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Abstract

]O-io % for the integral fol [z™ 4+
(1 - x)”]%daz as n — oo, and compute I; in terms of alternating
(or “colored”) multiple zeta value. We also show that /; is a rational
polynomial the ordinary zeta values, and give explicit formulas for j <
12. As a byproduct, we obtain precise results about the convergence
of norms of random variables and their moments. We study ||(U,1 —
U)||n as n tends to infinity and we also discuss ||(Uy, Us, ..., U,)||, for

standard uniformly distributed random variables.

We obtain an asymptotic series

1 Introduction

Let .
I(n):/o 2" + (1 — 2)"] " da. (1)

We shall obtain an asymptotic series

This integral has been discussed in [9] (together with a different problem
proposed by M.D. Ward). Therein, it as treated by a different approach
using FEuler sums and polylogarithms, leading to the first few terms Iy up I,
in terms of multiple zeta values.
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Here, we give a complete expansion of I(n). The coefficients [ can be
written in terms of alternating or “colored” multiple zeta values. The multi-
ple zeta values are defined by

C(Zl,,'lk): Z - !

21 DY ik
ny>->nEp>1 ny T,

for positive integers i1,...,7;, with ¢; > 1. This notation can be extended
to alternating or “colored” multiple zeta values by putting a bar over those
exponents with an associated sign in the numerator, as in

@in= ¥ s

ninamn
ni>na2>n3z>1 1702183

Note that ((ay,as,...,ax) converges unless a; is an unbarred 1. We have
¢(1) = —log2 and

() = (27" = 1)¢(n)
for n > 2. Alternating multiple zeta values have been extensively studied,

and some identities for them are established in [2]. Our formula for I, k > 2,
can be stated as

(-1)* ¢
Ik; = 9 ZE2|_%J+1(0)<(]?1771 , (2)
Jj=2 e

where F,, is the nth Euler polynomial. But in fact the right-hand side of
Eq. (@) can always be rewritten as a rational polynomial in the ordinary
zeta values ((7), ¢ > 2. This follows from an identity of Kd&lbig [8] that
relates alternating multiple zeta values ((7, 1, ..., 1) and multiple zeta values
C(n,1,...,1).

After our main result, we interpret the integral I(n) as the expected value
of a certain random variable Z,,, defined in terms of the nth norm of the ran-
dom vector (U,1 — U). Here, U denotes a standard uniformly distributed
random variable. We complement our analysis of I(n) = E(Z,) by studying
the positive real moments E(Z?) in terms of (alternating) multiple zeta val-
ues, as n tends to infinity. Moreover, we also discuss as a counterpart the nth
norm of the random vector (Uy, Us, ..., U,) for r > 2 and derive its moments
in terms of multiple zeta values and related sums.



2 Main result: a complete expansion of I(n)

Because of the symmetry around z = 5 in (), one can write

I(n):2/0%[:6%(1—;5)"]%61:6:2/0%(1—:6) [1+ <1fx)nrdx.

— =z — _ _du
Now let u = 7%, or x = 7. Then dx = (EEL

I(n):2/01 (1—%) (1+u")i(li“u)2 :2/01(1+u")i(1 i“u)g.

Writing (1 + u")% as exp (% log(1 + u")) and expanding the exponential in
series, we have

I(n) = 2/01 (1 +g% (%mg(uu"))k) ﬁ.

Now we can write (see [3, p. 351])

and we have

(log(1 + z) Z % (3)

where the s(m, k) are (signed) Stirling numbers of the first kind. Hence

Y du = [ u™s(m, k) du
I(n)=2 2 k! d
(n) /0 (1+u)? i ;/0 Z minkkl (1 +u)?
3 L1 = s(m, k) /1 umn
=—-+2) — du
4 ; nk mzzl m! Sy (1+u)
If we let (.(i1, ..., i) denote the truncated multiple zeta value

Glinvie) = D o

r>ni>ng>->nE>1 Ny ng - -1y

then we have the following relation, which is well-known although perhaps
not in this notation (cf. [1]).



