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This document serves as an electronic companion for the paper “Coordination of Power and Natural Gas
Markets via Financial Instruments”. It contains seven sections: The input data for the case study is shown in
Section 1. Section 2 analyses the impact of our assumption of perfect knowledge of virtual bidders. Section
3 presents the detailed formulation of all optimization problems from the original manuscript including
the equivalent equilibrium problems following Remark 1. The Karush Kuhn Tucker (KKT) conditions of
all optimization and equilibrium problems are provided in Section 4. Sections 5 and 6 show the proofs of

Propositions 1 and 2, respectively. Section 7 contains an overview over computational performance.

Nomenclature

T Set of dispatchable power production units .
C Subset of non-gas power plants (C C 7).
G Subset of natural gas-fired power plants (G C 7).
S Subset of slow-start power plants (S C 7).
F' Subset of fast-start power plants (F C 7).
S8S Subset of self-scheduling power plants (SS C Z).
Set of wind power units j.
Set of natural gas supply units k.
Set of electricity virtual bidders 7.
Set of natural gas virtual bidders q.

Set of wind power scenarios w.

N 20 A3 aN

Set of time periods t.
Note that CUG=Z, FNS=0, FNSS=0 and SNSS =0.

Variables

DA DA
Piy Wy

Day-ahead dispatch of units ¢ and j in period ¢, respectively [MW].

pffw Power production adjustment of unit 4 in scenario w, period ¢ [MW].

RT

Wit

Wind power production adjustment of unit j in scenario w, period ¢t [MW].

sh,E ;sh,G
lt,w ?lt u;

Electricity and natural gas load shedding under scenario w, period ¢ [MW, kef/h].
ge Day-ahead dispatch of unit & in period ¢ [kef/h].
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1.

Natural gas adjustment by unit k in scenario w, period ¢ [kef/h].

Day-ahead electricity price in period ¢ [$/MWHh].

Probability-weighted real-time electricity price in period ¢, scenario w [$/MWHh].

Day-ahead natural gas price in period ¢ [$/kef].

Probability-weighted real-time natural gas price in period ¢, scenario w [$/kef].

Set of dual variables in day-ahead and real-time markets, respectively.

Start-up cost of dispatchable unit ¢ in period ¢ [$].

Start-up cost adjustment of dispatchable fast-start unit ¢ in period ¢ under scenario s [$].

Relaxed unit commitment status of dispatchable unit ¢ in period t¢.

Relaxed unit commitment adjustment of fast-start unit ¢ in period ¢, scenario w.

Day-ahead trade of electricity virtual bidder r in period ¢ [MW].

Real-time trade of electricity virtual bidder r in period ¢ [MW].

Day-ahead trade of natural gas virtual bidder ¢ in period ¢ [kef/h].

Real-time trade of natural gas virtual bidder ¢ in period ¢ [kef/h].

Electricity demand in period ¢ [MWHh].
Natural gas demand in period ¢ [kcf/h].

Production cost of unit ¢

Value of electricity lost load [$/MWh].
Day-ahead offer price of unit k [$/ket].

[$/MWL.

Value of natural gas lost load [$/kcf].

Capacity of dispatchable unit ¢ [MW].

Minimum production level of dispatchable unit ¢ [MW].

Power conversion factor of natural gas unit ¢ € G [kef/MWh].

Wind power realization of unit j in period ¢, scenario w [MW].

Day-ahead wind power forecast for unit j in period ¢ [MW].

Capacity of wind power unit j [MW].

Capacity of natural gas unit & [kcf].

Adjustment limit of natural gas unit & [kef/h].

Probability of scenario w.

Start-up cost of dispatchable unit 4 [$].

Initial commitment status of dispatchable unit i [0/1].

Initial dispatch of unit i [MW].

Up/down ramping limit of dispatchable unit ¢ [MW /h].

Input Data

Table 3 gives the technical characteristics of power generators, whose columns one to ten show

the unit name, minimum power production (P™"), capacity (P/*), ramp rate (R;), start-up cost
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Uit 2O PR cvooumoop Type o i
[MW] [MW] [MW/h] [9] [0/1] [MWh] [$/MWh] [kef/MWHh]
ct o 40 20 17,462 1 40 non gas-fired 22.18 -
c? 0 152 50 13,207 1 100 non gas-fired 33.2 -
¢ o 300 195 22,313 0 0 non gas-fired 37.14 -
c* 100 591 230 28,272 0 0 non gas-fired 38.2 -
C° 400 400 400 50,000 1 400 non gas-fired 22.34 -
ct 0 350 80 33,921 0 0 non gas-fired 20.92 -
Gt o 155 100 21,450 1 100 gas-fired - 15.23
G> 0 60 60 10,721 0 0 gas-fired - 16.98
G 0 310 200 42,900 0 0 gas-fired - 12.65
Gt 0 300 150 10,000 0 0 gas-fired - 14.88

Table 1 Technical characteristics of power generators

min max adj G
Grin G G Cf

Supplier g [kef]  [kef/h] [$/kcf]
Kt 0 9,000 1,000 2
K2 0 6,000 1,000 2.2
K3 0 15,000 1,000 2.5
Kt 0 15,000 1,000 3.3

Table 2 Technical characteristics of gas suppliers
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Figure 1 Electricity and natural gas demand. The plots on the left- and right-hand sides show the total hourly

demand for power and natural gas, respectively.

