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Abstract

The idea of bordered magic squares is well known in the literature. In this work, bordered magic squares are constructed in such a way that the final magic
sum of each bordered magic square is 2021. The work is for the orders 3 to 26. The work include fractional and decimal numbers entries having positive and/or
negative signs. In some cases, the sum-magic sums lead us to Pythagorean triples. It happens with the even order magic squares starting from order 10, such as,
orders 10, 12, ..., 24, 26.
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1 Introduction

Based on the work of H. White [6], recently, author [11, 12, 13, 14, 15, 16, 17, 18, 19] worked on the bordered
magic squares in different ways. Some of these ways are specified in following two subsections.

1.1 Odd Ordered Natural Number Entries
Author [12] studied the bordered magic squares for the consecutive odd numbers. The summary is given in the
following result.

Result 1.1. [12] For bordered magic squares for consecutive odd numbers, the total entries sums are given by

Tk×m := k2×m2,

where k is the order of bordered magic squares, and m is the order of each bordered sub-magic square. This lead us to
very interesting connection with Pythagoras theorem.

In particular, the bordered magic squares constructed with odd order consecutive natural numbers starting
from 1, the total sum entries are as follows:

I order 24, k = 24, T24×m := 242×m2, m = 4, 6, 8, 10, 12, 14, 16, 18, 20, 22 and 24;
I order 25, k = 25, T25×m := 252×m2, m = 3, 5, 7, 9, 11, 13, 15, 17, 19, 21, 23 and 25.
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1.2 Consecutive Natural Number Entries
Author [13] studied the bordered magic squares for the consecutive natural numbers. The summary is given in
the following result.

Result 1.2. [13] The bordered magic squares constructed for the consecutive natural numbers starting from 1 satisfy the
following properties:

1. Sk×k := k× L;

2. Tk×k := k2× L;

3. Ck×k := (k− 1)× 4× L;

4. dborder := 8× L.

where k is the order of bordered magic square and

L := T1×1, odd order magic squares

L :=
T2×2

4
, even order magic squares

and
Sk×k −→ magic square sums;
Tk×k −→ total entries sums;
Ck×k −→ borders entries sums;

dborder −→ difference among borders value.

In particular, for the orders 24 and 25, we have

1. For the bordered magic square of order 24 for the consecutive entries 1 to 576, has the following symmetric
results:

1. Sk×k :=
k
2
× T2×2

2
;

2. Tk×k :=
(

k
2

)2

× T2×2;

3. Ck×k := (k− 1)× T2×2.

4. dborder := 2× T2×2.

where k = 4, 6, . . . 20, 22 and 24 orders of magic squares appearing bordered magic square of order 24,
and T2×2 := 1154 is the sum of four central values of magic square.

2. For the bordered magic square of order 25 for the consecutive entries 1 to 625, has the following symmetric
results:
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1. Sk×k := k× T1×1;

2. Tk×k := k2× T1×1;

3. Ck×k :=
k− 1

2
× 8× T1×1.

4. dborder := 8× T1×1.

where k = 3, 5, 7, . . . 21, 23 and 25 orders of magic squares appearing bordered magic square of order 25,
and T1×1 := 313 is the central value of the magic square.

1.3 Square of Order Sum
Here we shall write bordered magic squares in such a way that the total sum is the square of order of magic
squares. For example, for the bordered magic square of order 9, the total sum is 92, etc. This study include
decimal entries as well as negative numbers.

Result 1.3. [15] The general formula the magic sum of each sub-magic square is as follows:

Sk×k := k×m,

where m is the order of magic square and k is the order of each sub-magic squares.

For example,

I order 24, k = 24, S24×m := 24×m, m = 4, 6, 8, 10, 12, 14, 16, 18, 20, 22 and 24;
I order 25, k = 25, S25×m := 25×m, m = 3, 5, 7, 9, 11, 13, 15, 17, 19, 21, 23 and 25.

More results in this direction can be seen in the [1, 2, 4, 3, 5, 6, 7]. Some results on general sum can be seen in
author’s work [14]. In [15], author wrote different bordered magic squares with magic sum always 2020.