Lemma 1. For positive integers m > k,

s(m, k) = (=1)" " (m — D!Gu-1 ({Lhe),
where {1},, means 1 repeated m times.

Proof. From the relation
z(z—1)--(r—m+1)= s(n, k)"

it follows that s(n,k) = (=1)"%e,_x(1,2,...,n — 1), were ¢, is the jth
elementary symmetric function. Divide by (n — 1)! to get

s(n, k) een—k(1,2,...,n—1) - 1 1
= (=1)" = (=1)" 101, =, ...
mo1 Y (n—1) (D" e (Lge 7 )
and the conclusion follows since evidently (,—1({1},—x) = €x_1 (1, %, o ﬁ)
O
Thus
3 — 1 « —kGm—1({1}k-1) /1 u™"

In)=>4+2Y — —1)mk du. 4
(n) 4jL ;nkmzz:l( ) m o (14u)? “ (4)

If we write

1 u” > 5j—1
/0 7(1+u)3du—; ’f’j )

then the 3; can be computed explicitly as follows.

Lemma 2.

<.

8= T B 1) + By o)),

where the E; are Euler polynomials.

t

Proof. Making the change of variable u = e, we have

1 u'r o0 e—t
——du = ——
/o<1+u>3 ! / (It+e)p”



By direct computation

et 1[d 2¢et o d 2et
(14+et)3 4 [dt2 \1+e! dt \1+et)]

The generating function of the Euler polynomials is defined by

E(t,x) _ 2¢et® _ ZEJ(I)ﬁ (5)

1+ et

Differentiating €(—t, —1) gives

d 2¢ = . t"
7 (m) =-> (-1 En+1(—1)m

n=0

and ,
d 2¢" = " "
PTel (m) = ;(—1) n2(=1)
Hence

(e} o0 1n

I (e;ge—rtdt =Y Sl e+ B [ S

1+e7) — o nl

n

=3 O 1) £ (1)

n=0

from which the conclusion follows. O

The well-known identity
E,(z)+ E,(zr+ 1) = 22" (6)
gives E,(—1) = 2(—1)" — E,(0), so that
Ej1(=1) + Eja(—1) = —E;11(0) — Ej12(0).

But E,(0) = 0 for n even, so we have

8; = 1Ei+2(0), if jis odd,
] —1E;:1(0), if j is even,

b}



or more succinctly 3; = (—1)j+1iE2L%J+1(O). If we set a,, = 3 Fa,11(0), then

2(—1)771p; = ai1). The a, can be written in terms of Bernoulli numbers

as
(1 _ 22n+2)32n+2
Ap = )
2n + 2

and we also have the exponential generating function

o0 p2n+1 1 ¢
;an(2n+1>‘ = —itanhﬁ
The first few a; are
1 1 1 17 31 691 5461
aoz—i, a1:§, azz—i, CL3:1—67 G4I—Z7 a5:?, a6:_T-

Using Eq. (@) we can write

oo 0 o0

=2 423 % Z(_l)m_kcm_m{l}k_l)ﬁj_l

nj+kmj+1
k=1 m=1 j=1
3 1 i1 )Be
=1+2> =2 D> (1) e
p=2 m=1 k=1
3 i
=-492) — —1)8, . —k+ 1. {1,
1 p;”})kﬂ( ) Bp—r—1C(p — k+ 1,{1}x_1),

T
A
S

I, =2 (—1)k5p—k—1C(P —k+1,{1}i1) =2 (—1)p_j_1ﬁj—2g(5a {1}p-5)

k=1 j=2
for p > 2. We have proved the following result.

