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Abstract

Forced ice shelf vibration modeling is performed using a full 3D finite-difference elastic
model, which also takes into account sub-ice seawater flow. The sea water flow is
described by the wave equation. Ice shelf flexure therefore results from hydrostatic
pressure perturbations in the sub-ice seawater layer. Numerical experiments were
undertaken for idealized rectangular ice-shelf geometry. The ice-plate vibrations were
modeled for harmonic incoming pressure perturbations and for a wide range of incoming
wave frequencies. The spectra showed distinct resonant peaks, which demonstrate the

ability of the model to simulate a resonant-like motion.
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1. Model description and field equations

2.1 Basic equations

The 3D elastic model is based on the well-known momentum equations (e.g. [1], [2]):

do. do. do. a%uU
( xx | J0xy xz _ .
0x ay 0z dt2
do do do 0%V
VX + yy + Yz _ p ;
{ ox ay 0z dt2 (1)
6sz ao—zy 6ozz _ OZW .
dx T dy T 0z P o tPY;

0 <x <Ly (x) <y <y,(x); hp(x,y) <z < hy(x,y),

where (XYZ) is a rectangular coordinate system with X axis along the central line, and Z
axis is pointing vertically upward; U,V and W are two horizontal and one vertical ice
displacements, respectively; o is the stress tensor; and p is ice density. The ice shelf is of
length L along the central line. The geometry of the ice shelf is assumed to be given by
lateral boundary functions y; ,(x) at sides labeled 1 and 2 and functions for the surface
and base elevation, h;,(x,y), denoted by subscripts s and b, respectively. Thus, the

domain on which Egs. (1) aresolvedis 2 = {0 < x < L, y;(x) <y <y,(x), hp(x,y) <z <

hs(x, y)}.

Sub-ice water is assumed to be an incompressible inviscid fluid of uniform density.
Another assumption is that water depth in the cavity below the ice shelf changes gradually
in the horizontal directions. Thus, the ice-front and other such features are not considered
here. Moreover, the ice is considered to be a continuous solid elastic plate. Under these
three assumptions, sub-ice water flow is independent of z in a vertical column.
Manipulating the governing equations of the shallow sub-ice water layer yields the wave

equation [3]:

a*w 1 0 oPp 1 0 opr
b= = (do5e) + o= (do5), (2)
a t2 pw 0x dx pw oy oy




where p,, is sea water density; d,(x, y) is the depth of the sub-ice water layer; W, (x,y, t)
is the vertical deflection of the ice-shelf base, and W}, (x,y,t) = W(x,y, hy(x,y),t); and

P'(x,y,t) is the deviation of the sub-ice water pressure from the hydrostatic value.

2.2 Boundary conditions

The boundary conditions are: (i) a stress free ice surface; (ii) the normal stress exerted by
seawater at the ice-shelf free edges and at the ice-shelf base; and (iii) rigidly fixed edges

at the grounding line of the ice-shelf.

In this model, the boundary conditions are considered in the form of the linear

combination
a, F;(U,V, W)+ a, ®;(U,V,W)=0, i =1,2,3, (3)
where:

6)) F;(U,V,W) = 0 is the typical and well-known form of the boundary conditions
where, for example, the condition on the ice-shelf surface is expressed as
0, N = 0 (71 is the unit vector normal to the surface);

(i) @;(U,V,W) = 0 is the approximation based on the integration of the typical
boundary conditions into the momentum equations (1);
and

(iii)  the coefficients a; and a, satisfy the condition a; + a, = 1.

Thus, these boundary conditions (3) are the superposition of the typical boundary

conditions (see Appendix A) and those based on the integration of the basic/typical

boundary conditions into the momentum equations (see Appendix B). Thus, the

boundary conditions formulated here are notable because they are "mixed".



The boundary conditions to the sea water layer correspond to the frontal incident wave.

They are
. oPr
6)) atx—O.a—O,

.. opPr
(i) aty=y,y= V2ig, = 0;

(iii)) atx =L:P' = A4, p,g e'“t, where 4, is the amplitude of the incident wave.

2.3 Discretization of the model

The numerical solutions were obtained by a finite-difference method, which is based on

the standard coordinate transformation x,y,z - x,n = ;’ _yy L, & = (hy — z)/H, where H is
27 )1

the ice thickness (H = hy — hy). The coordinate transformation maps the ice domain Q
into the rectangular parallelepiped 1 = {0 < x < L; 0 <7 < 1;0 < ¢ < 1}, which presents

simplification to the numerical discretization.

2.4 Equations for ice-shelf displacements

Constitutive relationships between stress tensor components and displacements

correspond to Hooke's law (e.g., [2], [4]):

o =— (uij +—— u”6l-j) , (4)

y 1+v 1-2v

where u;; are the strain components, E - Young's modulus, v - Poisson's ratio.