(CPY), initial commitment status at the beginning of time horizon (U™), initial dispatch (P™),
type, production cost for non gas-fired generators (CF), and gas-to-power conversion ratio for gas-
fired generators (¢;), respectively. In addition, Table 4 provides the technical characteristics of four
gas suppliers, including minimum and maximum gas capacity (G® and G*#*), ramp rate (Gidj),
and supply cost (CfF). The total hourly demand in both power and natural gas sectors is shown
in Fig. 1. The profile of deterministic wind power forecast (in per-unit) in day-ahead is illustrated
by a solid curve in the left-hand side plot of Fig. 2, while the right-hand side plot provides the
five equiprobable wind scenarios that may realize in real-time. Due to potential forecast error in
day-ahead, observe that the day-ahead deterministic forecast (solid curve in the left-hand side plot)
is not necessarily identical to the expected wind power realization in real-time (dashed curve in
the same plot). In this case, the day-ahead wind forecast underestimates the available wind power

production during hours 1 to 6 and 19 to 23, while overestimates it from hour 7 to 18.
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Figure 2  Wind power forecast in day-ahead (DA) and potential scenarios in real-time (RT): The upper plot

shows the deterministic wind power forecast in DA and the expected value of five wind power scenarios in RT.

These five equiprobable scenarios in RT are depicted in the lower plot.

Seq Seq+eVB Seq+iVB Seq+VB Ideal

In-sample $1,464,320 -6.83% -6.37% -6.94%  -7.06%
Same distribution $1,360,886 -4.49% -3.36% -4.29% -5.33%
Higher first moments $1.344.285 -3.91% -3.06% -3.713%  -4.76%
Lower first moments $1,410,223 -5.24% -3.45% -4.85%  -6.12%
Different distribution $1,252.643 -3.30% -3.99% -3.79%% -4.60%

Out-of-sample

Table 3 Total expected cost of the electricity and natural gas systems under different market setups for
in-sample and out-of-sample scenarios. The percentages show the differences in the total expected system cost

compared to that cost in the fully uncoordinated sequential setup Seq.

2. Out-of-sample Analysis

This section presents an ex-post out-of-sample analysis to evaluate the performance of the pro-
posed market setups against our assumption of perfect knowledge of virtual bidders and against
estimations of natural gas prices. For this purpose, we test the impact of unseen scenarios on the
market setups. To assess the impact of the assumption of perfect knowledge of virtual bidders on
market outcomes, we generate a set of 100 new scenarios from the same distribution and 100 sce-
narios from a distribution with different first and second moments. Fixing the day-ahead schedules
to those obtained with the original in-sample simulations, we solve a real-time electricity market
and then a real-time gas market for each out-of-sample scenario. The expected total system costs
achieved with the sequential setup Seq decrease compared to those in the in-sample simulation,
due to the updated expected electricity and gas adjustment costs under the previously unseen sce-
narios, as exhibited in Table 3. The fully coordinated ideal model Ideal still provides a lower bound
for the expected total system cost. The setups including soft coordination via financial instruments
consistently achieve lower expected system costs compared to the fully sequential setup Seq. The
effectiveness of virtual bidders to improve sectoral and temporal coordination and make day-ahead

schedules more efficient is not overly sensitive to the quality of information of these agents.
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3. Optimization Problems
3.1. Explicit Electricity Virtual Bidder

The profit maximization problem of each virtual bidder r participating in the electricity market

given the day-ahead and expectation of real-time prices 5\5 and \P respectively, is given below:

t,w?

{E DAE 1E RT,E
max g AU E A v,y la
{ DA.E RT,E < t Tt + t,w 7t ( )

Urt oUrgt teT weN

subject to v?f’E —i—vff’E =0:p,4, VE, }, VreR, (1b)

where ©VEF = {v . By, Wt} is the set of primal optimization variables. Objective function
(1a) maximizes the expected profit of arbitraging in the day-ahead and real-time electricity markets.
Equation (1b) ensures that each virtual bidder sells (buys) the same amount back in the real-time
market that was bought (sold) in the day-ahead market. The market operators treat the virtual

bidders’ dispatch decision as fixed input into the market clearing in the following.