Theorem 1. Forp > 2,

=

I, =(-1) GL%JC(Ea{l}p—j)v

Jj=2

where a, = 2 E,41(0) = (1 — 22""2)By,1/(2n + 2).
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The first two cases are as follows.

b = a((2) = £0(2)

Iy = a2 1)~ (@) = 1D 2 3@ < )

In all further computations, expressions for alternating multiple zeta values
are simplified using the Multiple Zeta Value Data Mine [3]. By Theorem [I],

I = 002 1,1) + aC(3,1) + axC(d) = —C2, L 1) + <3, 1) + 2C(A),

and since ((4) = —Z¢(4), ¢(2,1,1) = —=¢(4) + 2¢(3,1), this implies I, =
—3—?’2C(4) Similarly,

I5 = _CLOC(?u 17 17 1) - alg(gv 17 1) - alg(zlv 1) - a2§(5> =
1 1 - 1 - 1. -

Now ¢(5) = —12¢(5), and from [3]

- 29 1
C3,1) = ~2¢(6) + 5¢(2))
(2, (1)) = £10(5) — 7CCE) + 56311,

giving the result Iy = —£((2)¢(3).



Here, without further details, are I; for j =6,7,8,9,10,11, 12.

Iy = 5e£C(6) — 1)

I = 25071 + 2B + = 2)C)

Iy = — 1o C(8) + T (3)C(5) + 5 C(2)CB)

Iy =~ 2C(9) ~ O (3)C(6) ~ 2 (4)C(5) ~ 22T + (3

o = 2005 10) ~ STCECT) — (5 — S ) — S C(2)CB)C(6)

I = 21y + T 3)0(8) + 0T ¢(5)(6) + 1o (4)(7) + T (2)C(9)
S GO O

1y = 20020 (12) + 20(3)609) + UM + 2 (3)%C(0)

F @) + L CRCBIT + ) ~ 1o50(3)"

In fact, the I,, are always rational polynomials in the ordinary zeta values

(i), in consequence of the following result.

Theorem 2. Forp > 2,

CUINS et 1 (1) S (k ; 1)%,,1”.

2

I, =

2
k=1 §=0

The proof makes use of an identity of Kolbig [§], which is phrased in
terms of the integral

Snp(2) =

(—1)nrt /1 log™™!(t) logP (1 — Zt)dt
n—1)p! t '
( Mot Jo

But S,,(%) can be written as a multiple zeta value if z = 1, and as an
alternating multiple zeta value if 2 = —1. The key is the following result.

Lemma 3. If |z| <1, then

_1\n+p—1 1 n—1 P(1 _ Ji
(—1) / log" ™" () logP(1 zt)dt _ Z 2
0

I 1! n+1l, )
(n—1)!p! t h>jasesgp>1 1 27 p




Proof. Since

log(1l — zt) = — Z ZZ, and / t™ 1 og" (t)dt = (n—1) ,
0

i>1
we have
/1 log™ ™! () logf (1 — Zt)dt
t
0
o St tippintetip—1 log"_l(t)
)P dt
Y z/o
i1=1142=1 ip=1 b
Yy S e
D = 12122 zp Zl—l- —l-Zp) .

By [6l Lemma 4.3], this is

—1) L — 1)Iplit
(_1)p Z ( ) n+1(n ) ‘p:z
Ji o J2 e

J1>g2>>gp>1
and the conclusion follows. O

It then follows from definitions that

Snp(1) =Cn+1,{1},-1) and  Spp(=1) = ((n+ T, {1}p-1).

In [§] Kélbig refers to S, (1) as s, and S, ,(—1) as (—1)Po,, ,,; the result we
need is [8, Theorem 3|, which reads

~(n+p—j—1 " n+p—j—1
Z < p—1 )Uﬁ?”ﬂ?—j + Z n—1 Ojntp—i = Snp- (7)

j=1 j=1
Proof of Theorem [2l. Note that we can rewrite Theorem [l as

p—1

I, = Z(_l)iaL%JUi,p—i

i=1

and Eq. () as

p-1 , .
p—i—l p—i—1
i=1 <<p_j — 1) + ( j—1 )) Oip—i = Sjp—j-



If we can find p; so that

G pld p—t—1 p—t—1
PjSjp— P ) +< ) ))Ui, —i
o= L3 (2 )+ ()
ie.,

fori=1,2,...,p—1, then I, can be written in terms of the s,,,. Now Egs.
([®) can be written

—i-1 - p—i—1 i .

