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Abstract. We investigate the numerical solution of linear fractional Fredholm-Volterra integro-differential
equations (FVIDEs) by using of Bessel polynomials of the first kind and collocation points. This method
can be easily applied to many linear problems and is capable of reducing computational works. Numerical
examples are presented to illustrate the efficiency and accuracy of the proposed methods.
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1 Introduction

Many problems can be modeled by fractional integro-differential equations, which have different ap-
plications in various areas science and engineering such as thermal systems, turbulence, image processing,
fluid flow, mechanics, viscoelastic, and other areas of applications!>% 11-21-221 " Also, for solution of these
equations many analytical and numerical methods have been exited such as, Adomian decomposition method
(ADM)P 131 Spline collocation method!'®!, Bernoulli wavelet method!®!, Chebyshev wavelets method?®,
Legendre wavelets method!® and other methods who are interested to learn more about this topic could refer
to [1, 14, 16, 18, 23, 26]. Yuzbasi et al.?®!, Yuzbasi and Sezer'*?!, Yuzbasi et al.[*”] have worked on the Bessel
matrix and collocation methods for the numerical solutions of the neutral delay differential equations, the
pantograph equations and the Lane-Emden differential equations. Recently, Yazbasi in [31] used Bessel poly-
nomials and Bessel collocation method for solving high-order linear Fredholm-Volterra integro-differential
equations.

In this section we want to discuss on the numerical solution of integro-differential equations of fractional
order with initial conditions, let us consider the general form of FVIDEs:

k
po(x)«Dy(x) + > pj(x) DY y(x) + prr1(z)y ()
7=0 (D

1 T
=g(z) + )\1/ ky(x, t)y(t)dt + )\2/ ko(x,t)y(t)dt,
0 0
where, 0 <z <1ln—-1<a<n,neN,0< b <y << 0 < a,under the mixed conditions
yD(0) =8, i=0,1,-- ,n—1, )

* The work of the first author was supported by Alzahra University.
t Corresponding author. E-mail address: ordokhani @alzahra.ac.ir

Published by World Academic Press, World Academic Union



World Journal of Modelling and Simulation, Vol. 12 (2016) No. 3, pp. 204-216 205

where . D® is Caputo fractional derivative and is a parameter describing the order of fractional derivative. Also,
y(x) is an unknown function, the known functions are p;(x),j = 0,1,--- , k+ 1, g(z), k1(x,t), ka(z,t), M
and Ay are real or complex constants. The paper is organized as follows: In Section 2, we express some
necessary basic definitions of Riemann-Liouville fractional integral and Caputo fractional derivative, then
describe properties of Bessel polynomial of first kind. In Section 3, we introduce the fundamental relations
and method of solution. Section 4 is devoted to an estimation of the error. In Section 5, we report results of
some problems which are solved by propose method. Finally, Section 6 concludes the paper.

2 Preliminaries

2.1 Basic definitions

We give some basic definitions and properties of the fractional calculus theory, which are used further in
this paper.

Definition 1. The Riemann-Liouville fractional integral operator of order o > 0 is defined as [17, 20],

Py(z) = F(la) /0 (z — )" y(t)dt, x>0,

Py(a) = y(2),
where I'(.) is Gamma function. It has the following properties

r 1

gy = LoD
I'iv+a+1)

Definition 2. The Caputo definition of fractional derivative operator is given by [25],

R S ISR
o L @

wheren — 1 < a < n,n € N,x > 0. It has the following properties

D% (x) =1""*D"y(x) =

DI (z) = y(x),
n—1 l‘k
DOIy(x) = y(@) = Yy (07) 75, @ >0,
k=0

2.2 Bessel polynomials of first kind

The m-th degree truncated Bessel polynomials of first kind are defined by [17],

&yt e
J, = 2 (D) g <x < eN 3
m(l’) — k'(k+m)'(2) Y =X OO, m 9 ( )
where N is chosen the positive integer so that N > m and m = 0,1,--- , N. We can transform the Bessel

polynomials of first kind to in N-th degree Taylor basis functions. In matrix form as
J(z)—DX (z), “)
where

