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INTRODUCTION TO R



Introduction

• R is a free software environment for statistical
computing and graphics. It compiles and runs on a
wide variety of UNIX platforms, Windows and
MacOS.

• Initially written & released as an open source
software during 90s (the “S” language for data
analysis)

• Always at the edge of scientific knowlegde providing
over 16 thousand packages with the most advanced
computations for the development of mathematical
and statistical models of any type.



Introduction

• R provides a wide variety of statistical (linear and
nonlinear modelling, classical statistical tests, time-
series analysis, classification, clustering) and
graphical techniques, and is highly extensible.

• Current version: R 4.0.3 (released on 10.10. 20) -
https://www.r-project.org/

• RStudio is an open source integrated development
environment (IDE) for R. It includes a console,
syntax-highlighting editor that supports direct code
execution, as well as tools for plotting, history,
debugging and workspace management.



Introduction

https://cran.r-project.org/mirrors.html

(Download First)

https://rstudio.com/products/rstudio/download/

https://cran.r-project.org/mirrors.html
https://rstudio.com/products/rstudio/download/


• Go to https://pww.people.clemson.edu/Software/FEAR/fear.html
and select the current FEAR package for download

Introduction

https://pww.people.clemson.edu/Software/FEAR/fear.html


• Accept the terms and conditions of the license

Introduction



• Download the most appropriate version for your OS. Download the 
manual containing the commands to perform efficiency analysis.

Introduction



• Open your R Studio version and proceed to the tab “Tools” 
and select “Install Packages…”

Introduction



• Select the downloaded package and click “Open”, then 
“Install”.

Introduction



• To load the package type the command “library(FEAR)”

Introduction



• To install the Benchmaking package you need to type the 
command “install.packages(“Benchmarking”)

Introduction



• To load the package type the command 
“library(Benchmarking)”

Introduction



EFFICIENCY ANALYSIS IN R
A SURVEY OF OPTIONS



PEA Software Options Survey

https://www.researchgate.net/publication/325660186_PRODUCTIVITY_A

ND_EFFICIENCY_ANALYSIS_SOFTWARE_AN_EXPLORATORY_BIBLI

OGRAPHICAL_SURVEY_OF_THE_OPTIONS

The survey investigates the current

available options to estimate a

variety of frontier methodologies

using either general or dedicated

programs, outlining directions for

future research.

https://www.researchgate.net/publication/325660186_PRODUCTIVITY_AND_EFFICIENCY_ANALYSIS_SOFTWARE_AN_EXPLORATORY_BIBLIOGRAPHICAL_SURVEY_OF_THE_OPTIONS


Methodology
Document Results

7,814 documents identified through a 

general search (Q1)

About 3,750,000 documents found 

through a general search (Q1)

3,266 documents identified after a first 

refinement to remove Case Studies

About 3,570,000 documents obtained 

after a first refinement to remove Cases 

1,427 documents identified after 

keywords refinement and re-refinement 

on Subjects and Geographic Regions

About 1,920,000 documents identified 

after keywords refinement on Subjects 

and Geographic Regions

627 documents identified after 

refinement on the Knowledge Area

About 719,000 documents identified

after refinement on the Knowledge Area

395 documents identified after re-

refinement on the Knowledge Area
296 documents identified after 

refinement on the Document Titles

29 document results identified after 

screening on the Document Titles

82 document results identified after 

screening on the Document Titles

1 relevant document identified after 

Abstract reading

34 relevant documents identified after 

Abstract reading

34 new potential relevant documents 

after union and/or intersection with 

previous expert relevant documents

Of which 16 already included in the 

expert list of papers

18 new relevant documents added to 

the initial list of expert papers 

(including 52 relevant documents)

66 relevant documents identified

14 additional relevant documents included 

from other sources (free search on the web)
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Methodology
Document Results