2)“(~_ )+Zh(j_1)=@w%%1§wm—L
j=1

and if we make the condition p,_; = p;, this becomes

p—1i . ;
p—i—1\ (=1) .
E Pj( . ): 5 aji, 1<i<p-1, (9)

j=1 J

Restrict the system () to the last |£] equations (i = [25F],...,p— 1) and
use binomial inversion to get

-1 p+k k-1 k—1
= ( ) CLLpfjflJ ( .

=3 ),1§k§L§J. (10)

J=0

We claim that p, so defined, if the definition is extended to 1 < k < p — 1,
is also a solution of the first 21| equations of ([@). The conclusion then
follows.

To prove the claim, it is enough to show that the extension of Eqn. (I0)
to 1l <k < p—1is consistent with the condition p,_; = py, i.e., that

k—1 k—1
kpza p—k’—]_ _(—1)p+kza v k—]_
Lp Jj— 1 ] = 72 LP*%*” ] )
7=0

10



or, using the definition of a,,

k—1
p—k—1 k—1
EzLPg'lJH(O)( . ) = (=1) E EzLPg'lJH(O)( j )
3=0

J

p—k—1

k—
J=0

By considering the cases p odd and p even, we see this can be written

B0 (") = oy S5, ,0) (%)

J= J j=0 J
The result then follows from taking n = p — k in Lemma [ below.

Lemma 4. For nonnegative integers n, k,
u n i k
> £s0)(1) = 0+ Y Bs0) ()
j=0 J =0 J
Proof. Start with
j=0

which follows from setting = 0 in the identity (@). Since E,,(0) = 0 for n
even, we can write this as

ZZ;EJ(O) (?) = (=1)"En(0),

which is the case & = 0 of the conclusion. We can then use it as the base

11



case of a proof of the conclusion by induction on k. We have

(et Z BT

j
(=1)ntht Z;En+1+j(0) (f) +Z;E"”(O) (j)] -

gEkH(O) (” : 1) - ; Ey5(0) (;‘ =5 e 0) ( i 1)

J

Corollary 1. Forp > 2, I, is a rational polynomial in the the (7).

Proof. For any positive integers n, m the multiple zeta value ((n + 1,{1},,)
is a rational polynomial in the ((i), as follows from [2, Eq. (10)]. Then
Theorem [2 implies the conclusion. O

3 Applications: convergence of norms

Let U = Uniform|0, 1] denote a standard uniformly distributed random vari-
able. Furthermore, for positive real n we define random variables Z,, by

1
Zn = (U, 1 =0U)||n = (U” +(1- U)”)"

From the theory of norms we expect that the limit 7, exists and
Zoo = [[(U,1 =U)||oc = max{U,1 - U}.

It is known that max{U,1 — U} = Uniform([3,1]. It turns out that our pre-
vious considerations allow to refine this intuition. The integral I(n) treated
in detail before is exactly the expected value of Z,,. In the following we give
asymptotic expansion of all positive real moments of Z,,.

12



Theorem 3. The random variable Z,,, defined in terms of U = Uniform|0, 1],
converges for n — oo in distribution and with convergence of all integer
moments,

Zy= (U + (1= U)")* — Zoy = max{U,1— U},

For positive integer s > 1 we have

2(1 — 55)
E Zs 2
(Z2) s+1
— (—1) = & & i1
E %+1,j(—1)]_ Ep—k+j—1(0)C(P +1 -k, {1}k—1)>
np s+ 1%
p=2 k=1 j=1

VT ey,

For arbitrary positive real s > 0 we have

where the values ys11,; are given by

21— &) S (-LP s s
E(Z8) = ~— 2/ 11—k {1
(z) =2 S CN TR 1)
p=2 k=1

p—k

X Z s+ 1 B, 1 o(E1(0), ..., Epg—p41(0)),
=1

where By, k(Z1, ..., Tnr1-k) denote the Bell polynomials.

