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Abstract: The goal of this paper is to study and discuss the neutrosophic soft set theory by
introducing, new family of neutrosophic soft sets and because the concept of topological spaces is
one of the most powerful concepts in system analysis, we introduced the concept of neutrosophic
soft topological spaces depending on this the new family. Furthermore, we introduced new
definitions, properties, concerning the neutrosophic soft closuer, the neutrosophic soft interior, the

neutrosophic soft exterior and the neutrosophic soft boundary in details.
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1. Introduction

D Moloasov[1] introdueced the notion of soft set in 1999 . In the same year F Smarndache firstly
introduced the neutrosophic set theory [2]. Which is the generalization of the class set conventional
fuzz set [3] and intuitionistic set fuzz [4]. The soft set theory and the neutrosophic set theory have
been applied to many different fields, ( see for example [5-64]) .

In 2012 Maji[65] combined the concept of soft set and neutrosophic set together by introducing
the current mathematical framework called neutrosophic soft set and later this concept has been
modified by S.Bromi[66] . Faruk[67] redefied neutrosophic soft set, and their operations, also
presented an application of neutrosohpic soft set, in decision making . In 2017 Bera[68] introduced
neutrosohpic soft topological spaces using different subsets of the parameters set for each soft
set . In 2019 and In 2020 Taha[69] and Evanzalin[70] introduced the neutrosohpic soft topological
spaces differently from the study[58] . More works on the concept, of neutrosohpic soft set can be
found in [71, 72, 73,74, 75,76,77,78,79, 80,81,82] .

In this research , we studied and discussed the neutrosophic soft set theory by introducing, new
family of neutrosophic soft sets, new operations for neutrosophic soft sets and we also we introduce
the theory of neutrosophic soft topological spaces depending on this the new family.

The research is organized as follows: In section2, we first recall the necessary definitions needed
in this work we then recall two families of neutrosohpic soft sets with explaining the properties of
each family. In section3, the neutrosophic soft set theory is studied and discussed by introducing,
new family of neutrosophic soft sets [namely third family], new operations for neutrosophic soft
sets, comparison between the new family and other families, new definitions and examples. In
section4, the theory of neutrosophic soft topological spaces is investigated depending on the new

family and also, new definitions, characterization, the neutrosophic soft closure, the neutrosophic
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soft interior, the neutrosophic soft exterior and the neutrosophic soft boundary are introduced in

details .
2. Preliminaries

In this section, we will recall the necessary definitions needed in this work, we then recall two

families of neutrosohpic soft sets with explaining the properties of each family .

2.1. Definition [83]
If K is the initial universe then the neutrosohpic set A is defined as follows:

A= {<Kk Ta(k),I5,(k),Va(k) >, k€ K}

where, the functions T LV:K— ]—-0,+1[ and

-0 Ta(k) + Ia(k) + Va(k) <+3

For any two neutrosohpic sets:
A={<kTy(k), Ia(k), Va(k) > keK } .
B={<k Tg(k), Ig(k), Vg(k) > keK } .

% ACSB o Tyk) <Tgk), Ia(k) <Ig(k),Va(k) = Vg(k) ,forall, kEK .
% AUB={<kTa(k) VTg(k),Ip(k) VIg(k), Va(k) AVg(k) > ,keK } .
%  ANB= {<kTa(k) ATg(k),Io(kK) Alg(k),Va(k) VVg(k) > ,keK } .
% A=B o AcBandBcA.
< The complement of A denoted by A is defined as:

(A)° = {<k1-Ta(k),1-1I4(k),1—-Va(k)> keK }.
2.2. Definition [1]

Let K be an initial universe set and E be a set of parameters. Consider a set A+ @, AS E . A pair
(F,A)is called a soft set (over K ) if and only if F is a mapping from A into the set of all the
subsets of K .

First family [65]

Let K be an initial universe set and Ex be a set of parameters . Consider a set D+ @, D S Ex . A
pair (F,D) is called a neutrosohpic soft set (over K) if and only if F is a mapping from A into the
set of all the neutrosohpic sets over K .

Note that , we will denote simply by Fp of the pair (F,D) and the set of all the neutrosohpic sets
over K with respect to this family will be denoted by N;(K) .