In this work, we shall write bordered magic squares in such a way that the final sum is 2020. The work is for
the bordered magic squares of orders 3 to 26. We observe that the magic sum of sub-magic square give us a
symmetric result. The work include fractional, decimal and whole numbers with positive and negative signs.

2 Bordered Magic Squares With Magic Sum 2021

The author [14] wrote bordered magic squares for the general sum as a natural number n. Also in 2020, the
author [20] wrote bordered magic squares of orders 3 to 25 with magic sum 2020. Based on this idea, the
subsections below give bordered magic squares where magic sum is always 2021. The entries of magic squares
are either fractional numbers or decimal numbers. These entries are positive and/or negative values to giving
sum 2021. Some of the sub-magic squres sums lead us to Pythagorean triples. These are given for the bordered
magic squares of even orders.

For calculating the sub-magic squares sums, the formula given in the following result is applied:

4



Inder J. Taneja
https://inderjtaneja.com; https://inderjtaneja.com

Fractional and Decimal Type Bordered Magic Squares With Magic Sum 2021,
Zenodo, December 16, 2020, pp. 1-33, http://doi.org/10.5281/zenodo.4327333

Result 2.1. The sub-magic squares sums of boredred magic square are given by

Sk×k := 2021× k
m

, (1)

where k is the order of each sub-magic square and m is the order of bordered magic squares.

For example,

(i) Let k=25, then according to (1),

Sk×k := 2021× k
25

,

where k = 3, 5, 7 . . . 23, 25.

(ii) Let k=16, then according to (1),

Sk×k := 2021× k
16

,

where k = 4, 6, 8 . . . 14, 16.

Moreover, even order magic squares starting from magic square of order 10, lead us to Pythagorean triples
with sub-magic square sums, such as, order 10, 12,..., 22, 24. From order 20 onward, there are double Pythagorean
triples.

2.1 Bordered Magic Square of Order 3
The bordered magic square of order 3 for the magic sum 2021 is given by

2.2 Bordered Magic Square of Order 4
The bordered magic square of order 4 for the magic sum 2021 is given by
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In this case the sum of internal four entries is also the same as of magic square sum, i.e., S4×4 := 2020.

2.3 Bordered Magic Square of Order 5
The bordered magic square of order 5 for the magic sum 2021 is given by

According to (1), the sub-magic squares sums are as given by

S3×3 := 2021× 3
5
= 1212.6

S5×5 := 2021× 5
5
= 2021.

2.4 Bordered Magic Square of Order 6
The bordered magic square of order 6 for the magic sum 2021 is given by
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S4×4 := 2021× 4
6
=

4042
3

.

S6×6 := 2021× 6
6
= 2021.

2.5 Bordered Magic Square of Order 7
The bordered magic square of order 7 for the magic sum 2021 is given by

According to (1), the sub-magic squares sums are as given by
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S3×3 := 2021× 3
7
=

6063
7

S5×5 := 2021× 5
7
=

10105
7

S7×7 := 2021× 7
7
= 2021.

2.6 Bordered Magic Square of Order 8
The bordered magic square of order 8 for the magic sum 2021 is given by

According to (1), the sub-magic squares sums are as given by

S4×4 := 2021× 4
8
= 1010.50

S6×6 := 2021× 6
8
= 1515.75

S8×8 := 2021× 8
8
= 2021.
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2.7 Bordered Magic Square of Order 9
The bordered magic square of order 9 for the magic sum 2021 is given by

According to (1), the sub-magic squares sums are as given by

S3×3 := 2021× 3
9
=

2021
3

S5×5 := 2021× 5
9
=

10105
9

S7×7 := 2021× 7
9
=

14147
9

S9×9 := 2021× 9
9
= 2021.
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2.8 Bordered Magic Square of Order 10
The bordered magic square of order 10 for the magic sum 2021 is given by

According to (1), the sub-magic squares sums are as given by

S4×4 := 2021× 4
10

= 808.4

S6×6 := 2021× 6
10

= 1212.6

S8×8 := 2021× 8
10

= 1616.8

S10×10 := 2021× 10
10

= 2021.