3.2. Day-Ahead Electricity Market

The day-ahead electricity market clears with given day-ahead positions of virtual trade as:

: E | DA 1G DA DA
min 30 (DOCE YA 6+ el (2a)

teT ieC i€g i€l
subject to Zp?f—i—ZwEf—DfﬁLZvS?’E:O:S\;E,Vt, (2b)
1€T JjeJ reR
0< wﬁtA < WJ%A :Hx,ﬁﬁ, V4, t, (2¢)
upt PR <pPt<ul)}t P :Hzt,ﬁit, Viel,t, (2d)
— u?é,l) R; < (p?f —p?é,l)) < u?’tA Ri:HSHﬁEw VieZt>1, (2e)
— U™ Ry < (pP} — Py <ub? Rppl il VieTt=1, (2f)
0<upp < 1:Hft,ﬁft, Vi e T,t, (22)
CPV (uPf —uf_y) ScPmsY, VieIt>1, (2h)
CPU(upp —UM)y < PPy, VieTI,t=1, (21)
0<cp iﬁffa VieZ,t, (2)
where OFPA = {pP PR ull, Vi e I,t;wh}, Vj,t} is the set of primal optimization variables. The

objective (2a) of the deterministic day-ahead market-clearing problem is to minimize the day-ahead
generation cost. The total cost stems from the cost of non-gas and gas-fired power plants. These
units are assumed to bid in the market truthfully, i.e., offer at prices equal to their marginal cost
of production. For the case of gas-fired units, we assume that the marginal cost of production is

described by a linear function of the estimated natural gas price, i.e., C; = j\fqﬁi, Vi € G. Constraint
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(2b) is the day-ahead power balance with inelastic demand treating the virtual day-ahead positions
dorer vy AF as given inputs. Constraints (2¢) and (2d) enforce lower and upper bounds on the
day-ahead dispatch of wind and conventional generation. Constraints (2e), (2f) ensure the ramping
limits of conventional generators and represent in combination with (2g) the tight relaxation of
unit commitment. Constraints (2h), (2i), and (2j) enforce the start-up cost of each generator.
The optimization problem for day-ahead electricity market clearing can be equivalently formu-
lated as the following equilibrium model with each unit maximizing her profit and a price-setting

agent according to Remark 1. Each non gas-fired generator C maximizes her day-ahead profit with

respect to her operational constraints according to

{m o 2 |(3F - 0F) bl =] (30

Pyt %t Yt teT

subject to (2d) — (Zj)} V(i eC). (3b)

Similarly, gas-fired generator G decides her day-ahead dispatch based on estimated marginal cost

via natural gas price forecast A¢:

{pDAI%%X on | (A=A 0) 22— el (4a)

it it Yt teT

subject to (2d) — (2j)} V(i€ g). (4b)

Wind farm J maximizes her profit according to the day-ahead wind forecast W/ as

{mggi ZS\E w (5a)

Wit teT

subject to (2(:)} ViedJ. (5b)

A price setting agent decides the day-ahead electricity price 5\? according to
min SOAP(opPr 4D wlt-DE+ Y ob) (62)
)\t teT i€ JjeT reER

The equilibrium problem (3)-(6) is equivalent to the day-ahead market optimization problem (2),

since the Karush-Kuhn-Tucker (KKT) conditions are identical, see Section 4.
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3.3. Real-Time Electricity Market
In real-time operation, wind power production W, is realized and the real-time markets are
cleared to adjust for imbalances. The day-ahead schedule is treated as fixed parameters in the fol-

lowing formulation. The RT market-clearing problem for wind generation scenario w is formulated

as
. E _RT el RT WE jsh,E RT
{(})II}DIRI”}“ Tw Z (ZCl pi,t,w+z)\t,w ¢i pi,t,w—‘rcs l;w +Zci,t,w> (78‘)
teT  ieC ieg iE€F
subject to pr}tT)w + M+ Z vng F o+ Z wiy, = O:S\Ew, Vt, (7b)
i€T reR jeT
0<EhF <Dfwpl oPl, i, (7c)
DA R LW W .
0< (wif +wit,) SWitw Vg0 Vhws Vit (7d)
DA i DA |, . RT DA P P .
WU; ¢ Pt < (pi,t +pi,t,w) < WU; ¢ Pz'max-ﬂi,t,wyi,t,w Vi€ S, t, (7e)
DA DA , . RT DA RT DA p . R —R .

— U1y Ri < (pi,t + Pitw — Dit—1) _pi,(tq),w) <uip Ritvi; Vi, VIE€ES,T>1,
(7f)
—U™R; < (p?f —|—p5tT7w — Pii“i) < uEtA R; :gf}t,w,ﬁﬁw, VieS,t=1, (7g)

(i +uiltn) PP (020 + i) < (Wit ulfiy) PP vl oo P, Vi€ Fit, (Th)

[ — [ s t.wr T two

= (W) F i) Be < (P2 + Pt = Py = Pllonw) < (i +uily) R

Wy Ui, ViE€EF,E>1, (71)
U Ry < (p0 R — P < (PR ) R o ViEeF =1 ()
0< (upp +ut,) <lwp, ,,ve,,, VieF,t, (7k)
GV (0 i —uiiy — wien.0) < (€00 +65) Piie, VieFit, (1)
CPV (upp u, — UM < (P + ) v, Vie Fit=1, (7Tm)
0< (PP +c,) 8y, VieF, t} Yw, (7Tn)

where O = {pi¥f Vi € T, t,w;w}i,, Vi, t,w; LhE vt w; uly,, et Vie F,t,w} is the set of
primal optimization variables. The objective of (7) is to minimize the probability-weighted system
cost in the real-time market under scenarios w. Objective function (7a) describes the real-time
cost of power adjustments to cover excess or deficit of wind power production. Electricity load
shedding cost is also taken into account. Constraint (7b) balances the deviations in real-time from
the day-ahead schedule with the position of virtual bidders ) . 1)5 1" as fixed input. Constraints
(7c),(7d), (7e), and (7h) enforce lower and upper bounds on the real-time adjustment of load levels,
wind generation, and conventional slow- and fast-starting generators, respectively. Constraints

