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Abstract

This article examines an Arabic mathematical manuscript at Columbia Uni-
versity’s Rare Book and Manuscript Library (or. 45), focusing on a previously un-
published set of texts: the treatise on the mathematical method known as Double
False Position, as supplemented by Jabir ibn Ibrahim al-Sabi (tenth century?), and
the commentaries by Ahmad ibn al-Sari (d. 548/1153—4) and Sa‘d al-Din As‘ad ibn
Sa‘d al-Hamadhani (12th/13th century?), the latter previously unnoticed. The ar-
ticle sketches the contents of the manuscript, then offers an editio princeps, trans-
lation, and analysis of the treatise. It then considers how the Swiss historian of
mathematics Heinrich Suter (1848-1922) read Jabir’s treatise (as contained in a dif-
ferent manuscript) before concluding with my own proposal for how to go about
reading this mathematical text: as a witness of multiple stages of a complex tex-
tual tradition of teaching, extending, and rethinking mathematics — that is, we
should read it philologically.

»1

“A woman dies, leaving her husband, a son, and three daughters.” You are tasked
with dividing the property among her heirs according to Islamic law. The rules in this
case are that the husband inherits one quarter of the estate, and that in dividing what
remains, the son’s share is twice each daughter’s share. Suppose her estate is 100 dinars.
How much does the son inherit?

You have never studied basic algebra. Or if you have, pretend for a moment that you
have not. You know how to add, subtract, multiply, and divide integers and even integral
fractions. So to answer this question, you begin guessing. You guess that the son’s share

*[PoST-PRINT. Please refer to the published version in Philological Encounters 5.3 (2020).] I would
like to thank Islam Dayeh and the two anonymous reviewers for their insightful comments on this article.

'The example is from al-KhwarizmT’s Algebra, trans. Solomon Gandz, “The Algebra of Inheritance: A
Rehabilitation of Al-Khuwarizmi,” Osiris 5 (1938): 327.
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is 50. Since the husband’s share is 12—0 = 25, and each daughter’s share is half of the
son’s share, this would yield a total estate of 25 4 50 + 3 - % = 150. Too large. What
about if the son’s share is 20?7 Then the total estate would be 25 4 20 + 3 - % = 75.
Too small. Maybe 40? But then the estate would be 25 + 40 4 3 - 42—0 = 125. Too
large again. You could keep going, but you start to wonder if there is a better way to do
this. Fortunately, you come upon a manuscript that includes a treatise that describes
a method called “calculation by two errors” (hisab al-khata'ayn). You've already made
three errors, so this seems promising. You read on.

The present article is about just such a manuscript and just such a treatise. The
manuscript is New York, Columbia University, or. 45 (ca. thirteenth century).* The trea-
tise is the Explication of the Demonstration of Calculation by Two Errors, Improved Edition
(islah) by Abu Sa‘d Jabir ibn Ibrahim al-Sabr. “Calculation by two errors,” known in En-
glish as the method of Double False Position, appears as a minor chapter in the history
of mathematics, especially when conceived as a linear history of progress from primi-
tive problem-solving and limited understanding to sophisticated techniques and more
complete theorems. Double False Position is a somewhat sophisticated technique but
one that was at least at first glance entirely superseded by algebra.

To solve the above inheritance problem by Double False Position, we define z; and
T as the first and second guesses, y/; and ¥ as the resulting outputs, where y = 100
is the desired output. The aim is to find x such that operating on x as stipulated in the
problem yields the desired output 4. Based on the above calculations, we can assign
these terms the following values: z; = 50, y; = 150; x5 = 20, yo = 75. We further
define two “errors” e; = y; — y = 50 and e3 = Yy, — y = —25. Finally, we plug these

values into the formula
T1€9 — X261
r=—— (1)

€2 — €1

in order to obtain

50-(—25) —20-50 1250+ 1000

—25—50 75 50.

xTr =

And indeed, 25+ 30 + 3 - % = 55 + 45 = 100, which was the deceased’s total estate
as stipulated in the problem. So the son’s share is 30 dinars, making each daughter’s
share 15 dinars. Double False Position has allowed us to come to this conclusion without
knowledge of algebra.

Once a systematic algebra of polynomials (albeit restricted to positive rational num-
bers and quadratic equations) had been developed by al-Khwarizmi in the ninth cen-
tury,® one might even expect Double False Position to have been abandoned altogether
as superfluous.

But it was not. Part of the reason must be that Double False Position can come in

handy even if one knows algebra.* As Randy Schwartz has pointed out, not only is it an

?See Gurgis ‘Awwad, “Al-Makhtatat al-‘arabiyyah fi dar al-kutub al-Amirikiyyah” [Arabic Manu-
scripts in American Libraries], Sumer 7 (1951): 26263, esp. 262 (date, based on the script).

3Roshdi Rashed, The Development of Arabic Mathematics: Between Arithmetic and Algebra (Dor-
drecht: Kluwer, 1994), 8—21.

“Indeed, it still has a place in modern mathematics as a standard way to approximate solutions to
equations whose algebraic solutions are unknown.



accessible method for a wide range of tradesmen with limited education to use; for some
types of problems, it is in fact a quicker and simpler method than first expressing the
problem as an algebraic equation and then solving for x. Schwartz’s example is from a
twelfth-century Latin treatise and can be summarized as follows: you carry some apples
through three gates but at each gate must give up half of what you are carrying plus two
apples to the gatekeeper; at the end you have one apple; how many did you start with?
In the time that you will take to write out the algebraic expression corresponding to this
problem, I can make two guesses, run them through the procedure, and have an answer
from Double False Position.?

Indeed, the manuscript at the center of the present article contains not only a trea-
tise on Double False Position with commentary but also Omar Khayyam’s treatise on
algebra, which built on al-Khwarizm1 and his successors to produce a more systematic
treatment that included cubic equations.® This perhaps surprising juxtaposition offers
the opportunity for the present inquiry, which is primarily focused not on the history
of mathematics but on the history of mathematical philology: the scholarly and textual
practices used to preserve, communicate, and explore mathematics and its history.”

This article will move between several chronological layers. As its title makes clear,
the treatise on Double False Position in question was written, at least in its current form,
by Abt Sa‘d Jabir ibn Ibrahim al-$abi. In particular, it indicates that Jabir edited a pre-
existing text to improve its clarity, fill in gaps in its reasoning or exposition, or stan-
dardize its technical vocabulary.® To judge from Jabir’'s name, he may be the son of the

5Randy K. Schwartz, “Issues in the Origin and Development of Hisab al-Khata’ayn (Calculation by
Double False Position),” in Actes du huitiéme colloque maghrébin sur Chistoire des mathématiques arabes:
Tunis, les 18-19-20 décembre 2004 (Tunis: Association Tunisienne des sciences mathematiques, 2004), 2—3.
In this particular example, one might obtain the answer even faster by “working backwards”: ([(1 + 2) -
24 2] -2+ 2) -2 = 36. But that is beside the point, which is that to solve this problem by algebra is
exceedingly cumbersome compared to either of these numerical methods.

6Rashed, Development of Arabic Mathematics, 43—50.

"For definitions of philology — or Zukunftsphilologie, to which this journal is devoted — and some
of the stakes involved, see, e.g., Sheldon Pollock, “Philology and Freedom,” Philological Encounters1(2016):
4-30; Sheldon Pollock et al,, eds., World Philology (Cambridge, MA: Harvard University Press, 2015). Such
a philology liberates the intellectual historian from the distorted extremes of a seamless but wholly
anachronistic history of linear progress on the one hand and a disconnected string of solipsistic “original”
texts on the other. In its place, a historical philology, by highlighting the iterated attempts to understand
and make present with each new generation texts and ideas from the past, offers an intellectual history
that emphasizes thinking subjects — whether author, reader, scribe, or commentator — and their in-
teractions, between contemporaries and across time, potentially all the way up to our present day. Not
only does such a philology seek to bridge the gap between historicism (meaning of a text when it was first
composed) and presentism (what it means for me today). It also conceives of each thinking subject, at
least potentially, as a fellow philologist, who likewise might have read texts — for his or her own purposes
of course — as a historicist, as a presentist, and also, perhaps especially, with an eye to the intervening
tradition.

8The title indicates that it is a treatise, whose author remains unnamed, that Jabir subsequently re-
vised, producing a new, revised edition (islah) of the text. As Mohammed Abattouy has shown, the term
islah was typically used to describe the product of correcting, clarifying, and filling in the gaps in mathe-
matical texts (often early translations from Greek into Arabic) that were faulty, unclear, or lacunose. This
was often carried out by a scholar with technical, rather than linguistic, expertise, although islah can also
refer to revisions of a primarily stylistic or linguistic nature. See Mohammed Abattouy, “La tradition arabe
de Magqala fi al-mizan, un traité sur la théorie du levier attribué a Euclide,” Mirror of Heritage (Ayene-ye
Miras): Quarterly Journal of Book Review, Bibliography and Text Information (Tehran), n.s., 4, no. 4 (2007):



Sabian physician and mathematician Abtu Ishaq Ibrahim ibn Sinan ibn Thabit ibn Qurra
(909—946), grandson of the famous mathematician, physician, astronomer, and trans-
lator Thabit ibn Qurra (born in Harran; active in Baghdad; d. go1).° If this identification
should prove correct, it would place Jabir in the tenth century. (Otherwise all we have
is the terminus ante quem provided by the text’'s commentators.) Interspersed with the
original text is a commentary by the mathematician and philosopher Ibn al-Sari (also
known as Ibn al-Salah; from Hamadan; active in Baghdad; d. 1153—4),'* as well as a brief
note by one Sa‘d al-Din al-Hamadhani. Works by both of these commentators appear
elsewhere in the manuscript. As discussed in the following, Ibn al-Sari’s commentary
points out a fatal flaw in Jabir’s geometrical proof of the validity of the method of Double
False Position; al-Hamadhani explains a single aspect of Ibn al-Sar1’s commentary.

In the early twentieth century, this treatise was studied by the Swiss teacher and
historian of mathematics, Heinrich Suter (1848-1922)." Suter was primarily interested
in the text as evidence that the method of Double False Position was known prior to the
twelfth century, when it appears in Latin. His secondary interest was to evaluate the
mathematical worth of the treatise; concurring with Ibn al-Sari, he rated it quite low.
(Suter subsequently gained access to a different Arabic treatise on Double False Position
by the ninth/tenth-century Byzantine Christian scholar Qusta ibn Luqa of Ba‘labakk. He
concluded that it was of sufficient worth to merit being published in German transla-
tion.)™

67-104, esp. §1. I owe this reference to an anonymous reviewer.

9Carl Brockelmann, Geschichte der arabischen Litteratur, 1st ed. (Weimar; Berlin: Emil Felber, 1898—
1902), 1:219; Heinrich Suter, Die Mathematiker und Astronomen der Araber und ihre Werke (Leipzig: Teub-
ner, 1900), 69 = no. 162; Fuat Sezgin, Geschichte des arabischen Schrifttums, 17 vols. (Leiden: Brill, 1967—
2015), 5:254. For Abu Ishaq Ibrahim ibn Sinan, see Suter, Die Mathematiker und Astronomen, 53-54 =
no. u3; Sezgin, GAS, 5:292—295. On the other hand, I am not aware of anything that would exclude iden-
tifying his father with other Sabians named Ibrahim, such as the well-known secretary of the Buyids Aba
Ishaq Ibrahim ibn Hilal ibn Ibrahim ibn Hartin (925-994) or his grandfather. See Alexandre M. Roberts,
“Being a Sabian at Court in Tenth-Century Baghdad,” Journal of the American Oriental Society 137, no. 2
(2017): 253—77; Sezgin, GAS, 5:314. Since the Sabians identified themselves as Abrahamic hunafa’, we might
expect the name Ibrahim to be common among them.

