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Abstract:

L. Horn’s book The Natural History of Negation (Chicago UP, 1989) set both a landmark on the
study of negation and a challenge. The challenge is to find some general way to understand what
negation is. In fact, while for logicians and philosophers negation is a sentence building operator
standardly understood as the reversal of truth and falsity for linguists negation involves a complex
network of phenomena that go beyond the notion of sentence operator. Now, since the arrival and
development of new notions of logic, different kinds of negation were formulated — sometimes
understood as standing in competition: negations with metalogical features (involving the rejection
of non-monotony), negation as different to the fact that a proof of a given proposition is still lacking
(involving the rejection of the validity of third excluded), negation as modality (involving the
rejection of non-contradiction and ex-falso sequitur quodlibet) and so on. In fact the paper ends with
the proposal for a general theory of meaning embracing all these different logical constants.

My aim is to show how the role of negation in argumentation yields an approach general enough to
capture the meaning of all this fauna of negative logical constants. The point is thus to show the
fruitfulness of an argumentative approach to the study of a notoriously resilient logical constant.
Though, it is about how argumentative perspectives can contribute to logical issues, the idea behind
is certainly that if the logic is already developed in an argumentative frame; the further task to
develop abstract structures to study “real argumentation” should be made easier at least more
naturally (more on this perhaps in the discussion)

1.1 Acts of Denial and Antagonistic Arguments

The main claim is that different types of negative logical constants can be seen as passing from an

act, then to a metalogical operator and at last to a sentence operator.

The notion of act of denial I am aiming at does not include refusal of proposals, however it shares
with such refusals the feature that the result is not the negation of a sentence.
If I make the proposal “If you come to the cinema with me, I will give you a kiss” and you answer

“No thank you very much!” you are in fact turning down a proposal and this act is not equivalent to
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the negation of the conditional sentence involved in the proposal: turning down my proposal is not

equivalent at all with “You come to the cinema and I do not give you a kiss”.

Moreover a proposal is not a claim! And that is why turning down a proposal does not amount to a

negative claim.

More precisely, I will develop the idea that some basic acts of denial are constitutive of an
important kind of argument — I will call those acts of denials antagonistic denials and the

correspondent arguments antagonistic arguments:

The idea behind antagonistic arguments is that instead of asking for the reasons for a specific claim
(why/because) one confronts the discussion partner with what appear to be the logical consequences
of his own point of view (- in the recent Al- literature these type of arguments are called Socratic)?.
or more generally one makes apparent to the antagonist that his point of view lacks of formal (or

material) grounding.?

Let me avoid misunderstandings, I do not mean at all that the only kind of arguments are
antagonistic arguments, but only that they provide a fruitful frame to study different kinds of
negative logical constants. Similarly my aims are not to deal with all kinds of negations such as
turning down proposals. My sole aim, once more is to show the fruitfulness of the argumentative
approach even in the context of the meaning of a logical constant. Moreover, I do think that the

study of turning down proposal deserves a thorough study, but this is not what I am doing here.

There is no antagonistic argument without a main claim, there is no main claim of an antagonistic
argument without the corresponding act of denial of an assertion. In other words antagonistic
arguments occur when there is an initial assertion involving a sentence ¢ that becomes a claim (the
claim that ¢ can be grounded) by the very act of denying it and this interaction triggers the mutual

interchange of defences and challenges.

The process by which the initial assertion becomes a claim requires the willingness of the player,
called the Proponent, (for short P) to accept the commitment to ground the sentence involved in the
act of denial of the contender (the Opponent) under some specific initial conditions or

unconditionally — the conditions specify a context under which the claim might be said to hold. The

2 Caminada. A formal account of Socratic-style argumentation. Journal of Applied Logic 6(1):109-132 (2008)
? The lack of formal grounding does not in general amount to contradiction. The conditonal If it rains, the streets will be
wet has by its own no formal grounding but it is not a contradiction .
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Opponent, the player that performs the relevant act of denial, is linked to the task of building at least
one counterexample to the main claim of the contender, called thesis. Let me call weak-refutation

the result of building a counterexample to the thesis.

It is important to point out already that though the Proponent is always the defender of the thesis
and the Opponent the challenger of thesis, during the argumentation process the Opponent might

have to adopt the role of defending a sub-claim and vice versa for the Proponent.