Substitution of these relationships into Eq. (1) gives final equations of the model:



2(1-v) 9%U , 9%U , 9%U 1 (azv OZW)_2(1+V) 92U

1-2v 9x2 6_3/2 + 922 + 1-2v \0x 9y 9dxdz E p atz’
2%v . 2(1-v)d%v = 9%V 1 02U 2w _ 2(1+v) 9%V
9x2 1-2v 6_3/2 922 | 1-2v (6y ox 0y 62) T E atz’ (5)
Lazw o°w | 2(1-v) *w 1 2%Uu o%v 2(1+v) _2(1+v)  o*w
oxz T ay2 | 1-2v 9zZ ' 1-2v (62 ax | oz 6y) T E T E at2 ’

2.5 Ice-shelf harmonic vibrations. The eigenvalue problem.

It is assumed that for harmonic vibrations all variables are periodic in time, with the
periodicity of the incident wave (of the forcing) given by the frequency w, i.e.,

¢(x,y,2,t) = ¢(x,y,2) e'", (6)
where ¢ = {U,V, W, a;;},

where we are interested in the real part of the variables expressed in complex form.

This assumption also implies that the full solution of the linear partial differential Eqs.
(2), (5) is a sum of the solution for the steady-state flexure of the ice shelf and solution (6)
for the time-dependent problem. In other words, solution (6) implies that the
deformation due to the gravitational forcing can be separated from the vibration problem,
i.e. the term pg as well as the appropriate terms in the boundary conditions (3) are absent
from the final equations formulated for the vibration problem, because a time-
independent solution accounting for them applies and is not of interest in this study.

The separation of variables in Eq. (6) and its substitution into Egs. (2), (5) yields the same

2

equations, but with the operator aa? replaced with the constant —w?

, i.e. we obtain

equation for ¢(x,y, z):
L¢=—-w?g, (7)

where £ is a linear partial differential operator.



The numerical solution of Eq. (7) at different values of w yields the dependence of ¢ on
the frequency of the forcing w. When the frequency of the forcing converges to the
eigenfrequency of the system, we observe the typical rapid increase of
deformation/stresses in the spectra in the form of the resonant peaks.

Note that here, the term “eigenvalue” refers to the eigenfrequency (w,,) of the ice/water

system or corresponding periodicity (7, = i—”). As mentioned previously, the term

“eigenvalue” is employed in the same meaning like in a Sturm-Liouville Eigenvalue
Problem (e.g. [5]). Eigenvalues (where resonant peaks would be observed) are denoted
by the letters w,, or T,, with the subscript n (or other), which is integer, because the array
of the eigenvalues is a countable set.

Letters w or T without the subscript denote the non-resonant values of frequency or
periodicity of the ice/water system. They are defined by the frequency of the incident wave
(of the forcing).

The eigenvalues can be derived from the equation D(w) = 0, where D is the determinant
of the matrix, which results from the discretization of Eq. (7) and of the corresponding
boundary conditions. However, the probability of the appearance of the forcing at any
specific frequency is practically zero. This can be seen when we consider only events
within the frequency range (w; — Aw, w; + Aw). The probability of a forcing that is within

the frequency range, is non-zero:

plo € (0 — Ao, w; +Aw)} =22, (8)

where Q is the width of the range in omega space, which includes all possible frequencies
of the forcing. Eq. (8) also assumes that the events have equal probabilities in different

parts of Q.

Thus, the probability of the resonant-like motion is higher when the value Aw, which is

defined by the width of the resonant peak, is higher too. Therefore, the width of the



resonant peaks is an important parameter, from a practical standpoint, because it defines
the probability of the suitable resonant-like motion.

Computation of the spectra, such as provided below, thus provides important information
about the width of resonant peaks within the likely range of forcing frequencies found in
nature. By assessing the widths of such peaks, a better understanding of the probability

that any one specific forcing event, at a specific w can be assessed.

2. Numerical results & Discussion

The numerical experiments with ice shelf/tongue forced vibrations were carried out for a
physically idealized ice shelf with the geometry of a rectangular parallelepiped as
described above. In the undeformed ice shelf, the four edges had coordinates x = 0,x =
L, y; =0, y, = B, where L is the plate length along the X axis and B is the plate width
along the Y axis (B =y, — y;, see Eq. (1)). Furthermore, the ice shelf thickness H =

hs(x,y) — hy(x,y) was held constant in these experiments.

The numerical results and the discussion were presented in [6].

Appendix A: Basic boundary conditions in x, n, § variables

1) The boundary conditions on the ice-shelf surface (stress-free surface) are

expressed as

Ohg dhg _ .
J—O'xxg— O'xyE-F Oy, = O,
Ohg Ohg .
—ny g - O'yy E + Uyz = O, (9)
Ohg Ohg
0oy T 9y

+0,, = 0.