“Suter, Die Mathematiker und Astronomen, 120 = no. 287; Theodosius, Sphaerica: Arabic and Medieval
Latin Translations, ed. and trans. Paul Kunitzsch and Richard Lorch (Stuttgart: Steiner, 2010), 2 (introduc-
tion), mentioned because one of the manuscripts of Theodosios’s Sphairika says that it was copied from
an exemplar that was copied from an exemplar in Ibn al-SarT’s own hand.

"Heinrich Suter, “Einige geometrische Aufgaben bei arabischen Mathematikern,” Bibliotheca Math-
ematica, 3rd ser., 8 (1907-8): 23—36, esp. §1 = pp. 24—27; reprinted (with original pagination) in Heinrich
Suter, Beitrdge zur Geschichte der Mathematik und Astronomie im Islam: Nachdruck seiner Schriften aus
den Jahren 1892-1922, ed. Fuat Sezgin, 2 vols. (Frankfurt am Main: Institut fiir Geschichte der Arabisch-
Islamischen Wissenschaften an der Johann Wolfgang Goethe-Universitit, 1986 ), 2:217—230. On Suter’s life
and work, see Julius Ruska, “Heinrich Suter,” Isis 5, no. 2 (1923): 409-17.

?Heinrich Suter, “Die Abhandlung Qosta ben Laqgas und zwei andere anonyme iiber die Rechnung
mit zwei Fehlern und mit der angenommenen Zahl,” Bibliotheca Mathematica, 3rd ser., 9 (1908—9): 111—22;
reprinted in Suter, Beitrdge: Nachdruck, 2:231-242. Suter points out a flaw (albeit a less fatal flaw) in this
treatise as well, concluding that it is much closer to being a successful proof of Double False Position,
such that Jabir cannot have based his treatise on it. — Qusta can plausibly be described as a Byzantine
Christian because he was a Chalcedonian Christian in communion with the Byzantine church and a na-
tive speaker of Greek; see Maria Mavroudi, “Greek Language and Education under Early Islam,” chap. 11
in Islamic Cultures, Islamic Contexts: Essays in Honor of Professor Patricia Crone, ed. Behnam Sadeghi et al.
(Leiden: Brill, 2014), 306, citing Ibn Abi Usaybi‘ah.



Now, in the twenty-first century, I revisit this treatise as a locus for understanding
the aims and approaches of premodern mathematical writers, readers of mathematical
manuscripts, and twentieth- and twenty-first-century historians of mathematics. First,
I sketch the contents of the Columbia manuscript containing Jabir’s treatise (§I). Then I
present an editio princeps (§1I), translation (§III), and analysis (§1IV) of the treatise. After
considering Suter’s reading of this treatise (§V), I offer my own historical, mathematical,
and philological reading of the text, its manuscript context, and its commentators (§VI),
arguing for the value of such a mathematical treatise — fatally flawed but nevertheless
copied and read — for intellectual history, not only the history of mathematics, but also
of how mathematical texts were read.

I The Columbia Manuscript

New York, Columbia University, or. 45 is a medieval codex containing a significant col-
lection of mathematical texts. It includes texts on astronomy and engineering, but the
primary focus is geometry. Most of its texts are in Arabic; one is in Persian. A paper
codex, most of it was written by a single scribe (Scribe 1) in a neat naskh (with some Per-
sian features such as the shape ofinitial 4a@’), typically with 19 lines per page (texts no. 2—
18, on fols. 15"-128"). Text no. 1 was written by a different scribe (Scribe 2), with no dots,
also typically with 19 lines per page (fols. 1Y—14"). The last portion of the manuscript,
apparently added later, was written much more informally, in less regular scripts: one
hand (Scribe 3) wrote items nos. 19 and 21 with no margins (fols. 129"-137", 144"-146"),
and another (Scribe 4) wrote no. 20 with slight margins (139'-143").

Two previous descriptions of the manuscript are known to me: a page devoted to
the manuscript’s contents in Gurgls ‘Awwad’s catalog of Arabic manuscripts in Amer-
ican libraries,”® and the series of typewritten cards in the unpublished card catalog of
Arabic and other Islamicate manuscripts housed at Columbia’s Rare Book and Manu-
script Library (RBML)."* ‘Awwad'’s list of the manuscript’s contents is more complete but
still quite limited. In what follows, I present a much improved and elaborated descrip-
tion.

My aim here, I should note, is not simply to improve our bibliographic knowledge
by supplementing Sezgin’s handbook on the evidence of this manuscript (that is happy
side-effect). Instead, I include a description of the manuscript as an integral part of
the project to construct a philology that treats manuscripts not merely as warehouses
to be mined for the texts they contain but also as evidence for the intellectual milieux
that produced and studied them. Like the anonymous treatise on Double False Position,
Jabir’s attempt to improve it, Ibn al-Sar1’s critique of that attempt, and al-Hamadhan’s
brief gloss on that critique (and, we might be tempted to add, Suter’s account and cri-
tique of the whole assemblage), the Columbia manuscript represents one of many his-

¥‘Awwad, “Dar al-kutub al-Amrikiyyah,” 262—63.

4T am grateful to Jane Siegel, Rare Books Librarian at RBML, for introducing me to Columbia’s Arabic
manuscript collection and pointing me to this card catalog when I first arrived at Columbia in the Fall of
2015. Since then I have benefited from her knowledge of the collection’s history. She kindly provided me
with photographs of the manuscript so that I could continue to work on it after my departure from New
York.



torical layers of interest in and engagement with a particular mathematical problem."”
To interpret the manuscript as such, first we must read it.

‘Awwad dated the script to the seventh Hijr1 century (thirteenth century cg). Mod-
ern bibliographical notes added to the manuscript itself place it in the thirteenth or
fourteenth century CE. The manuscript includes Arabic translations of ancient Greek
texts, but many of its texts date from the eleventh and especially twelfth centuries.

Two brief notes, one on the treatise on Double False Position, are ascribed to one
Sa‘d al-Din As‘ad ibn Sa‘id al-Hamadhani. This may be someone associated with the
production of this manuscript or of the collection it contains. The manuscript refers
to him as one refers to an acquaintance: “the wise judge (al-gadi al-hakim) Sa‘d al-Din
As‘ad ibn Sa‘1ld al-Hamadhani, may God preserve his high rank.”

The Persian treatise (no. 8) and features of Scribe 1’s handwriting would tend to situ-
ate the manuscript’s production in Iran. Its apparently close connection to al-Hamadhani,
as well as the prominence of another author from the same city, Ibn al-Sari, points to
Hamadan as a possible place of the manuscript’s production and subsequent use.

[Scribe 2: first text only.]

1. Menelaos (fl. ca. 95 CE), On Spherics (Kitab M[analalwus fi [-Kuriyyat, 1'—14").
Greek original not extant, but various Arabic versions survive."®

[15": blank page with brief note.]
[Scribe 1: most of the manuscript.

2. Question asked by Shams al-Din, the Nizami chief emir, of Sharaf al-Din Baha’ al-
Islam Hujjat al-Zaman Muzaffar ibn Muhammad al-Mugaffar al-Tusi in Hamadan
AH 50<6> [= 111213 CE] about Dividing a Square... (15'-18")."

51t thus expands the possibilities of philology on “plane 2,” to use the terminology of Pollock, “Philol-
ogy and Freedom,” 19—26.

®The author’s name is partly damaged, which prevented ‘Awwad from naming its author. The un-
damaged portion of the name (a mim, the tops of two alif's, the tail of a waw or r@’, and a sin) suggests
that Menelaos is the author, and this is confirmed by the close similarity of the beginning of the text (as
well as its diagrams) with the beginning of Menelaos’s text in Kitab Manalawus fi l-Ashkal al-kuriyyah,
in the edition (islah) of Ahmad ibn Abi Sa‘d al-Harawi (d. ca. 9ggo—1000 CE), appearing after the editor’s
preface and the words gala Manalawus al-muhandis, in Leiden, Univ. Library, or. 399, fol. 83" (available
at http://hdlLhandle.net/1887.1/item:1567441). Further research might establish which of the Arabic ver-
sions described by Sezgin (GAS, 5:161-163) is contained in the Columbia manuscript, e.g., whether it is
al-HarawT's edition stripped of its preface, or the otherwise nonextant edition of al-Mahani upon which al-
Harawf'’s is based, or one of the others. — In response to this note, an anonymous reviewer kindly alerted
me to the recent critical edition and English translation of this very text in Menelaus’ “Spherics”: Early
translation and al-Mahani, al-Haraw?’s Version, ed. and trans. Roshdi Rashed and Athanase Papadopou-
los (Berlin: de Gruyter, 2017), 399—483. The editors identify the text in the Columbia manuscript as the
fragment of an early anonymous translation of Menelaos’s Spherics, contrasting it with al-HarawT's islah
(and indeed with the original translation upon which al-MahanT’s islah was itself based), of which they
also provide a critical edition and translation (pp. 485-777).

"Masalah sa’alahd Shams al-Din amir al-umara’ al-Nigamiyyah ‘an al-imam al-ajall al-awhad al-‘alim
Sharaf al-Din Baha® al-Islam Hujjat al-Zaman Mugaffar ibn Muhammad al-Muzaffar al-Tust.. bi-balad
Hamadhan sanata <sittah> wa-khamsa-miah hijriyyah ‘an murabba‘ mutasawt al-adla‘. The word sittah
was omitted by the manuscript’s scribe by haplography (since the previous word, sanah, has the same
consonantal skeleton). I supply it from the catalog entry of the Leiden manuscript that contains this


http://hdl.handle.net/1887.1/item:1567441

3. Ibnal-Haytham (354—430/965-1039), On Deriving the Altitude of the Pole (Maqgalah
[fiistikhraj irtifa‘ al-qutb, 18" —24").*®

4. Abu Rashid (?), Useful Shapes for the Book of Archimedes (Ashkal nafi‘ah fi kitab
Arshimidis, 24"—-25")."

5. Archimedes (ca. 287—212f BCE), “ascribed,” The Circle’s Area and the Relation of the
Diameter to the Circumference (Qaw! mansib ila Arshimidhis fi misahat al-d@’irah
wa-nisbat al-qutr ila [-muhit, 25'-30").*°

6. Aristarchus (fl. 280 BCE), On the Bulks of the Sun and Moon and Their Distances
(Kitab Arista<r>khus fi jirmay al-shams wa-l-gamar wa-ab‘adihima, 30'—48").*

7. ‘All ibn Ahmad al-Nasawi (11th century), Book of the Brilliant concerning the Ex-
amples of the Comprehensive Tables (Kitab al-Lami‘ft amthilat al-Zij al-Jami‘, 49"
75").%* The text begins with a detailed preface describing the purpose of the work.*

same text (and was used by Suter): P. de Jong and M. J. de Goeje, eds., Catalogus codicum Orientalium
Bibliothecae Academiae Lugduno Batavae, vol. 3 (Leiden: Brill, 1865), 71. Likewise, the word I have printed
as hujjah is from the Leiden catalog; this word in the Columbia manuscript is spelled _= without vow-
els or diacritics. The final letter could be understood as a ¢@’, used (in Persian fashion) in place of a @’
marbitah.
BSezgin, GAS, 5:358—374, esp. 366, work no. 5. Latin and German translations have appeared in print.
9Sezgin, 5:156, referring only to ‘Awwad’s description of this very manuscript. The text begins:

A E OV i o ST 5 5505 G 3V (b g 8 ] 4 22 QY )l OB G ail IS
I )y o el al e el i)
It ends:

deal "l e o ol or (1) ) e 028 3l ol el ol el il Gums o sl il 31 08
el ity ST [ [5]]

2°Sezgin, 5130-131, no. 2. Extant in Greek: Kiou pétpyatg, ed. J. Heiberg.