Antagonistic denials are in principle of metalogical nature and by nature relational. With this I
mean:
1.Such kind of denial is not part of a sentence, as standard negation is, but is in fact an act in
relation to the act of assertion of a sentence — an act that makes of the initial assertion a
claim and that is not expressed by any sentence in the object language.
2.Since the result of this basic denial is not part of a sentence (but the whole process of the
attempt to build a weak refutation of the thesis) it can not be challenged as a whole — though
some or each of the parts of the attempt to build a weak refutation that involve object
language sentences can be challenged). In fact, antagonistic denials have an interactive
component that in the case of logical proof has a strategic feature: namely, to confront the
proponent with his own logical consequences — this is the nearest we come to strategic
aspects of the game of the “lions part”, though le me repeat that turning down of proposals
do not constitute an antagonistic argument, since a proposal is not a claim. .*

Thus, we have the following picture:

Metalogical Denial
Opponent Proponent
[act of denial] Thesis (main claim)
(Attempt to build a weak (Attempt to ground the thesis)
Refutation)
Successful weak refutation OR  Successful grounding

* In other words, the denegation of a sentence is not a logical constant (that build sentences). Hintikka expresses this
fact by saying, and rightly so, that the this denial (that he calls contradictory negation) does not yield a rule to play in
the game-— since playing rules involve logical constants.
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Compare with

Proposals

Abelard: Proposal: A

Turning down the proposal]:  Eloise: No thank you

Arguments
1) Eloise: why do you propose A?
Abelard: claim....

2) Abelard why not?

Eloise: claim

1.1.1 Metalogical Negation-operators

If those actions that yield weak refutations are built in the object language by a player as a

component of an argument, that is, if they are expressed as an operator that is part of a sentence, say

F¢, they constitute a claim with an embedded denial in relation to @.

Indeed by stating ¢ the player claims that he will be able to develop a weak refutation (i.e. will be

able to build a counterexample) to the sentence under the scope of the operator. Since this kind of

objet-language denial is an operator that builds a sentence it can be challenged. Thus, the defence of

such an operator commits to an act of denial of ¢, that triggers a sub-argument with ¢ as a thesis:
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the player who (weakly) asserted ¢ will overtake in the sub-argument the task of developing a

weak refutation of ¢ (in some contexts it makes sense to allow that the initial conditions under

which ¢ has been stated change in the sub-argument).’

Object-Language Denial

Utterance: Y: Fo, Cl...C (negative weak claim of @: Y claims that under conditions

C1...Cn there is (at least) a weak refutation of @ )

X’s-challenge of F

Y’defence: act of denial of @: Y opens a sub-argument and challenges

X to ground ¢ under the conditions C!...Cn

SUB-ARGUMENT--------mmm--
X: 0, Y:Cl...Cn

(Attempt to ground the sub-claim ¢ under the conditions C1...Cn) to the sub-claim @)

X builds a weak refutation to S5 iff he manages to ground ¢ in the Sub-argument

These operators are object language negation-operators since:

(1) they build sentences that might constitute a component of an argument

(i)  the rules that fix their meaning are player independent. This is the main feature of the
meaning of an operator in argumentative contexts. The meaning of an operator that
builds a sentence must be independent of the player that utters the sentence. If not the

sentence means something else for the two players and then no argument is possible.

5 This kind of negation-operator is linked to negation by default (in non-monotonic reasoning) and has also been
deployed to render the semantics of connexive negation.
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(i) Their meaning amounts to a switch — metalogical denials do not amount to a switch. Now
this switch is rather complicated, it is not only a switch between defender a challenger

but it might also involve the switch between the role of building a weak refutation. In

fact; if a claim o is the thesis, the development of the play; will commit the Proponent

to develop a weak refutation to the sub-argument-claim of the Opponent. This kind of
switch is particularly important in the context of formal arguments (I will come back to

this later on).

Such kind of operators have some metalogical features since the switch triggered involves the

development of a sub-argument constituted by a sub-claim and a corresponding act of denial

1.1.2 Denial and the Constitution of Material and Formal Arguments

If we would like to avoid to have the result that an atomic sentence is true by the only reason
that the player X stated it — that is, if we want to find a way out of contentious dialogues, then

there are two possible ways:

e cither we accept some principle of grounding external to the argument itself (and thus external
to the interaction of the players)
or
e we look for a player principle of grounding that is internal to the argument and dependent on

the interaction of the players.