Respectively, using Eq. (4), we obtain the follow boundary conditions on the ice-

shelf surface for the displacements in x, y, z variables

(ARG E-GrR) G =0
LGP laE GRS G 5) =0 w0

() e (). B 2 a2 (@ ) <o

Therefore, in x, 7, ¢ variables we can write follow equations that express the stress-

free conditions on the ice surface:

a) the first equation (lines 11055-11336 in the program code) is

_20-v) {a 2y g au} L (%)i'f v { +e av}” (6hs)i'j B
1-2v lox X 98 ox 1-2v Y o& x
2v ,a_w ahs) { ) OU | 4, 0U LoV ., av} (%)i'f
1—21;{265} ( yan Eyaf-l' + xan+€xaf dy T
, 6U W ) oW L

b) the second equation (lines 11341-11604 in the program code) is

{ ' aU + & 6_U+ + ) oV Ve av}l] (ahs)i,j _2(1-v) {T[' 6_V+

My an Y a¢ Mx on X 3¢ ox 1-2v Yoy
55 (‘2’;) S asy G - ey G
e +mir+g ‘ZK} = 0; (12)

c) the third equation (lines 11609-11845 in the program code) is

e e () e e 5 ()

21-v) (., oW 2v (9U , 0U , U 2v , ot
1-2v {fz 65} 1 {6x M oy an T 66} T { + & 66} =0; (13)




where the bottom index "1" corresponds to the grid layer located at the ice

shelf surface.

2) The boundary conditions on the ice-shelf base (the surface under the

water pressure forcing) are expressed as

dh doh doh
(o b b —_pIb
| X% ox XYV oy xz ox ’
ohy ohy oy
{O_yxg'l'o-yyg_o_yz—_ L (14)
Ohy Ohy _
k ZX 5, + Ozy E Ozz = I

where P is the sum of the hydrostatic pressure and the pressure perturbations
result from ocean swell:

P =pgH + P'. (15)

Respectively, in x, 7, ¢ variables we can write follow equations that express the
boundary conditions on the ice base in terms of the displacements (and that look

likewise Eq. (11)-(13)):

a) the first equation (lines 16295-16583 in the program code) is

2 (%)“%:zv{ o (3
22 @) s 2o a2 (2
(222 22 e <—>— ()" 22,

b) the second equation (lines 16588-16859 in the program code) is



{le on ¥ fya_€+z_z+ xan + £ 66} ! (ahb)lj +%{ny an Scy g?} ]g(aa%)i,j +

131/ {Z_Z g, T gg}” (ahb)u + 1-2v {EZ ZV;}U (aal;b)w N {%a_‘; 3’ an +
B3 e (o s w

c) the third equation (lines 16864-17109 in the program code) is

GRS g2 () e ya,,+eyaf}’(z—';b)i"'—

2(1- v){é,, GW} v {au i e au} > { i e 6V} _ pr.2am

1-2v % a¢ 1—2v lax * x an X 9§ 1—2v Uly an Y o¢ E
2(1+v)
pgH - =—=; (18)

3) The boundary conditions on the ice-shelf front (x = L) are expressed as

= f(&);
ayx = 0; (19)
x =0
where
0,¢< E;
f(€) = H (20)

hs
ng(hs - fH),f = H®
In x, 7, ¢ variables equations (19) in terms of the displacements are expressed as

a) the first equation (lines 1570-1636 in the program code) is

Gt I et e -

f(&); (21)

b) the second equation (lines 1640-1693 in the program code) is



, U A 1

oy + o ot g+ }N’”_o- (22)
Tyan ™ Svag T an ™ Sx 5 ’

¢) the third equation (lines 1697-1740 in the program code) is

ow

, AU AR

4) The boundary conditions on the ice-shelf lateral edge y = y,(x) are

expressed as

raxx (Zy = (&)
Oyx % — Oyy = fy &); (24)

| d
Vi _n.
\ Ox — 02y =0;

where
JHOE " f<:_; ’ (25)
pwg(hs —EH) —2,& = 2,
and
0, £ <™,
f(&) = (26)

—pwg(hs —EH), & = —-

Respectively, in x, 7, ¢ variables equations (24) in terms of the displacements are

expressed as

a) the first equation (lines 3847-3978 in the program code) is

ey (—)—{ wed, (@)
e aW}” (B~ 5o s it enite ] -2 20

(27)

b) the second equation (lines 3982-4112 in the program code) is



5)

204 6 2+ Sy 2 g, 2 () 2Oy 2 g 2}

2v (U L1 oy (., awbl 2(1+v)
1-2v {E t nx an + Ex af} 1-2v {EZ a_g} fy (E)a (28)

c) the third equation (lines 4116-4195 in the program code) is

i1

{fz ot T +77x an o+ 6 af} . (%)i_{%g_;-l_ Ty an +";3’ af} =0 (29)