Order Reference
Document 

Type

Version

s

[35] Argyrioy and Sifaleras (2013) Proceedin

gs

6

[36] Barr and Durchholz (1992) Proceedin

gs

1

[37] Ceyhan and Benneyan (2010) Proceedin

gs

1

[38] Charnes et al. (1994) Book 1

[39] Chatzigeorgiou and Stiakakis (2011) Article 20

[40] Coelli et al. (2005) Book 10

[41] Coelli and Henningsen (2015) Manual 210

[42] Daouia and Laurent (2015) Manual 329

[43] Diaz-Martinez et al. (2008) Manual 3

[44] Emrouznejad and Thanassoulis (2009) Proceedin

gs

2

[45] Iliyasu et al. (2015) Article 3

[46] Jablonsky (2014) Article 4

[47] Li et al. (2016) Article 3

[48] Meza et al. (2004) Proceedin

gs

4

[49] Morgunov (2005) Report 3

[50] O'Donnell (2010) Report 5

[51] Straub (2015) Manual 117

[52] Surco and Wilhelm (2006) Article 8

Table 2: 18 Relevant Documents added after the 

systematic search on Scopus and Google Scholar.

Order Reference
Docume

nt Type

Version

s

[53] Badunenko et al. (2017) Manual -

[54] Belotti and Ilardi (2013) Article 10

[55] Bogetoft and Otto (2015)* Manual 197

[56] Dakpo et al. (2016) Manual -

[57] Ferrara and Vidoli (2015) Manual 60

[58] Fusco and Vidoli (2015) Manual 44

[59] Kalvelagen (2002) Report 6

[60] Lim and Anderson (2012) Proceedi

ngs
4

[61] Oh and Suh (2013) Manual 210

[62] Pavlyuk (2016) Manual 100

[63] Ramanathan (2003) Book 2

[64] Shott and Lim (2015) Manual -

[65] Sickles and Zelenyuk (2017) Book -

[66] Wilson (2014)* Manual 2

Table 3: 12 Relevant Documents 

Added from Additional Sources



Comparative Analysis

General purpose 

software

Dimensions

Frontier models System requirement
Variable and 

Constraints Limitation
User interface Reports’ structure Cost User support

Matlab

(Sickles and 

Zelenyuk, 2017)

DEA/SFA 

models
Ibidem

Unlimited constraints and 

variables*
GUI

Text file; Scripts; Graphs; 

Projections; Tables; General 

Scores, Panel Data 

Estimators;

Specific Results; Statistics, 

indexes

Free (for academic 

uses only)

Email and Phone 

technical support

R                

- Benchmarking -

(Bogetoft and 

Otto, 2015)

FDH/DEA 

Models

Windows NT, Server, XP, 

Vista, 7, 8, 8.1 and 10; Mac 

OS X 10.6 or newer; Linux 

Ubuntu OpenSuse, Debian, 

Redhat and Ubuntu

Unlimited constraints and 

variables*

R Command-Line 

Prompt, RStudio, 

JGR, R 

Commander, 

RKWard, Deducer, 

Rattle, Red-R

Text file; Scripts; Graphs; 

Projections; Plots; Tables; 

Codes; General Scores, 

Specific Results; Partial 

Prices; Statistics, indexes; 

Weights, Lambdas; Peers 

and Slacks

Free (requires 

lpSolveAPI and 

ucminf packages)

User's Guide (59 

pages); Reference 

Book; Email Support

R            

- FEAR -

(Wilson, 2008)

FDH/DEA other 

robust 

Nonparametric 

Models

Ibidem Ibidem Ibidem Ibidem

Free , but 

registration needed 

(requires 

KernSmooth

package)

Introductory 

Whitepaper (14 

pages); User’s Guide 

(53 pages); Email 

Support

R                    

- Frontier -

(Coelli and 

Henningsen, 2015)

SFA Models Ibidem Ibidem Ibidem Ibidem

Free (requires 

micEcon

and lmtest

packages)

User’s Guide (38 

pages); Email 

Support



Comparative Analysis

General purpose 

software

Dimensions

Frontier models System requirement
Variable and 

Constraints Limitation
User interface Reports’ structure Cost User support

R - Frontiles -

(Daouia and 

Laurent, 2015)