The first conception leads to material arguments the second to formal ones

If we are willing to accept something like material truth, then we can think that the grounds upon
which the atomic formulae depend are facts of the world and a grounded atomic formulae is a way
to say that it is true. However, something more general might be thought too, such as true in virtue

of some player-independent ground. This constitutes the notion of material arguments

Material Arguments

Only atomic grounded sentences may be uttered.
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In material arguments the argumentation process constituted by the Opponent’s attempt to build a
weak refutation of the thesis and the Proponent’s attempt to ground it) triggered by a denial,
depends at the very last upon a principle that places the grounds (or refutation) of the thesis outside

the argument.

Formal arguments are those where one of the players must play without knowing what the
antagonist’s justifications of the atomic formulae are. Thus, according to this view, the passage to
formal arguments relates to the switch to some kind of games with incomplete information and the
only strategy available to ground an atomic sentence is to use a copy-cat strategy that amounts to

the following®:

e Me, the player X, can utter the atomic sentence p because you (player Y) uttered it before

Now, if the ultimate grounds of a thesis are atomic formulae and if this is implemented by a strategy
as the one mentioned above the rule that constitutes formal arguments must be necessarily
asymmetric. Indeed, if both contenders use such a strategy no atomic sentence can ever be uttered.
Thus, we implement the so called formal rule by designing one player, called the proponent, whose

utterances of atomic formulae are, at least, at the start of the dialogue restricted by this rule.

Formal Arguments

P may not utter an atomic sentence unless O uttered it first. Atomic sentences can not be challenged

Notice that we are not speaking of the logical notion of validity. An argument can be formal and
even be won without being valid. Validity requires the extra notion of winning strategy defined for

a given logical language.

Validity
A formula is valid in a certain logical system for argumentation iff P has a formal winning strategy

for this formula..

® This has been worked out by Helge Riickert in a talk at the worshop Proofs and Dialogues, Tiibingen, Wilehm-
Schickard Institut fiir Informatik, 25-27; February 2011/.
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I will not delve here into this notion but let me stress the following point. Helge Riickert (2011)
pointed out, and rightly so, that the formal rule triggers a novel notion of validity.”. Validity, is not
being understood as being true in every model, but as having a winning strategy independently of
any model or more generally independently of any material grounding claim (such as truth or
justification). The copy-cat strategy implicit in the formal rule is not copy cat ofgroundings but

copy-cat of declarative utterances involving atomic formulae.

1.2 Negation-Operators

1.2.1 Dual Negation

There is a very basic negation-operator that we might call dual negation and that in its very general
form relates to a switch to a parallel argumentative context, called its dual® The dual of a dual
drives us back to the original context. This kind of retrieval operation is called involution. For the
sake of simplicity I will assume that there are only two argumentative contexts, the initial one
(dialogical context 0) and its dual, the context 0* - though it is possible to set a more general frame

where each dialogical context has its own dual.

The challenge to a dual-negation-operator commits the challenger to switch to a parallel
argumentation-context where he becomes the defender of the positive dual of the challenged

negation.

Dual negation is sentence building operator that can be subject of a denial-act and as such it might
build assertions and claims. Moreover, differently to the metalogical negation-operator; there is no
sub-argument with a new claim. More precisely; while in the sub-argument there might be a switch
between the task to building a weak refutation, this will not happen in parallel contexts: the
opponent will always be linked to the task of building a weak refutation independently of the
argumentation-context in which the debate is taking place. That is why dual negation is not

metalogical.

7 Talk at the worshop Proofs and Dialogues, Tiibingen, Wilehm-Schickard Institut fiir Informatik, 25-27; February
2011.

8 Dual negation, is ubiquous in the literature: it is at the base of negation of the logic of first degree entailment
(Routley’s star-operator (Routley [1972], Anderson/Belnap [1975]), M. Dunn’s relational many valued logic (Dunn
[1976]), Hintikka’s IF-negation (Hintikka [1996]) and the linear negation (Girard ??, Blass ??) . For a dialogical
analysis see Rahman 2011.
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Dual Negation

Utterance: Y:~0

PARALLEL-ARGUMENTATION-CONTEXT*

............ X’s-challenge of ~: ¢*

X utters @ at the dual context *)

Y: There is, strictly speaking no defence for Y , but a possible reply: that is, to launch a
counterattack on ¢ at the dual context or switch back to the initial context and develop a
counterattack there

Remark: **=initial context. This assumption adds the principle of double negation.

Picture 3

This negation is certainly not the standard negation. Indee, this negation does neither support the

validity of third excluded nor of non-contradiction. - the point is that we will never have in the same

argumentative context ~¢ and its challenge ¢ *. However; the logic is not trivial, that is from a

contradiction not everything follows. Furthermore, double negation holds since the assumption that
the dual argumentation-context of a dual-argumentation context yields the initial context. Dual
argumentation contexts represent a special simple case of modalisation. That is a set of arguments

governed by a relation. So it is a case of going from one parallel argument to the other.