The boundary conditions on the ice-shelf lateral edge y = y,(x) look like

Eq. (24) and are expressed as

dy»
|{ Oxx dy Oxy = fxz &)
4 “Oyx % +oyy = £ (§); (30)
L —0yx C;yz + 05, =0;

where
£2(8) 0§ <5 (31)
X = d 2 S hs 31
~pwg(hs = §H) =2,& = =2,
and
0, £< E;
2 = " (32)

pwg(hs — EH), & > ==

Respectively, in x, 7, ¢ variables equations (30) in terms of the displacements look

like Egs (27)-(29) and are expressed as

a) the first equation (lines 6295-6425 in the program code) is



A 22 () - 2 g () -
2o () R a s e e a2 -2 o

(33)

b) the second equation (lines 6430-6560 in the program code) is

ov a\“Nn  rdy, 2(1-v) av )Ny
{nyan+"zya_§+£+nxan+€xaf} (dx) t o {nyan Scyaf} +

2v {au , OU +é au}”"n
v lax * x on X 98

a2 " = g, (34)

¢) the third equation (lines 6564-6647 in the program code) is

st @) (e e 6 2 0.9

Appendix B: The approximation of the boundary conditions based on

the integration of the basic boundary conditions into the momentum

equations (1)

In this study, the technique, in which the basic boundary conditions (Appendix A) are

included in the momentum equations (1), is considered.

The procedure for this inclusion consists following successive steps.

1) We rewrite, for instance, the first equation from (1) using the new variables:

r 00xz 0%u
+ ¢, gf =P (36)

00xx ;0 Jxx
ox x

00y

, T

1 O0xx ; 00xy '
X 9& +77y on +€y ¢



3)

4)

substance (glacier):

o) oty .

( xz) ; (37)

H2A$

where index "N;" corresponds to the grid layer located at the ice shelf base.

The standard (typical) boundary condition at the ice-shelf base (first equation from

dhy

(14)) requires that g,, = 0, — o T Oy 5 + P— ahb . Thus, we should replace (ze)

in agreement with the standard boundary conditions, with {axx aah” + Oy aaf;f} +
N¢

iL,Jj
(P %) . Finally, we obtain the following approximation of the derivative
Ne¢

(f’ %)U at the ice-shelf base:

) 2o\ 1 _13 o om o om)
(fz af) Ne H2Af( XZ)Ns— H2Af( XZ)NE— H2A§{Gx" dx + Oxy 6y}Nf
L3 (pro\Y 3 o\

HzAf(P 6x) ZAf'Dg(ax) ’ (38)

where P = pgH + P’

Thus, at the ice shelf base, we apply the equation



(=), + (1, 22) + (%) + (o, 52) + (5, %2) -
Nf n Ng 3 Ng n Nf 3 Ng

11 ij 1 4 ij 1 3 { ohy, ahb}i'f
—— —— (o ———0,,—+ 0., —¢ —
H2AE (axZ)Ns—Z T +H2A§( xZ)Ns—l H2A8 UXX gx T Oxy dy Ne

() = era(2) 0 (32, 2

which is the first equation at the ice-shelf base, instead of the standard equation

_ dhy dhy Ohyp
Oyy = O-xxg-l_ O'xyE-F P?

Therefore, after the coordinate transformation, the applicable equations at the ice-

shelf base can be written as



f(aaxx)i‘j ( ;0%\ ) 00\ ; O00xy L ; Ooxy L
(5 (02 4, 52 4,22, -
0x Ng X 0n 0¢ Ng Yy on Ng Yy 0¢ Ng
1

H‘JZAE( xz)NE 2 HUZ_AE( xz)NE 1

1 3 oh oan) 1 3 ahp\J
N N O
HU 2 A& x ay HU 2 A& ox
3 ahb)lf (OZU)i‘j _
2A§pg(ax trGe N’
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ox /Jn X 9n Ng y an Ng y 0¢ Ng

3
1 1
HUZAf( yz)Nf_ Hl]zAf ( yZ)NE_
< 1 3 { oy ahb}U 1 3 (P’aﬂ)i’j~ (40)
Hiizaz %9 5% T %y G, HUJ 2 A& ay -
3 ahb)” (az_vy'f.
ZASpg( TP \oe Ne'

affzx)i'f ( : aazx)i' ( aozx) Li ( : aozy)i’f ( : aazy)"'j _
(ax N§+ nxan Exaf §+ lean €+ Eyaf N

3

HUZAf( zz)Nf 2 HUE( ZZ)NE 1

1 3 dhyp ahb} 1 3 NG P
—_—— — — ——(PY =
HUJ 2 A& {sz ox + Ozy dy N + HU 2 Af( )

aZW L]
- ZAfpg+pg+p(at2)N$.