In this case, there is a Pythagorean triples with magic sums:

S2
6×6 + S2

8×8 := S2
10×10
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2.9 Bordered Magic Square of Order 11
The bordered magic square of order 11 for the magic sum 2021 is given by

According to (1), the sub-magic squares sums are as given by

S3×3 := 2021× 3
11

=
6063

11

S5×5 := 2021× 5
11

=
10105

11

S7×7 := 2021× 7
11

=
14147

11

S9×9 := 2021× 9
11

=
18189

11

S11×11 := 2021× 11
11

= 2021.
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2.10 Bordered Magic Square of Order 12
The bordered magic square of order 12 for the magic sum 2021 is given by

According to (1), the sub-magic squares sums are as given by

S4×4 := 2021× 4
12

=
2021

3

S6×6 := 2021× 6
12

= 1010.5

S8×8 := 2021× 8
12

=
4042

3

S10×10 := 2021× 10
12

=
10105

6

S12×12 := 2021× 12
12

= 2020.

In this case, there is a Pythagorean triples with magic sums:

S2
6×6 + S2

8×8 := S2
10×10

12
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2.11 Bordered Magic Square of Order 13
The bordered magic square of order 13 for the magic sum 2021 is given by

According to (1), the sub-magic squares sums are as given by

S3×3 := 2021× 3
13

=
6063

13

S5×5 := 2021× 5
13

=
10105

13

S7×7 := 2021× 7
13

=
14147

13

S9×9 := 2021× 9
13

=
18189

13

S11×11 := 2021× 11
13

=
22231

13

S13×13 := 2021× 13
13

= 2021.

13
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2.12 Bordered Magic Square of Order 14
The bordered magic square of order 14 for the magic sum 2021 is given by

According to (1), the sub-magic squares sums are as given by

S4×4 := 2021× 4
14

=
4042

7

S6×6 := 2021× 6
14

=
6063

7

S8×8 := 2021× 8
14

=
8084

7

S10×10 := 2021× 10
14

=
10105

7

S12×12 := 2021× 12
14

=
12126

7

S14×14 := 2021× 14
14

= 2021.

In this case, there is a Pythagorean triples with magic sums:

S2
6×6 + S2

8×8 := S2
10×10

14
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2.13 Bordered Magic Square of Order 15
The bordered magic square of order 15 for the magic sum 2021 is given by

According to (1), the sub-magic squares sums are as given by

S3×3 := 2021× 3
15

=
2021

5

S5×5 := 2021× 5
15

=
2021

3

S7×7 := 2021× 7
15

=
14147

15

S9×9 := 2021× 9
15

=
6063

5

S11×11 := 2021× 11
15

=
22231

15

S13×13 := 2021× 13
15

=
26273

15

S15×15 := 2021× 15
15

= 2021.

15
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2.14 Bordered Magic Square of Order 16
The bordered magic square of order 16 for the magic sum 2021 is given by

According to (1), the sub-magic squares sums are as given by

S4×4 := 2021× 4
16

= 505.25

S6×6 := 2021× 6
16

= 757.875

S8×8 := 2021× 8
16

= 1010.5

S10×10 := 2021× 10
16

= 1263.125

S12×12 := 2021× 12
16

= 1515.75

S14×14 := 2021× 14
16

= 1768.375

S16×16 := 2021× 16
16

= 2021.

In this case, there is a Pythagorean triples with magic sums:

S2
6×6 + S2

8×8 := S2
10×10
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2.15 Bordered Magic Square of Order 17
The bordered magic square of order 17 for the magic sum 2021 is given by

According to (1), the sub-magic squares sums are as given by

S3×3 : 2021× 3
17

=
6063

17

S5×5 := 2021× 5
17

=
10105

17

S7×7 := 2021× 7
17

=
14147

17

S9×9 := 2021× 9
17

=
18189

17

S11×11 := 2021× 11
17

=
22231

17

S13×13 := 2021× 13
17

=
26273

17

S15×15 := 2021× 15
17

=
30315

17

S17×17 := 2021× 17
17

= 2021.