(71),(7g),(71), and (7j) ensure the ramp-rate limits of conventional slow- and fast-starting generators
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and represent in combination with (7k) the tight relaxation of unit commitment for fast-starting

units. Constraints (71), (7m), and (7n) enforce the start-up cost of fast-starting generators.
Following Remark 1, optimization problem (7) can be equivalently formulated as the following

equilibrium problem. Slow-starting non gas-fired generator C NS maximizes her profit in real-time

with respect to her day-ahead commitment decision as

max (S\tEw — T, CF) pffw (8a)
pf,ir,w teT
subject to (7e) — (7g) } V(iEielns),w, (8b)
while each fast-starting generator C NJF can update her commitment decision in real-time according
to
max [(S\Ew — T, CZE) Prr L — T e 9a
{ ZT ) o
subject to (7h) — (Tn) } VieCNF),w. (9b)

Similarly, gas-fired generators optimize their dispatch decisions in real-time based on real-time

natural gas price estimation S\tGw as slow-starters G NS according to

max (S\;Ew — T, S\tGw <Z>¢> pStT,w (10a)
pi,t,w teT
subject to (7e) — (7g)}V(i €egns),w (10b)

and as fast-starters GNJF, as

{ Wp X Z [(X;Ew — T, S\tGw ¢,;> pi‘zw—ﬁw cszw} (11a)
p c '

i,t,w ntw! L tw e T

subject to (7h) — (7n)}V(2' €EGNF),w. (11b)

Wind farm J adjusts her dispatch in real-time according to the actual wind power realization

Wj,t,w:

{nllgx X;Ew wiiy, (12a)
htw teT
subject to (7d)}Vj,w. (12b)

Power demand is able to shed load in real-time incurring cost as
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{min (7Tw ChE S\EW) l:l:JE) (13a)
LU er

subject to (70)}Vw. (13b)

For each scenario, the real-time electricity price AF,, is set according to

{mln Z/\ (Zp”w l;?f“E—i-ijijZvRTE)} (14a)

A teT €T JjeT reR

The equilibrium problem (8)-(14) is equivalent to the real-time market optimization problem (7)

for each scenario w.

3.4. Explicit Natural Gas Virtual Bidder

We also introduce virtual bidding in natural gas markets. Similarly to electricity virtual bidding,
the profit maximization problem of each virtual bidder ¢ participating in the natural gas market
is given below for day-ahead and real-time distribution of natural gas spot price 5\? and )\Sw,

respectively:

{g\l/%)((} ( DAG+Z)\ RT G> (15&)
teT

weN

q,t

subject to v +v};‘? G =0: Va1, Y, }, Vq e Q, (15Db)

where VB¢ = {UDA ¢ vey ‘¢ Vg, t} is the set of primal optimization variables. Objective function
(15a) maximizes the expected profit of virtual bidder participating in the day-ahead and real-time

natural gas markets and equation (15b) balances the virtual bidders day-ahead and real-time trade.

3.5. Day-Ahead Natural Gas Market

Both the day-ahead dispatch of virtual bidders and gas-fired units are inputs into the natural
gas day-ahead market clearing problem. The power dispatch of gas-fired units is translated into a
time-varying demand for natural gas by », ;¢ pZ A Vt. Operating cost of the natural gas system

in day-ahead is minimized according to

min (S-cegit) (16a)

teT kek
subject to Y gt — > ¢ pri — oo =0:A8, i, (16b)
keK i€g qeQ

0<g <GP ,uk ,,ukt, Vk,t, (16¢)
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where ©¢P = {gP?}, Vk,t} is the set of primal optimization variables. Objective function (16a) gives
the cost of natural gas supply. Equation (16b) represents the day-ahead gas supply balance with
inelastic demand including fixed gas demand for power production ), . ¢; p?f and amount of
virtual trade qu o U?f Y. Constraint (16¢) enforces lower and upper bounds on the gas supply.
The optimization problem for day-ahead gas market clearing can be equivalently formulated
as the following equilibrium model with each supplier maximizing their profit and a price-setting

agent. Each natural gas supplier or producer maximizes her day-ahead profit with respect to her

operational constraints according to

{max <;\tG - C,?)g,?f (17a)
eGD

teT
subject to (160)} vk, (17b)

with the day-ahead price for natural gas 5\9 set by
min 3N (a0~ Dol —DE + 3 o) (15a)
M teT keK i€g qeQ

The KKT conditions of optimization problem (16) are equivalent to those of equilibrium problem

(17)-(18).