J(x) = [Jo(@), Ji(x), -, In(@)]T, X (@) = [1,2,22, - 2] )
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If N is odd
[ 1 1 S i
00120 0 111122 (Tfl)g(Tfl)gzN—1 0 »
1 (-2
0 ot 0 0 B (A (A 12N
_ 1 -1z
D= 0 0 012122 (%)g(%)uzz\l—l 0
: : :
0 0 0 o Ol(N—1)12N-1 (1]
L0 0 0 0 OINT2N 4 (N41)x (N+1)
If N is even
r N
1 -1 (-)=
010120 0 2 0 (XN
N—-2
1 (-1) "2
0 onm 0 - (M2 (XyeN-1 0
—2
_ 1 (-n"=z_
D= 0 0 fpm - 0 (A2 (EE2)en
: : i
0 0 0 T oI(N—1)I2N-T (1)
L 0 0 0 - 0 0INI2N 4 (N+1)x (N+1)

2.2.1 Function approximation

A function f € L?[0, 1] may be expanded into Bessel functions as
N
f(z)— Z cndn(x) = CTJ(z), N >n,
n=0

where

1
C= < / f(x)J(m)dw) Q" ©)
0
1 1
Q= / J)JT (t)dt ~ / DX(t)XT(t)DTdt = DHD”,
0 0
and H the integration of dual operational matrix of Taylor polynomials so that

1
H:/ X()XT(t)dt, H = [hy],i,j =0,1,---,N,
0

1
hiys = —— §.7=0,1,---.N.
1) ’L+]+1717] P ’

In this section we can approximate the kernel function by the truncated Maclaurin series and truncated
Bessel series [24], respectively

ko k
k(x,t) o~ Z Ztkmna:mt”,

m=0n=0 (7)

k k
k(z,t) ~ Z Zbkanm(x)Jn(x)7

m=0n=0
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where

1 9m+nk(0,0)
kmn = : 5 ) :0717"'7N'
t mln!  OJx™mot" e

We can write Eq. (7) to matrix form as

k(x,t) ~ XT(2)ke X (t), ki = [thmn], m,n=0,1,---, N,
k(z,t) ~ JT(2)kp J (£), kt = [pkmn], m,n=0,1,--- N.

12

By substituting Eq. (4) in Eq. (9) and putting equal to Eq. (8) we obtain:

ki = DTkyD, ky = (D7) 'ky(D)~L.

2.3 Operational matrix of the fractional integration

The integration of the vector .J(z) defined in (5) can be obtained as

/m J(t)dt ~LJ(z),
0

207

®)
€))

(10)

(11)

where L is the (N + 1) x (N + 1) operational matrix for integration. Our purpose is to derive the hybrid
functions operational matrix of the fractional integration. For this purpose, we consider an N-set of block-

pulse function as

i i+1
bi(z) = L yg=s2 < N+1
0, otherwise

the functions b; () are disjoint and orthogonal. That is,

0,7 # j,
j(l‘),i =J,

o) = {

(12)

(13)

from the orthogonality of property, it is possible to expand functions into their block-pulse series. Similarly,

Taylor function may be expanded into an N-set of block-pulse function as

(14)

where B(z) = [bo(x),b1(z),--- ,by(x)] and pisan (N + 1) x (N + 1) product operational matrix as

1 1 1 1
1 3 5 (N+1)?—N2
2(N+1) 2(N+1) 2(N+1) 2(N+1)
1 7 19 (N+1)>—N3
p= 3(N+1)2 3(N+1)? 3(N+1)? 3(N+1)?
1 2N+1_1 3N+1_2N+1 (N+1)N+17NN+1
L (V)M ()N (v N (N+1)NH

In [10], Kilicman and Al Zhour have given the block-pulse operational matrix of the fractional integration

as follows:

where

I°B(z) ~ F*B(x),

(15)
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[1 & & - Evor ]
) . 0 1 & - &n—2
o o o 1 --- _
Pﬁ_(N+UaFW+1) SR £ﬁ3 , (16)
(00 0 - 1 |

with &, = (k + 1)*T! — 2kt 4 (K — 1)FL, Next, we find the Bessel function operational matrix of the
fractional integration. Let