Let Fi,,F,, € Ny(K). Then:
1)  The union between them( Fp U Gg) is defined by H = Fp U Gg as follows :

Tapy (k) = Tap (k) if peB\D
max {Tppy (k ), Tepy(k )} if p e DNB
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Ipy (k) if peD\B
Iy (k) = Iom (k) if pe B\D
M if pe DNB
Ve (k) if peD\B
Vg (k) = Vo (k) if peB\D

min{Vp(p)( k ),VG(p)(k )} if peE DNB .
2)  The interstation between them( Fp M Gg) is defined by H = Fp M Gy as follows :
Thpy(k ) = min {Tpey(k ), Ty (k) }

Ig( )(k)+IG( )(k)
IH(p)(k)z( 5 2 £ )L

Vi) (k) = max {Vp) (K ), Vo (k) } -
3) Fp E Gg if and only if
1) DSB
2) Tppy(k) < Toy(k) ,Ipp(k) < Igpy(k) , Vppy (k) = Vgpy(k) ,forallpeD ,keK .
4)  The complement of Fp is defined as:
(Fp)° ={(p. {< k Trqpy (k ), Iggpy (k ), Vey(k ) >, k€K }),p €D} .
2.3. Definition [70]
A neutrosohpic soft set Fp over the universe K is called a null neutrosohpic soft set and
denoted by @y if Tppy(k ) = 0,Ipp) (k) =0, Vgpy(k) =1,forallpeD keK .
2.4. Definition [70]

A neutrosohpic soft set Fp over the universe K is called an absolute is called an absolute
neutrosohpics soft set and denoted by Ky if Tgpy(k ) =1, Igp)(k) =1, Vgpy(k ) =0, forallp €
D keK .

Second family [66]

Let K be an initial universe set and E be a set of parameters , P(Y) be the set of all the subsets of
Kand V be a neutosohpic set over E . Then a neutrosohpic parameterized soft sets .
Qy = {(<p, Tv(p), lv(p), Wy(p), fy(p) >), p EE}
where , the functions Ty, Iy, Wy : E— [0,1] and fy: E - P(K)

and fy(p) =@ if Ty(p) = 0,Iy(p) = 1and Wy(p) =1 .

Here, the functions Ty,lIy, Wy are called membership function, indeterminacy function and
non-membership function of parameterized soft set ( for short, Np_soft set ), respectively .

Let Qy ,0Uy, € Np_softset .

Now : If fy(p) =K, Ty(p)=0, Iy(p)=0and Wy(p)=1, Vp €E, then Qy is called a V_empty
Np_soft set ( for short Qg ).If V=0, then the V_empty Np_soft setis called an empty Np_soft
set (forshortQy) .If fy(p) =K Ty(p)=1, Iy(p)=0and Wy(p)=0, Vp €E, then, Qy iscalled a
V_universal Np_soft set ( for short Qg, ), if V=E, then the V_universal Np_soft set is called an
V_universal Np_soft set (for short Q) .

Qy EU, © Ty(p) < TL(p), Iv(p) = 1n.(p), Wy (p) = Wi (p), fy(p) < f.(p) ,pEE .

Qy U, = {(< p, max{Ty(p), T, (p)}, min {Iy(p), I(p)}, min {Wy(p), W,.(p)}, fy(p) U fL.(p) >),p € E} .
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QynUy = {(< p, min {Ty(p), T, (p)}, max {Iy(p),I.(p)}, max {Wy(p), Wy.(p)} fv(p) N f.(p) >),p €
E} .
The complement of §y is defined as :

Q¢ = {(< p, Wy (), lv(p), Ly(p), fyc (p) > ) p € E}, where, fyc(p) =K- fy(p) .
3. Third family (New family)

In this section, we will study and discuss the neutrosophic soft set theory giving new definitions,

example, new family of neutrosophic soft sets, new operations for neutrosophic soft sets and
comparison between the new family and first family .

3.1. Definition

A neutrosohpic soft set F, on the universe K is denoted by the set of ordered pairs

Fp = {(p:fD(p)),p € Eg, } .
It can be written as: Fp ={(p,{< q‘Tro® (D7 Irpe) (a7 Vrp) (a)) 5 ),p€EEK }.
Where,

fp is amapping such that
D — P(K)
fo: {

D¢ —< q©0'D > aEK .

Ex is the set of all possible paramerers under consideration with respect to K, DSE .

P(K) is the set of all the neutrosohpic sets over K .

Form now on, the set of all the neutrosohpic sets over K with respect to this family (Third family)
will be denoted by N3(K) .
3.2. Example

Let K= {q1,42,93,44} and D SEg = {py,p2, P3, P4} , such that D = {py,p,} .
Suppose that :
le (p1) ={<q (0,67 0,3/ 0,7)’ qz(0,5 10,41 0,5)’ Cl3(0,7/ 0,47 0,3 )’ Qs (08/04103) b
le () ={<q; (0,71 0,37 0,5)’ qs (0,61 0,71 0,3)’ s (0,71 0,31 0,5)’ da (0,670370,6) ~, ).
sz (p) ={<q (0,67 0,47 0,5)’ 95 (0,67 0,57 0,4) , Qs (0,71 0,47 0,5), da (0,7/0510,6) ~ ).

sz (p1) — { < a1 (0,77 0,6/ 0,6)’ a, (0,87 0,47 0,5)’ s (0,71 0,41 0,6)' Qs (0,67 0,37 0,5) >} .