#Sezgin, 6:74—75. Part of the Alexandrian collection known as “the Little Astronomy.” Extant in Greek:
Iept peyebv xat dmootyudtwy YAlov xal ceAyvyg, ed./trans. Thomas Heath (Oxford, 1913).

*2Sezgin, 6:245—246, no.1, citing only ‘Awwad’s description of the Columbia manuscript. Note that this
work is not entitled Risalah fi ma'rifat al-tagwim wa-l-asturlab as Sezgin, transcribing ‘Awwad'’s description
of the text, reports. There is no title at the beginning of the text, but al-Nasaw1 explicitly mentions the title
he has given his work at the end of his preface (fol. 49"). Nor is the work primarily about calendars or
astrolabes. Instead, it is a commentary on a set of astronomical tables by Abai 1-Hasan Kaishyar ibn Labban
al-Jili (as al-Nasaw1 notes in his preface, fol. 49',,), the Comprehensive Tables (al-Zij al-Jami‘, compiled ca.
1000 CE); on which see Edward Stewart Kennedy, “A Survey of Islamic Astronomical Tables,” Transactions
of the American Philosophical Society 46, no. 2 (1956): 125, no. 9, and further pp. 156—57 = §10; Sezgin, GAS,
6:246—248.

*3Al-Nasawl begins his preface (fol. 49") by dividing astral scientists (‘ulama’ al-nujim) into four cu-
mulative levels (tabagat): those who know (1) calendars and the astrolabe; (2) basic astrology like plane-
tary and zodiacal attributes and the astrological verdicts (ahkam) that result from their combination —
these he calls the “verdicticians” (ahkamiyyun); (3) basic calculations of astral positions and use of astro-
nomical tables and calendars; (4) mathematical astronomy (hayah) and geometrical proofs of the validity
of such calculations — the province of the “complete astronomer” (al-munajjim al-tamm). Most people
of “our time,” continues al-Nasawi, only reach the first two levels. Now, [Abt ‘Abdallah Muhammad ibn
Sinan ibn Jabir al-Sabi] al-Battani’s astronomical tables (the Sabian Tables, ed. Nallino; see Kennedy, “Sur-
vey,” 132—33, no. 55) are rightly regarded as the most accurate, but unfortunately they are built upon the
Roman (Byzantine) and Hijri calendars, which are difficult to use in combination with the Persian cal-
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The text itself, as advertised in the preface, is a series of examples meant to il-
lustrate and supplement each chapter of al-Zij al-Jami by Kashyar ibn Labban.**
Based on internal evidence, al-Nasaw1'’s text can be dated to 1047 CE.*> This should
lead us to modify Sezgin’s estimate that al-Nasaw1 was active in the last quarter
of the tenth century and the first quarter of the eleventh.?®

[76": blank page, still blank today.]

8. Persian treatise entitled Treatise of Ornamentation on Calculating the Table of the
Thirty (Risalat al-tazyin ft hisab jadwal al-thalathin, 76"-81";, rest of page blank).*

9. ‘Umar al-Khayyam (d. 1123), Algebra (al-Jabr wa-l-mugabalah, 81'-109",,, rest of
page blank). Ed. Rashed and Jabbar.*®

10. anonymous and Jabir ibn Ibrahim al-Sabi [with commentary by Ahmad <ibn>
al-Sar® and al-gadr al-hakim Sa‘d al-Din As‘ad ibn Sa‘id al-Hamadhani], Expli-
cation of the Demonstration of Calculation by Two Errors, Improved Edition by Abiut
Sa‘djabir ibn Ibrahim al-Sabi (Idah al-burhan ‘ala hisab al-khata'ayn, islah Abi Sa‘'d
Jabir ibn Ibrahim al-Sabi, 109" —113").

endar “because of leap years and fractions” (bi-sabab al-kab@’is wa-l-kusiir). And so the late Kashyar ibn
Labban made his astronomical tables, the Comprehensive Tables (al-Zij al-Jami‘), using the Persian cal-
endar. This makes them much easier to use. Continuing on the next page (fol. 49"), al-Nasawi explains
that he has produced a supplement to these tables (or to an abridgment of the tables in 85 chapters) in
which he provides explanatory examples for tricky or unclear chapters as a sort of commentary (sharh).
This material is on the third level of astronomical achievement, he explains, but made possible by his
knowledge of al-hay'ah (the fourth level).

?4The beginning of the text is indeed about calendars and conversions between them, but this is pre-
sumably because al-Zij al-Jami‘ began with this topic. Al-NasawT’s text soon proceeds to discussing the
geometry and mathematical astronomy necessary for the construction of zzjes. Al-Nasaw1 does not always
give an example; for “part 4, chapter 1,” he writes, “You need no example because it is obvious” (la tahtaju
ila mithalin li-annahu zahirun; fol. 55").

?5At one point (fol. 50",), al-Nasawi gives an example of how to convert a Hijri date to other formats;
the example he gives is of his own present day, which he gives as 12 Safar 439 (8 August 1047 CE). A later
hand pointed out that the text was composed in 439 AH, in a note in the top margin on the first page of the
text (fol. 49"). The creator of the card catalog entry housed at Columbia’s RBML seems to have misread
this note as 429 AH (rather than 439 AH) and misinterpreted it as the year when the text was copied rather
than when it was written.

*Indeed, an anonymous reviewer has informed me that a recent study (Abi I-Hasan ‘Ali ibn Ahmad
al-Nasaw1, Kitab al-tajrid fi usul al-handasah, ed. Mustafa Mawalidi [London: Mw’assasat al-Furqan li-1-
Turath al-Islami, Markaz Dirasat al-Makhtatat al-Islamiyyah, 2016], 17) establishes al-NasawT’s birth date
as 393/1002 and places his death after 473/1080. I have not been able to consult this book.

#The title, reported by ‘Awwad, appears at the end of the preface, fol. 78's.

B0mar Khayyam, Ras@’il al-Khayyam al-jabriyyah, ed. and trans. Roshdi Rashed and Ahmad Jabbar
(Aleppo: Jami‘at Halab, Ma‘had al-Turath al-Tlmi al-‘Arabi, 1981), 1-73,; updated (as pointed out by an
anonymous reviewer) in three publications by Roshdi Rashed and Bijan Vahabzadeh: Al-Khayyam math-
ématicien (Paris: Albert Blanchard, 2000); Omar Khayyam, the Mathematician (New York: Bibliotheca Per-
sica Press, 2000); Riyadiyyat ‘Umar al-Khayyam (Beirut: Markaz Dirasat al-Wahdah al-‘Arabiyyah, 2005).

*9See nos. 17 and 18 below



11.

12.

13.

14.

15.

16.

17.

18.

Ahmad ibn Ibrahim al-Sijzi (?), Introduction to Crafting an Instrument by which
Distances Can Be Known (Mugaddimah li-san‘at alatin tu‘raf biha al-ab‘ad, 13"
15").3°

Ahmad ibn Muhammad ibn ‘Abd al-Jalil al-Sijz1 (fl. ca. second half of the 10th
century),® Treatise on the Knowledge of Straight and Bent Lines (Risalah fi ma‘rifat
al-khattayn al-mustaqim wa-l-munhani, 115"-118").%*

Muhammad ibn Ahmad ibn Muhammad ibn Kashnah(?) al-Qummi (d. ca. first
half of the 11th century), On the Possibility of Two Lines Existing Which Become In-
definitely Closer but Do Not Meet (...imkan wujid al-khattayn alladhayn yaqtariban
abadan wa-la yaltagiyan, ng'-121").3

Ibn al-Haytham, Treatise on Obtaining the Altitude of Standing Objects, Mountains,
and Clouds (Magqalah li-I-shaykh Abi Aliibn al-Haytham fima‘rifat irtifa‘al-ashkhas
al-g@’imah wa-a‘midat al-jibal wa-rtifa‘ al-ghuyim, 121"—122").

comments of al-hakim al-fadil Sa‘d al-Din {ibn}3* As‘ad ibn Sa‘ld al-Hamadhani
(122",.3). This is the same person who added a brief note to Ibn al-SarT’s commen-
tary on Jabir’s “improved edition” (islah) of the treatise on Double False Position
appearing earlier in this manuscript (no. 10).

a problem from Abt Nasr al-Farabi (d. ca. 950), Music fann 1, magalah 1 (Mas‘alah
dhakaraha Abu Nasr al-Farabifil-maqalah al-ila min al-fann al-awwalfi [-misiqa,
122"-125",).

Abul-Futtuh ibn al-Sari (d. 548/1153—4), Problem, on constructing “a triangle whose
sides are equal to the diameter” of a given circle (Masalah min kalam Abt [-Futith
ibn al-Sari, 125";—126",).3> This is the same Ibn al-Sari who commented on the
treatise on Double False Position (no. 10 above).

Abu I-Futth ibn al-Sari, Treatise on Constructing an Equilateral Triangle Inside
another Equilateral Triangle of a Given Proportion to the First (Qawl li-Abt [-Futith
Ahmad ibn Muhammad ibn al-Sari fi ‘amal muthallath mutasawt l-adla’“ fi dakhil
muthallath mutasawi l-adla‘lahu nisbah ilayhi mafridah...126",—128",,, rest of the
page blank). Again, this is the same Ibn al-Sarl.

39Sezgin, GAS, 5:333, no. 26, citing only ‘Awwad’s description. ‘Awwad only mentioned the author’s
nisbah, so Sezgin treats this as a work of Ahmad ibn Muhammad ibn ‘Abd al-Jalil al-Sijzi (explicitly named
as the author of the next text in the Columbia manuscript), but the scribe here seems deliberately to have
named someone else — whom is not clear to me. Someone by this name studied with ‘Abd al-Qahir al-

Jurjani (u1th century): Yaqat al-Rami, Mujam al-udaba’, ed. Thsan ‘Abbas, 6 vols., continuous pagination

(Beirut, 1993), 187, no. 53. This is probably a coincidence.

3Sometimes called al-Sahari, but here (on fol. 119"¢) the name is marked with diacritics, as al-Sijz1.

32Sezgin, GAS, 5:333, no. 25, citing only ‘Awwad’s description of the Columbia manuscript.

33Sezgin, 5:336. Following Suter, Sezgin considers al-Qummi a “younger contemporary” of Ahmad ibn
Muhammad ibn ‘Abd al-Jalil al-Sijz1.

34This “ibn” is a mistaken addition that should be suppressed to make the name correspond with that
of the same personage in no. 10.

35See n. 10 above.



[Scribe 3: new, messier hand, fills up whole pages with no margin or regular ruling. |

19. Commentary on the First Book of Euclid’s Usil.3® Incipit: Ikhtilaf wuqi‘ li-shakli
B min al-magalah al-ula min Kitab al-Usul li-Iwqlidus... (129"-137").

[138": blank.]

[138": originally blank, with two sketches of hyperbolas added later. These may be
related to the following commentary on Apollonios.]

[139": blank.]

[Scribe 4: new hand, likewise unruled but leaves a slight margin. Begins in brown
ink then after a few lines changes to black ink, with figures in brown ink. Much of it is
without dots.]

20. Bant Musa ibn Shakir (gth century), extracts, What we need by way of introduction
to the Book of Apollonios from the introductory remarks of the Banii Misa at the
beginning of their improved edition (Ma nahtdj ila taqdimihi ‘ala Kitab Abuluniyis
mimma qaddamahu Bani [sic] Musa ‘alayhi fi sadr [islahilhim, 139" —143").%

[143": blank, now with a brief note. ]
[144": a few later notes and drawings, written sideways. |
[Scribe 3, again. ]

21. Notes, beginning: Idha ukhrija qutru GEBmin da’irat BGDZ ‘ald istigamatihi... (144" —
146").

[147": final page, blank with two diagrams at the top.]