I°X(x) ~ P*X (z), (17)
by using Egs. (14) and (15), we have
I°X(z) ~ I*pB(z) = pI*B(z) ~ pF“B(z), (18)
from Eqgs. (17) and (18), we get
P*X(x) = pF*B(x), (19)

then, by substituting Eq. (14) in Eq. (19), we obtains
P — pFap—l, (20)

where, p~! is inverse of matrix p and obtain operational matrix of fractional integration for Taylor polynomials

P“. Now, we get operational matrix of fractional integration for Bessel function by using Eqs. (4) and (17) as
I°J(x) ~ I*DX (x) = DI°X(x) = DP*X(z) = DP*D ' J(z), 21

so we have
I%J(x) ~ ¢*J(x), (22)

where @ = DP*D~!,

3 Fundamental relations

3.1 Differential part
To solve Eq. (1) with conditions in Eq. (2), we assume
Dy(x) = ATJ(x), (23)
by using the initial conditions in Eq. (2) and Egs. (22), (23) and properties of Caputo derivative, we have

*Dﬁfy(x) = Io‘_ﬂi*Do‘y(m) ~ IO‘_@'ATJ(:U) = AT o6 J(x) ~ ATQOO‘_BJ' J(x),

j=0,1,-- k. @9

where ¢* % j = 0,1,--- , k, are operational matrix of fractional integration for Bessel function of v — Bj
order and for . D%y(z),q = 0,1,--- ,n — 1, we have
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D hy(a) = 197 DYy () + 4" I(0) = 10T AT T () + 60
= AT ) (2) + 6, 1 ETJ(2) = (AT 15, \ET)J(x)
=W J(@),
D 2y(z) = 172, D () + Sz + y" D (0) = T2 AT J(2) + 612 + 6no
= AT "2 J(2) + 6, _1CT J(2) + 6,2 ET J(x)
= (AT m+2 15, 10T + 6, 2ET)J(2)
=Wy J(),

(25)

y(a) = (AT + 6,107 (") 2 + 6,207 (") 3 + -+ 5:CT (") + 60 ET) I (2)
=W\l J(xz),

where F and C' are obtained from Eq. (6). Now, by substituting Eqs. (24) and (25) in left part of Eq. (1), we
have

k
po(). Dy (@) + Y pj(@).DWy(x) + i (z)y(z)
j=0
k
= po(2)ATJ(x) + > pi(2) AT () + e (2) W] T () (26)
j=0
k

= (po(x) AT+ pj() AT+ pia(@)W,T) I (2).
j=0

3.2 Method of solution

At first, we substituting Egs. (9) and (29) in integral part of Eq. (1) as

! ! T 1 T T 1 ! T
/0 (2, )y (£)dt ~ /0 JT (@) T ()T (OWadt = JT (2)k( /O ol maw.

= JT(2)k}QiW,, = X T (2) DTk Q1 W,

/ " k(e ()t ~ / T @RI ()T (O Wandt = JT () / "I W,
0 0 0

— XT(2)DTk2Q2(x)Wy, = XT(2) DTk DHs () DT W, (28)
= XT(x)M Hy(x) DT W,,,
where M = DTk:gD. Then, by substituting Egs. (26), (27) and (28) in Eq. (1), we get
k
(po(2) AT+ pj(@) AT + ppya (2)W,1) DX (2) =g(x) + M X" (2) DT k{1 W, 29)
§=0