A first by product of our moment expansions is a rate of convergence.

Corollary 2. The distribution functions F,(x) = P{Z, < z} and F(z) =
P{Z. <z} satisfy
C
sup ‘Fn(x) - Foo(x>| < —.
zeR n

We also can directly strengthen to almost-sure convergence.

Corollary 3. The random variable Z,, = (U" +(1— U)")% converges almost
surely to Z, = max{U,1 —U}.

Remark 1. We obtain in a similar way moment convergence of random
variables

1
Z, = (B" +(1- B)”)",
with B denoting a Beta(a, ) distributed random variable with real «, 5 > 0,
generalizing our results above (case o = 5 = 1).

13



We note that

E(Z,i):/Q<(U”+(1—U)”)71L>SdIP:/01 (:L’"+(1—x)”>idx.

Proceeding as before we use the symmetry of the integrand.

1

E(Z;):2/02(1—x)3 {1+ (1fx)n]%dx.

Substituting again u = ,0r T =

T+ leads to

E(Z%) :2/01 (1-%)8(1+u")3(1i“u)2 :2/01(1+u")i(1 f_uu)3.

Writing (1 + u™)= as exp (£log(1 +u")) and expanding the exponential in
series, we have

E(Z) = 2/01 <1 +g% (210g(1 +u"))k> #.

As before,

s(m,k)s*  du
E(Z}) =2 2 k"
( n) /(; 1—|—U (1 1L a)s+2 + Z/ minkk! (1+U)S+2

_ 2(1 - 2s+1 = - i ka 1({1}r-1) 2u™"
o s+1 Z mz: m /0 (1+u)s+2du

It remains to expand the integral into powers of n. Make the substitution
u = e~ and then integrate by parts:

1 mn e} —
/ Ldu — / Le—nmtdt =
0 (]_ + u)s+2 0 (]_ + e—t)s+2
1 nm [ 2
T4l s+l)y Grenpn
We adapt the previous result for s = 1 using derivative polynomials.
Changing the sign of the variable ¢ in (5]) and evaluation at x = 0 gives

&(—t,0) 1+6_t—z —.

7>0

e "t

14



Thus, for our base function we choose the logistic function

1
14+et

1
F(1) = 36(~1,0) =
Lemma 5 (Derivative polynomials - logistic function). For positive integer
r the derivative f.(z) = C‘lit:—:llf(t) can be written as a polynomial in f:

T

=D 10 =3

The numbers c,; are explicitly given by

-0}

where {Z} is the number of ways to partition {1,2,...,n} into k nonempty
subsets (Stirling number of the second kind). In particular, ¢,n = 1 and

Crr = (r = )I(=1)7"L.

Proof. In [7] a general theory of derivative polynomials is developed: if f
is a function such that f'(t) = P(f(t)) for a polynomial function P, then
evidently f"(t) = P,(f(t)) for polynomials P,, and if we let

Fat =3 %Pn(x)

n>0
then [7, Theorem 1] gives
F(z,t) = f(f ' (x) +1). (11)
In the case f(t) = (1 +e7)!, Eq. () gives
ol

T oo
P mm -1
Z +(1—l’)6 t 1+£L’(6t—1 Z 6 )

n>0

Using the identity



this becomes

t" B pltr
;n' = re Z m';l{m}—!—

P =3 (p) e} < Sty (7)1
D

where we used the identity [5, Eq. (6.15)] in the last step. The conclusion
then follows. O

Henceforth ¢, ; denotes the coefficients of the derivative polynomials dis-
cussed above.