In terms of the displacements equations (40) are expressed as

a) the first equation at the ice-shelfbase (lines 11857-13535 in the program

code) is
2(1-v) (0%U , @ , oU , U 02U , 0 , OU 1 0 (g1 0U , 02U
1-2v {F tox (77" ) (Ex af) Mx anox t7x (Tlx an) x5, (";x af) $x afax

() + g (53], + TRl s) v (B3 +mg (6 5) +




("(y a§)+€x ae( YZZ)+E”‘%(€§Z_Z)};;+1iZV{;_x(
f;%(f;f;—?)};i+{n;%(n;j—§)+ M2 (62) +my 2l oy 2 () 2 (62 +
G2(hY) +62 (5D +a o+ 2 (D) + 626D - mr{a

Ne¢

w 0w ,_}‘ L2 (e U O W fa_W}i'f _
ax+77x an $x ¢ N$_2+HUZAE Sczafdl'ax MNx on $x ¢

1 3 anb)ll 2(1- v){au ,au} _Li(aﬂ)i’j 2v {, ,aV}
HUZAE( 1-2v ax-H7 +f"af Ny HU 2 A8\ ax 1-2v +€yaf

13 ahb)ll 2v{,aW} _Li(aﬂ)i’f{,au , U ) oV ,6V} B
Hi-szE( fzaf Ne HUJ 2 AE \ 9y nyan+fyaf+ + x +€xa€ Ne

Nf—l

21+v) 13 (P,ahb)i'j~2(1+v)_ 3 (6hb)i’j+2(1+v)_ (azu)i'j.
E  Hu2Af ox T E  2Af ax E az/y,’

(41)

b) the second equation at the ice-shelf base (lines 13540-15145 in the

program code) is

G O 50) 5 (6 5) + e () + (6 5) i (o 50) + i (6,59) +

W gmae + Mgy (M 50) + i (655) + g (mh 57) + €3 (6 55) + G g +

g (n) + e (650}, + A2 (0 50) +m 3 (650) + 63 () +

S (65, + Sl st (h5) +m (8 5) + S 6 7 (n ) +
8 (fa’ci‘é)}gﬁ—;{&ai(%?!)s (@2, e e 2+
f&"’a—”!}l_z o B e () R e S

,aV} _Li(ahb)ljz(l v){ , av} 13 (ahb)ll 2v {au , U
Ex 6E { Hi'jZAf 1-2v fy af g Hl} ZAf 1—2v lox + rlx an +



3 aU}i'j 1 3 (6hb) Li 2v {5 }i'j 20+v) 1 3 (P,ahb)i'f~2(1+v)_
X 9g Ne Hij2 A8\ 8 Z 9 E  HU2AF ay T E

3 g (6hb) + 2(14v) o (W_V)i'j; (42)

ZAE'D E at2 Ng

c¢) the third equation at the ice-shelf base (lines 15150-16268 in the

program code) is
(650 + S5+ (e 50) + (6 30) + mie s (8258 + e o+ e am (2 55 +
(@) +an (e ) et an (i) + e (550 ’f fy = (5:5) +

(% (Z’]:’/) T 0 ((fé ZZ) + &y af( ) +$y 5 0§ (53’1 Z?)} Jf -

11 20) faW} 1L o (U, 00 ,av} e LI
HY 2 A8 1-2v {fz o9& HU 2 A& 1-2v ax Nx 5, an +8x d¢ HY 2 A§ 1-2v My an +

, aV} 1 4 2(1- v){ , aw} 1 4 2v {au ;) 0U , au}
53’ &)y, thi HU 2 A8 1-2v $2 d¢ Ne-1 T HY 2 Af 1-2v (9x Nx an +&x G Ne-1 +
14 2y { e aV} B Li(ahb) {5, o ow 0! w Y BW} B
HY 2 A§ 1-2v Y a¢ HU 2 AE Z ¢ MNx an X 9& N

1 3 ahb) { , OV , W , aw} 2(1+v) 1 Py ~ _20+v) | 3 2(1+v)
HUzAE( (’zzaf yan+€y o¢ + E HUZAf( ) E 2 AE + E
2(1+v) | (E)Z_W)i‘j .

pg+—0—P\5z ), (43)

3

The same technique yields the similar equations at the ice surface
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l] aZU l!]
———10,y — T O ;
HY 2 A& 7% 9x t Oxy oy HUZAf( xZ)Z +H112Af ( xz) (8t2)1
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(6x)1 +(77x an ¢ +77y an 1+Ey ¢ +

1 3 dhs ahS}U 1 4 L1 1 ij ( 2\
— 10y —+ 0yy—1 ————|0O ——|o
HLJZAS{ Yx 9x t Oyy ay J, H‘JZAE( yz)z +H"12A§( yz)s atz /4

(44)

asz)i'j ( ’ aO'zx)i'j ( ’ aO'zx)i'j ( ’ aazy)i,]' ( ’ aoZ}’)i'j

(6x1+nx6n +Exaf +77yan +";yaf +
13 (o Oh %}” L iy L1 - € W)” .
\HbJ 2 A¢ {GZ" dx to HlJZAf( ZZ) + HUZAE( ZZ) pPgt+p at? ’

where the lower indices 1-3 in Eq (44) denote respectively the numbers of the grid layers

starting from the ice surface to moving downward in the vertical direction.