+ XX T ()M Hy(z) DT W,
by using collocation points!!”! defined by

.
xz‘:N, 220717"‘7N.
‘We have
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k
(po(z) AT+ pj (@) AT % + oy (w) WD) DX (2:) =g(xs) + M X () DT ky Q1 W, 0
§=0
+ Mo X T (2;) M Hy(2;) DT W,
where i = 0,1, --- , N. Finally, we have fundamental matrix equations as

k
(PyAT + Z P AT P 4 P WIDX = G+ MXTDTRLQiW,, + Mo XMHDW,,  (31)
7=0

where i =0,1,--- , N and

pr(o) 0 0 g(xo) X (o)
po—| 0 m S e L IS I
0 0 pr(zN) g(zN) X(xzn)
M 0 0 XT(z0) 0 0 DT
_ 0 M 0 _ 0 XT (1) 0 _ DT
M = , X = . . , D=
0 :
0 0 M 0 0 X(zy) DT
and
Hg(l'o) 0 0
_ 0 Hy(x1) 0
H= _
0 0 - Hy(zn)

We can obtain A from system of Eq. (31) and with substituting A in Eq. (25), we get approximate solution
of Eq. (1).
4 Error estimation

In this section, we estimate error based on the residual function for the (FVIDESs) of fractional order. We
can define the residual function of the present method as

rn(x) = Llyn ()] — g(z), (32)
where
k
Llyn ()] =po(2)DYn () + > pi(z) D yn (2) + prr1(z)yn (2)
§=0

1 T
-\ / ki(z, t)yn (t)dt — Az / ko (@, t)yn (t)dt.
0 0
As regards, yx () is approximate solution of Eq. (1), we can define error function ey () as
en(z) =y(z) —yn(x), (33)
where y(x) is the exact solution of the Eq. (1). From Egs. (1), (32) and (33), we obtain

Llen(x)] = Lly(z)] — Llyn(z)] = —rn(2),
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with the mixed conditions

so, error problem express by

Llen(z)] = —rn(2),

4

{ en(0) = 0. 34

We can solve error problem (34), by using the technique of Section 3. Thus, we obtain approximate error

as
M
eny () =Y emJm(x), M > N).
m=0

where ey () is approximate solution of the error problem (34). We can obtain an upper error bound for the
present method

lenar(z:)] <1079V (0 < x; < 1),
where dy is positive integer. Consequently, the approximate solution is obtain
ynm () = yn(z) + enm (),

by means of the polynomials yx (x) and enas(z). Also, by use of error function ey (z) = y(z) — yn(z), and
approximate error function ey s (), we consider error of problem as

Enm(z) = en(z) —enm(z) = y(x) — yna(x).

S Numerical examples

We apply the present method in this section and solve some examples where given in the different papers.
In addition, we express absolute error function which are define as ex(z) = |y(z) — yn(x)| where y(z) is
the exact solution of Eq. (1) and yy(x) is the approximate of y(z). The computations associated with the
examples were performed using MATLAB.

Example 1. Let us first consider fractional linear differential equation*”!

D% () +y(t) =0,0 < a <2,
with conditions y(0) = 1 and ¢/(0) = 0. The exact solution of this problem when o = 1 is y(z) = exp(—x)
and when o = 2is y(x) = cos(z). Numerical results for NV = 8 are given in Tab. 1 and Fig. 1 show a behavior

of the numerical solution for N = 6. We see that, as approaches to 1 or 2, the numerical solution converges to
that of integer-order differential equation.

Example 2. Consider fractional linear differential equation 14
Dly(z) + . Dy(x) +y(x) =0,0 < a <1,
with condition y(0) = 1 and the exact solution to this example when o = 11is y(z) = exp(="). We solve this

problem for N = 8 and differentac = 0.25,0.5,0.75, 1. Numerical results with comparison to [14] are given
in Tab. 2.
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0.6 a=14
“““ o=1.6
05 a=1
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04} —&— g=1(Exact)
—¥+— a=2(Exact)

0 02 04 06 0.8 1

Fig. 1: Numerical and exact solution for N = 6

Table 1: Numerical results of Example 1

T Exact solution Present method N = 8 Exact solution
ofa=1 a=1 a=12 a=14 a=16 a=18 a=2 ofa=2