If we would like to avoid jumping from context to context, one can avoid the assumption of dual
contexts and understand dual negation as a switch of choices in the same context and not as a switch
of challenger and defender. That is, we understand here the dual negation as triggering a switch
from a negated conjunction (disjunction) to a disjunction (conjunction) with negative disjuncts
(conjuncts). As we will see later on, the switch between challenger and defender on the same

context is in fact characteristic of the conditional.

1.3 Negation as a Conditional: Standard and not that Standard Negation-Operators
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To obtain the core of the standard negation-operators, we simply drop the sign of argumentative

context of the description above:

The Standard (Conditional) Negation-operators

Utterance: Y: —¢@

X’s-challenge of —: @

Y:

There is, strictly speaking no defence for Y, but a possible reply:

that is, to launch a counterattack on @

Picture 4

In fact this kind of operators consider the negation to be a special case of a conditional, where there

1s no defence.

Indeed the core meaning of a conditional in this setting is:

The Conditional

Utterance: 1= ¢ —\
X’s-challenge: ¢
Y’s defence: P

Picture 5
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e Notice that the conditional triggers a switch of the challenger and defender roles in relation to
the head of the conditional and that this switch happens in the same context in which the defence

(the tail of the conditional) must be uttered.

Since in the negation there is no defence, the meaning of the negation-operator is identified as a
switch of defender-challenger roles. However, on my view this stems from the understanding of

negation as a conditional.

The idea behind that the utterance of —¢ amounts to uttering the conditional that establishes that:
if ¢ is the case, then some absurd sentence will be also the case.

(@— L, the arrow is the conditional and “_L” an arbitrary absurd sentence)

The sign “L1”, called bottom, stands in our setting to the result of the process of launching a

counterattack.

In the preceding lines I talked about negation-operator in plural. The point is related to the
distinction between two levels of meaning, namely, local meaning and global meaning.® Several

negation-operators might share the same local meaning but differ in its local meaning.

The local meaning of an operator is given by some specific rules (called particle rules) that state the
local semantics: what is at stake is only the challenge and the defence corresponding to the
utterance of a given logical constant, rather than the whole context where the logical constant is

embedded — picture 4 describes the local meaning of conditional-negation-operators).

Global meaning is included in the structural rules. Structural rules determine the general course of
an antagonistic argument, whereas the particle rules regulate those moves (or utterances) that are
challenges (to the moves of a rival) and those moves that are defences (to the challenges). Take the
case of chess, there are those rules that determine how, say, the queen moves (corresponds to the
particle rules) and those that determine who starts, that the moves are alternative, who wins and so

on.

° This distinction stemms from the dialogical approach to logic. The main original papers are collected in
Lorenzen/Lorenz 1978. A detailed account of recent developments can be found in Felscher 1985, Keiff 2004, Keiff
2007, Rahman 2009, Rahman/Keiff 2004, Rahman/Clerbout/Keiff 2009, Keiff 2009, Fiutek/Riickert/Rahman 2010,
Rahman/Tulenheimo 2006, Riickert 2001, Riickert 2007. For a textbook presentation (in French), see
Fontaine/Redmond 2008.
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Global meaning is that part of the structural rules that determine the meaning of a sentence where a
particle occurs as a main operator in the course of an argument. Take once more the the case of
chess, one of the component of the global meaning is that once a move has been performed it
cannot be withdrawn. Let me stress that global meaning is about the meaning in the context of the
development of a game of a given logical constant that determines the logical form of a (possible
complex) proposition. It is crucial to notice that while the dialogical approach considers the level of
global meaning essential it does not prescribe which global rules should be fixed. Different global
rules will determine different games: finite games, infinite games, alternating games, games where

the switches between different parelle arguments are structured by a relation, and so on. '°

Let us introduce the following different global meaning rules for negation-operators, that share all

the local meaning o described in picture 4.

Classical rule
In any move, each player may challenge a (complex) sentence uttered by his partner or he may
defend himself against any challenge (including those challenges that have already been defended

once).

This rule, as I will explain below, defines the classical negation-operator that yields the validity of

double negation, third excluded and non-contradiction.