Robust 

Nonparametr

ic Eff. Models

Ibidem Ibidem Ibidem Ibidem Ibidem
User’s Guide; 

Email Support

R - Nonparaeff -

(Oh and Suh, 

2015)

FDH/DEA 

Models
Ibidem Ibidem Ibidem Ibidem Ibidem

User’s Guide; 

Email Support

R - npsf -

(Badunenko et al., 

2017)

nonparametr

ic and 

parametric 

efficiency 

Models

Ibidem Ibidem Ibidem Ibidem Ibidem
User’s Guide; 

Email Support

R - Productivity -

(Dakpo et al., 

2016)

DEA Models Ibidem Ibidem Ibidem Ibidem Ibidem
User’s Guide; 

Email Support



Comparative Analysis

General purpose 

software

Dimensions

Frontier models System requirement
Variable and 

Constraints Limitation
User interface Reports’ structure Cost User support

R - semsfa -

(Ferrara and 

Vidoli, 2015)

Semiparamet

ric models
Ibidem Ibidem Ibidem Ibidem Ibidem

User’s Guide; 

Email Support

R - SFA -

(Straub, 2015)
SFA Models Ibidem Ibidem Ibidem Ibidem Ibidem

User’s Guide; 

Email Support

R - spfrontier -

(Pavlyuk, 2016)
Spatial SFA Ibidem Ibidem Ibidem Ibidem Ibidem

User’s Guide; 

Email Support

R - SSFA -

(Fusco and Vidoli, 

2015)

Spatial SFA Ibidem Ibidem Ibidem Ibidem Ibidem
User’s Guide; 

Email Support



Comparative Analysis

General purpose 

software

Dimensions

Frontier models System requirement
Variable and 

Constraints Limitation
User interface Reports’ structure Cost User support

R - TFDEA -

(Shott and Lim, 

2015)

DEA Models Ibidem Ibidem Ibidem Ibidem Ibidem
User’s Guide; 

Email Support

R - rDEA -

(Simm and 

Besstremyannaya 

2016))

DEA Models Ibidem Ibidem Ibidem Ibidem Ibidem
User’s Guide; 

Email Support

R - DJL -

(Lim 2016)
DEA Models Ibidem Ibidem Ibidem Ibidem Ibidem

User’s Guide; 

Email Support



Comparative Analysis

General purpose 

software

Dimensions

Frontier models System requirement
Variable and 

Constraints Limitation
User interface Reports’ structure Cost User support

AMPL     

(Green, 1996)
DEA models

Windows (32 or 64 bit); Linux 

(32 or 64 bit); MacOS; NEOS 

Webserver

300 DMUs, up to 90000 

constraints, 300 

input/output variables

Java; Matlab; 

C++; Visual Studio; 

AMPL Studio

Text file; Scripts; 

Graphs; Projections; 

Brief Summary of 

Detailed Results; 

Specific Results; 

Tables; Report on 

compilation errors

US$400 + US$300 

(MINUS) for academics / 

US$4000 + US$9500 

(CPLEX) + US$3000 

(MINUS) for business

Free online Book and 

Reports

GAMS         

- dea.gms -

(Kalvelagen, 2002)

DEA models

Windows Vista or newer (32 

or 64 bit); Linux; MacOS X; 

Solaris (i86pc or SPARC 64 

bit); IBM AIX 

300 DMUs and 

constraints, 300 

input/output variables, 50 

discrete variables, 2000 

linear non-zeros, and 

1000 non-linear non-zeros

GAMS IDE or 

external APIs 

(Excel; VBA; C; 

Visual Basic; Java; 

PHP, GIS; Matlab; 

Gnuplot; Web 

Server and others)

Text file; Scripts; 

Graphs; Projections; 

Maps; Summary 

Tables; Codes; Brief 

Detailed Results; 

Specific Results; 

Compilation Errors

US$640 for academics / 

US$3200 for business

Free online 

documentation; User's 

Guide (590 pages, 

US$13.22); Solver 

Manuals (508 pages, 

US$13.22)