Then, we can view the neutrosophic soft sets F;,F,, as:

,67 0,310, ,57/ 0,47 0,5 ,71 0,410, ,87 0,410,
(pl,{ <q1(06103107)’ qz(0 10,470 )’ Q3(07’04’03), q4(08r04r03) > })

Fip = (pz’{ < qy (07703108) g (0,6/0,7103) g (0710305) g (06/03/06) 3 3 )
(pl' { <q (0,670,471 0,5)’ s (0,670,57 0,4)’ s (0,71 0,41 0,5), a4 (0,77 0,57 0,6) > })
Fap = (pz.{ < q, ©7706706) g (08/04105) g (0.770410,6) g (06103105) 5 })
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Note that, if fp (p) =< q©'°'V >, for allp € E, q € K, the element ( p, fp (p)) is not appeared in

neutrosohpic soft set Fp .

3.3. Definition
The neutrosohpic soft complement F¢p of Fp, is defined by the mapping
foe(P) = f°, (p) , where f¢, (p) is the complement of the set fp (p) .
That is :
Fop = {(p.{< g TTo@@ O lo@ @ Ve @) ) p e By .

3.4. Definition

Let Fp € N3(K),if f (p) =< q®" %"V > ,vp € Ex, q €K, then Fp is called the null neutrosohpic
soft set and denoted by @y, .
3.5. Definition
Let Fp € N3(K) if f (p) =< q®'1'® >,vp € D, q € K, thenF}, is called the absolute neutrosohpic
soft set and denoted by Kj, .
3.6. Definition

Let F;, € N3(K), then F,j is called a neutrosohpic soft subset of F,; and denoted by

FlD E FZD if le (p) E fZD (p)/ 'Vp € EK .
3.7. Definition

Let F;,,F,, € N3(K),then, the neutrosohpic soft intersection (F; M F,;) and the neutrosohpic
soft union (F;, UF,;) are defined by the mappings .
le (p) M fZD (p)
le (p) L fZD (p)
3.8. Example

Let us consider neutrosohpic soft sets F,;, F,

Then,

p inexample .

(pl’ (<q (0,67 0,47 0,5)’ as (0,67 0,51 0,4)' s (0,71 0,41 0,3)' Qs (0,87 0,51 0,3) >})
1) F1D [} F2D= (p2, {< a1 (0,71 0,67 0,5), qs (0,87 0,71 0,3)’ s (0,71 0,41 0,5)’ da (0,67 0,37 0,5) >})

(p1, {< qq (06703707) g (05104105) g (0.7104105) o (0710470,6) >})
2) FipnNFy= (pz; <q (07703705) Qs (0,6705104) Qs 0710310,6) 9 (0,670,370,6) >})
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(pl' {< q, (0,470,671 0,5)’ q (0,47 0,5/ 0,6), qs (0,37 0,6/ 0,5), Q4 (0,37 0,57 0,4) >})

. (P, {< qy 0370470 q, (02106105) g (0310,6/04) g (04707/05) 53)
3)  (Fyp)™= (pg. (< g0, g, g 110 g (111/0) >})
(ps, {< @ VO, @10, g0 g, 01110 >1)

3.9. Proposition
Let F; € N3(K), then:
e FiyUF;,=F.
e FiynF,=F.
e F Ufp=F.
e FCF,.
e OpC Fip -
e F,C Kp .
o Fipndp=0p.
e FUu Kp =Kp .
o Fiynm Kp = Fip -
Proof : The proof of the remark is direct from the definition
3.10. Proposition
Let F; € N3(K), then:

o (@) =Kp
o (Kp)=0p
o ((F1p))° =Fqp
Proof : Straightforward .
3.11. Proposition
Let Fyp, Fop and F3 ) € N3(K),then :
e F UF, =F, UF .
e Fy NF,y =F, NF .
e (Fpu FZD)C = (FlD)C r (FZD)C .
o (Fpn FZD)C = (F1D)C U (FZD)C .
o (FipMFyy) UFsy = (Fyp UF3 )N (Fop UFsp) .
o (FipUF,,) NF3, = (Fyy NFs ) U (Fppy MFsp) .
Proof : Straightforward .
Comparison

Next ,we will compare (new family) with the first family .

