is devoted to prove the main result in three part nonexistence,
existence and multiplicity results.The last section is devoted to evoke what does mean the equation (1) is a

certain dimensions and under some assumptions.

2. Variational Setting

Let WO1 P (Q2) be the usual Sobolev space, equipped with the norm

1
ulyir (g = (/Q |Vul|? d:c) .

For 1 < p < oo, denote by LP(2) the Lebesgue spaces and its usual norm is given by

1/p
lully = ( / |u|”dx) .
Q
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We denote by K (n,p) the best constant in the Sobolev’s continuous embedding W'? (R?) « LP" (R") :

Vul|” d
K (n,p) = inf JoVul ;v2 = / |Vu|” dz
weWy P (2)—{0} (f u |p dz o ueA
where,
A= {Wg’p Q) — {0} : / lul da = 1} :
Q
such that p* := ;2 is the critical exponent of the Sobolev’s continuous embedding WP (R?) < LP" (R™).

Thanks to the pertinent computations and serious works of Aubin in [28], that the extremal functionss

for the Sobolev’s continuous embedding W? (R") < LP" (R™) are given by the radial functions:

_n—-p

ue (z) == (€2+¢ﬁ> "),

where 7 is a C* radial function and € > 0.

Consider \; the first eigenvalue of the eigenvalue problem,

—Apu =X\ wfP?u  inQ,
u=20 on 0N).
According to the work developed by Peral in [23], has shown that

VulPd
AL = inf M (5)
wewlr(@)—{oy o lulPde

The first eigenvalue A is isolated and simple and its corresponding first eigenfunction named ¢, is positive.

3. Some useful Lemmas

We define the energy functional corresponding to the problem (1) by

b A
Iap(u (/ |Vu|pdx) +7/ |Vu\pdx—ﬁ/ |u|4dac—f/ |u|? dx, (6
pPJa 4 Jo P Ja

for all u e WP (Q).

=

It is clear that Jy , is well defined and of C' on W,” () and its critical points are weak solutions of

problem (1) i.e. they satisfy: for all ¢ € Wol’p Q) :

(a/ |VulPdx + b) / [Vul' "% VuVedz = / (u ul® + A |u|p_2) wpdz. (7)
Q ) Q

Lemma 3.1. The following assertions are true:
(i). If a,b >0, and 0 < p < aK (n,p)Q, then the functional Jy, is bounded from below and is coercive in
Wyt (Q).
). If a,b>0, 0 < pu<aK (n,p 2and 0 <\ < 5p\1, then the functional Jy,, is positive.
© 2 h
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Proof. (i). Let u € W,” (), the enery functional writes:
T 0) = 3 [0l + 2 il gy = & Hull = 2 [l
Using Sobolev’s embedding and the fact that 0 < u < aK (n, p)2 , we have
Taw) 2 5l (0= I (0,9) ™) 3 ulfy gy = 5

Then, we deduce that the energy functional Jy , is coercive in VVO1 Q).

To show that Jy , is bounded below in W,” (), we divided thestudy into two cases:
(1). It |u|W01,p(Q) < 1, then we have

A
Inp(u) > —E.
(2). It |u|Wo1,p(Q) > 1, then there exists a A € R :
Iapu(u) > A,
with
A= i (a—pK(n,p)Q) + g - %

This implies that Jy is bounded from below in WO1 Q).

(ii). Combining the two conditions 0 < p < aK (n7p)27 0<A< %p)\l and using the definition of A; we
have:

J > 1 2p K —2 p b )\)\;1
() 2 4 |u|W01"’(Q) (a — pK (n,p) ) + |U‘W01,p(Q) 5 » .

Then, for all u € Wy (Q):
J)w(u) > 0.

The proof of lemma is complete. O

Definition 3.1. A sequence (u)n is said to be a Palais-Smale sequence at level ¢ ((P-S). in short) for Jy ,
in W, (Q) if
{ J)\,u(um) =c+ony (]-) )
I3 (um) = om (1).
Definition 3.2. We say that Jy , verifies the Palais-Smale condition at level ¢ if any (P-S). sequence for J) ,

has a convergent subsequence in W, (Q).

Lemma 3.2. Assume that a > 0,b > 0,0 < pp < aK (n,p)2 and 0 < A < bAy are fulfilled, then the functional
I satisfies the (P-S)..
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Proof. Let (un),, C Wy" (Q) be a (P-S). sequence for any ¢ € R then
Iau(tm) = ¢+ o0y, (1), and J;\’u(um) =0, (1).

Suppose that (u,,), is not bounded, so

m

|um|WO1,p(Q) — 400 as m — +00.
Since Jy,, is coercive, we have

Inu(Um) = F00 as |“m|W(}’P(Q) — +o00.