Mathematica    

- DEA.m -

Ley (1996)

DEA models

Windows 7, 8, 8.1 and 10 (32 

or 64 bit); Mac OS X 10.9, 

10.10, 10.11 and 10.12; 

Ubuntu 12.04–16.04, RHEL 

and CentOS  6–7, Debian 7–

8, openSUSE 12.1–13.2, 

Leap 42.1 and Fedora 14–24; 

and Webserver (Browser or 

Mobile App)

Unlimited constraints and 

variables*

Graphical User 

Interface

Text file; Scripts; 

Graphs; Projections; 

Plots; Tables; Maps 

Sounds; Codes; 

General Scores, 

Specific Results; 

Charts; Statistics

US$1150 for academics / 

US$2360 for NPO 

(government) / US$2620 

for business

Online Wolfram 

Language 

Documentation; Email 

and Phone technical 

support; Online FAQ; 

Video Tutorials and 

Training Classes;

Matlab

- DEA Toobox –

(Álvarez et al. 

2016)

DEA models

Windows Server 2003, XP, 

Vista, 7, 8, 8.1 and 10; Mac 

OS X 10.9.5 and 10.10; Linux 

Ubuntu 16.04, SUSE 12, Red 

Hat 6 and 7 and Debian 7 and 

8 

Unlimited constraints and 

variables*
GUI

Text file; Scripts; 

Graphs; Projections; 

Plots; Tables; Codes; 

General Scores, 

Specific Results; 

Statistics, indexes; 

Weights, Lambdas

Free (requires the 

Optimization Toolbox -

€200 for academics and 

€1150 for business - and 

Statistics and Machine 

Learning Toolbox 

(optional for bootstrapping 

analysis) - €200 for 

academics and €1000 for 

business)

Documentation (White 

Paper - 40 pages); 

Online FAQ



Comparative Analysis

Dedicated 

Software

Dimensions

Frontier models System requirement
Variable and 

Constraints Limitation
User interface Reports’ structure Cost User support

DEAFrontier      

(Zhu, 2002; 2014)

FDH/DEA 

Models

Windows XP, 7, 8, 8.1 

and 10; MS Excel 1997 -

2003 and Excel 2007 -

2016

200 DMUs and 

constraints, 200 

input/output variables

MS Excel 

spreadsheet

Text file; Scripts; Graphs; 

Projections; Tables; 

General Scores and 

Specific Results; Weights, 

Lambdas and Slacks

US$699 + US$1000 

(Excel Solver) for 

academics / 

US$1499 + 

US$1000 (Excel 

Solver) for business

1-month Free Technical 

Support; Free User's Guide 

and Online FAQ; Book of 

models and applications 

(optional) (414 pages, 

US$139.22)

DEA-Solver-Pro  

(Cooper et al., 

2006)

FDH/DEA 

Models

Windows 9x/NT early 

versions, 2000, XP, 

2003, Vista, 7, 8, 8.1 and 

10Excel 97 - 2016

Up to 60000 DMUs and 

constraints, unlimited 

number of input/output 

items*

MS Excel 

spreadsheet

Text; Graphs; Charts; 

Figures; Projections; 

Tables; General Scores, 

Summary Statistics, 

indexes; and Specific 

Results, Weights, 

Lambdas and Slacks

US$800 for 

academics / 

US$1,600 for 

business

Free User's Guide (134 

English version pages and 

148 Japanese version 

pages); Email technical 

support; Training classes 

(optional) (US$200 for up to 

20 students)

EMS                

(Scheel, 2000)

FDH/DEA 

Models

Windows 9x/NT early 

versions, 2000, XP, 

Vista, 7, 8, 8.1 and 10

5000 DMUs and 

constraints, 40 

input/output variables

EMS Graphical 

User Interface (Can 

resort to Text Editor 

and/or Excel 

spreadsheet)

Text and Tables; General 

Scores and Specific 

Results, weights, 

Lambdas, Benchmarking, 

costs and slacks 

Free

Free User's Guide (12 

pages); Email technical 

support

PIM-DEAsoft

(Thanassoulis, 

2001)