3.6. Real-Time Natural Gas Market

The real-time natural gas market is cleared for adjusted fuel consumption by gas-fired units con-
verted to a time-varying demand deviation via Zieg s pg";w,Vt,w. The day-ahead schedule of
the natural gas system as well as real-time electricity adjustments of gas-fired units and dispatch

decisions by virtual bidders are treated as fixed parameters in the following formulation:

{min oy (D08 g, + e ihe) (19a)

OGR
teT kek
subject to Zgi{;’w - Z Gi Pito+ ;e 4 Z UitT’G =0: S\SW Vt, (19b)
kek ieg geQ
O S (gl]?? + gll;{,rf,w) S Grknax : ZkG,t,w7v§it,w’ vkj? t’ (190)
Girw <GV il VL, kL, (19d)
0<% <DE Vo Uy, Vit }Vw (19e)

where O%% = {gi7 |, Vk,t,w; lii;G, Vt,w} is the set of primal optimization variables. The real-time

cost of the natural gas system is given in objective function (19a). The probability-weighted cost of

natural gas adjustments along with natural gas load shedding is minimized in (19a)under scenarios
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w. Constraint (19b) represents the balance of gas supply adjustments in real-time including fixed

amount of virtual trade vir9. Constraints (19¢), (19d), and (19e) enforce lower and upper

qeQ “ast
bounds on gas supply, gas adjustments and gas load shedding, respectively.
Market-clearing problem (19) is equivalent to the following equilibrium problem (20)-(22). Each

gas supplier updates her supply in real-time as

{max (Xf’w — T, C,S)g,?fw (20a)
©CR ’ ot
teT
subject to (19c¢), (19d) } Vk,w, (20b)
and cost incurred by gas demand curtailment is minimized according to
{min (m ChG _ Xfw)z?f’ (21a)
©GR ’ ’
teT
subject to (19e)}Vw. (21b)

The real-time natural gas price is determined for each scenario w as

{336 (ol oot 2+ 3082 b 220

bw  teT ke i€g qeQ
3.7. Self-Scheduling Gas-Fired Generators
For improving the sectoral coordination, we allow natural gas-fired units to self-schedule outside
the markets for optimally allocating their flexibility in the power and natural gas markets. Each
gas-fired unit maximizes its expected profit given a perfect anticipation of the distribution of both

electricity and natural gas real-time market prices.

3.7.1. Self-scheduling slow-starting gas-fired unit The profit maximization problem of
each self-scheduling gas-fired unit GN S participating in the electricity and natural gas market is

given below:

{m PP (AF =0 AF) = el DR, (WL -0 A5 | (23a)

teT weN
subject to(2d) — (2j) (23Db)
(Te) — (7g)Vw} Vie (GNS), (23c)

where ©%555 = {pP* uP} P} Vie (GNS), ;. Vie (GNS),t,w} is the set of primal optimization
variables. Objective function (23a) maximizes the expected profit of self-scheduling gas-fired gen-

erators and simultaneously considering the day-ahead (2d)-(2j) and real-time (7e)-(7g) constraints
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for all scenarios w € Q. Note that the self-scheduler’s dispatch decisions pPf, ul;, pif, are fixed

input in the market-clearing problems (2), (7), (16), and (19).

3.7.2. Self-scheduling fast-starting gas-fired unit The profit maximization problem of
each fast-start self-scheduling gas-fired unit G N JF participating in the electricity and natural gas

market is given below:

{gls%%( 2 {plt ( — O /\G) —c —i—%pltw (XEW — @ :\Sw> — Ty cffzw} (24a)
subject to (2d) — (2j) (24Db)
(7Th) — (7n)Vw} Vie (GNF), (24c¢)

where O35 = {pP} uP}, PP Vie (GNF), t;pif,, ulf,, i, Vie (GNF),t,w} is the set of primal
optimization variables. Objective function (24a) maximizes the expected profit of self-scheduling
gas-fired generators and simultaneously considering the day-ahead (2d)-(2j) and real-time (7h)-(7n)

constraints for all scenarios w € Q.

3.8. Ideal Benchmark: Stochastic Integrated Electricity and Natural Gas Market
The stochastic and fully-coupled dispatch model simulates the integrated power and natural system
by jointly modeling the day-ahead and real-time stages. The problem is formulated as a two-stage

stochastic program aiming to minimize the total expected cost and writes as follows,

min S[D(CP A+ Y cl gt Y

teT ieC i€ kek weN
(Z pz ,tw Z + Z CkG gk t,w CSh?E l:,}:zE + CSh’G l;}ZG)] (25&)
ieC i€ F kek
subject to
(2d) — (2g), Vi, (16¢),(16b), (25b)
(7e) — (7k), Vi,w, (19c)—(19b), Vw, (25c¢)

where ©5¢ = {©FP Q¢P OFR QCER} is the set of primal optimization variables. In this model, the
temporal coordination of the two trading floors is taken into account by anticipating the real-time

constraints (25¢) for all scenarios w € €.