0 1 1.0010 1.0021 1.0014 1.0006 1.0002  0.9999 1

0.1 0.9048 0.9057 0.9444  0.9684  0.9825 0.9906  0.9940 0.9950
0.2 0.8187 0.8194 0.8757 09180 09476  0.9674 09791 0.9801
0.3 0.7808 0.7814 0.8042  0.8583 0.9010  0.9328 0.9544 0.9553
0.4 0.6703 0.6707 0.7328 0.7930  0.8455 0.8883 0.9203 0.9211
0.5 0.6065 0.6068 0.6632  0.7244  0.7832  0.8350 0.8769 0.8776
0.6 0.5488 0.5490 0.5963 0.6543 0.7157 0.7741 0.8248 0.8253
0.7 0.4966 0.4967 0.5326  0.8539  0.6443 0.7066  0.7648 0.7648
0.8 0.4493 0.4494 0.4725 0.5143 0.5703 0.6335 0.6967 0.6967
0.9 0.4066 0.4066 0.4162  0.4463 0.4949 0.5559 0.6217 0.6217

1 0.3679 0.3679 0.3636  0.3804 0.4189 0.4747 0.5406 0.5403

Table 2: Numerical results of Example 2

T a=0.25 a=0.5 a=0.75 a=1
Bessel Ref[14] Bessel Ref[14] Bessel Ref[14] Bessel Ref[14]
0 1.0031 1 1.0039 1 1.0029 1 1.0003 1

0.1 009156 0.7515 0.9240 0.6621 0.9364 0.5669 0.9515 0.9512
0.2 0.8474 0.6057 0.8634 0.5436 0.8832  0.4939 0.9050 0.9048
0.3 0.7921 0.4993 0.8131 0.4638 0.8364 0.4434  0.8609 0.8607
04 0.7462 0.4178 0.7697 0.4040  0.7940 0.4038 0.8189 0.8187
0.5 0.7076  0.3537 0.7317  0.3569 0.7553 0.3708 0.7790 0.7788
0.6 0.6749 0.3023 0.6980 0.3185 0.7196 0.3426  0.7410 0.7408
0.7 0.6467 0.2607 0.6678 0.2865 0.6866 0.3179 0.7048 0.7046
0.8 0.6224 0.2265 0.6405 0.2594  0.6559 0.2960  0.6704 0.6703
0.9 0.6012 0.1981 0.6157 0.2363 0.6273 0.2764  0.6377 0.6376
1 0.5827 0.1745 0.5933 0.2162  0.6008 0.2587 0.6066 0.6065

Example 3. Consider fractional linear FIDEs!”!

2
r'(3)

D%y(z) +.Dhy(a) +yla) = -

. 1
22 4 2% + / (z — tyy(t)dt,
0

w8

with conditions y(0) = ¢/(0) = 0 and the exact solution of this problem is y(x) = 2. Approximate solution
for different N are given in Tab. 3. Now, we obtain error estimation for N = 4, by means of method in Section
4.

WJIMS email for contribution: submit@wjms.org.uk



World Journal of Modelling and Simulation, Vol. 12 (2016) No. 3, pp. 204-216 213

yn () =0.20285674 x 10~% + 0.32903073 x 1073z + 1.00070246422
—0.11823220 x 10222 + 0.49913563 x 10~ 3z*,

and

en(x) =+ 0.20285674 x 10™* 4 0.32903073 x 10~3z + 0.000702464x>
—0.11823220 x 10223 4 0.49913563 x 103z

Now, we solve error problem

so, we get

enr(r) =0.20114864 x 107°-0.23806780 x 104z + 0.77213813 x 10322
—0.11024941 x 10™2234+0.46671429 x 10~ 3z

We can obtain an upper bound for the error due to the x; points and N = 4, so that

Table 3: Numerical results of Example 3

z N=2 N=4 N=6

0 581x10% 204x10° 251x10°F
0.1 9.12x107% 185x107° 6.45x 1076
02 530x107* 6.49x107° 1.95x107°
03 1.00x1073 1.13x10"* 3.28x10°°
04 150x1073 1.60x10~* 4.49x107°
0.5 200x1073 203x10"* b5.55x107°
0.6 240x1073 239x10"* 6.46 x 107°
07 270x1073 268x107%* 7.22x107°
0.8 3.10x1073% 291x10~* 7.81 x107°
09 340x1073 3.10x10~* 8.23x10°°
1 3.70 x 1073 328 x10~* 8.58 x 107°