DEA Models

Windows 2000, XP, 

2003, Vista, 7, 8, 8.1 and 

10

50 DMUs and 

constraints, unlimited 

number of input/output 

items*

PIM-DEASoft

Graphical User 

Interface

Text File; Tables; Graphs; 

Charts; Plots; Figures; 

Projections; General 

Scores, Summary 

Statistics, Indexes; and 

Specific Results

£100 for academics 

/ £200 for business

Email technical support; 

Training classes (optional); 

3 months free maintenance;



READING DATA



Data Structure

• Supports virtually any type of data

• Numbers, characters, logicals (TRUE/ FALSE)

• Arrays of virtually unlimited sizes

• Simplest: Vectors and Matrices

• Lists: Can Contain mixed type variables

• Data Frame: Rectangular Data Set



• The first row of the spreadsheet is usually reserved
for the header, while the first column is used to
identify the sampling unit;

• Try to avoid using names that contain symbols such
as ?, $, %, ^, (, ), -, #, , ‘,’ , <, >, /, \, |, [, ], {, and }

• Delete any comments that you have made in your
Excel file to avoid extra columns or NA's to be added
to your file; and

• Make sure that any missing values in your data set
are indicated with NA

Reading Data 
Before Importing



Reading Data

• Directly using a vector e.g.: x <- c(1,2,3…)

• Spreadsheet like data:

• Small/medium size: use read.table(), read.csv(), 
read.csv2(), read.xls(), read.xlsx(), read.txt()

• Large data: use scan()

• Read from other systems: 

• Use the library “foreign”: library(foreign)

• Can import from SAS, SPSS, Epi Info

• Can export to STATA

• Using matrix function to read data matrices

• Using data.frame to read mixed data



Accessing Variables

• edit(<mydataobject>)

• Subscripts essential tools

• x[1] identifies first element in vector x

• y[1,] identifies first row in matrix y

• y[,1] identifies first column in matrix y

• $ sign for lists and data frames

• mydata$age gets age variable of mydata

• attach(mydata) -> extract by variable name



DESCRIPTIVE STATISTICS & VISUALIZATIONS



Descriptive Statistics

Central Tendency Measures

• Mean

• Mode

• Median

• Quartile

Dispersion Measures

• Amplitude

• Interquartile Range

• Variance

• Standard Deviation



Visualizations
• Boxplots • Histograms

• Dispersion Graphs • QQ-Plots



SEMINAL MODELS (CCR & BCC)



Seminal Models

• Data Envelopment Analysis Models are implemented im

many R package. The most common option is

‘Benchmarking’, which returns (among others):

𝐏𝐫𝐢𝐦𝐚𝐥 𝐃𝐮𝐚𝐥

𝑚𝑎𝑥

𝑟=1

𝑠

𝑢𝑟𝑦𝑟𝑜

𝑠. 𝑡. 

𝑖=1

𝑚

𝑣𝑖𝑥𝑖𝑜 = 1, ∀ 𝑖 = 1, 2, … ,𝑚



𝑟=1

𝑠

𝑢𝑟𝑦𝑟𝑗 −

𝑖=1

𝑚

𝑣𝑖𝑥𝑖𝑗 ≤ 0, ∀ 𝑗 = 1, 2, … , 𝑛

𝑢𝑟 , 𝑣𝑖 ≥ 0, ∀ 𝑖 = 1, 2, … ,𝑚; ∀ 𝑟 = 1, 2, … , 𝑠

𝑚𝑖𝑛 𝜃

𝑠. 𝑡. 