In terms of the displacements equations (44) are expressed as

a) the first equation at the ice-shelf surface (lines 6658-8319 in the

program code) is

o o )+ (52 5) e i (e ) + e (6650 + g+
A R R M U R GR A R e (A R
iy (630 + iz (1 30) + ek (6 50)), + 2 (5 (6 50) + e (8:50) +

I (R CE e S U CE




B0+ 682+ S amr 05 + 84 ) 4l e

aw ,aw ,GW} 1 3 (ahs)‘fzu v){aU

yow ot 1 4 (0 aw aw
ox xan+€x 65} HUZA{{EZaf + Nx +Ex o0& HU 2 A& 1-2v lox

s Esy, tarra(5) TR tha S5, i (5 mwlEs, -

N o M

b) the second equation at the ice-shelf surface (lines 8324-9909 in the

program code) is

(e (i 50) + 32 (8 5) + 5 e (i 50) + 35 (5 5) ke (o ) + i (65 5) +
s+ Mgy (1 50) i (558) + 65 (3 57) + 6653 (559) + 650+
izt () + g (B30}, + 52 e (b 5) + (55 + 6 3 () +
Sae (6T, + 5 0 + g () 4

oo o (0 (o ow v o o

gyaf("txaf)} +1 {yan(fzaf)-l'fyaf(fzaf)} +H112A§{€Zaf yan+€yaf}

HUME{gZ? : +€,6W} L L3 (ahs) {TI +f’aU v . ,6V+€,6V} +

, ai( ’,‘?3151) ‘;J”:fal; S‘Zyaf( ’,‘ZZ)+

Y ¢ HU 2 AE Y a¢ xan * ¢
() 2 e 639, () e e a3 4
o () o) <o () ©

c¢) the third equation at the ice-shelf surface (lines 9914-11047 in the

program code) is



(e(e5) + S+ (i 5) + (850 + g (85) +megr+ e (50 +
Tem (620) + £ (61 20) + 1 oo+ 12 (e o) + 61 (5120} + {2 (52 20) +

Bam5) (65 sRER6Rm i) aR G, +

T LA }’ L }’ Ly ¥
Hi 2 A§ 1-2v $z ¢ +Hl'J'2A§1—2v ax+nx on +€x d¢ +Hl’J’2A§1—2v My an+

S(ra_V}i'j_L 4 2(1—1/){f }”_L 4 2v {6_U+ ,a_y+€,a_y}ij_i 4 2v { ,6_V+
Y agl, HY 2 A8 1-2v % 8¢ HY 2 Af 1-2v Lox Mx an X o9& HY 2 Af 1-2v My an

E’av} +Li(%)i’ {g;a_”+_+n;caw+f’aw} +éi(aa_*;5)i' (a5 +m o+

Y a¢ HY 2 AE o9& X 9¢ HU 2 AE o9&
, OW 2(14v) 2(1+4v) 92w i'j_
&y af} ~TE 9+t (at2 )1 ’ (47)

Accounting for Egs (19)-(20), the same manipulations lead to the following equations

at the ice-shelf front (x = L):

( Ny—2 Ny—1 Ny.j af(f) o2y \NoJ
Mx( % D Mx( % D —mf(f)—(f ), P(ﬁ)k ;

_ . _ . i N , N ,j
1 Nx—2,j 4 Nx=1,j ( , aoyy) N ( , aoyy) ] ( aayz) L2
2Ax(0yx)k ZAx(ayx)k 7y an /, + S(y 9 §'z -

) (61.“2)ij (48)

Ny,J Ny, Ny, j
Ny=2,j _ Ny—1,j aJZJ/) * ( / aazy) x] ( / aUzz) ~
oG Ay CR N U R (S §,22) " ~

L ~og+0(55),"

where f(§) is defined by Eq (20).