II Text

In what follows, I present an editio princeps of the treatise on Double False Position as
it appears in New York, Columbia University, or. 45 (no. 10; fols. 109"-113"). As with the
sketch of the manuscript’s contents in the previous section, I carry out this work, philo-
logical in the narrower sense (textual criticism), in the spirit and in the service of a more
ambitious philology that shows curiosity for and invests resources in texts preserved by
a textual tradition that may at first sight appear irrelevant to modern critics.

Within the text, diagrams (see Figure 1) illustrate the geometrical definitions and
proofs on fol. 110" after line 3 (DIAGRAM 1: two-dimensional diagram illustrating the geo-
metric proofin §2), fol. 111" in the upper margin extending into line 1 (DIAGRAM 2: vertical

36 As ‘Awwad calls it: Taligat ‘ald l-magalah al-ula min Kitab al-Usil li-Uqlidis.

37At the very bottom of fol. 143", it looks like the scribe has written tammat, signalling the end of
the text, suggesting that what follows are other notes. As an anonymous reviewer pointed out to me,
this text was extracted from Muqgaddamat Kitab al-makhrutat li-Bani Musa, ed./trans. in Apollonius de
Perge, Coniques: Texte grec et arabe, ed. Roshdi Rashed, multiple vols. (Berlin: de Gruyter, 2008), 1.1:500—
533, beginning after the preface at Lemma1 (p. 509). This edition used the Columbia manuscript, among
others, to establish the text; see p. 498. The folio numbers I have indicated do not match Rashed’s; this
may be because Rashed’s numbering follows page numbers rather than the folio numbers that have quite
recently been added in pencil in the top left corner of each recto.
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Figure 1: Diagrams in the treatise on Double False Position in New York, Columbia University,
or. 45, no. 10, on fols. 110", 111", 112". Top: DIAGRAM 1. Middle left: pIAGRAM 2. Middle right:
DIAGRAM 3. Bottom: DIAGRAM 4.

line A—G—D—DB), fol. 11'g,,, with the lines of text written around it (DIAGRAM 3: ver-
tical line D—A—G—DB), and fol. 112" in the midst of the last line of the page (D1AGRAM
4: horizontal line A—D—G—DB). There is also a space of about 5 lines left blank at
the end of fol. 111" after 14 lines of text, as if for a diagram that was never added; at the
top of the next page a modern hand pencilled in the heading hisab al-khata'ayn, but
the original text simply began at the top of the page (with the beginning of Ibn al-Sar1
commentary) with no new heading.

The commentaries by Ibn al-Sari and al-Hamadhani were originally copied as a sin-
gle block of text visually undifferentiated from the main text of the treatise. Marginal
and interlinear labels were subsequently added to distinguish commentary from focus
text (Figure 2). This suggests that an ancestor of the Columbia manuscript had the com-
mentaries (or at least Ibn al-Sari’s commentary) in the margin; that a more proximate
ancestor that descended from the first then incorporated the marginalia into the body
of the text, probably rubricated or visually differentiated from the focus text some other

11
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Figure 2: New York, Columbia University, or. 45, fol. 111¥: example of later marginal and inter-
linear labels distinguishing the commentary (hashiyah) from the focus text (matn).

way; and that a subsequent scribe, perhaps the scribe of the Columbia manuscript, then
copied this ancestor without rubrication.

In the Arabic text, I supply hamzas where necessary to suit modern orthography. I
do not emend the consonantal skeleton without indicating it (e.g., with angle brackets),
except that wherever the manuscript says ;glad, I write ;Lil. When the letter jim is
used as a mathematical symbol, I print -, even when that is not precisely the shape
used in the manuscript.

In the translation, I render the Arabic letters used to represent geometric points
with the English letter corresponding to the abjad order, ie., Tis A, o is B, > is G, s is
D,AisE,,isW,;isZ,CisH,LisT,g/LisY,ﬂ/fisK,disL,(isM,oisN,wisS,
¢ is O, ois F.

(17er)

Skl Ol e Ol ) ]
glall gl & o do gl el

538 O e (o e o gl il o 11te il U Uis 055 0 ¢ s Sl )0 131 (1)

ol izl d ARy I AN RV R {RTE ;;w colad) ol ca_u'e,us,,@j gl 51 Lk
s g ol bl Sl Tl ol e B Y il ol e BloYls col bl g o of & ol
o s ol 0 01y a1 Tl s cIgull iy L 1) S 505 U el ) 07 01y oW1 Lk
Uas T 05 el 51U s 6 sy bl GBI W ey e D0 Ll Tl a3 ooy il sl Lk
Sa) O 0 ¢ il &+ Ul aas dbls O 01y 131 aa 1815 Lia 0 01y G001
Gl pny ekl L 5 6T oy dlagans sy 1415 iz U8 0l NI oo 331 3B chae (5ol o s 201
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III Translation

Explication of the Demonstration of Calculation by Two Errors, Improved Edition by Abu
Sa‘d Jabir ibn Ibrahim al-Sabt

1. If you wish to calculate this sort of thing, then you will come up with an amount
of the kind about which you inquire, whatever amount it may be, such as number, line,
surface, or other things that can be calculated. That amount becomes the first estate.®®
Then operate upon it as you were instructed in the question. If you happen to be right,
then that is the answer. Getting it right this way is unreliable. If it errs from what you
were seeking, find the amount by which you erred, and call it the first error. If the op-
eration yielded an excess by that amount above what the question requires, then call it
the excessive error; if it yielded a deficit, then call it the deficient error. Then after that
come up with another amount different from the first, and call it the second estate. Do
the same to it as you did to the first estate. If it errs, find the amount of the error and
call it the second error. If it too is excessive, call it excessive; if deficient, call it deficient.
Then look, and if the two errors are both excessive or both deficient, displace [i.e., sub-
tract] the lesser from the greater; but if they are different, one excessive and the other
deficient, then take their sum. Call the result of either operation the part; this will be
the divisor.?® Then multiply the first estate by the second error, and the second estate
by the first error. Look, and if you summed the two errors, then sum these two [prod-
ucts] too; and if you subtracted the lesser of the two errors from the greater of the two,
then subtract the lesser of these two [products] from the greater of the two. Either way,
divide the result by the part. The result is the answer.

2. The justification of this method: Each line is divisible into three segment.** That
line in its entirety multiplied by its middle segment,* plus <...?>* the product of multi-
plying the middle segment plus one of the two adjacent segments joined into a line by
the middle segment itself plus the other segment joined into a single line.** For exam-
ple, the line AB is divided into three segments, namely AG, GD, D B. I'm saying that
AB in its entirety multiplied by G D and AG multiplied by D B, summed together, are
congruent with the two lines GD, AG summed together, which is AD, multiplied by
the two lines GD, D B summed together, which is GB.* The proof of this is for us to
draw, upon the line G'B, an equilateral right quadrangle* GBE D [read: GBE Z]; de-
termine its diagonal, which is G F; extend from point D a vertical line upon side GB
such that it intersects the square’s diagonal at point 7" and meets side Z £ at point [;
place line YT'K on T parallel to side G B; complete the oblong* surface AF and ex-

%] translate mal here literally as the “estate.” Here it refers to the unknown quantity x that one is
seeking to find by Double False Position (not, as is frequent in Arabic algebra, the square of the unknown,
x?).

39Literally, “that over which the division” will take place.

4°Call them a, b, c.

b(a+ b+ c) = ab+ b* + be.

4The text here appears corrupt; for ma“ perhaps read mithl, “is like,” i.e., equal to.

#B(b+c)(b+a) = b? + bc+ ab + ac. As the text stands, it is not a complete sentence. If we emend
ma‘ to mithl, it still isn’t quite right because the first half of the equation would be missing a term: ac.

#ie, ABXx GD + AG x DB = (GD + AG) x (GD+ DB) = AD x GB.

4i.e., a square.

46Here, rectangular in particular.

15



tend line YT K straight until it meets the side of oblong surface AE at point L. [See
Figures 1 and 3.] It is clear that the surface GT is an equilateral right quadrangle [a
square], and so is the surface T'E. The two surfaces DY and T'Z are equal because they
are the two complements that are on either side of the diagonal of the square G BE Z.#
If that is so, then we say that the two surfaces AY, LZ taken together are equal to the
surface AH. The proofis that surface DY is equal to surface 7'Z, so we consider*® sur-
faces AT, LZ to be a shared <portion?>.49 Surfaces AY, LZ are thus equal to surface
AH. But surface AY is from the multiplication of line AB by line G'D because line
G D is equal to line Y B;* and surface LZ is from the multiplication of line AG by line
DB because line LK is equal to line AG and line K7 is equal to line DB.5* As for
surface AH, it is from the multiplication of AD by G'B because line G B equals line
DH 5 And so the multiplication of line AB in its entirety by line G D, along with the
multiplication of AG [DIAGRAM 1] by D B is congruent to the multiplication of line AD
by line G B.5 Q.E.D.

B D G A
Y T IR L
E H Z (M)

Figure 3: Arabic DIAGRAM 1 redrawn using the corresponding Latin letters.

3. For any three different lines or numbers,>* the product of the greatest and the
excess of the intermediate above the least,%> along with the product of the least and

#Cf. Euclid, Elements1.43; cited by Linda Hand Noel, “The Fundamental Theorem of Algebra: A Survey
of History and Proofs” (EdD diss., Oklahoma State University, 1991), 26 (reading “43” for “4”). In particular,
the wording here Jac = o 5 i oo LU Oleadl) L¢Y) is reminiscent of the eighth/ninth-century Arabic
translation of Euclid’s Elements by al-Hajjaj (on which see Sezgin, GAS, 5:90), ed. R. O. Besthorn and J. L.
Heiberg (Copenhagen, 1897), 1166: 0L lis b il zua oo (157) (il Cpeeill (el 3. For the case of a square,
this result is visually apparent, but the theorem applies more generally to parallelograms.

82 najal.

e, AH and AY + LZ each include AT + LZ. Their remaining portions are, respectively, 7'Z
and DY.

Sje, AY = ABxYB=AB x GD.

e, LZ =LK x KZ = AG x DB.

?ie, AH = AD x DH = AD x GB.

BAB x GD + AG x DB[=AY + LZ = AH| = AD x GB.

“a>b>c

Ba(b — c).
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the excess of the greatest over the intermediate,>® summed together, is congruent to the
product of the intermediate and the excess of the greatest above the least.5” Let there
be three different lines or numbers AB, AD, AG, where AB is the greatest of them
and AG is the least.?® I am saying that the greatest, AB, multiplied by the excess of
the intermediate above the least, namely G'D, along with the least, AG, multiplied by
the excess of the greatest above the intermediate, namely DB, summed together, is
congruent with the intermediate, AD, multiplied by the excess of the greatest above
the least, namely GG B. The proof of this is that the line or number AB is divided into
three sections, AG, GD, DB.% According to what we have shown above []2], AB in
its entirety multiplied by G'D, the intermediate, along with //fol. 11"// AG multiplied
by DB is congruent to [DIAGRAM 2] AD multiplied by G B. Q.E.D.

4. Since these concepts have been made clear [??], let us posit three different lines
or numbers, DB, AB,GB. But first, DB > AB,and GB < AB, so the excess
of DB above AB is DA, and the deficiency of GB from AB is AG.® The lines
AB, DB, G B are distinct. Thus the greatest, D B, multiplied by the excess of the inter-
mediate over the least, which is AG, along with the least, G B, multiplied by the excess
of the greatest over the intermediate, which is D 4, is congruent to the intermediate,
AB, multiplied by the excess of the greatest over the least, which is G D.*

5. The author [DIAGRAM 3] of Calculation by Two Errors, when he sought the desired
result in the place of AB here, he took DB and found it in excess over the former.
Taking the amount between the two, D A, he called it the first, excessive error. Then he
went back and came up with another amount, so now he had G B. He found it short of
AB, so he took the amount between them, AG, and called it the second, deficient error.
Then he multiplied what he had first taken — which he calls the first estate — by the
second error, AG. Then he multiplied the one that he calls the second estate, namely
GB..