1- Dentition of neutrosohpic soft sets
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First family

Third family(new family)

Fp = {(p'fD(p))'p €D,D S Ey }

Where, F:D — P(K)

Fp = {(p'fD(p))‘p € Ex,D C Ey}

D — P(K)

Where, FZ{DC < q(()l()ll) >

,q€EK

2- Intersection of neutrosohpic soft sets

First family

Third family(new family)

FipaMFap = F3(AnB)

F;:(ANB) — P(K)

FlD M FZD = F3D

Fi,, ifpe€A\B
Fa(p) = F,y if p € B\A
Fi(p)UF,(p),if p€e AnB

F. { D — P(K) q€K
3° c (0r0r1) ’
Fa(p)= Fi(p) or F(p) Prosat
Fz(p)= Fi(p) 1 F2(p)
3- Union of neutrosohpic soft sets
First family Third family(new family)
Fio UFzp = F3 5, Fip UFap = Fsp
F;: (AN B) — P(K)
. D — P(K)
o e e gororn 5 K€K

F3(p)= Fiu(p) U Fa(p)

4- Complement of neutrosohpic soft sets

First family

Third family(new family)
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(Fp) =Fp (Fp)  =Fp

D — P(K)
C_><q(01011)>

Where F¢: 1D — P(K)"

Where, F€: {D ,q €K

Where, k isnotk and 1D ={ k:ke D }

4. Neutrosohpic Soft Topology

In this section, we will investigate the theory of neutrosophic soft topological spaces depending
on the new family (N3(K)) and we present new definitions, characterization and properties
concerning the neutrosophic soft closure, the neutrosophic soft interior, the neutrosophic soft
exterior, the neutrosophic soft boundary .
4.1. Definition

Let K be the initial universe Ex be set of parameters ,D € Ex and p S N5(K), we say that pis a
neutrosophic soft topology on K, if it satisfies the following conditions :

1) @y, Kp€ p.
2) FipnNFp€p , VF,Fp € p.

3) U{FID,IEI}EH,VFIDEH

The pair (K, p) (or simply K) is a neutrosophic soft topological spaces or ((N; — Top) for short) .
%  The elements of pare called a neutrosohpic open the family sets .
% A neutrosohpic soft F;;, is called a neutrosohpic soft closed set,if its complement is a
neutros ohpic soft open set .

4.2. Proposition

Let (K,u) be (N3 — Top) , then the family of neutrosohpic soft closed sets (C(Kp) for short ) has
the following properties :

1) @p,KpeCXp) .

2) FiyuF,y€n ,VF,F,j €CKp) .

3) n{Fy,,iel}e C(Kp),VF€e CKp) .

Proof : Straightforward.

4.3. Example
Let K= {q;,q,} , D SEx ,suchthat D= {p,} and F;,F,, € N3(K) ,

such that :

P o= {(pl’ {< q1(°’5 10,17 0,4)’ s (0,47 0,37 0,8) >})}
1p .
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2p .

Then, u ={ @p,Kp ,F1p, F2p } is @ neutrosohpic soft topology on K and (K, p) is a neutrosohpic
soft topological space .

4.4. Proposition

Let (K,p;) and (K,pu,) be two neutrosohpic soft topological spaces on K, then ( K,p; N py) is a
neutrosohpic soft topological spaces on K.

Poof:

Let (K,p;) and (K,p,) be two neutrosohpic soft topological spaces on K. It can be seen clearly that
Op,Kp €y Ny, If Fip Fap € Wy Ny, then Fyp, Fop € 1y and Fyp, Fpp) € py. It is given that Fyp M

Fop € W, Fip MFyp €Wy, Thus Fipy NF, € py Ny, Let {Fip,i €1} € py Ny, then Fij € py, Vi€l

and F;, €p, Vi€l.Then Fiy €pynp, Vi€l .So, wehave U{F i€} € p Ny,
4.5. Remark

Let (K1) and (K,p;) be two neutrosohpic soft topological spaces on K, then (K,p; U p,) may
not be correct . It can be seen from the following example .

4.6. Example
LetK= {q;,92} , D SEg , such that D= {p,} and F;,F,, € N;(K) ,

such that :

Fap = {(pp {< q, 0% 0608) q,(0370570.7) >})}

Then, iy ={ @p,Kp JFiptand pp ={ o ,Kp, F,,} are two neutrosohpic soft topology on K. But

WU, ={ 8p,Kp, F1ps F2pt }is not neutrosohpic soft topology on K.
4.7. Definition

Let Fp € N3(K). The interior of Fp is union of all neutrosohpic soft open sets contained in Fy,
denoted by int(Fp). That is

int(Fp) =U{Fy, : F;

4.8. Definition

Let Fp € N3(K). The interior of Fp is intersection of all neutrosohpic soft closed sets containing
in Fp, denoted by cl(Fp). That is

cl(Fp) =U{ F; : F; is neutrosohpic soft closed set, F;,3 (Fp) } .

p is neutrosohpic soft open set, F; E (Fp) } .