Lemma 6. Define vs41, as the solutions of the triangular linear system of
equations

11 C21 .. Cs+1,1 Vs+1,1 0
0 c2 ... Csy12 Vs+1,2 0
0 0 <o Csyls41 Vs+1,54+1 1

Then, Y41, s given by

e PP
Vs+1,r = % = (_1) ICS({l}T—l)a
where [Stl} denote the signless Stirling numbers of the first kind. Further-
more,

tk s+1 k -
(l—l—e—t o= => .Z 5415 Bk-1(0),
k>0 7j=1

16



Proof. The system of linear equations can be expressed as

s+1
Zcr,j’ys-l—l,r = 04,5415 1< ] <s+ ]-7
r=j

where 9, 41 denotes the Kronecker delta. More explicitly,

s+1
r
( 1)] 1(] - 1) Z {j}’ys—i-l,r = 5j,s+l-

r=j
By the inversion relationships between Stirling numbers we directly observe
that

Sl

Vs+1,0 = |
S

By Lemma [Il we obtain the second expression. O

Remark 2. The generalized Euler polynomials E,(f) (x), r € N, are defined
by the generating function

&t 2) = <1+et) =2 B k"

k>0

see [12]. The result above implies the formula

T

B (0) =27 (=1, By 0),

j=1
also leading to a new formula for E,(:) (x). Cf.

. 2r 1 T )
E( ) = , Z s(r J +JEk+j—1(O)

which follows from [I0] and gives an alternative derivation of the =, ;.
Proof. By our previous result
1 s+1 dj_l

e = 2 g/ O
]:

17



where f(t) = 1€(—t,0) = 1+ ——. Then
2 s+1 dj_l
T e~ 2 g O
S+1 k
—Z%mdt] >
k>0
s+1 k ! tk
= Z Vs+1,5 Z - Ek—i—] 1(0) R
k>0

Lemma [6] implies that

0 2 _nm s+1 a
/ (1 —l—e—t)8+1 fdt = E :%Jrlj E (_1)k+] 1Ek+j—1(0)
0

j=1 k>0
Furthermore
2(1— 55)  XKsh & kGm-1({1}e-1)
s — )™

1

1 1 s+1 ' 1
— ey —1ilg, (0
><< 2S(S+1)+s+1;7+1,y2( ) erj—1( )mené

— = (=1 'y41,E;-1(0).

18

mk+ipk+1l ’
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Consequently, the first summand cancels and we get

21—,

E(Z®) =
(Z)= =2
is_ki( 1)m- g Gm—1({1}k-1) 1 ({1}p-1 il Z D)1, 1(0) 1
— nk — 8 T 1 Vs+1,5 =~ 0+j—1 R,
_ 20— )
s+1
i -1 s+1
()P s -
p; npP = S_i_l;fyge—l—lj ;D k+j— 1(0)C(p—k+1,{1}k_1)

by changing the order of summation.

Concerning arbitrary positive real s > 0 we have to proceed in a slightly
different way. Let B, x(x1,...,%,—k+1) denote the kth Bell polynomial de-
fined by

B n! 21\ Tr—k1 Ik
Bn,k(x17---7xn—k+1> = Z - .—k+1! (F) (7(71_]{:_‘_1)') .

l...
P o=k . In=
?:1k+1zjl:”
(12)
We have
2 s+1 s
Aoy = E0)™ = (14 (E(-t,0) - 1)™ =
J . J ¢ , o
Z (8 _'_'1) (8(_.1:’0)_1)] _ Z Z (S + 1) BJ Z(Ell(o) ?Ej—é-i-l(o))(_l)]t]‘
, 7! , J:
j=0 j>0
Consequently,
= 2 it Sty (s + DEBu(EA(0), .., Ejr:1(0))
T e =y (—1) = O .
/0 T 6_t)8+1e dt ;( ) (mn)itt

19



Finally,

n k
s+ 1 k=1 m=1 m
1 Z(— )/ > =1 (s + DEBk(E1(0), . . ., Bje14(0))
s+1+% (mn)?
Jjz1
2(1 251+1) > (—1)p p—1 sk
= 1—k {1};_
s+1 +Z np $+1<(p+ a{ }k 1)
p=2 k=1
p—k
X > (s + 1) Byu(B1(0), .-, Bypog—e41(0)).
/=1