[ca. 5 blank lines]

//fol. 111"//

[Comment, part1.] Ahmad <ibn> al-Sarisaid: This wording that Abii Sa‘d al-Sabimen-
tions, that “the author of Calculation by Two Errors, when he sought the desired result
in the place of AB here, he took DB and found it in excess over the former. Taking the
amount between the two, D A...” and so on to the end of what he wrote is not what the au-
thor of Calculation by Two Errors in fact uses. This is because if he seeks AB and finds
DB in excess over it and chooses some amount between the two, namely D A, then the
unknown A B must become known without multiplication or division, since D B is known,
and the known D A is subtracted from it, leaving the known AB...

[Jabir, §5 continued.] ...by the first error, which is D A. Since the two errors are dif-
ferent, one of them excessive and the other deficient, he summed these two products of
multiplication (madrabayn). The sum was congruent to the intermediate, AB, multi-

¢(a — b).

5b(a — ¢).

8g=AB,b= AD,c = AG.

59As depicted in the diagram already used to illustrate the geometrical proof in Y2, Figure 1.
DB — AB = DA.

“AB - GB = AG.

©je, DB x AG+ GB x DA = AB x GD.
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plied by the excess of the greatest over the least, namely G D, [by which] he meant DG,
which is the sum of the two errors. Then he performed the division over it — I mean
the division of the sum of the two products (madrubayn). From the division came out
the amount A B, which is the desired result.

6. And also, let there be, in the [second]® place...

[Comment, part 2.] ...and for that [i.e., finding AB] he needs no other operation. Thus
what this man is in fact doing with this operation® is computing the amount stipulated for
him in the question, not the desired result. Suppose for example we ask him for knowledge
of what estate is such that if we increase it by half of itself plus a third of itself, it becomes
eleven.% Then it is as if he stipulated that eleven is A B, then stipulated [as his first guess] a
number, say nine, and added to it half of itself plus a third of itself, resulting in sixteen and
a half®® Next he stipulates that this is the number D B then compares D B to eleven,
which is AB, and finds [it] in excess over eleven by five and a half [which he assigns] to
the number D A.%® And so he calls D A the first error — really, I swear! Then he stipulates
[another] number, say four, and adds | [fol. 12'// to it half of itself plus a third of itself..*

[Jabir, 6 continued.] ...[in the] second [place],” DB and G'D [read: G B], each
greater than A B, such that the lines or numbers AB, G D [read: GB], DB are all three
different, with D B the greatest of them and AB the least of them.” And let the excess
of the intermediate, G BB, above the least, A3, be G A; and let the excess of the greatest,
DB, above the least, AB, be AD.” On account of the foregoing, the greatest, DB,
multiplied by the excess of the intermediate above the least, which is G A, along with
the product of AB...

[Comment, part 3.] ...and so it becomes seven and a third. He posits that it is the num-
ber G B then compares it to eleven and finds that it’s short of [eleven] by three and two
thirds [which he assigns] to the number G A, which he calls the second error. He multi-
plies seven and one third, which is BG, by AD, the first error, and divides the sum of the
two dividends™ by G D, the sum of the two errors. Thus he obtains AB, which is the eleven
posited to begin with, not the desired result. Thus he does not calculate by the method of
two errors because the first number is nine, not sixteen...

[Jabir, 96 continued.] ..which is the least, multiplied by DG, the excess of the
greatest over the least, <is congruent to the multiplication-product of the intermedi-

%3The word ‘second’ only appears below, after the intervening comment.

84Reading bi-hadha [-‘amal for bi-hadha li-l-amal.

%i.e., find 2 where x + § + £ = 11. (By algebra: —> %m =11 = z=6)

66i.e., he sayslet AB = 11, and let z; = 9, then calculates 9 + % + % = 16%.

“ie,let DB = 163.

®ie, DB — AB =164 — 11 = 53.

69i.e., he says let x2 = 4, then calculates 4 + % + % = 7%.

°The phrase “in the second place” (‘ala [-wajhi [-thani) straddles the intervening comment; this block
of focus text begins with al-thant.

"i.e,let DB > GB > AB. The reading G D, though it appears twice, must be a scribal error for
G B (as appears in the next line).

?ie,GD — AB = GAand DB — AB = AD.

Bmurtafa‘ayn, lit., “raised [numbers].”

18



ate,>™ which is BG, by the excess of the greatest over the least, which is AD.” Let that
[amount] be remembered. Now, the author of Calculation by Two Errors, since the re-
sult he was seeking was in the place of (bi-manzilat) AB, he first took D B and called it
the first estate and found that it was in excess...

[Comment, part 4.] ...and a half. The second number is four, not seven and a third.
These three numbers — I mean eleven, sixteen and a half, and seven and a third — are
proportional to the [other] three numbers — I mean proportional to nine, four, and the
unknown number asked of us. If we had operated according to the method of two errors
and had divided the dividend by |[fol. 12"/| the same G D, then we would have obtained
the unknown: six. It has thus become clear that what he says tells us nothing about cal-
culation by Two Errors, and the same goes for the two figures that come after it. Therefore
understand this,  mean that this kind of talk is a bunch of nonsense (?).

[Comment by al-Hamadhant.] The wise judge Sa‘d al-Din As‘ad ibn Sa‘id al-Hamadhani,
may God preserve his high rank, said: The method of Two Errors is to multiply, in place of
B D, nine, which is related to it, by AG; and in place of BG, four, which is related to it, by
AD, so that the sum of the two is 55.7° Then he divides it by the part, which is nine and a
sixth, and the desired result emerges.

[Jabir, 96 continued.]”” ..above AB by the amount DA, and he called DA the
first, excessive error. Then he went back and tried another amount, coming up with
GG B, which he called the second estate. It too was found to be in excess above what was
sought, namely AB. So he took the amount by which he had erred, which is AG, and it
was called the second error, also excessive. Then he multiplied the second estate, G B,
by the first error, AD, and he subtracted from that the product of the first estate, D B,
multiplied by the second error, G A, for the errors in this case are both excessive.” So
he is left with two amounts equal to the product of AB multiplied by G D [read: G B?].
He carries out the division of this remainder by G D [read: G B?], which is the surplus
between the first and second errors, and so he obtains from the division the amount
AB, the desired result that he sought to know.

7. Also, in the third place, let DB, G B each be less than AB, such that the lines
or numbers AB, DB, GB are also all three different, where AB is the greatest, DB is
the intermediate, and G B is the least. Then DG is the excess of the intermediate over
the least; AD is the excess of the greatest over the intermediate; and G A is the excess
of the greatest over the least. [DIAGRAM 4] According to what we have demonstrated
in the foregoing, //fol. n3'// AB x DG + GB x DA summed together is congruent
to DB x DA. Let that [amount] be remembered. At this point too, the author of
Calculation by Two Errors, since he was seeking to find ADB, first took DB and called
it the first estate. Using it, he erred by D A, so he called D A the first, deficient error.

7This rather interventionist emendation is meant to make the sentence make sense both grammat-
ically and mathematically. On mathematical grounds, this is clearly the meaning that the text originally
conveyed; I base the wording of this emendation on how the text describes similar terms in other equa-
tions.

ie, DB x GA+ AB x DG = BG x AD.

*The manuscript expresses this number using decimal ‘Arabic’ numerals.

"7The manuscript indicates the continuity between this text and the previous portion of the matn
with a small circle that appears above both the last word of that portion (za’idan) and the first word of
this continuation (‘ala).

7i.e., this is why he subtracted here instead of adding.
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Then he went back and tried a second estate, and he happened to get G B, in which
he erred by G4, so he called G A the second error, also deficient. Then he multiplied
DB, the second estate, by D A, the first error, and he was left with an amount equal
to AB x DG. When he divided this remainder by DG, which is the surplus between
the first error and the second error, he obtained A B from the division, being the result
which he was seeking. Q.E.D.

The end. Praise be to God, lord of the worlds, and his blessings upon our sayyid
Muhammad and all of his family.

IV Analysis

The text does not explicitly distinguish between the original (anonymous) text and Jabir’s
revisions and additions. Nevertheless, 4 begins by indicating that the foregoing text

(Y1-3) may require further elaboration, and then 5 explicitly refers to the author of
the Calculation by Two Errors, which seems to be a short version of the title of the work

that Jabir undertook to revise and improve. This strongly suggests that Jabir’s contribu-

tion begins there, probably with §4 and definitely with 5. As for the comments by Ibn

al-Sar1 and Sa‘d al-Din al-Hamadhani, these are clearly labeled in the text.

In the present section, I will provide a rather detailed mathematical paraphrase and
analysis of the treatise. Though mathematicians and historians of mathematics may
find it excessive to spell out every step, my hope is that this will make explicit more
of my interpretive reasoning. In other words, I aim to foreground the philology — the
self-critical interpretation of a text and a textual tradition — involved in rendering a me-
dieval mathematical text into modern mathematical modes of expression, rather than
elide it.

Method (1)
Let f(z) =ax +tagx +--- £ ayxr + by by +--- £ bp,where N, P € Z* and

+
xr,ai,...,an,by,...,bp € R".

Find x such that f(z) = y forsome y € R™.

Let 1 be the first guess (mal, “estate”). Lety; = f(z1). Ify; = y, thenz = ;.
Lucky guess. If not, then let e; = y; — y be the first error. If y; > v, then e; is an
excessive error (i.e, e; > 0). If y; < y, then e, is a deficient error (i.e., ¢; < 0).7

Let 5 be the second guess. Let y = f(3). Assuming yo # y (so that the answer
x isnotsimply x2), let eo = Y — y be the second error, excessive if y» > vy and deficient
ifys <.

Nowife; < Oandey < Oore; > Oandey > O (ie, if e;ea > 0), then let the
‘part’ (juz’) be j = |es — e1]. Otherwise (if ;e < 0), 7 = |e1| + |ez|. (In either case,
we can express this as j = |ea — e1], since when ejey < 0, [ — e1| = |eq] + |ea].)
Compute 1 e and z9e1. If e1e5 < 0, then sum them together: |x1es| + |22€1]. (Since

Thus the words ‘excessive’ and ‘deficient’ are used to represent a positive and negative result in the
absence of the concept of negative numbers.

20



1 > 0and xo > 0 by assumption, for the text does not employ negative numbers, this
is just |z1e9 — w9e1].) If e1e5 > 0, then subtract: |x1e5 — 2€1|. (Thus, either way we
are finding |x1€5 — z2€1|.) Now divide by j to obtain

_ |z162 — T2e] (2)

€2 — e

Using modern algebraic computation (including the concept of negative numbers),

it is trivial to justify this method by expressing x in terms of 1, x, f (1), f(x2) then

expressing f () as ax + b (i.e., reducing it to linear and constant terms) and reducing
the result to

which is the algebraic solution to the equation
ar +b=1y.

Perhaps more intuitively, working in the other direction, the method of Double False
Position can be derived from a basic result of linear algebra, namely that two points
define a line, whose slope is thus known (see Figure 4). Once we know (x1,y;) and
(22, y2) — by choosing guesses 1 and x5 arbitrarily then calculating the corresponding
outputs y; and y2) — we can express them in terms of the two (possibly negative) errors
e1 =1y —yand ey = yo — y: (21,y + e1) and (22, y + €3). The line’s slope is then

(y+€2)—(y+€1) 22— €

To — I 352—»’171.

Now we start at point (1, 31 ). Since (z, y) is on the same line, we know that

Yy—um - —€
r — I r — T
also = q, so
€ — €
—ep = (x — z1)
To —T1
or
—61(1’2 - 951)
r—xr = —>.
€2 — €1
As a result,

. —e1(xe — 1) + x1(eg — €1) _ T1eg — Tae
€y — €1 €y — €1 .

