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ABSTRACT

This paper investigates the adaptive control and synchronization of an uncertain modified hyperchaotic LU
system recently discovered by Wang, Zhang, Zheng and Li (2006). This paper deploys nonlinear control for
controlling the hyperchaos of the modified hyperchactic LU system with unknown parameters and then
synchronizing two identical modified hyperchaotic Li systems with unknown parameters. First, adaptive
control laws are designed to stabilize the modified hyperchactic Li systemto its unstable equilibrium at the
origin based on the adaptive control theory and Lyapunov stability theory. Then adaptive control laws are
derived to achieve global chaos synchronization of identical modified hyperchaotic LU systems with
unknown parameters. Numerical simulations are presented to demonstrate the effectiveness of the proposed
adaptive control and synchronization schemes.
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1. INTRODUCTION

A chaotic system is a nonlinear dynamical system with the following characteristics. extreme
senditivity to changes in initiad conditions, random-like behaviour, deterministic motion,
trgectories of chaotic systems pass through any point an infinite number of times.
Experimentally, chaos was first discovered by Lorenz ([1], 1963) while he was smulating
weather models.

Hyperchaotic attractor is a chaotic system having more than one positive Lyapunov exponent.
Historically, hyperchaos was first reported by Rosder, which is the famous hyperchaotic Rossler
system ([2], 1979). The hyperchaotic attractors are found to be very useful in many engineering
applications like secure communication, data encryption, etc. because the trgectories of the
hyperchaotic system are expanded in more than one direction giving rise to a more complex and
increasing randomness and unpredictability.

The control of chaotic systemsis to design state feedback control laws that stabilizes the chaotic
systems around the unstable equilibrium points. Active control technique is used when the system
parameters are known and adaptive control technique is used when the system parameters are
unknown [3-4].
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Synchronization of chaotic systems is a phenomenon that may occur when two or more chaotic
attractors are coupled or when a hyperchaotic attractor drives another hyperchaotic attractor. In
the last two decades, there has been significant interest in the literature on the synchronization of
chaotic and hyperchaotic systems [5-16].

In 1990, Pecora and Carroll [5] introduced a method to synchronize two identical chaotic systems
and showed that it was possible for some chaotic systems to be completely synchronized. From
then on, chaos synchronization has been widely explored in a variety of fields including physical
systems [6], chemical systems[7], ecological systems|[8], secure communications [9-10], etc.

In most of the chaos synchronization approaches, the master-dave or drive-response formalism
has been used. If a particular chaotic system is called the master or drive system and another
chaotic system is called the slave or response system, then the idea of synchronization is to use
the output of the master system to control the dave system so that the output of the dave system
tracks the output of the master system asymptotically.

The seminal work by Pecora and Carroll (1990) has been followed by a variety of impressive
approaches in the literature such as the sampled-data feedback method [11], OGY method [12],
time-delay feedback method [13], backstepping method [14], active control method [15-20],
adaptive control method [21-25], dliding mode control method [26-28], etc.

This paper is organized as follows. In Section 2, we derive results for the adaptive control of
modified hyperchaotic L system (Wang, Zhang, Zheng and Li, [29], 2006) with unknown
parameters. In Section 3, we derive results for the adaptive synchronization of modified
hyperchaotic Lu systems with unknown parameters. Section 4 contains a summary of the main
results derived in this paper.

2. ADAPTIVE CONTROL OF THE M ODIFIED HYPERCHAOTIC LU SYSTEM

2.1 Theoretical Results

The modified hyperchaotic Lu system (Wang, Zhang, Zheng and Li, [29], 2006) is one of the
recently discovered four-dimensional hyperchagotic systems.
The modified hyperchaotic LU system is described by the dynamics

X =a(X =X+ %X;)

).(zf—Xle+bX2 X 1
Xy = XX, —CX

X, =—dx,

where x (i =1,2,3,4) arethe state variablesand a,b, ¢, d are positive constants.

The system (1) is hyperchaotic when the parameter values are taken as
a=35 b=14, c=3and d=5. 2

The strange attractor of the hyperchaotic system (1) is described in Figure 1.
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Figure 1. Strange Attractor of the Modified Hyperchaotic LU System

When the parameter vaues are taken as in (2), the system (1) is hyperchaotic and the system

linearization matrix at the equilibrium point E, =(0,0,0,0) isgiven by

35 35 0 OC
Ho 14 0 1-

= L
0o 0 -3 OoC
u L

-5 0 0 Or
which has the eigenvalues

4, =-351015, ,=-3, 4,=0 and 4, =13.7387.

Since /4, is a positive eigenvalue, it is immediate from Lyapunov stability theory [30] that the

hyperchaotic system (1) is unstable at the equilibrium point E, = (0,0,0,0).

In this section, we design adaptive control law for globally stabilizing the hyperchaotic system (1)

when the parameter values are unknown.



International Journal of Instrumentation and Control Systems (1JICS) Val.2, No.1, January 2012
Thus, we consider the controlled modified hyperchaotic LU system (MHL system) as follows.