H Intuitionistic Rule

19 et me stress that global meaning is about the meaning in the context of the development of a game of a
given logical constant that determines the logical form of a (possible complex) proposition. Global rules
include some choices on possibly delaying tactics. For short the players can choose how many times they
might challenge or defend a move and this choice might be optimal or not to achieve their aims. However;
from the point of view of the of meaning mentioned above there is no fixed number: this is dependent on the
game and the players. From the point of view of proving there is indeed a fixed number — at least for
classical and intuitionistic propositional logic — for classical logic the players must be allowed to repeat at
least once their defences. This is related to the difference between play and strategic level discussed in the
appendix. Thus, delays are possible and sometimes even necessary if the aim is to prove the logical validity
for formula. There is some other sense of possible delay that amounts to the introduction of some other
parallel arguments. Technically this amounts to the use of cut (very roughly it amounts to the transitivity of
the consequence relation). If we would like the assure that the rules of the corresponding game fix meaning,
then cut-elimination must be provable.
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In any move, each player may challenge a (complex) sentence uttered by his partner or he may

defend himself against the last challenge that has not yet been defended.

This rule defines intuitionistic negation-operator that yields the non-validity of one sense of double

negation and third excluded — non-contradiction holds however.

Minimal-Logic Rule
In any move, each player may challenge a (complex) sentence uttered by his partner or he may

defend himself against the last challenge that has not yet been defended, with the following proviso:

The Proponent can challenge a negative literal (the negation of an atomic sentence) iff the

Opponent challenged any other negative literal before

This rule defines the negation-operator of minimal that yields the non-validity of one sense of
double negation and third excluded and ex falso sequitur quodlibet— non-contradiction holds

however

Paraconsistent Rule
In any move, each player may challenge a (complex) sentence uttered by his partner or he may
defend himself against any challenge (including those challenges that have already been defended

once), with the following proviso:

The Proponent can challenge a negative literal (the negation of an atomic sentence) iff the

Opponent challenged the same negative literal before

This rule defines the negation-operator of one particular case of paraconsistent logic that yields the
non validity of non-contradiction, one sense of double negation and and ex falso sequitur quodlibet—

third excluded holds however.

Antagonistic arguments are triggered by acts of denials, internalized acts of denial are operators that
might trigger a re-destribution of both the role of challenger and defender and the role of the player
who has the duty to build a weak refutation. This re-distribution is performed at the level of sub-
arguments — that is sections of an argument that might contain some or all of the information of the

outmost upper section. It is important to point out that the link between sub-argument and its upper
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section is not only defined as a relation between sets of sentences but a relation resulting from the

act of double re-distribution mentioned above.

According to my view dual negation is about switch between the roles of challenger and defender in

dual contexts and this constitutes the rock bottom of a negation-operator.

Dual negation has some of the features of an internalized metalogical act of denial and can also be

viewed as a kind of modal operator. Indeed,

e it is modal in the sense that it triggers a switch between parallel arguments but not of the

formal rule (it does not redistribute the duty to build a weak refutation)

o it has still some of the features of an internalized act of denial since it triggers a switch: of the
roles of challenger and defender (pure modal operators do not trigger a switch of players while
switching between arguments). What makes of a negation a negation is the kind of switch that

does not amount to taking information from one argument to the other — like modal operators do.

What about conditionals? Well, conditional-operators are (partial) challenger and defender switches
in the same argumentative context — in a conditional the switch between defender and challenger
happens only in relation to the head of the conditional (a total switch amounts to a conditional with
a negation in its tail) in the same context and is not triggered by the switch between parallel ones.
Perhaps conditional and negation are different special cases of the very notion of the duality
between defender and challenger, a notion of duality that constitutes one of the most basic elements
of an antagonistic argument. If we understand negation as a conditional, then the re-distribution is
performed in the same argumentative context.

At this point we should either start again and talk more about the conditional or stop. I take the

second option ... for the moment.
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Annex: A brief introduction to first-order dialogical games

By Nicolas Clerbout

Dialogical logic developed by Paul Lorenzen and Kuno Lorenz, was the result of a solution to some
of the problems that arouse in Lorenzen’ Operative Logik (1955) (Cf. Lorenz 2001). We can not
discuss here thoroughly the passage from the operative to the dialogical approach, though as
pointed out by Peter Schroeder-Heister, the insights of Operative logic had lasting consequences in
the literature on proof-theory and still deserve attention nowadays (Schroder-Heister 2008).
Moreover, the notion of harmony formulated by the antirealists and particularly by Dag Prawitz has
been influenced by Lorenzen’s notions of admissibility; eliminability and inversion. However, on
my view, the dialogical tradition is rather a rupture than a continuation of the operative project and

it might be confusing to start by linking conceptually both projects together.