In terms of the displacements equations (48) are expressed as

a) the first equation at the ice-shelf front (lines 877-1016 in the program

code) is
1 201-v) {a n , aU}Nx‘ZJ 1 2v { , aV 4 aV}Nx_ZJ 1
2Ax 1-2v ox x 2Ax 1-2v My 61; Y a¢ 2 Ax

, owNx=2J 4 201-v) ,ou ., auNx—1J 4 2v , v
B e B3 63

z 2Ax  1-2v 2Ax 1-2v Yoy
avyNx—1.J 4 , owNx—1J 2(1+v) 2(1+v) Ny.j 6f(€) 2(1+v)
&y 65} T 2Aax 1- 21/{ z } ~TTE 2Axf(€) (& ) E
aZU NxJ'
P (W)k > (49)

b) the second equation at the ice-shelf front (lines 1020-1319 in the

program code) is

1 (09U, ., 0U , oV ,OV}N"_Z] i_{,au , OU ,av

2 Ax {yan+€ya$+ +77xan+€x 2 Ax yan+€yaf+ +77 +
onNNx—Li  20-v)(, 8 [, vV ,ov\ Ve 2y (, d%U , 9 ([, U

gx af} + 1-2v {nya(ny %) (fy af)} + 1-2v {le on ox + nyﬁ(nx %) +

G e U G I e R (o R G
Ny, j j
st S hi) @R, bR HerER)

) e (B 5L <12 (59, (50)




c) the third equation at the ice-shelf front (lines 1323-1562 in the program

code) is

}Nx 2,j

ow owNx—1.J
2 Ax {€Z_+ +77 +€x aE T 24x {EZ_+ +77 +€x af} +

(my 5 (&258) + n&%(n'y 2 by (5 20)) (6 (61%0) + &5 e () +
GG + O a2 (2 )+ (e ek e () +

S o5 (E’,‘ g?)} j T {fz ag( ;ZZ) +8ios (53'; 3?)} o 2(1E+V) - pg + 2(1E+v) D (a;tz/):x'f;

(51)

Accounting for Egs (24)-(26), the considered technique leads to the following equations

at the ice-shelf lateral edge y = y, (x):




(5, + (. 552), + (6 %5) = () s (o)) +
(n’y)%(%)” (7,) £ i (32) +

(6, %0), () + (6.59), =
~—(r,) T RO+ (5,), Fro 5D,

()" (r,22) o+ (5422) = () s (o) +

< (m)‘ﬁm"Z—(n'y)%(ay»;‘f (22) + 52)
(6,222) " (2) + (57, 222)” =

== (1,) i@+ () Lo (2)

02+ (), ) 2 )
(n’y)lﬁ(azy)‘z (1) 7 @i (22) +
,1 i,1 i1
| ), (5]

where the upper indices 1-3 in Eq (52) denote respectively the numbers of the grid layers

starting from the ice lateral edge y = y, (x), moving in the horizontal transverse direction

in the glacier.

In terms of the displacements equations (52) are expressed as

a) the first equation at the ice-shelf lateral edge y = y,(x) (lines 1751-2555

in the program code) is



2 5+ am () + g (5250) i g i (0 57) + e 3 (6458) + g+
$x as( aU) Py A& (Ex af)}l ’ + 131/ {aa_x (TI;’ Z;) ox (Ey af) + 10z aan (Uy ;V,) +

M % (% af) $x 35 I3 ( My g;) $x a%’ (3;3” Z_‘;)}Zl + 121;1; {ax (";Z af) 11 % (‘fé Z_V;) +

Py o9& (fz af)}l ’ B (n’y)i zin {773’ on gy g? gz tn x_ + & 32}13 + (T’,y)i zf\n {Uy Z:I; +
GRS ny - () S e ey () -

(n,y)i 2 Zn 121;1/ {Uy g; Ey Zg 1 (i;:)i N (n,y)i 2 Zn 1-2v {EZ GW}l ’ (23;1) + 21(1 2:) {(’Zy afzaL:c +

Gl + 5505, () +HBami) ren R, ()4

i,1
a2 EnER e anmi e G5, -
SECONEE) P ORI (f’y)::l‘;—’?+@-p(%)?; (53)

b) the second equation at the ice-shelf lateral edge y = y;(x) (lines 2562-

3256 in the program code) is

(5 + 2 (63 + 2+ 2 () + 2 (539}, + (i (53 +m (559 +
v+ (1 22) + s (8620)) {2 (2 + tr e (52) + e+
eI+ a2 (@) - (1) 2 e+ 62 - (1) S 2
82 - () 62+ () s 2 (o + 6y 2 +

(r,) s e ms+ 6307 + (1) s 85 - () S5 2o+

ou . av ou 2%v ov

3¢ & toe T 77x an o $x af} (Cfiyxl) {Ey aE (ny an) &y a% (53” Z_lf]) + 9&dx +<y a% (77’,‘ %) +

1




& 66_€ ("(”‘ Z_Z)}Zl ((?;1) {SCZ I3 (SCZ af) +agg I3 (773’ ?:;/) ¢z 8% (EJ” %_?)}Zl & @ '

i,1

(n,) 50 + 2022 () 2 (50) (5

¢) the third equation at the ice-shelf lateral edge y = y,(x) (lines 3261-

3836 in the program code) is
2 1 2
(2(620) + 2w 2 (2 + 2 (e 2)) " i (2 20) # mbm o (o 20
Mx 57 an (fx ZV;)} {Ex (EZ ) Ex a&?x + g a¢ (Ux ZV:) S35z ¢ (E" ZV;)} B