Vi=aly, =it YoYs) tuy
yz =YYt byz Ty, Ty,
ys =YY, —Cy; tU

Y, =—dy, +u,

3)

where U, U,,U;and u,are feedback controllers to be designed using the states and estimates of
the unknown parameters of the system.

In order to ensure that the controlled system (3) globally converges to the origin asymptotically,
we consider the following adaptive control functions
Uy = =80 =X + %) ~ KX
U, = XX, — sz =X, —k,%,
U = =X X, + X — KX,
u, = axl -k, X,

(4)

where é,B,é and dare estimates of the parameters a,b,cand d, respectively, and
k(i =1,2,3,4) are positive constants.

Substituting the control law (4) into the modified hyperchaotic L dynamics (1), we obtain
% =(@=8) (% =X +%X) K X
X, = (b= 6)X2 —k; %,

X, =(C—C) X, —Kk; X
X, =(d—-d) x -k, X,

(5)

Let us now define the parameter errors as

e =a-4 g=b-b e=c-¢& ade =d-d. (6)
Using (6), the closed-loop dynamics (5) can be written compactly as
X =€ (%=X +XX%) — K X
X, = €%, _kz %,

>'<3=ecx3—k3x3
X4:ed Xl_k4 Xy

()

For the derivation of the update law for adjusting the parameter estimates 4, b,éand d,the
Lyapunov approach is used.
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Consider the quadratic Lyapunov function

V(KK X088,0,8) =2 (K 44X+ +E T e vE) @

which is a positive definite function on R®.

Note also that

A

e =-4 &=-b, &=-8 & =-d. ©

a

Differentiating V aong the trgjectories of (7) and using (9), we obtain

V= _k1X12 _k2X22 —k3X32 —k4Xf te %(1()(2 _X1+X2X3)_5E
A . A (10)
+e0(x22—b)+ec(x32—é)+ed(xlx4—d)

In view of Eq. (10), the estimated parameters are updated by the following law:
a= X (X =X +X%;) +Kee,

(11)

where K, kg, k; and k; are positive constants.
Substituting (11) into (10), we get

V =k X7 =K, X =k 5~k X — k€l — ke — k€l —keed (12)
which is anegative definite function on R®.

Thus, by Lyapunov stability theory [30], we obtain the following result.

Theorem 1. The modified hyperchaotic LU system (1) with unknown parameters is globally and
exponentially stabilized for all initial conditions x(0) 0 R* by the adaptive control law (4), where
the update law for the parametersis given by (11) and k;, (i =1,...,8) are positive constants. B

2.2 Numerical Results

For the numerical simulations, the fourth order Runge-Kutta method is used to solve the
hyperchaotic system (1) with the adaptive control law (4) and the parameter update law (11).

The parameters of the modified hyperchaotic LU system (1) ae sdected as
a=35 b=14, c=3ad d=5.
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For the adaptive and update laws, wetake k =4, (i =1,2,...,8).

Suppose that the initia values of the estimated parameters are
4(0)=6, b(0)=8, &0)=7, d(0)=4.

Theinitia state of the modified hyperchaotic LU system (1) istaken as
%(0) =1 %(0)=5 x(0)=2, x,(0)=3.

When the adaptive control law (4) and the parameter update law (11) are used, the controlled
modified hyperchaotic LU system converges to the equilibrium E, = (0,0, 0, 0) exponentially as
shown in Figure 2. The parameter estimates are shown in Figure 3.

Times (sec)

Figure 2. Time Responses of the Controlled Modified Hyperchaotic LU System
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Figure 3. Parameter Estimates A(t), b(t), &(t), d(t)

3. ADAPTIVE SYNCHRONIZATION OF IDENTICAL M ODIFIED HYPERCHAOTIC
LU SYSTEMS

3.1 Theoretical Results

In this section, we discuss the adaptive synchronization of identical modified hyperchaotic L
systems (Wang, Zhang, Zheng and Li, [29], 2006) with unknown parameters.

Asthe master system, we consider the modified hyperchaotic LU dynamics described by

X = a0 =X+ %X)

X, ==X X% X, + X, (13)
X3 = XX, ~CX
X, = —dx,

where X, (i =1,2,3,4) arethe state variablesand a,b, ¢, d are unknown system parameters.

The system (13) is hyperchaotic when the parameter values are taken as
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a=35 b=14, c=3and d=5.
Asthe dave system, we consider the modified hyperchaotic L dynamics described by
Vi = a(yz -yt yzys) Uy,
Yo ==YiYs thy, +y, +u,

V3= V1Y, ~CY; +U;
y4 = _dyl +u,

(14)

where v, (i =1,2,3,4) arethe state variablesand u;, (i =1, 2,3,4) are the nonlinear controllers
to be designed.