4. Karush-Kuhn-Tucker Conditions
4.1. Explicit Electricity Virtual Bidder

oL

anDA,E = S‘E — Prit = 0, vr, t, (263)
&)RTE =) AL =P =0, Vrt, (26b)
weN

ot P v RTE—O Prt, VTt (26¢)
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4.2. Day-Ahead Electricity Market

oL B R :
o} =CF = AT~ Hit + M?’f' B ’uﬁ(t“) N Hi& +H5(t+1) =0, VieC\SS,t<|T|, (27a)
oL ‘B _ .
oA =CF =N+, — p, + iy — =0, VieC\SS,t=|T|, (27b)
2,t
oL ‘B R :
e X =G = A T, T~ B — B A, =00 ViEGN\SS t<|T],  (2T¢)
oL - ‘g _ .
8L _Pmax Pmm P _ R— R CSU (—SU _ +SU ) 4 —-B _ B _ 0
(‘)u?ﬁ /h ¢t it il ¢ M (1) i \Hig = Hi@1)) THie— B =Y
VieZ\SS,t<|T]|, (27e)
aL max: HllIl —_— -
uPr = =P, + Pty — Rty + GOV + 7, — py, =0, VieI\SS t=|T], (27f)
oL B .
GuwbA — AT —HJV.Z =0, Vj,t (27g)
75
aL —SU SU .
acﬁ_lfﬂ/lt —it:O’ VZGI\SS,t (27h)
0< (PP —upfP™™) Lyt >0 VieI\SS,t, (271)
0< (up P —pP) Ly, >0 Vi€ I\ SS,t, (275)
0<wit L 1, >0, Vit (27k)
0< (WHA —wh) L, >0, Vit (271)
0< [(PRf = PRe-n) Tuii-nRi] L, 20, VieI\SS,t>1, (27m)
0< [ultRi — (P — pp (t71 )] L, >0, VieZ\SS,t>1, (27n)
0< [(p P““)+U”“R]Lu >0, VicZ\SS,t=1, (270)
0< [uptRi— (pr — P™)] L, >0, VieI\SS,t=1, (27p)
0< [l = CFY (up) —u?@ W) Lmy >0, VieZ\SS,t>1, (27q)
0< [P} =CPP(upp —UM)] LY >0, VieZ\SS,t=1, (27r)
0<ep LV >0, WeI\SS,t, (27s)
0 DALM‘? >0, VieT\SS,t, (27t)
0<(1—wulp) Lpy, >0, VieI\SS,t, (27u)
Zp —i—ZwDA DE—i—ZvDAE—O APVt (27v)
€L JjET reR
(27w)