Dialogical Logic was suggested at the end of the 1950s by Paul Lorenzen and then worked out by

1

Kuno Lorenz.'" Inspired by Wittgenstein’s meaning as use the basic idea of the dialogical

approach to logic is that the meaning of the logical constants is given by the norms or rules for their
use. This feature of its underlying semantics quite often motivated the dialogical approach to be
understood as a pragmatist semantics.'?

The point is that those rules that fix meaning may be of more than one type, and that they determine
the kind of reconstruction of an argumentative and/or linguistic practice that a certain kind of
language games called dialogues provide. As mentioned above the dialogical approach to logic is
not a logic but a semantic rule-based framework where different logics could developed, combined
or compared. However, for the sake of simplicity and exemplification I will introduce only to the

dialogical version of classical and intuitionist logics.

In a dialogue two parties argue about a thesis respecting certain fixed rules. The player that states

the thesis is called Proponent (P), his rival, who puts into question the thesis is called Opponent

! The main original papers are collected in Lorenzen/Lorenz 1978. A detailed account of recent developments can be
found in Felscher 1985, Keiff 2004a and 2004b, Keiff 2007, Rahman 2009, Rahman/Keiff 2004,
Rahman/Clerbout/Keiff 2009, Keiff 2009, Clerbout 2011, Fiutek/Riickert/Rahman 2010, Rahman/Tulenheimo 2009,
Riickert 2001, Riickert 2007. For a textbook presentation Redmond/Fontaine 2011.

12" Quite often it has said that dialogical logics has a pragmatic approach to meaning. 1 concede that the terminology
might be misleading and induce one to think that the theory of meaning involved in dialogic is not semantics at all.
Helge Riickert proposes the more appropriate formulation pragmatistische Semantik (pragmatist semantics).
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(O). In its original form, dialogues were designed in such a way that each of the plays end after a
finite number of moves with one player winning, while the other loses. Actions or moves in a
dialogue are often understood as utterances (Cf. Rahman/Riickert 2001, 111 and Riickert 2001,
chapter 1.2) or as speech-acts (Cf. Keiff 2007). The point is that the rules of the dialogue do not
operate on expressions or sentences isolated from the act of uttering them (Tulenheimo 2010). The
rules are divided into particle rules or rules for logical constants (Partikelregeln) and structural rules
(Rahmenregeln). The structural rules determine the general course of a dialogue game, whereas the
particle rules regulate those moves (or utterances) that are requests (to the moves of a rival) and

those moves that are answers (to the requests).
Crucial for the dialogical approach are the following points

1. The distinction between local (rules for logical constants) and global meaning (included in the
structural rules)

2. The player independence of local meaning

3. The distinction between the play level (local winning or winning of a play) and the strategic
level (existence of a winning strategy).

4. A notion of validity that amounts to winning strategy independently of any model instead of
winning strategy for every model.

5. The notion of winning in a formal play instead of winning strategy in a model.

Let L be a first-order language built as usual upon the propositional connectives, the quantifiers, a
denumerable set of individual variables, a denumerable set of individual constants and a
denumerable set of predicate symbols (each with a fixed arity).

We extend the language L with two labels O and P, standing for the players of the game, and
the question mark '?'. When the identity of the player does not matter, we use variables X or Y
(with X#Y). A move is an expression of the form "X-e’, where e is either a formula ) of L or the
form *?[\i,..., )a]'-

We now present the rules of dialogical games. There are two distinct kinds of rules named

particle (or local) rules and structural rules. We start with the particle rules.

Previous move X-pAy X-pvy X-p—vy X=—0
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Y—2l¢] or
Challenge Y-2lo,y] Y- Y-
Y-2[y]
X0 X0
Defence Xy - -
resp. X-y or Xy
Previous move X-Vxo X=3xo
Y_
Challenge Y—-2lp(a/x)]
?Lp(ar/x),...,0(a,/x)]
X-¢(ai/x)
Defence X-op(a/x)
with 1< <n

In this table, the a;s are individual constants and ¢(ai/x) denotes the formula obtained by replacing
every occurrence of x in ¢ by a;. When a move consists in a question of the form *?[,...,¢pn]', the
other player chooses one formula among o,...,pn and plays it. We can thus distinguish between
conjunction and disjunction on the one hand, and universal and existential quantification on the
other hand, in terms of which player has a choice. In the cases of conjunction and universal
quantification, the challenger chooses which formula he asks for. Conversely, in the cases of
disjunction and existential quantification, the defender is the one who can choose between various

formulas. Notice that there is no defence in the particle rule for negation.