𝑗=1

𝑛

𝜆𝑗 𝑦𝑗𝑟 ≥ 𝑦𝑜𝑟 , ∀ 𝑟 = 1, 2, … , 𝑠



𝑗=1

𝑛

𝜆𝑗 𝑥𝑗𝑖 ≤ θ𝑥𝑜𝑖 , ∀ 𝑖 = 1, 2, … ,𝑚



𝑗=1

𝑛

𝜆𝑗 = 1, 𝑧𝑗 ≥ 0, ∀ 𝑗 = 1, 2, … , 𝑛

= 𝒙𝒐𝒊 − 𝒔𝒙

= 𝒚𝒐𝒓 + 𝒔𝒚𝒔𝒚

𝒔𝒙

Marginal Contribution

Efficiency Score

Weights 

of Peers

Slacks



Seminal Models
Implementation in R

• Usage

• dea(X, Y, RTS="vrs", ORIENTATION="in", XREF=NULL, YREF=NULL,
FRONT.IDX=NULL, SLACK=FALSE, DUAL=FALSE, DIRECT=NULL,
param=NULL, TRANSPOSE=FALSE, FAST=FALSE, LP=FALSE,
CONTROL=NULL, LPK=NULL)

• Arguments

• X: Inputs of firms to be evaluated, a K x m matrix of observations of K firms
with m inputs (firm x input)

• Y: Outputs of firms to be evaluated, a K x n matrix of observations of K firms
with n outputs (firm x input). DIRECT Directional efficiency

• DIRECT: is either a scalar, an array, or a matrix with nonnegative elements. If
the argument is a scalar, the direction is (1,1,...,1) times the scalar; the value of
the efficiency depends on the scalar as well as on the unit of measurements. If
the argument an array, this is used for the direction for every firm; the length of
the array must correspond to the number of inputs and/or outputs depending
on the ORIENTATION. If the argument is a matrix then different directions are
used for each firm



Seminal Models
Implementation in R

• Arguments

• RTS: Text string or a number defining the underlying DEA technology /
returns to scale assumption

• 0) fdh: Free disposability hull, no convexity assumption

• 1) vrs: Variable returns to scale, convexity and free disposability

• 2) drs: Decreasing returns to scale (down-scaling, but not up-scaling),
convexity, and free disposability

• 3) crs: Constant returns to scale, convexity and free disposability

• 4) irs: Increasing returns to scale (up-scaling, but not down-scaling),
convexity, and free disposability

• 5) irs2: Increasing returns to scale (up-scaling, but not down-scaling),
additivity, and free disposability

• 6) add: Additivity (scaling up and down, but only with integers), and free
disposability

• 7) fdh+: A combination of free disposability and restricted or local constant
return to scale

• 10) vrs+: As vrs, but with restrictions on the individual lambdas via param



Seminal Models
Implementation in R

• Arguments

• ORIENTATION: Input efficiency "in" (1), output efficiency "out" (2),

and graph efficiency "graph" (3). For use with DIRECT, an

additional option is "in-out" (0).

• XREF Inputs of the firms determining the technology, defaults to X.

• YREF Outputs of the firms determining the technology, defaults to

Y.

• FRONT.IDX Index for firms determining the technology

• SLACK Calculate slack by an intern call of the function slack

• param Possible parameters. At the moment only used for

RTS="fdh+" to set low and high values for restrictions on lambda



Seminal Models
Implementation in R

• Arguments

• DUAL: Calculate dual variables, i.e. shadow prices; not calculated

for orientation graph as that is not an LP problem.

• FAST: Only calculate efficiencies and just return them as a vector,

i.e. no lambda or other output. The return when using FAST cannot

be used as input for slack and peers.

• CONTROL: Possible controls to lpSolveAPI

• LP: Only for debugging. If LP=TRUE then input and output for the

LP program are written to standard output for each unit.

• Object, x:An object of class Farrell (returned by the function dea) –

R code uses ‘object’ and ‘x’ alternating for generic methods.



TESTING RETURNS TO SCALE AND CONVEXITY



Testing Returns to Scale and Convexity

• Based on Kneip et al. (2016) tests of convexity and

returns to scale, and Daraio et al. (2018) approach to

randomly split the original sample into two

independent subsamples to ensure independence

between the two means under comparison.

• Each test involves comparing a sample mean of

efficiency estimates that impose the conditions of

the null hypothesis against a sample mean of

efficiency estimates where the null is not

imposed.