Example 4. Consider fractional linear FIDEs [1]

1
Dly(z) = glx) + / P2 Diy(t))dr,
0

with condition y(0) = 0 and g(z) = 82 — %x% -

r(2.5)

( 48

6.25I(4.75) ~ 4.25I'(2.25

))IL‘Q. The exact solution of this

problem is y(x) = 22* — 3. Approximate solution and results of [1] for different N are given in Tab. 4.
Example 5. Consider fractional linear VIDEs [12]
xX
Dy (x) =142z —y(z) + / (1 + 2z)e! @Dy (t)dt,
0
with condition ¢(0) = 1. The exact solution of this problem is () = exp(x?) and approximate solution for
N = 12 are given in Tab. 5. The results in Tab. 5 show as & — 1 numerical results tend to exact solution of

a=1.
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Table 4: Numerical results of Example 4

T Present method Ref [1]
N=6 N=9 N =15 N=15 N =50

0 880x10%* 6.10x10®> 3.52x10°©

0.1 1.50x107% 1.40x107®> 6.87x1076

02 590x107% 260x10"> 1.10x 107°

03 821x107% 370x107% 1.12x107°

04 1.09x 1072 4.80x10"% 1.09 x 107°

05 143x1073% 6.10x107* 1.65x107° 1.24x10"' 2.00x 1073

06 1.83x1073 750x10"* 1.55x107°

07 226x107% 880x10* 1.11x107°

0.8 2.75x107% 1.01 x107* 6.53 x107°

09 330x107% 1.13x107% 2.11x107°

1 3.36 x 1073 1.30x107% 7.38x107° 7.24x107%2 7.32x10°3

Table 5: Numerical results of Example 5
T Present method N = 12 Ref [12] Exact solution
a=020 a=05 a=07 a=1 a=020 a=05 a=07 a=1

0.2 1.1511 1.1039  1.0654 1.0533 1.17030  1.11535 1.07139  1.04081
04 1.3495 12732 1.2030 1.1823 1.46437  1.35298 1.25464  1.17351
0.6 1.6123 1.5004  1.3992 14223 197637 176817 1.58370  1.43330
0.8 2.0191 1.8312  1.8759 1.8891 293641 2.51824 2.17645  1.89648
1 2.7664 23852  2.1039 1.9787 4.88142  3.95283 3.25252  1.71828

Example 6. Consider fractional linear VIDEs [24]

LDy (x) = (cos(z) — sin(z))y(z) + g(z) + /Ow xsin(t)y(t)dt,

with condition y(0) = 0 and g(z) 2

T(2.5)

$1‘5 4 1

T(15)

29 + (2 — 3cos(x) — zsin(z) + x2 cos(z)). The

exact solution of this problem is y(x) = 2 + z and approximate solution for different IV are given in Tab. 6.

Table 6: Numerical results of Example 6

T Present method Ref [24]
N=5 N=38 N =10 (ADM)
0.1 28x107% 35x10° 3.0x1073 798 x10°%
02 75x1073% 3.1x107% 1.8x10"2% 3.64x1073
03 6.1x1073% 19x10™% 13x10"% 7.80x 1073
04 39x107% 15x107% 9.5x107* 1.19x 102
05 28x107% 1.1x1073 71x10"* 1.50x 1072
06 26x1073 82x107% 53x107% 1.64x 1072
07 21x1073 62x107* 39x107* 1.65x 1072
08 84x107* 39x107* 26x10"* 1.58x 1072
09 55x107* 43x107* 3.0x107* 1.51 x 102
1 6.3x107% 21x107* 1.5x107* 1.45x 1072

6 Conclusion

In this paper we have given a scheme for the numerical solution of linear (FVIDEs) of fractional order
based on Bessel polynomials. The examples which have exact solutions have been used to show the efficiency
of results of method. Graphics and numerical results show that this method is extremely effective and practical

for this sort of approximate solutions of integro-differential equations.
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