Proof of Corollary[4. We use the general version of the Berry-Esseen inequal-
ity [4]:

sup |[F(z) — G(2)] < o1 /

zeR -T

1
dt + casup (G(z + =) — G(2)).
zeR T

or(t) — da(t) '
t

From our moment expansion

s((2) )

we obtain for the characteristic functions ¢, (t) = E(e"?") and ¢ (t) =
E(eitZoo)
60(0) = 6 (8] _ C
1 T

Choosing T' = n this gives a % bound for the integral. We get sup,cg (G(:C+

1) — G(z))) < £ leading to the stated result. O

Proof of Corollary[3. By the Markov inequality we have
1
P{|Z, — Zuo| > Z} < CE((Zn, — Z)?) = C(E(Z)) + E(Z2) — 2E(Z,Z)).

The random variables Z,, and Z., are defined in terms of the same uniform
distribution and we readily obtain the expansion of

E(Z,Zx) = /0 (" + (1 - ZE)”)% -max{z,1 —z}dr = g .

20



leading to P{|Z, — Z,| > 1} < C- f;—i Let

En,z:{wegz; \Zn—ZOO\>%}, neN, (>0.

We have
P{FE < ce
D P{E} <Y o <oo
n>1 n>1
Let Ey = limsup E, . By the Borel-Cantelli Lemma we have P(£,) = 0 for
any ¢ > 0, giving the stated result. O

3.1 Independent uniformly distributed random vari-
ables

Let U; denote mutually independent standard uniformly distributed random
variables, 1 < 7 < r with » > 2, . Further, let U denote the random vector

U= (Uy,...,U,).
Let Z,, be defined as

S|=

Zn = Ulln = (U7 + U3 +---+ U)

A folklore result states that any order statistic for uniform distributions is
Beta-distributed. In particular,

Zso = ||U]|le = B(r,1).

We are interested in the asymptotics of Z,, as n — oo and derive asymptotics
of the moments

L=BZ)= [ (a4t adido.. . m)

[0,1]"

The special case r = 2, Z, = (U] + U;)% is the direct counterpart of our
earlier results for (U™ + (1 —U)™)x. Our asymptotic series involves for 7 > 2
multiple zeta values. Interestingly, for r > 3 variants of multiple zeta values
and Euler sums appear. Let (*(iy, ..., i) denote the truncated multiple zeta
star value

. . 1
Gl = > (13

r>n>ng > > >1
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and (¥ (i1, ..., 0; 1, ..., xx) denote the truncated weighted multiple zeta star
value

Grlin, ooy ig; Ty, oy) = Z s in (14)
r>ng>ng>->n>1 Ny Ng -« -1y
Then (*(i1,...,i; {1}x) is the ordinary zeta value (*(iy,...,14), and
oL omy
Gl = Y o Z Z DD
S e L mmt np—=1

Theorem 4. The random variable Z, = ||U||,, converges to Z,, = B(r,1)
with convergence of all positive integer moments.

B =—— (-2 och).

r—1+s n n3
In particular, forr =2 and Z,, = (U1"+U2")TIL we have the exact representation

~1) p—2

B(Z) = - (14 2 ST e @2 1))

For r = 3 we have the exact representation

€1+f2

B(7) = 5o (14 3 20 U S TR, (1)) N)+3
£=0

p>2

n51+l2+2
k 1 51 £2>0

G i — 1\ & CU TG (=) (G (T ee—i {1 er1-6,2) = G ({1 e v2—i) — e
x{z< 515 (GOas e )

i=1 m=1

il o & (CD™ G () (G ({1 eare—is {1 e41-62) = Gn({ 1} eav2—i) — e
(S ( o )|

i=1 m=1

3.2 Exact representations

First, we decompose the hypercube into r parts according to the maximum
of the z;:

:U{xi €0,1], 0<uaz <um, jefl,...,r}\{i}}.
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These parts are not disjoint, but their intersection is of measure zero. By the
symmetry of I, we get