Testing Returns to Scale and Convexity

• Hyphothesis Test (Returns to Scale):

𝐻0: 𝜇
𝑛𝑘.

θ𝐶𝑅𝑆|𝑘 = 2/(p + q)

𝐻1: 𝜇
𝑛𝑘.

θ𝑉𝑅𝑆|𝑘 = 2/(p + q)

• Hyphothesis Test (Convexity):

𝐻0: 𝜇
𝑛𝑘.

θ𝐹𝐷𝐻|𝑘 = 1/(p + q+1)

𝐻1: 𝜇
𝑛𝑘.

θ𝑉𝑅𝑆| ቊ
𝑘 = 2/(p + q+1) 𝑢𝑛𝑑𝑒𝑟 strict convexity

𝑘 = 2/(p + q) 𝑢𝑛𝑑𝑒𝑟 weak convexity

• Reject the Null Hypothesis if p-value is below the
critical value (0.05)



TESTING THE SEPARABILITY CONDITION



Testing the Separability Condition

• The presence of environmental variables raises important

questions for practitioners, such as the question of

precisely how the environmental variables might affect the

production process

• Environmental variables might affect

• Only the distribution of efficiency among firms

• The production possibilities of firms



Testing the Separability Condition

• The separability condition assumes that

environmental variables only affect the

distribution of efficiency and do not affect

production possibilities (Simar and Wilson, 2007).

• Separability Condition: z =  for all z ∈ Z, where 

= {(X, Y ) | X can produce Y }.

• Non-Separability Condition: z ≠  for some z ∈ Z.



• If the separability condition does not hold, unconditional

DEA and FDH estimators have no useful interpretation:

not only are second-stage regressions lack meaning

when the separability condition is violated, but also the

(unconditional) first-stage efficiency estimates is not

meaningful (Dario et al. 2018).

• When it holds, it is meaningful to analyze the behavior

of λ(x, y) as a function of Z by using an appropriate

regression model (Simar and Wilson, 2007, 2011)

Testing the Separability Condition



BOOTSTRAP



Bootstrap

• The bootstrap method described by Simar and Wilson

(1998) is used to estimate confidence intervals for

Shephard (1970) input or output distance functions.

• Efficiency estimates are computed using the routine dea

• Farrell output efficiency measure (which is the reciprocal

of the Shephard output distance function) is

recommended in many cases when estimated bias is

larger than the distance function estimate (setting

OUTPUT.FARRELL=TRUE)



DIRECTIONAL EFFICIENCY



Directional Distance Functions

• Representation of the production technology with multiple
inputs and outputs.

• DDF accounts for both the reduction in the inputs or the
expansion in the output simultaneously in the direction
𝑔(𝑥𝑖,𝑦𝑟)

D𝑡 x, y, 𝑔𝑥 , 𝑔𝑦 = sup{𝛽 :(x − 𝛽𝑔𝑥 , 𝑦 + 𝛽𝑔𝑦)∈ T}.

𝑊ℎ𝑒𝑟𝑒 T = {(x, y) : x can produce y}

• Instead of a proportional contraction/expansion of the
input/output vector, we allow non-proportional resource
reductions or product increasing



Directional Distance Functions

• The distance function translates the vector (x, y) into a

direction 𝑔(𝑥𝑖,𝑦𝑟) to the boundary of the production frontier.



Directional Distance Functions
Implementation

• Implementing Directional Efficiency can be made by definition

of polar coordinates, directional angles or targets (MEA), or by

frontier scaling or slacks decompositions through Linear

Programming:

D𝑡 x, y, gx, gy = 𝑚𝑎𝑥 β

𝑠. 𝑡. 