4.3. Real-Time Electricity Market
oL

_ E E —P P —R —R R R _
ap ﬂ—wC )\ + Vz tw Zi,t,w + Vi,t,w - Vi,(t+1),w - Z75,15,w + Zi,(tJrl),w - 07
1,t,w
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VieC\SS,t<|T|,w, (28a)
oL ~
oy =TCF = Ao TVt = Vit ¥ V10 — Vit =0, YieC\SS,t=1T|w, (28b)
i,t,w
oL . .
OpiT T = )‘G¢2 w TV Vz tw Zit,w + Z/Et,w - l/f,{(t-i-l),w - Ef,{t,w +Z§(t+1),w =0,
VZEQ\SS,t<\T\,w, (28¢)
oL
877)‘(;@ +yztw_2ftw+P?tw_Zthw:0’ Vie G\SS,t=|T|,w, (28d)
pi,t,w ” ” ”
oL _ .
awR;[‘ Afw ;Ntw _Z}T{f,w :Oa V]at>w> (286)
J,t,w
oL
=, CMEAE TR PP =0, Vtw, (28f)
ol;y
aL mafo min P SU SU
8URT - P ztw+P 1tw Ryztw Rul(t+1 C ( ztw_ z(t+1) )
7,t,w
F U~ Vitw =0, Vie F,t <T,w, (28g)
oL
8uRT - Pmixfftw_kpmln ztw Rg?tw_‘_CSU ztw+yztw_ ztw O vze]:t |T|,U),
7,t,w
(28h)
oL
8CRT :ﬂ—‘*’_vis,gw_yltw_o Vzeftw (281)
i,t,w
0< [(PF +pitts) —wp PP Ly, >0, VieS,tw, (28))
< [upp P — (P +piE )] LT, >0, VieS, tw, (28k)
[ pzt +pztw _( 7,D?+uztw)‘szm] Lyztw >O,Vi€]—“,t,w, (281)
[ ??_'—uztw Pmax - (pi,t +pz,tTu.))] J‘ V'Ltw > 07VZ €f7t7w7 (28m)
< (WPt wlt,) Ll >0, Vi tw, (28n)
0< [Wypw— (Wit +wit,)] L7V, >0, Vi t,w, (280)
0<ERP LuPl >0, Vtw, (28p)
0< Dy — %P Lopl >0, Vtw, (28q)
0< [P+ 0 — PGy — P nyw) Fuh R L, >0, VieS,t> 1w, (28r)
0< [ulfRi— (P2 + 01t — PG —Prte1yw)] L7, 2 0,Vi€S,t> 1w, (28s)
0< [(pzt +pztw P’iini)+Uz'iniR] J-Vztw>07Vi€S7t:17wa (28t)
OS [U’ZDIASAR (pzt +pztw F)iini)]Lyztw>07Vi€S7t:17w7 (2811)
0 [(pzt +pztw p; (tfl)_szr(I;ffl) w) +(uz,éfl)+u5(£ 1 )R] LI/ztw>07 Vi€f7t>17w7 (28V)
0 S [( +u?tT)R (pz t +pz t,w pzDéfl) _psafl),w)] LPi,t,w Z 07 Vi € 'F7t > 1,00, <28W)
0< [pD,t +pi,t,w - Pz‘ml + Uz‘mlR ] 1 Vz tw = 0,Vie F,t=1,w, (28x)
0< [(uP +ul DR — WP} + P, — P™)] LoF,, > 0,Vie F t=1,w, (28y)
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0< [(PP+cl,) = CPult + i, —ull ) —ull 1) )] L7520, Vie Fit>1,w, (282)
0< [P+ ,) = CPV (WPt +ullf, —UM)] LDP], >0, Vie Ft=1,w, (28aa)
0< (et +ell) Lufy, >0, Vie F tw, (28ab)
0 S (UP,? + uf,{tT,w) 1 EEt7w Z 07 Vi € Fv tawa (28&(})
0< [1—(ut+ulf,)] LvP, >0, Vie F,tw, (28ad)
SR AT oY Wl =007, v (28ae)
€T reR jeg
4.4. Explicit Natural Gas Virtual Bidder
oL «
9uPAC ~ AF =g =0, Yg,t, (29a)
Vg
oL ~
o RT,G Z )‘Sw - @Z}q,t = 07 VCL t (29b)
Yg.t wen
Vg g =0:9g0, Vgt (29¢)
4.5. Day-Ahead Natural (Gas Market
oL - .
pgps = O — AT+~ 1y, =0 kit (30a)
0<gpr Lu, >0 Vk,t, (30b)
0<(Gy™ —gpy) Lmg, >0 Vk,t, (30¢c)
STt =S pP - DE+ Y upt G =0:48, (30d)
kex 1€G qeQ
4.6. Real-Time Natural Gas Market
oL G_ 3G , -G G —GR
DT Oy =Nt V8w — Vktw T Vhtw =0, Ykt w, (31a)
gk,t,w
oL sh,G 3G | —DG _ DG
8lsh,G = ﬂ-WC - )\t,w + Vt,w - Zt,w = 07 Vtawa (31b)
t,w
0< (ghr + 9hte) LU0 >0, VE t,w, (3lc
0< [Gr™ —(gp2 + grtw)] LTF, 0 >0, YV tw, (31d

0<(GyV —git,) LTEl >0, Vk,t,w, (31e
0<IS LuPS >0, Vt,w, (
0< (Df =15 LoPS >0, Vt,w,

w

(
> ot =Y b DL AR e =028, v w. (31h

kex i€G qeQ
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4.7. Self-Scheduling Slow-Starting Gas-Fired Generator

oL \E | 3G —p P, R _—R R R
{8]9DA =N+ i+, — Hiy +H s = Hy(e41) — Hiy + Hi g

+Z |: ztw_ th+yztw_ﬁ5(t+1),w_Eﬁt,w_‘_zs(t—i-l),w} :Oa Vi < |T|7 (32&)
weN
oL
ap DA _>‘E+)\G¢1+Mzt N +Nzt N +Z { tw Zzt,w—i_pst,w_zst,w =0,t=|T],
weN
(32b)
oL Pmax P 4 Pmm P — R — R, 4 CSU( —SU _ —SU ) _’_fB _,,B
8u?tA i it Mz ot N (1) Hie — Hi(t+1) Hie =1y
+ Z Pmax th w + Pmln z tw R V@ t,w Riz?(t—&-l),w) = 07 Vt < ‘T|7 (320)
weN
8L max-—. min
8 DA _P :u’z t P P R /’Lz t CSUIU’Z t + 1 lu’z t H?t
+ 3 (-PPTL, , + PR, —RTY,,) =0, t=|T], (32d)
weN
oL _
Sepx = LI — i, =0, Vi, (32¢)
oL N T T (S 7 Sy TS L R 7. —vr Ul =0
apz T - t,w 1\ w iwtw  Zitw it,w oL(t+1)w  ZLitw T (E41),w T
vt < |T],w, (32f)
oL ~ ~
ap - _)\tE,w + ¢’L)\tcfw + vzt,w - Zzt,w + ﬁ?t,w - Zit,w = 07 t = |T’7w’ (32g)
1,t,w
0<(piy —upp PP Ly, >0V, (32h)
< (upp PP —pPt) Lup, >0 Vt, (32i)
[ pz S = (t 1) ) + ui,(tfl)Ri] J—Hi’t >0, Vt>1, (32])
0< [ P P;m + U™R;] J_Hf:t >0, Vt=1, (321)
0< [uptR; — (pi — P™)] Loy, >0, vt=1, (32m)
0< [l —CPY( ”—uz(tl)uuf‘gm V> 1, (32n)
0< [P = CP(upp —UM™)] LY >0, V=1, (320)
0<ept LY >0, i, (32p)
0<up; L ,ﬂ? >0, Vt, (32q)
0<(1—wulp) Ly, >0, Vi, (32r)
OS [ pzt +pztw _u]z‘:)tAPimm] J-Hfthov Vt,UJ, (328>
OS[ DAPmaX_ pzt +pztw)]J*V7,tw>07 v157{"]7 (32t)
Og[plt +pztw pz(t 1) p’L(t 1), )+U 1Ri:|J—Z£{t,w207 Vt>1’w’ (3211)