But of course this is not how the text proceeds.

Geometrical Proof of a Relation Between Line Segments (2)

Let AB be aline (segment) subdivided by two points along it, G and D: A—G—D—
B. The resulting line segments are related as follows:

AB x GD+ AG x DB = (GD + AG) x (GD+ DB) = AD x GB  (3)
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€1

y

T T T2

Figure 4: Double False Position visualized using Cartesian coordinates.

Proof: Construct DIAGRAM 1 (see Figures 1 and 3). The rectangles DY and T'Z are
equal because they are complements about the diagonal of the square GBEZ [Eu-
clid, Elements 1.43]. This lets us equate the gnomon BAM ZKY [supposing we la-
bel the lower-right corner of the diagram M ] — which the text calls AY plus LZ —
with rectangle AH, since the only difference between the two is that AH contains T'Z
rather than DY, but as we just saw, DY = T'Z. The rectangle AY can be expressed
as AB x YB = AB x GD, and rectangle L7 is LK x KZ = AG x DB, so
the gnomon is AB X GD + AG x DB. On the other hand, the rectangle AH is
AD x DH = AD x GB. Therefore, AB x GD + AG x DB = AD x GB. QE.D.

Suter says that this step is flawed because Jabir unnecessarily restricts his result by
using a square rather than a rectangle in the proof’s geometrical construction. But this
part of the text is not purporting to be the entire proof; it is simply proving a geometrical
relation between lines and the numbers corresponding to their lengths. It is only when
we arrive at 5 that Suter’s critique hits home. Indeed, it is there that Ibn al-Sari critiques
Jabir — a critique that I believe amounts to the same one that Suter makes.

Generalize this result to any three numbers (§3)
Leta > b > ¢ > 0,where a, b, c € R". Then
a(b—c)+cla—0b) =bla—c). (4)

In today’s algebra, this is trivial to prove. The text, however, offers a geometric proof that
rests on the proofin 2:
Assign the three numbers to segments of the original line in Figure 1: « = AB,

b= AD,c = AG. In {2, we showed that AB x GD + AG x DB = AD x GB,
where GD = AD — AG, DB = AB — AD,and GB = AB — AG. Thus
AB x (AD — AG) + AG x (AB — AD) = AD x (AB — AG). (5)
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Substitute a, b, ¢ for AB, AD, AG to obtain a(b — ¢) + ¢(a — b) = b(a — ¢). QE.D.

Restating the result in different terms (94)

This result can be restated in terms of three other line segments, called DB, AB, GB,
where the points A, B, G, D do not correspond to those used in §2—3. In particular,
their relative sizes are different: DB > AB > (GB (whereas in J2-3 the relation was
AB > GB > DDB). This means that we should draw the points as follows: D—A—
G—B. Thus we now have a« = DB,b = AB, ¢ = GB. By Equation 4,

DB x (AB — GB) + GB x (DB — AB) = AB x (DB — GB).

Furthermore, we can define all the differences more simply as their own line segments:
DB — AB = DA,AB — GB = AG. (Also, though the text doesn’t mention this
relation explicitly, DB — GB = GD.) Substituting in these simpler expressions, we
obtain

DB x AG+GB x DA = AB x GD. (6)

Relating this result to Double False Position ({5)

According to Jabir, the method of Calculation by Two Errors (Double False Position) can
be mapped onto Equation 6.

In the first case (one error excessive, the other deficient): z = AB,x, = DB, el =
r1—x=DB—AB=DA, 2y =GB,e; =x—1xy=AB —GB = AG.

[This step, if I have understood it correctly, is Jabir’s misstep: by defining the two
errors as differences between the unknown, x, and, respectively, the two guesses z; and
T2, Jabir has entirely changed their definition as it appears in the method of Double
False Position, namely e; = y; — y and es = y5 — ¥.]

Thus, continues Jabir, 160 = DB x AG, and x9e; = GB x DA. Since one error
was excessive and the other deficient, the method says to sum them: x;e2 + x2¢; =
DB x AG + GB x DA. But (by Equation 6) we know that this equals AB x GD.
Since GD = DG = DB — GB,we canwritt GD = DB — GB = (DB — AB) +
(AB — GB) = €1 + e5. Thus AB x GD = z(ey + e3). Therefore,

x1es + w6 = x(ey + ea). (7)

Then, Jabir tells us, the author of Calculation by Two Errors divided the left side of this
equation by e; + e to obtain the result

Ti1€9 + Taeq
er + e

= AB[= ] (8)

The same, for the case where both errors are excessive (6)

[Instead of continuing in the order of the text and translation, I will skip the comments of
Ibn al-Sart and al-Hamadhani for now and get back to them after finishing the analysis of
Jabir]
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In the second case, both guesses produce an output that is greater than the target:
DB > GB > AB, so that we can again return to Equation 4, this time making the
substitutionsa = DB, b = GB, c = AB to obtain

DB x (GB — AB) + AB x (DB — GB) = GB x (DB — AB).

(Though the text does not offer a diagram at this point, the relations imply that the
points should be arranged like this: D—G—A—DB.) From our diagram we observe
that GA = GB — AB, AD = DB — AB (and, though again the text does not
mention it, DG' = DB — (B). This allows us to simplify the equation to

DB x GA+ AB x DG =GB x AD.

Now again Jabir correlates this with the method of Double False Position, with the same
problem described above.

The same, for the case where both errors are deficient (§7)

In the third case, both guesses are low: AB > DB > (GB. So again, in Equation 4, we
substitute a« = AB,b = DB, ¢ = GB, and so obtain

AB x (DB — GB) + GB x (AB — DB) = DB x (AB — GB).

As DIAGRAM 4 illustrates, the points are arranged like this: A—D—G—DB. Therefore,
DG = DB - GB,AD = AB — DB,GA = AB — GB. So again we can simplify
the equation to

AB x DG +GB x AD = DB x GA.

And again, Jabir correlates this with the method of Double False Position, with the same
fatal flaw.

Ibn al-Sar1’s Critique of §5-7

[The critique focuses on Y5, but as Ibn al-Sari points out, it applies just as much to J6—7.]

Ibn al-Sarl begins by pointing out that Jabir has misrepresented what the method
of Double False Position entails. Jabir, Ibn al-Sar1 explains, has defined = AB,
z1 = DB,ey = DA = DB — AB = 27, — z,and so on. Thus x = AB is the
unknown quantity sought but it is used to calculate e;; thus it has “become known with-
out multiplication or division,” since x; (our first guess) is known and, apparently, ¢;
is known as well. Thus all one has to do to find z, as Jabir has defined it, is to calculate
x = x1 — e1. Therefore, Ibn al-Sar1 continues, in effect Jabir is simply “computing the
amount stipulated for him in the question” (), “not the desired result” (x).

Ibn al-Sarl is not saying that Jabir does not know how to use the method of Dou-
ble False Position in practice, but rather that Jabir’s purported proof implies the faulty
method Ibn al-Sari describes.

Ibn al-Sari proceeds to explain his critique by means of an example: suppose we
want to know x such that

r x
— 4+ - =11.
x—|—2+3 (9)
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The method implied by Jabir’s proof would be to say AB[= 2| = 11 (even though in
fact y, not z, is supposed to equal 11), then make a guess, 9, then plug it into the left
side of Equation 9 to obtain

9 9 1
9+ B + 3= 165.
But instead of defining D B (which is supposed to be x1) as 9, the first guess, now Jabir
would have us define DB as 16% (which is actually the output of the first guess, 7 ) and
then compares D B to AB, finding that as he has defined them DB — AB = DA =
165 — 11 = 54.
Then, Ibn al-Sar1 continues, Jabir would have us guess another number z, = 4.
Plugging this second guess into Equation g produces

4 4 1
44 5 + 3= 73.
This result is then called GB (or BG), so BG = 7%, and then compared to 11; the
difference between them, defined as GA,is GA = 11 — 7% = 3%, which is then called
the second error.

To continue our erroneous calculation, we compute BG' x AD (where AD is the
same as D A) to obtain 7% . 5% = 40%. [Ibn al-Sari skips the next step, presumably
because it is obvious, namely taking the other product, DB x AG, where AG is GA,
which is 16% . 3% = 60%.] Then we sum these two products to obtain 40% + 60% =
100%, and divide that sum by G D, where G D is defined as “the sum of the two errors,”
namely DA+GA = 5% + 3% = 9%. And so this means that we calculate 100% = 9% =
6—(6)5 X 5% = 11. This, observes Ibn al-Sari, is nothing but the desired output initially
stipulated in the question (), not the unknown that was to produce it ().

Thus, Ibn al-Sar1 concludes, Jabir’s proof is not about Double False Position at all
because “the first number” (i.e., z1) should be 9, not 16% (the first output ¥, ); and “the
second number” (i.e., x3) should be 4, not 7% (the second output y2). These numbers

stand in a relation of proportionality to each other:
1 1
16-:9=7-:4=11:
2 3 o

or, more generally,
Y1 T1 =Yg 1 Ty =Y :XT. (10)
(As Ibn al-Sar1 seems to be pointing out here, this problem does not require double

Ly
M

false position: a single guess would have sufficed, since then by Equation 10, v = "

or, in this example,

9
165
In any case, this is not the main point he is trying to make.)
If we had used Double False Position properly and calculated x,e2 + 2267 = 9 -
3% +4- 5% = 55 and then divided by the same GD [= e + €5 = 9%], we would have
arrived at the correct answer: x = 59 + 9% =55 % = 6.
The next two parts of Jabir’s proof (for the cases where the two errors have the same
sign, positive or negative) follow the example of the first part, so Ibn al-Sari doesn’t deal
with them individually; instead, he dismisses Jabir’s proof as insufficient to tell us any-

x -11 = 6.

thing about Double False Position.
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Al-Hamadhani’s Comment

Here a brief comment by one Sa‘d al-Din As‘ad ibn Sa‘id al-Hamadhani appears, spelling
out the calculation implied by Ibn al-SarT’s statement (indeed, al-Hamadhani does pre-
cisely what I just did in my paraphrase of Ibn al-Sarl). He says that in the formula
BD x AG 4 BG x AD one should replace BD (as Jabir had defined it) with the
proportional number 9 and BG (as Jabir had defined it) with the proportional number
4, in order to obtain 9 - 3% +4. 5% = 55. Then divide that by the part, which is 9%, to
get “the desired result.” (Al-Hamadhani doesn't spell out what that result is, presumably
leaving it to the reader to perform the calculation.)

V Suter as a Reader of the Treatise

Suter did not have a high opinion of Jabir’s treatise. He consulted the text contained in
Leiden, Univ. Library, or. 14, nos. 3—4 (pp. 218-223).% To judge from his description of the
text, it was very similar to the version contained in the Columbia manuscript, including
the intermingled commentary of (Ibn) al-Sari.* Suter did not deign to publish the text or
a translation: “Since [the text’s] proofitselfis a bit flawed, it would be a waste of effort to
wish to provide a complete word-by-word translation of it..”®* Instead, he summarizes
the proof and points out its flaw. In the process, he says, “I.. avail myself as often as
possible of our present-day manner of representation,” that is, modern mathematical
notation.®
Jabir’s first step is correct, Suter remarks, namely his statement and geometrical
proof of a relation between three arbitrary, consecutive segments of a line: given the
line AB and two points G and D between A and B, in the order A—G—D— B, Jabir
shows (§2) that
AB x GD 4+ AG x BD = AD x BG. (1)

But after that he starts to go wrong. “Now,” continues Suter, “Jabir sets AG equal to
the first guess oy [= 1] and G D equal to the first error f(ay) [= €], and further
AB = ay [= z2]and BD = f(a3) [= e2]; then from the equation above [Equation
11] he obtains the following expression for the unknown magnitude AD:

_aif(ag) +aaf(an) [ xies + 296

AD = f(Oél) + f(OéQ) - €1 + €9

Y

which is correct in the case where the errors f (1) and f(a2) [e; and e5] have differ-
ent signs but is here taken absolutely.”®* Here Suter suggests that Jabir has already gone

8°Suter, “Einige geometrische Aufgaben,” 23-24.
8tem no. 4 of the Leiden manuscript, Suter describes, “contains not only... the commentary but also
the text’s continuation mixed together with glosses” (

“Nr. 4 enthélt ndmlich nicht nur... den Kommentar, sondern die Fortsetzung des Textes mit Glossen
untermischt”); Suter, 24. Like the Columbia manuscript, the Leiden manuscript calls the commentator
“al-Sar1” rather than Ibn al-Sarl.