( )ZAU{EZ yan Eyaf}13+( )ZAn{EZ yan EYZV;}LZ_

(1) o 5+ 5 oy + 650, () + B (63 v i Gz () +
G (5], (3 + 2GR, Sl saleg)+
i1

fa(a2) i ln (L) ran(6R)) 1 pg + . (22)

(55)

Like in Eqs(52), accounting for Eqgs (30)-(32), we obtain the following equations at the

ice-shelf lateral edge y = y,(x):




(5, (%5, (f’x"’é’;"‘)w"+(n’y)iﬁ(oxy)§;’v"'2—
() s (o) (1) i o™ (2 +
(6,5, () + (%"
(

LNy o2 2\ N
~= (1)) RO (6,) " L p(22)

(5, "+ O 55), "+ (655, + () i (o), -
(7,) 5 (o)™ + (1) i o, () +

(e, %), " (3 + (5. %), " =
<~ (1) O~ (6,), " F o (5),

(56)

i,Ny

() + 05, + (6058, + () s ool

(n'y&(azy)"”" P (1) 2 ol (2) +
(5, %2) " 2 (5, 22) ™ ~
2

L ~pg+ p("faff)m"

where indices, "N, — 2", "N,, — 1", and "N,,", denote respectively the numbers of the grid
layers, moving from "N, — 2" in the horizontal transverse direction and ending at the ice

lateral edge y = y,(x).

In terms of the displacements equations (56) are expressed as

a) the first equation at the ice-shelflateral edge y = y,(x) (lines 4206-5003

in the program code) is



D+ (e 5o) + o= (5:50) + e o + g (e 5o) + i (5255) + g+
G (1 20) + i (2] " 2 () + (5 %0) + i (3 ) +

: ai(szy af) $x af( My an) $x 5% d¢ (3(3’ af)}mﬂ + 121;11 {ax (EZ af) + 77&% (Scé Z_V;) +
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N\ 4 ou v o oy Ny -1 N3 20w) (0u
() sl o+ 65 6x+nxan+€xaf} +(,) sy Ge St

a3 () () s a8 5, () +
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ow aw\) N

{EZ ("(Z ) Ezafax Ezaf(nxan) Ezaf(”;xag)} z_@'(n’y)iﬁfxz(f)_

201+v) (gfy)‘*”n Ui | 20, (270

E k dé T E ot2 /Jy,

i.Ny

i,Ny

(57)

b) the second equation at the ice-shelf lateral edge y = y,(x) (lines 5008-

5703 in the program code) is

(53 + 2(550) + Zr & () + 2 (6 2+ e (2 +

n&%(f& ) + et ey (1 50) i (150)), (e (3 + 1 (6 30) 4
Ny .

Ex asax + g ¢ (77" ) $x 5 ¢ (Ex ag)}l + (n,y)l ﬁzil 2:) {773’ an Ey Zg}mn - +

(, )" 1 2v {a_u_l_ U éTaU}”\’n 2_|_( ) )i 1 2v {f,a_W}l'Nn—Z_
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e L M (0 e o S
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1
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c) the third equation at the ice-shelf lateral edge y = y,(x) (lines 5708-

6286 in the program code) is

(Z(62)+ 24 2 (%) + 2 (2] + (e (6420) + i b e (12 ) +
R (G2 a2 (@) + a2 () + (G 2)

(r,) e+ m S+ 5™ () s fe e m s 39 " +
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G (1 30) + 6% (530) " (22) + 2 2 (0130} " + s {sr 2+
Go(ni)+ e (o) 2 {e i)+ an (s ) ~ X2+

i,Ny

i), 2y, (59)
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Appendix C: Equations (5) in x, n, ¢ variables




In x, 7, ¢ variables equations (5) are expressed as

a) the first equation (lines 17121-17573 in the program code) is

et () + 5 (65p) +mig w0 50) e (657) + g+
0 U

9 Ux—n + X 9g \°% a¢ 1?;1/ aa_x Uyg—; aa_x 3’3—‘; nxaan nyz;
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b) the second equation (lines 17579-17980 in the program code) is
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¢) the third equation (lines 17985-18313 in the program code) is

(8 +Sa+ 2 (mor) + 2 (5 50) +miemm (81 50) + mie g + i (me 50) +
e (6%) +a2(62) + e+ () r e (G 2]+ a(e2) +

ny o (ny 50) + 1y 5 (& 52) + %%(EQ%)JF%%(W&Z—:’)+E§%(€;"’a—”€’)}ij+

(2] 2l e )+ (30 4
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