Particle rules provide an abstract description of how the game can proceed locally: they
specify the way a formula can be challenged and defended according to its main logical constant. In
this way we say that these rules govern the local level of meaning. Strictly speaking, the expressions
occurring in the table above are not actual moves because they feature formulas schemata and the
players are not specified. Moreover, these rules are indifferent to any particular situations that might
occur during the game. For these reasons we say that the description provided by the particle rules
is abstract.

Since the players' identities are not specified in these rules, we say that particle rules are
symmetric: that is, the rules are the same for the two players. The fact that the local meaning is
symmetric (in this sense) is one of the biggest strengths of the dialogical approach to meaning. In
particular it is the reason why the dialogical approach is immune to a wide range of trivializing

connectives such as Prior's tonk (Cfr. Rahman et al. 2009; and Rahman 2010).
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The expressions occurring in particle rules are all move schematas. The words “challenge”
and “defence” are convenient to name certain moves according to their relationship with other
moves. Such relationships can be precisely defined in the following way. Let X be a sequence of
moves. The function ps assigns a position to each move in X, starting with 0. The function Fx
assigns a pair [m,Z] to certain moves N in X, where m denotes a position smaller than ps(N) and Z is
either C or D, standing respectively for “challenge” and “defence”. That is, the function Fx keeps
track of the relations of challenge and defence as they are given by the particle rules. Consider for

example the following sequence X:

P-ony , P-yvy, O-?[¢], P-¢

In this sequence we have for example ps(P-yvy)=1

A play (or dialogue) is a legal sequence of moves, i.e., a sequence of moves which observes
the game rules. The rules of the second kind that we mentioned, the structural rules, give the precise
conditions under which a given sentence is a play. The dialogical game for phi, written D(o), is the
set of all plays with ¢ as the thesis (see the Starting rule below). The structural rules are the

following:

SRO (Starting rule) Let ¢ be a complex formula of L. For every meD(¢) we have:
- pﬂ:(P-(P)ZO,
- p(O-n:=i)=1,

— pa(P-mi=j)=2

In other words, any play m in D(p) starts with P-¢. We call ¢ the thesis of the play and of the

dialogical game. After that, the Opponent and the Proponent successively choose a positive integer
called repetition rank. The role of these integers is to ensure that every play ends after finitely many

moves, in a way specified by the next structural rule.

SR1 (Classical game-playing rule)
— Let meD(p). For every M in © with p(M)>2 we have Fy(M)=[m'Z] with m'<p.(M) and
Ze{C,D}
— Let r be the repetition rank of player X and teD(¢) such that

- the last member of 7w is a Y move,
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- My is a'Y move of position my in T,
- Mi,...,My are X moves in 7 such that Fr(M)=..=Fx(My)=[mo,Z].
Consider the sequence'® ©n' =n*N where N is an X move such that Fr(N)=[mo,Z]. We have

n'eD(p) only if n < 7.

The first part of the rule states that every move after the choice of repetition ranks is either a
challenge or a defence. The second part ensures finiteness of plays by setting the player's repetition
rank as the maximum number of times he can challenge or defend against a given move of the other

player.

SR2 (Formal rule) Let ¢ be an atomic formula, N be the move P- y and M be the move O-y . A
sequence 1 of moves is a play only if we have: if Nen then Men and p(M)<p=(N).

That is, the Proponent can play an atomic formula only if the Opponent played it previously.
The formal rule is one of the characteristic features of the dialogical approach: other game-based

approaches do not have it.

A play is called terminal when it cannot be extended by further moves in compliance with the rules.

We say it is X terminal when the last move in the play is an X move.

SR3 (Winning rule) Player X wins the play © only if it is X terminal.

Consider for example the following sequences of moves:

P-QanQb, O-n:=1, P-m:=6, O-?[Qa], P-Qa
P-Qa—Qa, O-n:=1, P-m:=12, 0-Qa, P-Qa

The first one is not a play because it contravenes the Formal rule: with his last move, the
Proponent plays an atomic sentence although the Opponent did not play it beforehand. By contrast,
the second sequence is a play in D(P-Qa—Qa). We often use a convenient table notation for plays.

