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ABSTRACT
Exact analytic solutions of Einstein’s equations are difficult because of the high nonlinearity
of the equations. Many researchers have shown that field equations for static spherically
symmetric and cylindrically symmetric space-times to get physical solutions. Besides,
solutions with axial symmetry are less studied. In this paper, we have demonstrated the
technique for generating static axially symmetric vacuum solutions from known solutions.
Using the technique some new realistic solutions is generated.
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INTRODUCTION

Spherically symmetric solutions have attracted attentions of many researchers working in this
field due to several reasons. Spherically symmetric perfect fluid solutions [1-10] are
interesting because they are first approximations in finding any realistic solution describing a
relativistic star. Moreover cylindrical symmetric solutions [11-13] have been shown in the
literature. Space-times having symmetries about an axis are said to be axially symmetric.
Gravitational fields due to rotating sources are represented by axially symmetric space-times.
When rotation of the source is uniform then the space-time is said to be stationary axially
symmetric. Static axially symmetric space-times are those for which rotation of the source is
zero. Weyl-Lewis-Papapetrou [17-18] form of stationary axially symmetric space-time metric
can be written as

ds? = f dt? —e* (dp? +dz?) —1dp? — 2k dtdg (1)

where (p,q,z) are cylindrical-polar-like coordinates and f,k,I, « are functions of p and z.
It should be noted that in a curved space in general it is not possible to define cylindrical-
polar coordinates or Cartesian coordinates etc. Here cylindrical-polar-like coordinate means
that for asymptotically symmetric solutions, at a large distance from the source the metric
tends to the flat space-time metric

ds® =dt* —dp® — p*dep® —dz®

in the familiar cylindrical-polar coordinates related to Cartesian coordinates (x, y, z) by
X=pC0Sep, Y= psSing, z=2z. The metric (1) possesses a symmetry about the line p =0,

called the axis of symmetry.
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We are interested in vacuum solutions so that Einstein’s equations reduce to R, =0. Weyl
showed that one can use the field equations to impose the following condition on the
functions f, k and |

D? = fl+k* = p? (2)

The definition of / f 1 +k? as the new coordinate p simplifies the metric (1) reducing it to
only three independent metric components instead of four. The metric (1) can be written as
ds® = f dt® — f "e¥ (dp® +dz?) -1 dp” — 2k dtdg (3)

Papapetrou found it convenient to use a function @ instead of k, defined by k = of . Using
this in (2) we obtain
l=f"'p° -w*f 4)

With (4), metric (3) reduces to
ds® = f(dt—wde)® + f '[e¥ (dp” +dz?) + p* dp’] (5)

The metric form (5) is called the Papapetrou metric.

Rest of this chapter is organized in the following way. In Section-2 a review of Weyl
solutions of the field equations for static axially symmetric space-times is provided. In
Section-3, general static axially symmetric solution is presented in closed form. In Section-4,
a technique for generating new solutions from known solution is presented. The technique is
demonstrated by generating some new realistic solutions. Finally in Section-5, some
concluding remarks are given.

FIELD EQUATIONS FOR STATIC AXIALLY SYMMETRIC VACUUM
SPACETIMES AND WEYL SOLUTIONS
In the absence of rotation @ =0. Thus in the static case metric (5) reduces to

ds? =2 dt? —e I[P (dp? +dz?) + p? dp?] (6)

where f =e® . The metric form (6) is called the Weyl metric. For the metric (6) the
equations Ry —R; =0, R; —R> =0, R; =0, which are valid for vacuum solutions yield
respectively

1
Vzl//=l//zz+;!//p+t//pp =0 )
Vo =PW, =), 7, =2py Y, (8)
oy oy . . .
where v, = = y, = . etc. Equations (7) and (8) are the only independent equations for
z 2

the two unknown metric functions v (p,z) and y(p,z), which are to be solved. Method of
solving the field equations (7), (8) is as follows.
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One has to assume a solution of Laplace’s equation (7) in two dimensions which specifies
v (p,z). When the equation for w(p,z) is satisfied, it ensures that equations (8) will be
integrable and hence y(p,z) will be specified.

A class of exact solutions of equations (7), (8) was found by Weyl and the method of solution
is as follows.

Let us introduce prelate spheroidal coordinates (X, y) defined by the transformation equations
1 1

p =k =1)2(L-y*)?, z=kxy (9)

where Kk is an arbitrary constant. From (9), we have
pr+z? +kZ =k*(x* +vy?)
= () = ot 2+

1

g x+y=%[p2+(z+k)2]2 (10)
Similarly
K-y =1p" +2 KT 1

From (10) and (11) we get
x:i[\/p2+(z+k)2+\/p2+(z—k)2] (12)

yzz—lk[\/p2+(z+k)2—\/p2+(z—k)2] (13)

In this coordinate system the Laplace operator V? is given by
2
Vi e )2 Sl y) S
X“—y°| ox ox) oy oy