This contradicts the fact that (u,,),, is @ minimizing sequence, so (um,),, is bounded in WP (Q), and therefore,
up to a subsequence, there exists uy , € Wy (Q) such that

(i). U — uy,, weakly in WyP (),

(ii). wm —> un, strongly in L° () for all 1 <s <4,

(ili). Um —> un, aein Q.

Put
Um = Um — U pu,
and
= lim v 1, .
i omly 2 )

We need to prove that ¢ = 0.

The Brezis-Lieb Lemma, allows us to write

2p o 2p 2p P p
|um|ngP(Q) - ‘/Um|W01P(Q) + |u)\,P« Woll’(Q) + 2 |vm|ngP(Q) |u>"u’|W01’p(Q) + Om(1)7 (8)

p _ p p
|um|W01P(Q) - |Um‘W01P(Q) + |u/\;H|W011P(Q) + Om(l)’ (9)

/ | = / foml*de + / 4 + om (1), (10)
Q Q Q

and

/|um|pdx:/|vm|pdm+/ lux,p|Pdx + om (1). (11)
Q Q Q

Since Jy , (um) = ¢+ 0,(1), we get

¢= mE}EOO Ia ()

—_ 1 a o P _H 4_ A P
¢= tm |:2p [l yyn gy + D e e L P “m|p] :

2 2p }
o e o liar @] +

. p
p mios ['“m|W&*”<Q>]

4 m——+o0

oo a] A
~ 3] + 5t {lhunl7]
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Then,
o= g m{[omFss )+ lonulias o) + 2 omlf s o Toruliyso
2t [lom By + il
P m> oo (RO Wi (@)
B ol o] + 2t [l + o).
4 m=-oo p m—+oo i ?
We have,
° %mlﬂlw {|”m| drge) 2 1mbyao ) vy “’(Q)}
ol = & ol + 2 ol
b sl oy 0l oy = Nonall 2
Then,

c= ml_1>r_r~_1Oo Inp (Um) = Iap (un,u) +

a

. 2p P P
5 o [0t ) 2 l0m By loralfyan e

. b 4
+ [ omlsigy = & ol + 2 o]

By the fact that J} , (um) = 0, (1) so we test by upm,

<Jxl\,u (um) ’ um> = Om(l).

Then we have
lim <J§\’# () ,um> =0

m——+oo

2 4
= a1y + Bt By gy = el = Al

and also testing by wy ,, we obtain
<J£7H () ,uA,“> = 0 (1).

Then,
P =

a|u>\7#|?}501p +b|u>\,u +aluy, u|

Wy P () Wy (9)

4
pllen pully + Al Iy + (1)

From the above equalities, one has

4
@loml2 0+ @ [omlyrn g [l )+ 10m By = 1 n 1§ = 0 (1),
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Combining (8), (9), (10), (11) and (12), we obtain
|:|Um‘wl P (Q) + |u>\,u|12/501,p(9) +2 |WM|€V01P(Q) |u)\,/i|€[/01,p(ﬂ)}

|:|Um| 1P(Q) |u)\ ,u,| 1P(Q)j|

4 4
X[l + Nuuly] = o [Iomld + lur 2] =0,

Then, we get

2 4
A A T AW e WA

[ loml0 )+ 20 10m By [0r B0 F B 0m[By 1 | =

4 4
[t lomlly + sl ally] = 0. (13)

Consequently, combining (12), and (13), one gets

(aﬁp + alux,l?

_ 4 p
by +0) € = llomlli + Aflomlh +0(1).

From the definitions of K (n,p) and A;, we have:

[ ol do < K (.90 (/ |va|”dx> ,
/|Um\pdx§)\f1/ Vo, |[Pdz.
Q Q

(@ + aurullynn g +5) € < uK () 2 4+ T +0(1).

and

It follows that

Then,
(a —uK (n,p)_Q) x (%P 4 (b— )\)\1_1) x P < 0.

Consequently, since a >0, b >0, 0 < u < K (n,p)2 a and 0 < A < bA;,we conclude that ¢ = 0.
Therefore u,, — u strongly in WP (). O

4. Proof of the generic theorem:
4.1. Nonexistence Result, proof of the part (i):
To prove the nonexistence result, we argue by contradiction supposing that the problem (1) admits a nontrivial
solution uy , € Wy () as in (7), we have
0=aluy, u‘

4
e+l = el = Xl
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Using the Sobolev’s inequality and the definitions of K (n,p) and A1, one gets

-2 2 —
O > a |U)\ M|W1 P + b |u’)\,,u|€volyp(9) - /.LK (nvp) |u)\,,u‘WpOLP(Q) - AA1 ! |uA,H|;;1/01,P(Q) .

Then we obtain

02 (0= K (0,0)"2) [l g + (0= M) urully o

and since a +b > 0, 0 < u < K(n,p)2 a and 0 < A < bA;, we conclude that uy , identically equals to zero

which leads to a contradiction. Then the proof is achieved.