82Quter, 24: “Da der Beweis selbst etwas verfehlt ist, so wire es eine unniitze Miihe, eine vollstandige
wortliche Ubersetzung desselben geben zu wollen..”
8Suter, 24: “...und bediene mich so oft als moglich unserer heutigen Darstellungsweise.”

84Suter, 24—2s5.
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astray by claiming generality for a result that only applies in a special case. But in fact,
this is only the first of the three parts of Jabir’s proof, each addressing one of the three
possible cases: the errors have opposite signs, i.e., e;e2 < 0 ({5); both errors are “exces-
sive,” or positive, i.e., e; > 0, e3 > 0 (16); or both errors are “deficient,” or negative, i.e.,
e1 <0,e9 <0 (ﬂ7)

Suter’s next critique should be taken more seriously: as he mentions, it is the same
critique that Ibn al-Sart himself undertook to make. It isnot clear how closely Suter read
Jabir's text, but we can be sure that Ibn al-SarT had read it carefully. As Suter puts it:

Jabir seems not to have recognized, however, that this proof is valid only
for a very special case, namely for the case where e; + €5 is exactly equal to
BG = x5 — x;. This was also recognized by the glossator Ahmad ibn al-
Surrd [i.e., Ibn al-Sari] when he remarks that for calculating the unknown
here there would of course be no need at all for any multiplication or di-
vision, since x would of course be simply = AG + DG = z7 + ey, or
=AB - BD = To — 62.85

Indeed, this is precisely the point that Ibn al-Sari makes.
But Suter’s next remark seems to misread the rest of Ibn al-Sari’s commentary. Suter
writes:

Another error that the glossator [Ibn al-Sari] accuses the author []Jabir]
of making is, however, unfounded [i.e., the accusation is unfounded]. He
seems to have overlooked the fact that when Jabir al-Sabi applies his ge-
ometrical equation to the Rule of Two Errors, he adopts different letters
from those in the figure accompanying the proof [ of that geometrical equa-
tion]...%

This suggests that Suter did not realize that Ibn al-SarT’s entire commentary (assuming
it is the same in the Leiden and Columbia manuscripts) is devoted to addressing the
same fatal flaw in Jabir’s proof that Suter identified. As described in §IV above, Ibn al-
Sari begins by noting this fatal flaw then devotes the rest of his note to illustrating that
flaw with a numerical example. So Ibn al-Sari is not pointing out “another error” at all,
as Suter thought, but simply seeking to make clear to his reader why Jabir’s proof fails.
Suter’s explanation of Ibn al-SarT’s purported error indicates that Suter must have read
Ibn al-SarT’s commentary very cursorily, since he imagines that Ibn al-Sari was confused
by Jabir’s repeated redefinition of the line segments corresponding to the underlying
quantities in question (Y4-5, 6, and 7).

85Suter, 25: “Gabir scheint aber nicht erkannt zu haben, da8 dieser Beweis nur fiir einen ganz speziel-
len Fall zutrifft, néimlich fiir den Fall, wo f (1) + f (a2) genau gleich bg = as — g ist. Das hat auch der
Glossator Ahmed b. el-Surri eingesehen, indem er bemerkt, dafi es hier zur Berechnung der Unbekann-
ten ja gar keiner Multiplikation und Division bediirfe, denn z: wiire ja einfach = ag + dg = a1 + f(ay),
oder=ab—bd = as — f(as)”

8Suter, 25: “Ein anderer Fehler, den der Glossator dem Verfasser vorwirft, ist aber unbegriindet, er
scheint iibersehen zu haben, dafl Gabir el-Sabi bei der Anwendung seines geometrischen Satzes auf die
Regel der beiden Fehler andere Buchstaben annimmt als in der Beweisfigur...”
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Suter’s subsequent remark confirms his cursory reading not only of Ibn al-Sari but of
Jabir’s text as well. According to Suter, Ibn al-Sari “also seems not to have correctly con-
strued the sense of some admittedly obscure passages.” Here Suter opens the possibility
that he himself has overlooked something, continuing,

we at least found no other error than the one already discussed, includ-
ing in the continuation of the treatise, where the author [Jabir] gives the
proofs for the cases where the errors e; and e have the same sign, so that
x1 and x5 are either both greater or both smaller than AD [= z].%7

It is not clear which passages of Jabir’s text Suter found “obscure,” since he correctly un-
derstood that the rest of Jabir’s treatise repeats the proof for the other two cases (§6-7).
It is even less clear, then, which part of Ibn al-Sari he thought might be misinterpreting
those obscurities. To his credit, Suter does not claim here to have a full understanding
of either Jabir’s or Ibn al-Sari’s text. In spite of this, he is nonetheless inclined to view
Ibn al-SarT’'s commentary as flawed.

Suter’s subsequent discussion embraces the assumption that he, Suter, has under-
stood the texts in question sufficiently to be able to evaluate Jabir’s (and presumably also
Ibn al-SarT’s) worth as a mathematician. He introduces his own corrections to Jabir’s
proof with the words

Jabir certainly cannot have been much of a mathematical mind; otherwise,
he would have recognized his own error and would easily have figured out
how to come to his own aid: he could have generalized his proof in the
following way...*®

What then follows is Suter’s revised version of the geometrical proof that omits certain
constraints. In particular, he constructs the same diagram with the same labels (see
Figure 3), but without requiring the rectangles BZ (= BGZE), DK (= DGKT), or
Y H (= YT HE) to be squares (i.e., he doesnotset BG = GZ, DG = GK,or YT =
T H). He then makes the figure correspond to Double False Position as follows (using
my rather than Suter’s notation): xr1 = AG = KL (first guess), e; = GK = BY
(first error), vy = AB = LY (second guess), and e; = Y E = K Z (second error).
[Furthermore, = AD (the quantity we wish to find).]*® Finally, he points out that the

87Suter, “Einige geometrische Aufgaben,” 25: “...und scheint auch den Sinn einiger allerdings undeut-
licher Stellen nicht richtig aufgefaf3t zu haben; wir wenigstens haben keinen andern Fehler als den eben
besprochenen gefunden, auch nicht in der Fortsetzung der Abhandlung, wo der Verfasser die Beweise fiir
die Fille gibt, wo die Fehler f () und f(as) beide gleiches Zeichen haben, also o und 5 entweder
beide groler oder beide kleiner als ad sind; auf diese Beweise treten wir hier aber nicht mehr ein, sie sind
leicht aus dem ersten abzuleiten.”

83uter, 25: “Ein bedeutender mathematischer Kopf kann Gabir allerdings nicht gewesen sein, sonst
hitte er seinen Fehler erkannt und sich leicht zu helfen gewufit, er hétte seinen Beweis in folgender Weise
verallgemeinern kénnen...”

89The geometrical diagram does constrain these quantities such that EH : HT = TK : GK (to
ensure that the diagonal goes through point T"). Thismeansthat FH = BD = AB—AD,HT =YE,
TK = DG,and GK = BY;andso (AB — AD) : YE = DG : BY = (AD — AG) : BY,or
(xog —x) : e = (& — x1) : ey, i.e., that there is a fixed proportion between how far off the guess is
(where we are dealing with the case in which o > x and x1; < x) and how far off the resulting output
is. Since we are dealing only with linear functions, this constraint poses no problem; the inverse of that
fixed proportion is (the magnitude of) the line’s slope.
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gnomon BAMZKY (i.e., the sum of the rectangles BALY and K LM Z) is still equal
to the rectangle DAM H (because BDTY = TKZH, since the two rectangles are
complements about the diagonal).” Asaresult, ABX BY + KLx KZ = ADx DH,;
since DH = BY + Y F, this becomes z5¢1 + 169 = x(€1 + €3), or

i To€q + T1€2
e1r + e

Q.E.D.

Having completed the proof, Suter then notes that like Jabir, Ibn al-Sari too failed to
recognize the generalized version of Jabir’s proof.”" In a certain sense, this is true: Ibn al-
Sari does not provide the generalized proof offered by Suter, or indeed any other proof,
in place of Jabir’s flawed proof. But perhaps Ibn al-Sari’s only aim in the commentary
was to show why Jabir’s proof fails to work. It seems a bit hasty to say that Ibn al-Sari
failed to come up with a correct version of the proof when he may simply have chosen
not to present it here.

VI Mathematical Philology

Suter was a prolific historian and philologist of Arabic mathematics and did much to
advance the field. The son of a farmer and postmaster in a village outside of Zurich, he
was remembered as an “unpretentious man,” a hardworking and humble scholar who
resolved to learn Arabic at the age of forty out of a fascination with the Islamic world,
and a “free thinker” who believed in the similarity of world religions and the common
humanity of all.”* He worked at a time when even less (much less) of the relevant source
material was available outside of manuscripts and when photographs of distant man-
uscripts were much harder to come by. He read many mathematical texts attentively
and with great discernment. His publications on the topic are a vast repository of infor-
mation and astute analysis and remain key references today. In the case of Jabir’s text
and Ibn al-SarT’s response, he does not pretend to have dwelt on it at length or captured
every nuance of the text.

For all these reasons, it would be rash, unproductive, and entirely unfair to hurl back
Suter’s insults at him, calling him not much of a philological mind, just as he called
Jabir not much of a mathematical mind, and thus generalize about Suter based on a
single section of a single scholarly article. Nevertheless, the rapidity of Suter’s read-
ing of the treatise was driven by the overarching priorities and methodological prin-
ciples embraced by Suter and his fellow historians of mathematics. For this reason —
combined with his warm and conscientious attitude toward Arabic mathematical texts,
which rules out any facile dismissal of his work — it is perhaps worth dwelling for a mo-
ment on the characteristics of Suter’s reading of the treatise before considering what
alternative mode might best suit a different set of priorities.

9°This exploits Euclid, Elements 1.43, to make a point that is less obvious than the one Jabir had used
that theorem to make; see n. 47 above.

9Suter, “Einige geometrische Aufgaben,” 26: “Dies hat auch der Glossator Ahmed b. el-Surri nicht
erkannt.”

92Ruska, “Heinrich Suter,” esp. 409 (“diesem anspruchslosen Manne”), 411 (“ein freier Denker”), 41—
q12.
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Suter was working within the tradition that approaches the history of science and
mathematics by asking who first discovered things that we now know to be true and
when. Information not pertaining to this line of inquiry was accordingly unimportant
— hence his decision to refrain from publishing Jabir’s faulty proof verbatim.