1
]szr/ (/ (x?+x§‘+---+I?)Zd($1,---,$r—1))d%-
0 [O’wr}rfl

We use the substitution z; = z,u;, dr; = z,du; to obtain

1
I = 7’/ ! (/ (@uy + @uy + -+ @ _qu g + 1)%du) dz,.
0 [071]7‘71

This implies that the integrals can be separated:
1 S
IS:f,"/ 1.:—1+Sdl.r,/ (]__l_u?_l_..._‘_u:’_l)ﬁdu
0 (0,171

r s
= . L+u+-+u” |)ndu
T_1+S /[;)71}7“1( ! " 1)

In order to derive an asymptotic expansion of the remaining integral we
use the exp — log representation:

k
(Iuf+ - +ul_))n = ex ( In(14uf+ - +ur_,)) —1+Zk—,dln (1+uf+

Using Eq. (@), this implies

ssm,k) " 0
L=t 0 +Z/ D gy () ).

where (as above) s(m, k) denotes the signed Stirling numbers of the first
kind. Then using Lemma [Il we have

e (e T e e |

m=1 [071]Tl71

In order to evaluate the remaining integral we substitute u; = e~% and obtain

/ (U? N uf_l)mdu — / e—t1—...—t7_1 (e—tln R €_t7"71n)mdt.
[071}7“ 1

[0700)7‘71
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We expand the exponentials and use the multinomial theorem. By the sym-
metry of the integrand and the fact

S |
uPe *dy = 4
0 kp+1

we obtain

/ e—tl—---—tr,l(e—tln R e—tr'fln)mdt
[O,OO)T71

r—1 r—1 m (_1)£1+"'+€a
:;< a ) Z (jl,...,ja)éz nht++lata

f1+1 '[a_l_l'
it tgo=m Losla>0 Ju o Ja
JiZ

For r = 2 there is only a single summand and we get

/ e—te—tnmdt _ f: (_1)Z
[0,00) (nm)t+1

(=0

Changing summation gives the desired result. For r = 3 we get

/[ 2 e T (e e (b, 1) =
0,00

0o m—1
(_1)51-‘:-42 m 1
£=0

_ a\lo+17
m
0,620 =1 \J 7)

In order to simplify the arising sums we use a classical partial fraction de-
composition, which appears already in [11],

1 a (i+b—2) b (i+a—2)
b—1 a1
W B Z_; W + Z; mi—l—a—l(m _ j)b+1_i7 (15)

Thus,

(—1)at+e T2 m 1
Z n£1+52+2 Z

y 1+1 m — \lo+1

0,620 =\ /gt m =)

(_1)51_1_[2 <Zl+1 i—i—iz—l) m—1< ) lo+1 H—Zl 1 m—

2
= > - + Z Z
£1+La+2 i+Lo Z l1+2—i z+€1 €2+2 i
n m m
£1,02>0 =1 j=1 ‘7 7j=1
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Lemma 7. For positive integers r,m we have

> <m)l = ({1} {121, 2) = ¢ ({1)).

= \i/J
Proof. We use induction with respect to r. For r = 1 we have

e 1 NG| m_q 2ym _q
Z(”?)_,:/ %dt:/ it P
X J/) 7 0 t p t—1

J=1

9 m
/ (tm—l —I—tm_Z—l-""l't‘l'l)dt: Z— —H, = C;;(lﬂ) _C:;l(]')
1

Assuming the result for r — 1,

Z%(@ ({1 (L2 >—<,:<{1}r_1>) Gl {11, 2= {1},

O
This gives

(—1)at+e T2 m 1
Z n£1+52+2 Z j31+1( j>£2+1

£1,62>0 ']

1)+t rl“ (e

- Z nzl+eg+2 Z Z+£2 ( ({1} e2-i {1 o410, 2 )_C;m({l}€1+2—i>_;-)

m51+2—2
01,42>0
lo+1 Z+Z1 1)

+Z 02 (G s {1 s >—<;<{1}e2+2_i>—4)}

mfg +2—1

=1

4 Outlook and Acknowledgments

It seems that similar phenomena appear when discussing random variables
Zn = (X1,..., Xpn)||n, where the X; are i.i.d. random variables.
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