17
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2.16 Bordered Magic Square of Order 18
The bordered magic square of order 18 for the magic sum 2021 is given by

According to (1), the sub-magic squares sums are as given by

S4×4 := 2021× 4
18

=
4042

9

S6×6 := 2021× 6
18

=
2021

3

S8×8 := 2021× 8
18

=
8084

9

S10×10 := 2021× 10
18

=
10105

9

S12×12 := 2021× 12
18

=
4042

3

S14×14 := 2021× 14
18

=
14147

9

S16×16 := 2021× 16
18

=
16168

9

S18×18 := 2021× 18
18

= 2021

In this case, there is a Pythagorean triples with magic sums:

S2
6×6 + S2

8×8 := S2
10×10

18
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2.17 Bordered Magic Square of Order 19
The bordered magic square of order 19 for the magic sum 2021 is given by

According to (1), the sub-magic squares sums are as given by

S3×3 := 2021× 3
19

=
6063

19

S5×5 := 2021× 5
19

=
10105

19

S7×7 := 2021× 7
19

=
14147

19

S9×9 := 2021× 9
19

=
18189

19

S11×11 := 2021× 11
19

=
22231

19

S13×13 := 2021× 13
19

=
26273

19

S15×15 := 2021× 15
19

=
30315

19

S17×17 := 2021× 17
19

=
34357

19

S19×19 := 2021× 19
19

= 2021.

19
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2.18 Bordered Magic Square of Order 20
The bordered magic square of order 20 for the magic sum 2021 is given by

According to (1), the sub-magic squares sums are as given by

S4×4 := 2021× 4
20

= 404.2

S6×6 := 2021× 6
20

= 606.3

S8×8 := 2021× 8
20

= 808.4

S10×10 := 2021× 10
20

= 1010.5

S12×12 := 2021× 12
20

= 1212.6

S14×14 := 2021× 14
20

= 1414.7

S16×16 := 2021× 16
20

= 1616.8

S18×18 := 2021× 18
20

= 1818.9

S20×20 := 2021× 20
20

= 2021.

In this case, there are Pythagorean triples with magic sums:

S2
6×6 + S2

8×8 := S2
10×10

S2
12×12 + S2

16×16 := S2
20×20.
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2.19 Bordered Magic Square of Order 21
The bordered magic square of order 21 for the magic sum 2021 is given by

According to (1), the sub-magic squares sums are as given by

S3×3 := 2021× 3
21

=
2021

7

S5×5 := 2021× 5
21

=
10105

21

S7×7 := 2021× 7
21

=
2021

3

S9×9 := 2021× 9
21

=
6063

7

S11×11 := 2021× 11
21

=
22231

21

S13×13 := 2021× 13
21

=
26273

21

S15×15 := 2021× 15
21

=
10105

7

S17×17 := 2021× 17
21

=
34357

21

S19×19 := 2021× 19
21

=
38399

21

S21×21 := 2021× 21
21

= 2021.

21
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2.20 Bordered Magic Square of Order 22
The bordered magic square of order 22 for the magic sum 2021 is given by

According to (1), the sub-magic squares sums are as given by

S4×4 := 2021× 4
22

=
4042
11

S6×6 := 2021× 6
22

=
6063
11

S8×8 := 2021× 8
22

=
8084
11

S10×10 := 2021× 10
22

=
10105

11

S12×12 := 2021× 12
22

=
12126

11

S14×14 := 2021× 14
22

=
14147

11

S16×16 := 2021× 16
22

=
16168

11

S18×18 := 2021× 18
22

=
18189

11

S20×20 := 2021× 20
22

=
20211

11

S22×22 := 2021× 22
22

= 2021

In this case, there are Pythagorean triples with magic sums:
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S2
6×6 + S2

8×8 := S2
10×10

S2
12×12 + S2

16×16 := S2
20×20.

2.21 Bordered Magic Square of Order 23
The bordered magic square of order 23 for the magic sum 2021 is given by

According to (1), the sub-magic squares sums are as given by
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S3×3 := 2021× 3
23

=
6063

23

S5×5 := 2021× 5
23

=
10105

23

S7×7 := 2021× 7
23

=
14147

23

S9×9 := 2021× 9
23

=
18189

23

S11×11 := 2021× 11
23

=
22231

23

S13×13 := 2021× 13
23

=
26273

23

S15×15 := 2021× 15
23

=
30315

23

S17×17 := 2021× 17
23

=
34357

23

S19×19 := 2021× 19
23

=
38399

23

S21×21 := 2021× 21
23

=
42441

23

S23×23 := 2021× 23
23

= 2021.