Hence equation (7) reduces to

k? 0 |( 0 } 0 2\ O
— X =)=+ —3l-y° )= =0 14
Xz_yz{ax{( )8X 8y{( y )8y 4 (14)
Let us consider the solution of equation (14) that can be written as a product
w (X, y) =u(x)v(y) (15)

If we substitute (15) in (14) we obtain

%%{(xz _1)2_;:} = %%[(yz —1)%} = n(n+1) = Constant

Thus Laplace’s equation (14) yields the Legendre equations
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0|(,2 .\0U B
&[(x —1)5}—n(n +Du=0
%[(yz —1)%}—n(n +1)v=0

Weyl solutions are given by

v =32, Q0P ()

where P, and Q, are Legendre polynomials of the first and second kinds. As a special case if
we let n = 0 then we get

)% g
2 Xx+1

7:é|0g X" -1
2 TxP-y?

where ¢ is an arbitrary constant. In terms of the coordinates (p,z) we have
o, +to,-2m ¢ Z-Mm+o,

( Z)—é log—————— =—log
Ve 2 o,+o0,+2m 2 Z+m+o,

wherek=m, o, =/p> +(z+m)* and o, =/ p* +(z-m)* .

For & =1 this gives the Schwarzschild solution. For & =1 we get
e” = [(0'1 +0,)° —4m2]/4c71c72

ALL STATIC AXIALLY SYMMETRIC VACUUM SOLUTIONS
The general axially symmetric static solution of Einstein’s vacuum field equations in closed
form has been found by Waylen [14] in the canonical coordinates o and z. This general

solution depends on a single solution generating function. To see how this is done let us note
that equation (7) is a second order linear partial differential equation for v (p,z). Therefore

general solution of equation (7) contains two arbitrary functions, say f and g. In the following
we will demonstrate that

v(p.2) == [T W)+ 9 log{2)sin’ 0}1d0 (16)
T Po

where u=z+ipcosé, is a solution of (7). Since (16) contains two arbitrary functions f(u)
and g(u), it is the general solution of (7). Now (16) can be expressed as

v(p.7)=e(p.2) + (. 7)

where

(o)== f(u)do 17)
T

and
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_1n P yein?
2.(p2) == ] 9(u)log{()sin’ 3d0 (18)
0
We will show that ¢, and ¢, are solutions of equation (7). From (17) we get
L2 _ L [" f'u)cosodo (19)
pop mp®
82¢1_ l Toen 2
i jo f"(u)cos?0do (20)
o Lem o,
> —;L f"(u)de (21)
Now
jo” f'(u)cosod = ip{[o” f"(u)do— jo” f"(u) cos? ede} (22)
Putting (22) in (19) we obtain
1a¢1 17 " 1~ " 2
——H=—"1 f"(u)dé+—| f"(u)cos £de 23
S —J, Fr@do+ = [ 17w (23)

From (20), (21) and (23) we get

2 2
a(€1+18¢1+6(p2120 (24)
o° pop Op

Therefore ¢, (p,z) is a solution of (7).

Again from (18) we get

190, _ izjo” g(u)do + Llog(ﬁ)j: g'(u)cosodo
p Op 7p P Po

+£ ”g’(u)cos@log(sin@)de (25)
0

o°p, 1 (= 2i ¢ 1 O\ (7 2
=—— u)do+— '(u)cos@dl ——log(+ "(u)cos @do
o ”pzjog() ﬁpLg() - g(po)fog()

~2["g"(u)cos’ Olog(sing)do  (26)
T 0

2
72 Liog2)[ g (w)do+2 [ g’w)log(sing) do 27)
oz V4 Po *° 7T *0

Now

2' L - 2 T oy A2 H

—I g'(u)cosd Iog(sm@)dez——j g"(u)sin“@log(singd)do
zp~0 0

_a ”g’(u)cos@d@ (28)
0
and
Llog(ﬁ)j”g'(u)cose do = —llog(ﬁ)j” g9"(u)sin?6dé (29)
o Py 0 TPy
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From (25) — (29) we get

2 2
a¢;2+la(/’2+a¢zzo
oz p Op Op

2

Therefore ¢, is a solution of equation (7). Thus we have demonstrated that

v(p.2)=e(p, ) +9,(p,2)

is the general solution of (7). To allow the metric function v (p,z) to assume finite values on
the axis of symmetry p =0, which lies in the vacuum, we require g(u) to vanish. Hence the
finite general solution of equation (7) is given by

v(p2) == [ 1()do (30)
T

Any specification of f(u) generates a solution of equation (7) through equation (30).