The synchronization error is defined by

E=Y1—X
&E=Y,"% (15)
&=Y;"X%
=Y.~ %
Then the error dynamicsis obtained as
e.l. =a(e2 _e1+Y2y3_X2X3)+U1
é2:b%+e4_ylys'*'xixs"'uz (16)
es, =C&tTY Y, XX tU,
€, =-de +u,
Let us now define the adaptive control functions u,(t), u, (t), u,(t),u,(t) as
u = _é-(% —gtV,Y;— X2X3) - k1e1
u, = _bez €t VY X~ kzez (17)

Uy =C& = VY, + %%, — K&
u, = aq -k,e,

where é,ﬁ,éand dare estimates of the parameters a,b,cand d respectively, and
K, (i =1,2,3,4) are positive constants.

Substituting the control law (17) into (16), we obtain the error dynamics as
& =(a-a) (e -a+Y,Y; ~%X)-ke
& =(b-b)e, ~kse,

&, =—(c-C)e,—kseg,
¢, =—-(d-d)g -k,g,

(18)
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Let us now define the parameter errors as

e —a-a
eO:b—B
g =c—C
€, =d-d

Substituting (19) into (18), the error dynamics simplifiesto

6 =6,(8 -8 *Y,Y~X%) ke
& =68 ~ke,

6 =66 ~ke

& = &6 —keg,

(19)

(20)

For the derivation of the update law for adjusting the estimates of the parameters, the Lyapunov

approach is used.

Consider the quadratic Lyapunov function
1
V(e.6.6.66,8,6.6)= (et +el +e rel +ef +el +€)

which is a positive definite function on R®.
Note al so that

e =-4 ¢=-b e=-¢ ¢&=-d
Differentiating V along the trgjectories of (20) and using (22), we obtain

Vv =_k1612_k2922_kse§_k4ej+ea %(%_el"'yzys_xzxs)_ég

NE A ! a0
*§ %_bg t& H—ef—cH+ed E_ele4_dg

Inview of Eq. (23), the estimated parameters are updated by the following law:

é:el(ez_el"'yZy3_szs)"'ksea

b=€ +kg,
é = _e§ + k7ec
d=-ge, +ke,

where kg, Kk, k; and kg are positive constants.

(21)

(22)

(23)

(24)
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Substituting (24) into (23), we get
V=—k & -k, & -k, & —k, & —kiel —k.& —k;el —kee;, (25)
From (25), wefind that VV isanegative definite function on R®.

Thus, by Lyapunov stability theory [30], it is immediate that the synchronization error and the
parameter error decay to zero exponentially with time for al initial conditions.

Hence, we have proved the following result.
Theorem 2. The identical modified hyperchaotic LU systems (13) and (14) with unknown
parameters are globaly and exponentialy synchronized for all initial conditions by the adaptive

control law (17), where the update law for parameters is given by (24) and k,(i =1,...,8) are
positive constants. &

3.2 Numerical Results
For the numerical simulations, the fourth order Runge-Kutta method is used to solve the two
systems of differentia equations (13) and (14) with the adaptive control law (17) and the
parameter update law (24).

We take the parameter values as in the hyperchaotic case, viz.
a=35 b=14, ¢c=3 d=5.
We take the positive constants k., (i =1,...,8) as
k =4 for i=12,...,8.
Suppose that the initia values of the estimated parameters are
4(0) =15, b(0)=9, ¢(0)=6, d(0)=8
Wetaketheinitial values of the master system (13) as
%(0) =10, x,(0) =5, x,(0)=2, x,(0) =7
Wetaketheinitial values of the dave system (14) as
%1(00=3, ¥,(0)=8, y5(0) =11, y,(0)=6

Figure 4 shows the adaptive chaos synchronization of the identical modified hyperchaotic LU
systems.

Figure 5 shows that the estimated values of the parameters3, 6 gand d converge to the system
parameters

a=35 b=14, c=3and d=5.
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Figure 4. Adaptive Synchronization of the Modified Hyperchaotic LU Systems
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Figure 5. Parameter Estimates a(t), B(t), C(t), d (t)
4. CONCLUSIONS

Controlling hyperchaos and synchronization of identical hyperchaotic systems is an important
research problem in the chaos literature. Hyperchaotic systems have important applications in
electronics and communications engineering like secure communications, data encryption etc. In
this paper, we applied adaptive control theory for the stabilization and synchronization of the
modified hyperchaotic LU system (Wang, Zhang, Zheng and Li, 2006) with unknown system
parameters. First, we designed adaptive control laws to stabilize the modified hyperchaotic LU
system to its unstable equilibrium point at the origin based on the adaptive control theory and
Lyapunov stability theory. Then we derived adaptive synchronization scheme and update law for
the estimation of system parameters for the identical modified hyperchaotic LU systems with
unknown parameters. Our synchronization schemes were established using Lyapunov stability
theory. Since the Lyapunov exponents are not required for these calculations, the proposed
adaptive control method is very effective and convenient to achieve chaos control and
synchronization of the modified hyperchaotic L system. Numerical simulations are shown to
demonstrate the effectiveness of the proposed adaptive stabilization and synchronization schemes.
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