2.22 Bordered Magic Square of Order 24
The bordered magic square of order 24 for the magic sum 2021 is given by
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According to (1), the sub-magic squares sums are as given by

S4×4 := 2021× 4
24

=
2021

6

S6×6 := 2021× 6
24

= 505.25

S8×8 := 2021× 8
24

=
2021

3

S10×10 := 2021× 10
24

=
10105

12

S12×12 := 2021× 12
21

= 1010.5

S14×14 := 2021× 14
24

=
14147

12

S16×16 := 2021× 16
24

=
4042

3

S18×18 := 2021× 18
24

= 1515.75

S20×20 := 2021× 20
24

=
10105

6

S22×22 := 2021× 22
24

=
22231

12

S24×24 := 2021× 24
24

= 2021.
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In this case, there are Pythagorean triples with magic sums:

S2
6×6 + S2

8×8 := S2
10×10

S2
12×12 + S2

16×16 := S2
20×20.

2.23 Bordered Magic Square of Order 25
The bordered magic square of order 23 for the magic sum 2021 is given by
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According to (1), the sub-magic squares sums are as given by
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S3×3 := 2021× 3
25

= 242.52

S5×5 := 2021× 5
25

= 404.20

S7×7 := 2021× 7
25

= 565.88

S9×9 := 2021× 9
25

= 727.56

S11×11 := 2021× 11
25

= 889.24

S13×13 := 2021× 13
25

= 1050.92

S15×15 := 2021× 15
25

= 1212.60

S17×17 := 2021× 17
25

= 1374.28

S19×19 := 2021× 19
25

= 1535.96

S21×21 := 2021× 21
25

= 1697.64

S23×23 := 2021× 23
25

= 1859.32

S25×25 := 2021× 25
25

= 2021.

2.24 Bordered Magic Square of Order 26
The bordered magic square of order 23 for the magic sum 2021 is given by
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According to (1), the sub-magic squares sums are as given by
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S4×4 := 2021× 4
26

=
4042
13

S6×6 := 2021× 6
26

=
6063
13

S8×8 := 2021× 8
26

=
8084
13

S10×10 := 2021× 10
26

=
10105

13

S12×12 := 2021× 12
21

=
12126

13

S14×14 := 2021× 14
26

=
14147

13

S16×16 := 2021× 16
26

=
16168

13

S18×18 := 2021× 18
26

=
18189

13

S20×20 := 2021× 20
26

=
20210

13

S22×22 := 2021× 22
26

=
22231

13

S24×24 := 2021× 24
26

=
24252

13

S24×24 := 2021× 26
26

= 2021.

In this case, there are Pythagorean triples with magic sums:

S2
6×6 + S2

8×8 := S2
10×10

S2
12×12 + S2

16×16 := S2
20×20

S2
10×10 + S2

24×24 := S2
26×26.

3 Pythagorean Triples

In above Section, we wrote Pythagorean triples in case of magic squares of orders 10, 12, 14, 16, 18, 20, 22 and
24. According to formula (1), below is a general formula for Pythagorean triples with sub-magic sums:

(i)

S2
6×6 + S2

8×8 :=
(

2021× 6
m

)2

+

(
2021× 8

m

)2

:=
(

2021
m

)2

×
(
62 + 82)

:=
(

2021
m

)2

× 102

:= S2
10×10
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(ii)

S2
12×12 + S2

16×16 :=
(

2021× 12
m

)2

+

(
2021× 16

m

)2

:=
(

2021
m

)2

×
(
122 + 162)

:=
(

2021
m

)2

× 202

:= S2
20×20

(iii)

S2
10×10 + S2

24×24 :=
(

2021× 10
m

)2

+

(
2021× 24

m

)2

:=
(

2021
m

)2

×
(
102 + 242)

:=
(

2021
m

)2

× 262

:= S2
26×26

Among the orders studied in Section 2, there are only two Pythagorean triples of even numbers that fits here.
The other Pythagorean triples triples are with even and odd numbers together, such as

[3, 4, 5]; [5, 12, 13]; [7, 24, 25]; [8, 15, 17]; [9, 12, 15]; [15, 20, 25]

These triples are not applicable to bordered magic squares. In case, we write bordered magic squares of
higher orders, then we can get more Pythagorean triples with even order bordered magic squares.
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