Tellingly, after he mentions the treatise’s (correct) proof of Equation 11 in Y2, Suter
continues by regretting that he could not answer the question that presumably he could
expect his reader to be asking: who, and in particular which nation, first came up with
that correct proof? Suter writes: “Whether this theorem belongs properly to the Greeks
or the Arabs, we cannot decide; it is not to be found in Euclid to our knowledge.”® Like-
wise, to conclude his discussion of Jabir’s treatise and Ibn al-Sar1’s commentary, Suter
writes that he cannot help but mention that the existence of this treatise and Ibn al-
Nadim’s references to other works on Double False Position refute the view expressed
by some of his contemporaries that the method of Double False Position was first dis-
covered in the twelfth century by European mathematicians.’*

To avoid any misunderstanding, it is worth emphasizing here that the response to
Suter that I propose is not a critique of “Orientalist thought,” a vindication of Arabic
or Islamic mathematics in the face of European bias or ignorance. That vindication is
precisely what Suter was eager to carry out. Instead, Suter’s blind spot is connected
to the approach to the history of science and mathematics that he embraced, one in
which the wheat must be separated from the chaff — according to simple scientific or
mathematical criteria, not hermeneutically recursive historical or textual criteria — so
that the historian could avoid wasting too much effort on the chaff. In other words, itisa
historical approach in which the historian adopts the criteria of his own contemporaries
in the natural and mathematical sciences and uses them as historical criteria.®> The
question of most interest to historians embracing this approach is when each aspect
of modern science or mathematics was first “discovered.” In addressing an individual
scholar of the past, the questions then become how much he knew and understood
of (modern) science or mathematics, and how much credit he deserves for uncovering
some part of that modern body of knowledge.*®

While quite powerful in its own way, this approach tends to downplay or omit alto-
gether an account of how mathematicians of the past thought about, discussed, arrived
at, and communicated their results. With an emphasis on what they knew and when
they knew it, in other words, it tends to skip over false starts, flawed proofs, and critiques
of such errors, thus suppressing valuable evidence for the aims of mathematicians and

9%Suter, “Einige geometrische Aufgaben,” 25: “Ob dieser Satz griechisches oder arabisches Eigentum
sei, konnen wir nicht entscheiden, bei Euklid findet er sich unseres Wissens nicht.”

94Suter, 26—27: “Man entschuldige uns, wenn wir hier folgende Bemerkung nicht unterlassen kon-
nen...

9%This should not be confused with using one’s contemporary scientific criteria as scientific criteria
for assessing the past, which entails using what we know or think we know today in order to gain a per-
spective on past scientific work that might not have been available to past scientists themselves. The
difference is crucial: when these scientific criteria are used as a substitute for historical criteria, we allow
present-day scientific concerns to warp our understanding of how and why ideas developed. See further
Richard Rorty et al., Philosophy in History: Essays on the Historiography of Philosophy (Cambridge: Cam-
bridge University Press, 1984), 1-14, who frame similar debates in terms of “history of philosophy” versus
“intellectual history.”

95See Thomas S. Kuhn, The Structure of Scientific Revolutions, 3rd ed. (Chicago: University of Chicago
Press, 1996), chs. 1-2.
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the conceptual frameworks that conditioned those aims and how they were pursued
and that were in turn shaped by all aspects of mathematical production, not only the
statements and proofs admired by modern mathematicians.

A philology of mathematics that takes such evidence into account will be the best
equipped to produce the kind of deeper history of mathematics that Roshdi Rashed has
advocated, a history not only of methods available and theorems proven (or at least
exploited) but also of conceptual framing, modes of understanding, and notions of the
possible directions available to a given field of mathematics in a given time and place.””

In the case of Jabir’s treatise on Double False Position and the Columbia manuscript,
such a mode of reading, applicable to flawed and flawless mathematical texts alike, al-
lows us to return to the juxtaposition with which this article began. What was a flawed
proof of a numerical method that today’s mathematicians would regard as hopelessly el-
ementary doing in the same manuscript, copied by the same scribe, as Omar Khayyam'’s
pathbreaking treatise on algebra and, indeed, coming right after it?

As already mentioned, Double False Position could be very useful in practice. But
this manuscript was not a manual for traders; clearly this collection was produced by
and for mathematicians, focused on theoretical texts and demonstration of theorems,
not practical numerical methods and their applications. Why, then, include the treatise
on Double False Position?

The answer, I propose, lies in precisely what Suter found unsatisfactory about the
text: the faulty proof that Jabir added to the basic description of the method of Dou-
ble False Position, along with Ibn al-SarT’s critique of that proof. This may seem like an
odd proposal: why would working mathematicians wish to preserve and even study a
misguided, incorrect proof? But the Columbia manuscript is evidence of just that wish:
mathematicians and students of mathematics in the medieval Islamic world — in par-
ticular Iran, probably Hamadan — were interested in understanding what was wrong
with Jabir’s proof.®® This would have offered them alesson in how to catch a proof’s fault
while preserving an episode in the history of their discipline.

Nor was this episode necessarily lodged exclusively in the past from the perspective
of the scholars who used this manuscript. After all, there were plenty of other treatises
on Double False Position. As already mentioned, that of the Arabophone Byzantine
Christian scholar Qusta ibn Liiqa (d. ca. 9g12—13) sparked Suter’s interest because it con-
tained a more nearly valid geometric proof of why Double False Position works.?® Vari-

97Rashed, Development of Arabic Mathematics, ch. 1, esp. pp. 14-16. Such an approach is related more
broadly to the methods practiced and advocated, for example, by Kuhn and the historians and sociologists
who have taken inspiration from aspects of his approach; see Barry Barnes, T. S. Kuhn and Social Science
(London: Macmillan, 1982).

98 A single scribe (Scribe 1) copied texts no. 2-18 in the manuscript, including the treatise on Double
False Position (no. 10). Even if the compilation represented by this subset of the manuscript had already
been compiled piecemeal over time (such that Scribe 1 would not be the compiler of this compilation, only
its copyist), nevertheless it was still the scribe’s choice to copy a pre-existing compilation in its entirety —
a choice that suggests an interest in studying the text on Double False Position alongside the other texts.

9See n. 12 above. As Suter points out (Suter, “Die Abhandlung Qosta ben Laqas,” 119—21), Qusta’s trea-
tise (atleast as translated by Suter) sets up the correspondence between the line segments in its geometric
proof and Double False Position’s parameters in such a way as to assume implicitly that the equation in
question is of the form ax = y, i.e., that the y-intercept is zero. Suter is puzzled that a mathematician
like Qusta would have missed this and suggests that the attribution may be false. But if the correspon-
dence is tweaked, the proof is successful; indeed Suter also suggests that an error of transmission could
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ous other treatises on the topic are known today only by their titles. Sezgin lists treatises
entitled (Hisab) al-Khata'ayn, or (Calculation by) Two Errors, by Abti Kamil (whom Sez-
gin tentatively places in the second half of the ninth century), Abu Yusuf al-Raziand Abu
Yusuf al-Missisi (both probably active in the first half of the tenth century according to
Sezgin), al-Karaji (active ca. tenth/eleventh century), and Ibn al-Haytham (965-1039)."*°
(There is no significance to the fact that Ibn al-Haytham is the latest author in this list;
Sezgin’s multivolume biobibliographical reference work stops at ca. 430 AH/1038 CE, so
it would automatically have excluded any treatises on Double False Position that might
have been composed after the mid-eleventh century.) In other words, there seems to
have been enduring interest in this algorithm and its mathematical justification. Fur-
ther research into such treatises — especially if any of them should turn up in the vast
number of uncatalogued and undercatalogued Arabic manuscripts around the world —
might help us understand the context of Jabir’s treatise. For example, if indeed he was
working later than Qusta, as Suter thought, we might imagine that Jabir was seeking to
produce a simpler proof, or else that he sought to reproduce Qusta’s proof from memory
and ended up getting it wrong without realizing his mistake. Similarly, if indeed Jabir
did not have much of a head for math, as Suter claimed, it would be interesting to know
what social and cultural incentives impelled him to take up the task of proving Dou-
ble False Position nevertheless. Or, if other works by the same Jabir turn up showing
him to be more of a mathematical mind than Suter thought, we might ask what led him
astray in this one treatise — or we might reconsider what he was trying to do in this
treatise and ask why subsequent readers from Ibn al-Sari to Suter to the present author
misunderstood his aims."

In any case, we must still contend with the widespread interest in proofs of Double
False Position. Jabir's purported proof was clearly something that Ibn al-Sarl consid-
ered worth his time to refute in the twelfth century, and his refutation was still being
studied closely when Sa‘d al-Din al-Hamadhani subsequently explained it (presumably

have introduced the error into the text. To be sure of what is going on, it will be necessary to consult the
original Arabic of Qusta’s treatise anew.

°° Abu Kamil: Sezgin, GAS, 5:277—281, esp. 277 (date) and 281 (al-Khata'ayn). Abu Yasuf al-Razi (Hisab
al-khata'ayn): Sezgin, 5:300. Abt Yusuf al-Missis (al-Khata’ayn): Sezgin, 5:297. Al-Karajl (who dedicated
one of his works to a patron who died in 1014), al-Khata'ayn: Sezgin, 5:329; on whether his name was
al-Karaji or al-Karkhi, see Rashed, Development of Arabic Mathematics, 22. Ibn al-Haytham, Hisab al-
khata’ayn: Sezgin, GAS, 5:374.

1'As an anonymous reviewer generously informed me, Jabir is named as the author of astronomical
works in Oxford, Bodleian, Thurston 3 (13th century; José Bellver, on Ptolemaeus Arabus et Latinus, https:
/[ptolemaeus.badw.de/ms/672, entry updated 10 November 2018) and Oxford, Bodleian, Marsh 720 (17th
century; José Bellver, http://ptolemaeus.badw.de/ms/685, entry updated 10 November 2018): Magalah ft
hay’at aflak ‘Utarid wa-khtilaf marakiziha wa-masiriha (https:/[ptolemaeus.badw.de/work/225; Thurston
104", Marsh 207™") and <Muqgaddimat fi bid* ashkal min al-Majisti> (https:/[ptolemaeus.badw.de/work/
221; Thurston 105" -107", Marsh 208"—211"), of which Burhan ma qalahu Batlamiyus ft [-shakl al-rabi*min al-
magqalah al-thaniyah ‘ashar <min al-Majisti> (not explicitly ascribed to Jabir, https://ptolemaeus.badw.
de/work/226; Thurston 107", Marsh 212") is probably a continuation (according to the author of the Ptole-
maeus entry on this work, José Bellver). These manuscripts also contain Jabir’s treatise on Double False
Position and Ibn al-SarT’s commentary on it (Thurston 136"—137", Marsh 271"-272"), followed by Qusta’s
treatise on Double False Position. Bellver, in his entry on the Thurston manuscript, mentions that “a note
on f. 105r indicates that this group of works by Jabir b. Ibrahim al-Sabi was copied from a first generation
copy from an autograph by Jabir b. Ibrahim al-$abi.” All this suggests that these manuscripts, especially
the Thurston manuscript, would be a promising avenue for future research.
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to students) and when the Columbia manuscript was produced. This concern for re-
futing a bad proof of Double False Position might have stemmed in part from the nu-
merical method’s widespread use, but ultimately it must have been part of medieval
Arabic mathematicians’ broader project. Perhaps it was precisely because Double False
Position was clearly applicable to many of the same problems that the new algebra sub-
sumed, it was important to study it not simply as a handy numerical method but as a
theorem to be demonstrated by a satisfactory and revealing geometric proof and thus
properly integrated into the new mathematics.'*

Suter’s observation that Jabir’s treatise attests to the existence of the method of Dou-
ble False Position already in early Arabic mathematics, then, is only the beginning of
the historian’s task. Rather than stop there and dismiss the treatise as otherwise use-
less because mathematically incorrect, philologically-minded historians of mathemat-
ics might ask how the treatise, its commentary, its subsequent study, and other treatises
like it on Double False Position can be reconciled and integrated into the picture of me-
dieval mathematics that continues to emerge, one newly edited mathematical text at a
time.

192], Murdoch asked a question of Roshdi Rashed at a conference after the latter’s talk on the social
context of algebra’s development. As the discussion continued, Murdoch asked an open-ended question
about “false position” and its place in this history of algebra, as an example of a topic for future historical
research. See Rashed, Development of Arabic Mathematics, 61. Texts like Jabir’s would presumably be at
the heart of such an inquiry.
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