4.9. Proposition
Let (K,) be (N3 —Top), Fp € N3(K). Then :
1) Fp is a neutrosohpic soft open (closed) set if and only if Fp, =int(Fp) (Fp = cl(Fp)) .
2) cl((Fp)°) = (int(Fp))°© .
3) int((Fp)®)= (cI(Fp))© .

4.10. Proposition
Let F;p, Fop) € N3(K) , Then:
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int(Fyp) & Fyip -

int(int(Fyp))) = int(Fy ).

int(F ) Eint(F, ), whenever F;; T F, .
int(F;,MF; ) = int(Fy) N int(F,p) .

int(F; UF, ) 2 int(F, ;) U int(F, ) .

Fip Ec(Fyp) -

cl(cl(Fyp)) = cl(Fyp) -

cl(Fyp) £ cl(F;p), whenever Fi C Fy .

Y 0 N o » N

cl(Fyp M Fyp) E cl(Fyp) M cl(Fyp) -
10. cl(Fyp U Fyp) =cl(Fyp) U cl(Fp) -

4.11. Remark
The converse of (property (1,3,6,9 )) in above theorem is not true in general. It can be seen from
the following examples.
4.12.Example
Let K= {q1,9,} , D SEg , such that D = {p,} and Fy},F,; € N3(K) ,
such that :

Fip = {(pl.{< q, (057105705, q, (040470 >3)
1p

’

’

(p1, {< ql(0,5: 05/ 0,6) Qs (0,37 0,37 0,4) >})

’

Fap = {(Pl.{< q, (06706709, q, (03703709 >})},
o~ | }
F4D = {(pl' {< Q1(0'6' 06! 0'5): qd: (0.4704103) >})},

Then, u ={ 0p,Kp s Fips Fap, F3p, Fap }is a neutrosohpic soft topology on K .
Note that :
1) int(Fip U Fy)E int(F; ) U int(F,p) -
2) FipZint(Fyp)

4.13. Example

Let K= {q;,q9,} , D €Eg , such that D= {p,} and F,,F,, € N3(K) ,
such that :

F. = {(pp {< ql(0,1 10,1109) q2(0,2/ 0,2/ 0,8) >})}
1p s

’

2D .

Then, u ={ 0p,Kp , F1p, F2p} is a neutrosohpic soft topology on K .
Note that :
1) cl(Fip) U cl(Fyp) & cl(Fyp U Fp) -
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2) C(Fy,) & Fyp -

4.14. Definition
Let Fp € N3(K). The neutrosohpic soft exterior of Fy, is denoted by ext(Fp) and is defined as:
ext (Fp) = int ((Fp)©).
4.15. Definition
Let Fp € N3(K). The neutrosohpic soft boundary of Fp is denoted by br(Fp) and is defined as:
br (Fp) = cl ((Fp)€) N ( cl (Fp) . It must be notion that br (Fp) = br ((Fp)€.
4.16. Proposition
Let (K,u) be (N3 — Top), Fp € N3(K). Then :
1) br((Fp)©) = ext(Fp)Uint(Fp) .
2) cl(Fp) = br(Fp)Uint(Fp) .
3) br(Fp)nint(Fp) =@p .
4) br(int(Fp)) Ebr(Fp) .

Proof : Straightforward .
4.17. Proposition

Let (K,it) be (N3 —Top), Fp € N3(K). Then :
1) Fp is a neutrosohpic soft open set < br(Fp)n(Fp) =By .

2) Fp is a neutrosohpic soft closed set < br(Fp) E (Fp) .

Proof : Straightforward .

Conclusion

-The neutrosophic soft set theory is studied and discussed by introducing, new family of
neutrosophic soft sets, new operations for neutrosophic soft set .

-The neutrosophic soft set theory is studied and discussed by introducing, new family of
neutrosophic soft sets [namely third family], new operations for neutrosophic soft sets, comparison

between the new family and other families, new definitions and examples.
- New definitions, characterization, the neutrosophic soft closure, the neutrosophic soft interior, the

neutrosophic soft exterior and the neutrosophic soft boundary are introduced in details .
-We expect this research will promote the future study on theory of neutrosohpic soft sets, the

theory of neutrosophic soft topological spaces and many other general frameworks .
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