𝑗=1

𝑘

𝑧𝑗 𝑦𝑗𝑟 ≥ 𝑦𝑜𝑟 + 𝛽𝑔𝑦𝑟 𝑟 = 1, 2, … , 𝑠



𝑗=1

𝑘

𝑧𝑗 𝑥𝑗𝑖 ≤ 𝑥𝑜𝑖 − 𝛽𝑔𝑥𝑖 𝑖 = 1, 2, … ,𝑚



𝑗=1

𝑘

𝑧𝑗 = 1, 𝑧𝑗 ≥ 0, 𝑗 = 1, 2, … , 𝑘



Directional Distance Functions
Implementation in R

• Usage

• dea.direct(X, Y, DIRECT, RTS = "vrs", ORIENTATION = "in", XREF = NULL,
YREF = NULL, FRONT.IDX = NULL, SLACK = FALSE, param=NULL,
TRANSPOSE = FALSE)

• Arguments

• X: Inputs of firms to be evaluated, a K x m matrix of observations of K firms
with m inputs (firm x input)

• Y: Outputs of firms to be evaluated, a K x n matrix of observations of K firms
with n outputs (firm x input). DIRECT Directional efficiency

• DIRECT: is either a scalar, an array, or a matrix with nonnegative elements. If
the argument is a scalar, the direction is (1,1,...,1) times the scalar; the value of
the efficiency depends on the scalar as well as on the unit of measurements. If
the argument an array, this is used for the direction for every firm; the length of
the array must correspond to the number of inputs and/or outputs depending
on the ORIENTATION. If the argument is a matrix then different directions are
used for each firm



Directional Distance Functions
Implementation in R

• Arguments

• RTS: Text string or a number defining the underlying DEA

technology / returns to scale assumption

• 0) fdh: Free disposability hull, no convexity assumption

• 1) vrs: Variable returns to scale, convexity and free disposability

• 2) drs: Decreasing returns to scale (down-scaling, but not up-scaling),

convexity, and free disposability

• 3) crs: Constant returns to scale, convexity and free disposability

• 4) irs: Increasing returns to scale (up-scaling, but not down-scaling),

convexity, and free disposability

• 6) add: Additivity (scaling up and down, but only with integers), and free

disposability

• 7) fdh+: A combination of free disposability and restricted or local

constant return to scale



Directional Distance Functions
Implementation in R

• Arguments

• ORIENTATION: Input efficiency "in" (1), output efficiency "out" (2), and

graph efficiency "graph" (3). For use with DIRECT, an additional option

is "in-out" (0).

• XREF Inputs of the firms determining the technology, defaults to X.

• YREF Outputs of the firms determining the technology, defaults to Y.

• FRONT.IDX Index for firms determining the technology.

• SLACK Slacks calculated after taking the efficiency into consideration

• param Possible parameters. At the moment only used for RTS="fdh+"

to set low and high values for restrictions on lambda; see the section

details and examples in dea for its use. Future versions might also use

param for other purposes



Directional Distance Functions
Choosing the Direction

• The most common choice is for the unit vector 𝒈(𝒙, 𝐲) = (1,1)
and data direction 𝒈(𝒙, 𝐲) = (x,y)

• Other feasible choices are:

• Define the direction for the expansion/contraction as
proportions of the mean (Fukuyama and Weber 2017)

• Data-driven direction (Daraio and Simar 2014, 2016)

• g(x, y) = g(xR ,yR) (Briec 1997; Fukuyama and Weber 2009)

• Orthogonal direction to the output set (Peyrache and Daraio
2012).

• Determine the directional vector endogenously (Färe,
Grosskopf and Whittaker 2013)

• Subjective (Non-compensatory) Directions (Nepomuceno,
Daraio & Costa, 2020)



https://www.researchgate.net/publication/343840283_Exogenous_crimes

_and_the_assessment_of_public_safety_efficiency_and_effectiveness

Directional Distance Functions
Applications

https://www.researchgate.net/publication/333085363_Combining_multi-

criteria_and_directional_distances_to_decompose_non-

compensatory_measures_of_sustainable_banking_efficiency

https://www.researchgate.net/publication/343840283_Exogenous_crimes_and_the_assessment_of_public_safety_efficiency_and_effectiveness
https://www.researchgate.net/publication/333085363_Combining_multi-criteria_and_directional_distances_to_decompose_non-compensatory_measures_of_sustainable_banking_efficiency