For example, we can write the play above as follows:

13 We use m*N to denote the sequence obtained by adding move N to the play «.
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O P
Qa—Qa 0
1 n:=1 m:=12 2
3 Qa (0) Qa 4

The numbers in the external columns are the positions of the moves
in the play. When a move is a challenge, the position of the
challenged move is indicated in the internal columns, as with move
3 in this example. Notice that such tables carry the information
given by the functions p and F in addition to represent the play
itself.

However, when we want to consider several plays together — or example when building a
strategy - such tables are not that perspicuous. So we do not use them to deal with dialogical games
for which we prefer another perspective. The extensive form of the dialogical game D(@) is simply
the tree representation of it, also often called the game-tree. More precisely, the extensive form E,
of D() is the tree (7,/S) such that:

1) Every node ¢ in 7 is labelled with a move occurring in D(¢)
i) £/ T—> N
iii) Sc7? with:
- There is a unique # (the root) in 7 such that {#)=0, and ¢ is labelled with the thesis  of
the game.
- For every t#t there is a unique ¢’ such that #'St.
- For every ¢t and ¢’ in T, if £St' then A¢"y=A¢)+1.
- Given a play 7 in D(@) such that p(M")=pz(M)+1 and ¢, ¢' respectively labelled with M
and M', then £St".

Many metalogical results concerning dialogical games are obtained by considering them by
leaving the level of rules and plays and moving to the level of strategies. Among these results,
significant ones are given in terms of the existence of winning strategies for a player. We now

define these notions and give examples of results.
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A strategy for Player X in D(¢) is a function which assigns an X move M to every non terminal play

n with a Y move as last member such that extending m with M results in a play. An X strategy is

winning if playing according to it leads to X's victory no matter how Y plays.

A strategy can be considered from the viewpoint of extensive forms: the extensive form of

an X strategy ¢ in D(9) is the tree-fragment E¢,c=(75, &, Ss) of E¢ such that:
1) The root of E¢ s is the root of E.
i1) Given a node ¢ in E,, labelled with an X move, we have that tSs¢' whenever ¢S?".
ii1) Given a node ¢ in E,, labelled with a Y move and with at least one ¢’ such that #5¢', then there

is a unique o(?) in 75 where #S50(¢) and o(¢) is labelled with the X move prescribed by ©.

Here are some examples of results which pertain to the level of strategies.!*
— Winning P strategies and leaves. Let w be a winning P strategy in D(¢). Then every leaf in
Eow is labelled with a P signed atomic sentence.
— Determinacy. There is a winning X strategy in D(o) if and only if there is no winning Y
strategy in D(o).
— Soundness/Completeness of Tableaux. Consider first-order tableaux and first-order
dialogical games. There is a tableau proof for ¢ if and only if there is a winning P strategy
in D(o).
By soundness and completeness of the tableau method with respect to model-theoretical
semantics, it follows that existence of a winning P strategy coincides with validity: There is a

winning P strategy in D(9) if and only if ¢ is valid.

Examples of extensive forms.

Extensive forms of dialogical games and of strategies are infinitely generated trees (trees with
infinitely many branches). Thus it is not possible to actually write them down. But an illustration
remains helpful, so we add Figures 1 and 2 below.

Figure 1 partially represents the extensive form of the dialogical game for the formula
Vx(Qx-Qx). Every play in this game is represented as a branch in the extensive form: we have

given an example with the leftmost branch which represents one of the simplest and shortest plays

14 These results are proven, together with others, in Clerbout(2012).
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in the game. The root of the extensive form is labelled with the thesis. After that, the Opponent has
infinitely many possible choices for her repetition rank: this is represented by the root having
infinitely many immediate successors in the extensive form. The same goes for the Proponent's
repetition rank, and every time a player is to choose an individual constant.

Figure 2 partially represents the extensive form of a strategy for the Proponent in this game.
It is a fragment of the tree of Figure 1 where each node labelled with an O move has at most one
successor. We do not keep track of all the possible choices for P any more: every time the
Proponent has a choice in the game, the strategy selects exactly one of the possible moves. But
since all the possible ways for the Opponent to play must be taken into account by a strategy, the
other ramifications are kept. In our example, the strategy prescribes to choose the same repetition

rank as the Opponent. Of course there are infinitely many other strategies available for P.

PYz(Qr = Q)

Pm:';l Pmn:=12

01Qa’'= Qa] O7Qb—= Q4
PQa —= Qa .
Oda
PQua

Figure 1
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Prx(Qr = Qx)
On:= On:=2
Pm:=1 Pm:=2

O0NQa = Qa  O[Qb— Qb o
PQa—Qa POQb—Qb
O Qa OqQb
PQa P.Ob

Figure 2.
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