4.2. Existence Result, proof of the part (ii):
The following lemma, whose proof is given in [7] plays a crucial role to show the multiplicity result.
Lemma 4.1. Let J € C1(X,R) be a function satisfying the Palais-Smale condition in the real Banach space

X and o, B two reals such that a < . Assume that either J(0) < a or J(0) > B. If further we assume that

the following assumptions hold:

(i). There exist a linear m -dimensional subspace E and p >0 such that

sup  J(t) <5,
te ENOB,(0)

where
9B,(0) = {t € X : |tlly = p}.

(i1). There exist F' a linear j-dimensional subspace and p > 0 such that

sup J(t) > a,
teF+

where
FtoF=X.

(i#i).If m > j.
Then J has (m — j) pairs of distinct critical points.

Since the functional J , is bounded from below and is coercive in VVO1 (), we obtain that

m.= infl, VSWACSWAP
ux, €W, P (Q)

is well defined.
Put

w=toy (x),

where t is a real parameter and ¢; is the first eigenfunction corresponding to the first eigenvalue A;.Then, we
have

2 H 44 A P
Iau(w) = |¢1|W1p P+ - |¢1 wie (o _Z||¢1H4t —5||¢1||ptp-
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Then, we get
_a 2p 2 H® 4,4 N p
J)\vﬂ(w) - % |¢1‘W01-,P(Q)t P — Z H¢)1H4t + (b - A1 )\) ; |¢1 WOL:D(Q) .
Since A > bA; and p < 2p < 4, we have Jy ,(w) < 0 for t > 0 small. Then, we obtain

m < 0.

Since the energy functional Jy , verifies a global Palais-Smale condition in Lemma (4.1), a direct application

of Theorem 4.4 in [19] certifies the existence of vy, € Wy* (Q) such that
J,\V#(v,\yﬂ) =m <0.

Note that Jy ,(|vx

positive nontrivial solution whose energy is negative.

) = Jau(va,), then by the strong maximum principle, we infer that problem (1) has a

4.3. Multiplicity Result, proof of the part (iii):
In order to prove the multiplicity result, we rely on Lemma (4.1) so, we have to verify its conditions. First, let

X = Wol’p (©) and suppose that b > 0, A > bA;. For all integer k > 1, consider (A\x)x the k first eigenvalues

of the eigenvalue problem,

~Apr =M [P 2o in Q,
b =0 on 99,

and (¢g)r the corresponding eigenfunctions.

Define the k—dimensional set
E= span {¢17 ¢2a Ty (bk} .

For u € F, there exists a constant C' > 0 such that
Aellulls < [ ulls.
It follows that
Tns0) = g [0l + 2 il gy = 5 Null = 2l

Then

a .\ 2p P A P
< — 1 - 1,p - .
J)\’#(u) — 2p |u|W0wP(Q) + P ‘u|WO (Q) P ||u||p

since A > bA;, there exists p > 0 such that

sup  Jyu(t) <b<0=J,,(0).
teENAB,(0)

As 0 < p < aS?, the coercivity of Jy, on X = Wol’p (), implies that

inf  Jy ,(u) > —o0.
ueW, " ()
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So if we choose F = @ then F+ = X and so

sup  Jxu(t) > —oo.
teENdB,,(0)

As already noticed Jy , satisfies a global Palais Smale condition. Consequently, all conditions of Lemma (4.1)
are obviously verfied when § =0 for all A > 0, this ensures the existence of A > 0, such that the problem (1)

has at least k pairs of nontrivial distinct solutions for all A > Ay.

5. Application
When p=2,a =0 and b= 1, the problem (1) reduces to the elliptic eigenvalue problem,

—Au = |u|2*_2 u+Au in Q,
u=0 on 0f).

In 1983 and when n = 3, Brézis and Nirenberg in [6] have obtained a positive solution when n = 3 if only if

A€ (%, /\1) , where Ap is the first eigenvalue of the following eigenvalue problem,

—Au=Au in €,
u=20 on 012,

and when n > 4, they obtained a positive solution for A € (0, A1), and no positive solution if A ¢ (0, A1) and
Q) is starshaped.
In 2018, the authors of the paper [14], have considered the following problem,

—(a [ IVul?dz + b) Au=pu?® + lu in Q,
u=20 on 02,

where € is bounded domain of R*.
They obtained the following result,

(i) For 0 < u < bS? and A € (0,a);), the problem has no nontrivial solution.
(ii) For 0 < p < bS? and A\ > a);, the problem has a unique positive solution.
(iii) For 0 < g < bS? and A > Ay > 0, the problem has k-pairs of distinct solutions,

where

Jo \Vul|® dz

S = inf - = inf / |Vul|® dz,
2 ueB Jq

uew2(Q)—{0
0 () {}(fg |u|4 7,1:>
With

B= {WOLQ @) - {0} :/Q|u|4dx: 1}.
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