Substituting (30) into the pair of equations (8) we get
_ 10 Sy 2 Gy 2
y, —‘?[{L f'(uw)cosd daY +{] 1'(w)d6} } (31)

¥, = Zi—f{j " f'(u)cos@ de}{j " f'(u)da} (32)
7% o 0

Integrating (31) with respect to p we obtain

y =k(2) —% [ p[{jo” f'(u)cosadoy +{[ f’(u)d@}z}dp (33)

Differentiating (33) with respect to z we get
’ 2 p 4 14 7[ " 7[ ! 4 14
=K@~ 5], pUO '(w)cosadd- [ F*(u)cosadg + [ ' (u)do- [ 1 (u)d@}dp
(34)

From (22) we have

J'” f"(u)do = J'” f"(u)cos? ede—lj” f'(u)cos@do (35)
0 0 p 0
Putting (35) in (34) we obtain

T ] T " V4 " 2 . ,
y :k,(z)_ij.p P{L f (u)cos¢9d9.j0 f (u)cos(9d6?+J'0 f"(u)cos gdg.jo f'(u)de N
z ) - .
—J; f (u)cosade-j0 f'(u)de
21 tp O
2Jo

or, 7,=K(@)+ %[ [ #'(uycosodo - [ f’(u)de}dp

T

:k'(z)+2i—fj”f'(u)cosede-j”f'(u)de (36)
Via 0 0
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(36) accords with (32) if k(z) = k = constant. Therefore if k = constant, (33) is the solution of
both the equations (31) and (32). Condition of regularity on the axis of symmetry lying in
vacuum requires k = 0.

NEW SOLUTIONS FROM KNOWN SOLUTIONS
In Section-3, it has been shown that the finite general solution of equation (7) can be written
as

v(pD) == [ 1()do @)
T

where u=1z-+ipcosd and f(u) is an arbitrary function of u. Now partial differentiation or

integration of f(u) with respect to z results in function of u. Let us denote partial
differentiation and integration of f(u) with respect to z by F(u) and F(u) respectively,

F(u):%—f:%ﬂ /(u)do and F(u) = [ f(u)dz

Then from (37) we obtain

vi(p.2)=v,(p. )= [ F(U)do (38)
T
and
1 ¢7
vy(p,2) == [ F()do (39)
T

From (38) and (39) we find that if y(p,z) is a solution of (7) then y,(p,z) and v,(p,z) are

also solutions of (7) i.e. partial differentiation and integration with respect to z of a solution
v (p,z) of equation (7) are also solutions of (7). This gives a way of generating static axially

symmetric vacuum solutions of Einstein’s equations from known solutions. The technique is
demonstrated below by generating some new solutions from known solutions.

(1) Let us consider the harmonic function

C
w(p,2)= TS (40)
Z“+p
from which we get Curzon’s solution [17]. Differentiating (40) with respect to z we obtain
Cz
vi(p.2) =y, (p. 7)) =———5 (41)
(p*+2°)?
From (41) we obtain
2 9,2
681//1 _Clp 225) and 86'//1 ___3Cpz : (42)
Z = =
(p*+2)? P (ot

Putting (42) in equations (8) we obtain

P

2 4
=C’ 125/022 4= 2p s 128/022 5 (43)
(p"+27) (p"+27) (p°+7)
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22 3p%z
7/2 = 6C2p2{(p2 + Z2)4 - (pzi Z2)5:| (44)

From (43) and (44) we get

CZ 2 2—822 CZ 2 2—822
o r@=C L2 o) 45)

7/:

From (45) we conclude that, k (z) =k,(p)=k = constant. Therefore we have obtained the
following new solution by partially differentiating Curzon’s solution with respect to z,
2 2 2 2
Cp (,f 8z ) vk (46)
4(p°+2°)

Cz
vi(p2)=———=, 1r(p.2)=
(p° +2°)?
Solution (46) has finite values on the axis of symmetry and is asymptotically flat.

It should be noted that, integration of y, (o, z) with respect to z gives Curzon’s solution [19].

(2) Putting C = C1, C2, z=zFm in (40) we get the following solutions ;(p,z) and
v (p,z) of equation (7)
C,

\/(z+m)2 +p°

v (p,7) = > v,(p.2) =

Jz-m)+p

Integrating 7, and 7, with respect to z we get the following solutions of equation (7),

Z—m++/(z—m) + p?

jzzdz:cllog
P
2.
jWZdz:Czlongrer (z+m) +p
o)

Since linear combination of any two solutions of equation (7) is also a solution
czcl{ _ Y 2 }Cl
z—m+4/(z—m) +pz 47)
{z+m+w/(z+m)2+,oz}D

is a solution of equation (7).

7 (p.2) =logZ

For C1 = Cy =1, (47) reduces to
—m++/(z-my + p?

z

v (p,z)=log (48)
z+m++(z+mf + p

Putting (48) in (8) we obtain
+p,)° —4m®

H(p2) = Lt 2 (49)

P1P2
where
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p=2+m+(z+mf+p?, p,=z—m+4/(z—m) + p?

This is Schwarzschild solution in canonical coordinates p, z.

CONCLUSIONS

We have shown that partial differentiation or integration with respect to z of a harmonic
function w(p,z) results in a harmonic function. Using these results we have found some new
solutions by differentiating / integrating Curzon’s solution. The result can be used to classify
all static axially symmetric vacuum solutions of Einstein’s equations. This in turn may
provide a way of classifying all stationary axially symmetric vacuum solutions.
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