Schwele et al.: Coordination of Power and Natural Gas Markets via Financial Instruments 17

0 < [upf R — (P + Pl = Phi—1) = Phe—nyw)| L 7w 2 0,V > Lw, (32v)
0< [0 + it — P™) +UMR] Ly, >0,Vt=1,w, (32w)
0< [ult Ry — (P + it — P LDY, > 0,\#:1,w} Vie (GNSS) (32x)

5. Proof of Proposition 1
The KKT optimality conditions of each self-scheduling gas-fired generator, whose day-ahead dis-

patch is restricted by operational bounds, enforce

OL  ip ca. o
{apDA:_)\?—i_)\?qbi—'—'uit_Hzt—’_ug’f—”s(“rl) ,u +M J(t+1)
it

+Z [ ztw - ztw+yztw _PS(t—&-l),w _ESt,w +25(t+1),w:| :0’ \V/t<T, (33&)
weN
and
oL j\E G B B
ap - ( T ) Ff w Zit,w + Vie,w - VE(tH),w - th,w +25(t+1),w =0,
2,t,w w Tw
Vi< T,w, } Vie (GNSS). (33b)

The summation of condition (33b) over all scenarios, i.e., > (33b), shows that when virtual bidders
in electricity and natural gas markets enforce price convergence in expectation, i.e., /\E > )\

and AS =3 \G

t,w?

the problem is feasible if only if 7, _Hi . + 7y —ﬁi,(tﬂ) —Hi . +Hi t41) = 0, Vi,t,

e.g., for the case when day-ahead operational bounds are non-binding.

6. Proof of Proposition 2
The KKT optimality conditions of the stochastic two-stage optimization problem (25) and those
of the equilibrium problem (1), (2), (7), (15), (16), (19), (23), (24) with all gas-fired units as

implicit virtual bidders are identical under the conditions that day-ahead operational bounds on

pl]?iAv w;:)tAa C?tAv i, t 9 and g a‘re non- bll’ldlng (e g /’l’z ,t ,ul t+H’L t /’l’z t+1) :u’ +Nz (t+1 07 Vz,t

and ﬁkcjt — ukt =0, Vk t) so that day-ahead and real-time prices converge in expectation (i.e.,

=Y A and A8 =Y AE,), see (26)-(32) .

Generator ¢ € 7 in sequential setup:

oL ‘B _ _
apDA = CzE - AP + Nf,t - Hzt + :U*ELt - /J’E(tJrl N + ,U (t+1) =0, Vt, (34&)
it
aL E P —R —R R R
ap WwC + Vz tw Zi,t,w + Vi,t,w - Vi,(t+1),w - Zi,t,w + 2i,(tJrl),w - 07 vt. (34b)
1,t,w

Generator 7 € Z in two-stage stochastic setup:
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7.

oL E_{E , —P P, -—R _-R R R
8p?A =07 =N+, — By T Rig = Hijern) — By, +Hi,(t+1)

—R R R
+ Z [ tw Y, t w TV V —Vit+),w " Yitw +Hz‘,(t+1),w] =0, Vt,

weN
oL 5 _ _ _
ap =Ty CZE - )\Ew + Vzl':jt,w - Zzl':jt,w + V?:t,w - Vf:(tJrl),w - —?t w + V’L ,(t+1),w
2,t,w
Gas supplier k£ € K in sequential setup:
oL G_ 3G, G G
8 DA :Ck) _At +Mk’t_ﬁk7t:0 Vt,
9kt
oL _
it =M, OF = A+ T = Uiy T Vi =0, V.
o tw
Gas supplier k € K in two-stage stochastic setup:
oL
W_CG )‘G_{_.ukt /.Lk +Z|:l/ktw thw_l_yktw]zo\v/t’
weN
oL G_ 3G , -G =G
W =7, Cf = N T U8 — I/k tw T Vg lfw =0, Vt,w.

Computational Performance

Model ‘ Postsolved residual Computational time [s]
Seq - 0.142

Seq+eVB | 2.46E-09 & 5.03E-8 13.99 + 0.20

Seq+iVB | 0.64 863.97

Seq+VB | 3.80E-09 251.7

Ideal - 0.19

Table 4 Computational performance

(34c¢)

(34d)

(34e)

(34f)

(34g)

(34h)

(341)



